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Unified dark energy models: A phenomenological approach
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A phenomenological approach is proposed to the problem of the accelerated expansion of the Universe and
of the nature of dark energy. A general class of models is introduced whose energy density depends on the
redshiftz in such a way that a smooth transition among the three main phases of the evolution of the Universe
~radiation era, matter domination, asymptotical de Sitter state! is naturally achieved. We use the estimated age
of the Universe, the Hubble diagram of type-Ia supernovae, and the angular size–redshift relation for compact
and ultracompact radio structures, to test whether the model is in agreement with astrophysical observation and
to constrain its main parameters. Although phenomenologically motivated, the model may be straightforwardly
interpreted as a two-fluid scenario in which the quintessence is generated by a suitably chosen scalar field
potential. On the other hand, the same model may also be read in the context of unified dark energy models or
in the framework of modified Friedmann equation theories.
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I. INTRODUCTION

In the last few years, an increasing bulk of data has b
accumulated leading to the emergence of a new cosmolog
scenario. The Hubble diagram of type-Ia supernovae~SNeIa!
first indicated that the expansion of the Universe is tod
accelerating@1,2#. The precise determination of first and se
ond peaks in the anisotropy spectrum of cosmic microw
background radiation~CMBR! by the BOOMERanG and
MAXIMA Collaborations @3# strongly suggested that the g
ometry of the Universe is spatially flat. When combined w
the data on the matter density parameterVM , these results
lead to the conclusion that the contributionVX of dark en-
ergy is the dominant one, beingVM.0.3,VX.0.7. This pic-
ture has been strengthened by the recent determination o
CMBR spectrum measured by the Wilkinson Microwave A
isotropy Probe~WMAP! team@4#.

According to the standard recipe, pressureless cold d
matter and a homogenously distributed cosmic fluid w
negative pressure, referred to asdark energy, fill the Uni-
verse making up of order 95% of its energy budget. Wha
the nature of this dark energy still remains an open and
cinating problem. The simplest explanation claims for t
cosmological constantL thus leading to the so called col
dark matter model with a cosmological constant (LCDM)
@5#. Although being the best fit to most of the available a
trophysical data@4#, the LCDM model is also plagued by
many problems on different scales. If interpreted as vacu
energy,L is up to 120 orders of magnitudes smaller than
predicted value. Furthermore, one should also solve theco-
incidence problem, i.e., the nearly equivalence of the matt
andL contribution to the total energy density.

As a response to these problems, much interest has
devoted to models with dynamical vacuum energy, dub
quintessence@6#. These models typically involve scalar field
with a particular class of potentials, allowing the vacuu
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energy to become dominant only recently~see Refs.@7,8# for
comprehensive reviews!. Although quintessence by a scal
field is the most studied candidate for dark energy, it gen
ally does not avoidad hocfine tuning to solve the coinci-
dence problem. On the other hand, a quintessential beha
may also be recovered without the need of scalar fields,
simply by taking into account the effective contribution
cosmology of some~usually neglected aspects! of fundamen-
tal physics@9#. A first tentative undertaking showing that
universe with a nonvanishing torsion field is consistent w
the SNeIa Hubble diagram and Sunyaev-Zel’dovich data
clusters of galaxies@10#. The same quintessential framewo
can be obtained with the extension of Einstein gravity
higher-order curvature invariants leading to a model which
in good agreement with the SNeIa Hubble diagram and
estimated age of the Universe@11#. It is worth noting that
these alternative schemes provide naturally a cosmolog
component with negative pressure whose origin is sim
related to the geometry of the Universe itself thus overco
ing the problems linked to the physical significance of sca
fields.

Despite the broad interest in dark matter and dark ene
their physical properties are still poorly understood at a fu
damental level and, indeed, it has never been shown tha
two are in fact two different ingredients. This observati
motivated the great interest recently devoted to a comple
different approach to quintessence. Rather than the fine
ing of a scalar field potential, it is also possible to explain t
acceleration of the Universe by introducing a cosmic flu
with an exotic equation of state causing it to act like da
matter at high density and dark energy at low density.
attractive feature of these models is that they can exp
both dark energy and dark matter with a single compon
~thus automatically solving the coincidence problem! and
have therefore been referred to asunified dark energy~UDE!
or unified dark matter~UDM!. Some interesting example
are the generalized Chaplygin gas@12#, the tachyonic field
@13#, and the condensate cosmology@14#.

It is worth noting that all the dark energy models~both
©2004 The American Physical Society17-1



t
it
b
a

tio
e

as

is
a

si
re
om
ac
r

a
th

al
te
ha
te
b

di
ne
te
rk
u
th
D

en
w
t

e
th
ze

i
n
th
ds
re
e

ld
a
o

rs

-
in

is
ed-

o
era

en-
m-
s of

ua-

on-
the
t-
ill
po-

of
he
tan-
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with scalar fields or UDE! proposed up to now predict tha
the expansion of the Universe is a two phase process:
first determined by a matterlike term and it is then driven
the quintessencelike component towards an asymptotic
de Sitter state. However, it is well established that there
also a third phase preceding these two, i.e., the radia
dominated era. It is thus interesting to look for a mod
which is able to predict a smooth transition from one ph
to the following one in a natural way.

A quite confused picture emerges from the previous d
cussion about dark energy and its nature. Many models h
been proposed to successfully reproduce the astrophy
observations available up to date, but they are so diffe
each other that the mystery of the dark energy is far fr
being solved. Given the state of the art, a different appro
to the problem is welcome. We think that a first step towa
understanding the nature of the dark side~dark energy and
dark matter! of the Universe is to explore phenomenologic
models which are able to reproduce what we observe. To
aim, we consider a single fluid whose energy density sc
with the redshift in such a way that the radiation domina
era, the matter domination, and the accelerating phase
been naturally achieved. We constrain the model parame
using the estimated age of the Universe, the SNeIa Hub
diagram, and the angular size–redshift relation of ra
structures. Although phenomenologically motivated, no
theless the model we propose may be physically interpre
in terms of an effective two fluids scenario with the da
energy component represented by a scalar field with a s
ably chosen interaction potential. On the other hand,
models may also be considered as a new member of the U
class.

The plan of the paper is as follows. In Sec. II we pres
the main feature of the class of phenomenological models
propose. Some considerations on the allowed range for
model parameters lead us to restrict our attention~at least in
this first analysis! to a particular class of models for th
reasons we explain in Sec. III. The estimated age of
Universe, the SNeIa Hubble diagram, and the angular si
redshift relation for compact radio structures are used
Secs. IV, V, and VI to test whether the model is a viable o
and to constrain its parameters. Section VII is devoted to
interpretation of the model in terms of an effective two flui
model with a scalar field whose interaction potential is
constructed. Finally, we summarize and conclude in S
VIII.

II. A GENERAL CLASS OF MODELS

A phenomenological approach is proposed here to bui
model which is able to fit the available data and leads to
accelerated expansion. To this aim, let us observe that m
of the cosmological models~both with one or two fluids!
predict that, during its evolution, the Universe undergoes fi
a radiation dominated expansion~i.e., the energy densityr
scales with the scale factorR asR24), then a matter domi-
nated phase~with r;R23), and finally a de Sitter–like ex
pansion with the energy density asymptotically approach
a constant value. This consideration leads us to assume
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following expression for the energy density1 which our
model is made of:

r~R!5AS 11
s

RD b2aF11S b

RD aG ~1!

with 0,a,b, s andb ~with s,b) two scaling factors, and
A a normalization constant. For several applications, it
useful to rewrite the energy density as a function of the r
shift z. ReplacingR5(11z)21 in Eq. ~1!, we get

r~z!5AS 11
11z

11zs
D b2aF11S 11z

11zb
D aG ~2!

having defined

zs51/s21, ~3!

zb51/b21. ~4!

It is quite easy to see that

r;R2b for R!s,

r;R2a for s!R!b,

r;const for R@b.

Choosing (a,b)5(3,4), the model we obtain is able t
mimic a universe undergoing first a radiation dominated
~for z@zs), then a matter dominated phase~for zb!z!zs),
and finally approaching a de Sitter phase with constant
ergy. This is just what we need. However, for sake of co
pleteness, we discuss in this section the main propertie
the model for the general case, i.e., with (a,b) not fixed.2

As a preliminary step, let us recall the Friedmann eq
tions @15#

H21
k

R2
5

8pG

3
r, ~5!

2
R̈

R
1H21

k

R2
528pGp, ~6!

whereH5Ṙ/R is the Hubble parameter,p the pressure, and
the dot denoting the derivative with respect tot. From now

1As stated in the introduction, the model we present may be c
sidered as composed by one or two fluids. Here, we prefer
single fluid interpretation, but the results we will obtain hold wha
ever number of fluids the model is made of. In Sec. VII, we w
investigate the consequences of our results on the scalar field
tential, if the model is considered as composed by two fluids.

2We may refer to this class of models as theHobbit models. In
Tolkien’s trilogy ‘‘The Lord of the Rings,’’the Hobbits look like a
‘‘mixture’’ of the three main people of the book having the aspect
Men ~almost!, the height of Dwarfs, and pointed ears as Elfs. In t
same way, our models behave as the three main fluids of the s
dard cosmological model.
7-2
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on, we will consider only flat models so thatk50. Inserting
Eq. ~1! into Eq.~5! for a flat universe and evaluating it toda
~where we setR51), we may express the normalizatio
constantA as

A5
rcrit

~11s!b2a~11ba!
~7!

with H0 the present day Hubble constant andrcrit

53H0
2/8pG the critical density. From now on, today eval

ated quantities will be denoted by the label‘‘o.’’ Also the
continuity equation

ṙ13H~r1p!50 ~8!

has to be taken into account.
Using the obvious relationdr/dt5dr/dR3dR/dt and

the definition of the Hubble parameter, it is immediate to
the following expression for the pressure:

p52
1

3 S R
dr

dR
13r D ~9!

which holds whatever is the cosmological model3 provided
that H is not vanishing everywhere~i.e., the Universe is no
stationary!. Inserting Eq.~1! into Eq. ~9!, after some algebra
we get

w5
@~a23!R1~b23!s#ba2@3~R1s!1~a2b!s#Ra

3~R1s!~Ra1ba!
~10!

with w[p/r as usual. The expression, as a function ofz,
may be easily obtained replacingR5(11z)21. The result
for the case (a,b)5(3,4) is

w~z,a53,b54!5

F S 11z

11zb
D 3

22G 11z

11zs

23

3S 11
11z

11zs
D F11S 11z

11zs
D 3G .

~11!

Note that the barotropic factorw strongly depends on th
redshiftz. In particular, Eq.~11! shows that

w;1/3 for z@zs ,

w;0 for zb!z!zs ,

w;21 for z!zb .

3Actually, if the model contains more than a single fluid, th
relation strictly holds only for the total pressure and the total ene
density. However, it is still valid for each fluid if each one satisfi
the continuity equation separately. This happens whenever the fl
are not interacting as in many quintessence models.
08351
tBefore discussing in more detail the behavior ofw with z, let
us first derive the expression of the deceleration parameteq.
Combining the two Friedmann equations for a flat case,
easily get

q~ t ![2
äa

ȧ2
5

1

2
1

3

2

p

r
. ~12!

Inserting Eq.~10! into this relation gives

q5
@~a22!R1~b22!s#ba2@2~R1s!1~a2b!s#Ra

2~R1s!~Ra1ba!
;

~13!

insertingR51 gives the present day value as

q05
~y21!a1zs@ay22~11y!#1~b24!~11y!

2~21zs!~11y!
~14!

with y5(11zb)2a. It is convenient to solve Eq.~14! with
respect tozb in order to express this one as a function ofq0
andzs . It is

zb5Fa~11zs!1b2~21zs!~2q012!

a2b1~21zs!~2q012! G1/a

21. ~15!

In Fig. 1, we plotzb(q0) for the model with (a,b)5(3,4)
having fixedzs53454 ~see later for the motivation of this
choice!. For q0;20.5, it is zb;0.26 so that such a mode
describes a universe which is dominated by a radiation
fluid for z@3454, then its dynamical evolution is driven by
matterlike fluid untilz;0.26 when a term similar to the cos
mological constant begins to dominate leading asympt
cally to a de Sitter phase. This behavior is quite similar
what is predicted by a cosmological model with dark mat
and quintessence thus showing that the model we are con
ering is phenomenologically equivalent to the stand
framework. Similar considerations refer to the models w
other values of the parameters (a,b).

Some straightforward physical considerations allow us
use Eq.~15! to derive constraints onq0. First, we note that

y

ds

FIG. 1. zb as function ofq0 for the model with (a,b)5(3,4)
andzs53454.
7-3
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zb is obviously a finite quantity so that we have to reject
values ofq0 which makes the right-hand side of Eq.~15!
diverge. Second, it is reasonable to assume thatzb.0 since
we need a matter dominated universe in the past so
structures can efficiently form. Imposing these two co
straints, Eq.~15! leads to the following condition:

q0,min<q0<q0,max ~16!

with

q0,min5
1

2 Fb2a

21zs
22G , ~17!

q0,max5
1

2 Fazs12b

2~21zs!
22G . ~18!

It is possible to see that bothq0,min and q0,max are almost
independent onzs for zsP(1000,4000) for the model with
(a,b)5(3,4) so that, with a very good approximation~more
than 0.1%!, we may fix

q0,min~a53,b54!.21,

q0,max~a53,b54!.20.25.

Before constraining the model parameters with the av
able observations, we turn back again to the barotropic fa
w in order to qualitatively discuss some its interesti
features. To this aim, we fix (a,b)5(3,4) and (q0 ,zs)
5(20.5,3454) givingzb50.26 and, in Fig. 2, we plotw vs
log(11z). Note thatw(z) starts from a value near to that of
radiation dominated universe~i.e., w51/3), but it is exactly
equal to that value only forz;100zs thus suggesting that th
radiation dominated phase of the evolution takes place o
at the very beginning. Forz,zs , w is almost null~beingw
50 for z.11) coherently with the picture of a matter dom
nated universe. Forz,zb , w quickly declines towards the
asymptotic valuew521 so that the pressure becomes ne
tive and the Universe enters a phase of accelerated ex
sion. For the chosen values of parameters (a,b) and
(q0 ,zs), it is w(z50)522/3. It is also interesting to look a
the derivative ofw(z) that we plot in Fig. 3. The derivative
is almost vanishing for most of the past history of the U
verse, being significantly different from zero only in the r
cent past because of the transition of the cosmic fluid fr

FIG. 2. The barotropic factorw as function of log(11z) for the
model with (a,b)5(3,4) and (q0 ,zs)5(20.5,3454).
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matterlike to quintessencelike regimes. This should sugg
the use of an approximated equation of state asp5we f fr
with we f f evaluated as a mean forw(z) over the redshift.
However, this procedure must be avoided since it could l
to serious systematic errors. Actually, looking at the relat
variation w213dw/dz shows thatw strongly depends onz
so that the introduction of a constant effectivew has no
physical justification.

Modified Friedmann equations?

Up to now, we have derived the main properties of t
model by implicitly assuming that Eq.~1! describes the en
ergy density of a single fluid accounting for both dark mat
and dark energy. This phenomenologically motivated
sumption may also be abandoned in favor of a different
proach to the cosmic acceleration. As recently suggested,
might also think that, in the words of Ref.@16#, the observed
acceleration is not the manifestation of yet another new
gredient in the cosmic gas tank, but rather a signal of o
first real lack of understanding of gravitational physics. In
this framework, one assumes that standard matter is the
component of a flat universe, while the Friedmann equat
~5! is replaced by

H25H0
2g~x!, ~19!

with x5rm /rcrit and rm scaling as usual~i.e., rm}R23).
The function g(x) reduces tox in the early stage of the
universe evolution, while it takes a different~nonlinear! form
later. By suitably choseng(x), different models fitting the
astrophysical data may be obtained, the most interesting o
being the~generalized! Cardassian model@17# and the DGP
gravity @18#.

Our phenomenological model may be interpreted in t
framework provided that we choose

g~x!5
~x/Vm,0!

b/3

~11s!b2a~11ba!
Fs1S x

Vm,0
D 21/3G

3Fba1S x

Vm,0
D 2a/3G ~20!

FIG. 3. Derivative of the barotropic factorw(z) vs log(11z) for
the model with (a,b)5(3,4) and (q0 ,zs)5(20.5,3454). We con-
sider four redshift ranges: (0,5)~top left!, (5,15) ~top right!,
(15,1500)~bottom left!, (1500,4500)~bottom right!.
7-4
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UNIFIED DARK ENERGY MODELS: A . . . PHYSICAL REVIEW D69, 083517 ~2004!
having used Eq.~7! to fix the normalization constantA and
beingVm,05rm,0 /rcrit . In particular, for (a,b)5(3,4), Eq.
~20! reduces to

g~x!5
b3x

Vm,0~11s!~11b3!
1gnl~x! ~21!

with

gnl~x!5
11s~x/Vm,0!

1/3~11b3x/Vm,0!

~11s!~11b3!
. ~22!

Note thatg(x);x in the early Universe as expected.4 It is
also interesting to compare Eqs.~21! and ~22! with the cor-
responding expression for a two fluids model composed
matter and cosmological constant havingg(x)}x1(1
2Vm,0). Also limiting to the case (a,b)5(3,4), our model
represents a generalization of the cosmological constant
nario since Eq.~22! reduces to this very special case only f
s50 and adjustingb.

In the following, we still prefer to interpret our model a
a phenomenological one in the framework of a unified
scription of dark matter and dark energy. However, it
worth stressing that, since the astrophysical tests we
consider later are mainly sensitive to the shape of the Hub
function H(z), the main results we will obtain are indepe
dent on what is the preferred physical meaning of the mo
among the different possibilities~UDE, matter plus scala
field, or modified Friedmann equations!.

III. THE SPACE OF PARAMETERS

The general expression of energy density we are con
ering is characterized by five parameters which we m
choose to be the two slopes (a,b), the scaling redshiftzs ,
the present day value of the deceleration parameterq0, and
the Hubble constantH0 entering through the normalizatio
coefficientA in Eq. ~7!. The astrophysical observations ava
able up to date could be used to constrain the model par
eters, but this is a daunting task given the large space
parameters to search for. Actually, we have seen that mo
with (a,b)5(3,4) are the most interesting ones since
energy density scales withR as in the standard cosmologic
framework with matter and dark energy. Hence hereina
we will fix ( a,b)5(3,4). The space of parameters to sea
for is now significantly reduced since we have to consi
only three of five quantities, namely (zs ,q0 ,H0). Actually,
zs marks the transiton of the fluid from radiationlike to ma
terlike regimes. In the standard framework, radiation a
matter give the same contribution to the energy budget atzeq
so that it is reasonable to assume that our fluid behave
radiation much before this era. Henceforth a possible cho
could bezs;zeq . Fitting the LCDM model to the CMBR
anisotropy spectrum, the WMAP Collaboration has found~as
best-fit values! zeq53454@4# so that we fixzs to this value.

4This is easy to show in the case (a,b)5(3,4) remembering tha
(x/Vm,0)

1/351/R511z.
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However, we have checked that varyingzs in the range
(1000,5000) does not change the constraints on (q0 ,H0) be-
ing all the tests we will discuss later fully degenerate w
respect tozs . This is not an unexpected result since t
available observations probe a redshift range which is v
far from zs whatever its exact value is. These consideratio
leave us with only two unknown quantities to constrain: t
deceleration parameterq0 and the Hubble constantH0. In
the following sections, we will use different astrophysic
observations to check whether the model may be reconc
with them and to constrain these two parameters.

IV. THE AGE OF THE UNIVERSE

In order to narrow the parameter space (q0 ,H0), as a first
step, we may compare the predicted age of the Universe
the constraints coming from both astrophysical estimates
WMAP data. Inserting Eq.~1! into Eq. ~5! with A given by
Eq. ~7!, we get

t05A~11s!b2a~11ba!

H0
2 E

0

1R2b~R1s!b2a~Ra1ba!

R
dR.

~23!

Equation~23! is not analitically solvable, but may be easi
integrated numerically provided that the values of parame
(a,b,zs ,q0 ,H0) have been given. Having yet fixe
(a,b,zs)5(3,4,3454), we have to choose only the rang
for the two remaining unknown quantities, (q0 ,H0). We let
q0 vary in the full range determined before imposing t
physically motivated constraintzb>0, i.e., we takeq0P
(21,20.25), while we examine models withH0
P(56,88) km s21 Mpc21 since this is the 2s confidence
range determined by the final result of the HST Key Proj
@19#. Equation~23! is integrated over a grid in the (q0 ,H0)
plane with steps of 0.01 inq0 and 0.5 inH0 and interpolated
for other values. In Fig. 4, we plot the age contours in t
(H0 ,q0) plane. Superimposed, we show also the conto
relative to the 3s confidence range determined by th
WMAP data givingt0P(13.1,14.3) Gyr, in good agreemen
with other independent astrophysical estimates.

Figure 4 shows that the age test is unable to put
constraint on the Hubble constantH0, while it puts only a
lower limit on q0 imposing the constraintq0>20.85. On
the other hand, the test is a first evidence that the mode
are considering is a reliable one since it predicts an age of
Universe in agreement with the observational constraints

V. THE SNeIa HUBBLE DIAGRAM

In order to further constrain the parameters (q0 ,H0), we
fit the model to the Hubble diagram of type-Ia supernov
using the data recently released by the High-z Team@20# and
the IfA Deep Survey@21#. Following the method describe
in Ref. @20#, we minimize the quantity

x25
1

N22 (
i 51

N F ^ logH0d& i2 logcdL~zi !1 logh65

s i
G2

~24!
7-5
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CARDONE, TROISI, CAPOZZIELLO PHYSICAL REVIEW D69, 083517 ~2004!
with ^ logH0d&i the measured value of the distance~averaged
over the different method used to compute it by the Highz
Team!, dL the dimensionless luminosity distance,c the speed
of light, h65 the Hubble constant in units o
65 km s21 Mpc21, ands i the reported error and the sum
over theN SNeIa observed. For our model with (a,b,zs)
5(3,4,3454), it is

dL~z!5~11z!A~11s!~11b3!E
0

z

dzS 11
11z

11zs
D 21/2

3F11S 11z

11zb
D 3G21/2

. ~25!

Note thatdL depends onq0 throughzb since this is evaluated
using Eq.~15!. We fit the model to the data using a sample
162 SNeIa, 130 from Tonryet al. @20#, and 23 from Barris
et al. @21#. These have been selected from a larger sam
according to the two criteriaz.0.01 andAV,0.5 ~beingAV
the absorption in theV band! as in Ref.@20#. Note that we do
not use the 42 SNeIa observed by the Supernova Cosmo
Project~SCP! @2# since their distance modulus has been
timated using a completely different approach with respec
those implemented by the High-z Team and also used by th
IfA Deep Survey. Actually, Tonryet al. @20# have shown that
inclusion of the SCP SNeIa does not alter the main result
fitting a model to the Hubble diagram so that we prefer
work with a homeogenous dataset even if this lowers
sample. We also take care of velocity uncertainties in e
mating the supernova redshift adding 500 km/s divided
the redshift in quadrature tos i following the prescription in
Ref. @20#. The main results of the fitting procedure are p
sented in Fig. 5 where we plot the 68% and 95% confide

FIG. 4. Age contours in the (H0 ,q0) plane for the model with
(a,b)5(3,4) andzs53454. The age values run from 11~the upper
line! to 15 Gyr~the lowest one! in steps of 1 Gyr. The dashed line
mark the region witht0P(13.1,14.3) Gyr.
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levels in the (H0 ,q0) plane.
Figure 5 shows that fitting to the SNeIa Hubble diagra

does not allow us to put constraints onq0 since the contours
are not closed along theq0 direction. This is not true forH0
so that we may get an estimate of this parameter. To this a
sincex2 is of order 1, we first define the likelihood functio
as

L~q0 ,H0!}exp$2x2/2% ~26!

and then marginalize to get the two following functions:

Lq~q0!}E L~q0 ,H0!dH0 , ~27!

LH~H0!}E L~q0 ,H0!dq0 . ~28!

In Fig. 6, we plot the marginalized likelihoods normalized
their maximum values. From this plot, we see that the SN
test is completely degenerate with respect toq0. The maxi-
mum is attained forq0520.42, butLq varies less than 10%
over the full range (21,20.25). On the other hand,LH
strongly depends onH0 ~with the maximum obtained for

FIG. 5. The 68% and 95% confidence ranges in the (H0 ,q0)
plane from fitting the model with (a,b,zs)5(3,4,3454) to the
SNeIa Hubble diagram.

FIG. 6. Marginalized likelihood functions~normalized to their
maximum values! from fitting the model with (a,b,zs)
5(3,4,3454) to the SNeIa Hubble diagram.
7-6
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UNIFIED DARK ENERGY MODELS: A . . . PHYSICAL REVIEW D69, 083517 ~2004!
H0564.3 km s21 Mpc21) so that we get the following esti
mates for the Hubble constant:

H0P~58.8,72.3! km s21 Mpc21 ~68%CL!,

H0P~53.1,80.1! km s21 Mpc21 ~95%CL!.

This is in good agreement with the values obtained by
HST Key Project using various standard candles and fr
other independent techniques such as time delays in mul
imaged lens systems@22# and Sunyaev-Zeldovich cluster
@23#.

VI. THE ANGULAR SIZE –REDSHIFT TEST

The relation between the~apparent! angular size and the
redshift for compact radio structures in quasars and ra
galaxies has been recently proposed as a possible cosmo
cal test. Since radio data probe the redshift range betw
z50.011 andz54.72, it is clear that this test is potential
able to discriminate among different cosmological mod
breaking the degeneracy present in the lower redshift ra
proven by the SNeIa Hubble diagram. To see how this
works, let us consider an object having an intrinsic line
size l and letz be its redshift. The apparent angular size
~see, e.g., Ref.@24#!

u~z!5
l

DA~z!
5

l ~11z!2

DL~z!

5
lc

H0

~11z!2

dL~z!
5

D~11z!2

dL~z!
~29!

with DA(z) the angular diameter distance,D5 lc/H0, the
intrinsic angular size~in mas!, and we have used the relatio
DL5(11z)2DA , with DL5c/H0dL the luminosity distance
yet introduced in Sec. V. It is worth stressing that Eq.~29!
implicitly assumes that the intrinsic linear sizel may be con-
sidered as a standard rod, i.e., it is the same whatever ar
properties of the radio source. Actually, the validity of th
hypothesis is still to be demonstrated, both observation
and on a theoeretical ground, and one should consider a
possible dependence ofl on the total luminosityL and/or on
the redshiftz. A simple way to parametrize these effects is
replace Eq.~29! with the following phenomenological on
@24#:

u~z!5kDLg~11z!nDA
21~z! ~30!

with k a normalization constant and (g,n) unknown param-
eters. Gurvitset al. @24# have fitted this relation~assuming a
L50 cosmological model! to the data coming from 145 ra
dio sources~smoothed in 18 redshift bins! selected according
to some selection criteria~see later! from a sample of 330
5-GHz VLBI sources. Their analysis shows that the estima
of the cosmological parameters obtained for different choi
of (g,n) are consistent with each other within the errors. I
worth noting, however, that the uncertainties are quite la
so that their result should be considered as an evidence o
degeneracy among different values of (g,n), not as a probe
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of the angular size–redshift test being independent on
choice of (g,n). Nonetheless, many authors@25# usually as-
sume (g,n)5(0,0) so that we follow this approach and co
sider as unknown only the intrinsic angular sizeD and the
model parameters. In particular, this test being independ
on the Hubble constantH0 ~since it has been included in th
D quantity! and having fixed as before (a,b,zs), the decel-
eration parameterq0 is the only model parameter we ma
constrain.

Following Ref. @24#, we only select from the sample i
Gurvits et al. the radio sources that have spectral indexas
P(20.38,0.18) in order to reduce the intrinsic scatter in t
angular size–redshift relation and smooth the data in~nearly!
equally populated redshift bins. We minimize the quantity

x25
1

N22 (
i

N Fuobs,i2umod~zi !

s i
G2

~31!

with uobs,i the observed value of the angular size in the re
shift bin zi , umod(zi) given by Eqs.~25! and~29! ands i the
uncertainty. Since the resultingx2 for the best-fit models is
much lower than 1, we renormalize the errors in such a w
that, for the best fit model, it isx251. Although not statis-
tically correct, this is the usual approach followed wh
dealing with data affected by likely overestimated erro
Moreover, this allows us to define marginalized likelihoo
functions proceeding in the same way as with Eqs.~27! and
~28! in Sec. V. The main results of the angular size–reds
test are resumed in Figs. 7 and 8 showing, respectively,
68%, 95%, and 99% confidence ranges in the (D,q0) plane
and the two marginalized likelihood functions~normalized to
their maximum values!. Because of the large errors affectin
the data, we are still not able to constrain the value of
deceleration parameter. The best-fit value turns out to beq0

FIG. 7. The 68%, 95%, and 99% confidence ranges in
(D,q0) plane from fitting the model with (a,b,zs)5(3,4,3454) to
the angular size–redshift relation for compact radio sources.
7-7
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CARDONE, TROISI, CAPOZZIELLO PHYSICAL REVIEW D69, 083517 ~2004!
520.88, but the shape of the likelihood function only a
lows to put an upper limit,q0<20.52 at the 68% confidenc
limit. On the other hand, the best-fit value of the intrins
angular size isD50.81masand we get the following con
straints:

DP~0.44,1.48!mas,

DP~0.31,2.00!mas.

To investigate the effect of possible systematic errors
selection effects, we repeat the angular size–redshift tes
ing a different sample comprising only ultracompact rad
sources given by Jackson@26#. According to him, this datase
is more homogeneous than the one in Ref.@24# and has also
been corrected for any selection effect. Jackson also g
the values of (z,u) to be used in the angular size–redsh
test, while, following his prescription, the error on each
the six data points is estimated so thatx251 for the best-fit
model. We give the corresponding marginalized likeliho
functions defined before in Fig. 9. It is remarkable that
two likelihood functions are quite narrow so that it is po
sible to get constraints on bothD andq0. The best-fit value
for the deceleration parameter isq0520.64, while the 68%
and 95% turn out to be

q0P~20.76,20.54!,

q0P~20.83,20.37!.

These ranges do not contradict the results obtained be
from the same test with different data. They are, howev
significantly narrower. This is in line with what is found i
Ref. @26# for the LCDM model. It seems that the samp
provided by Jackson allows us to narrow the constraints
the fitting parameters~both for our model and theLCDM
model! because of the lower dispersion of the data due to
removal of selection effects.

FIG. 8. Marginalized likelihood functions~normalized to their
maximum values! from fitting the model with (a,b,zs)
5(3,4,3454) to the angular size–redshift relation of compact ra
sources.

FIG. 9. Same as Fig. 8 but using the data for ultracompact ra
sources in Ref.@26#.
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Regarding the intrinsic angular size, we findD
50.28mas as best fit value, while the corresponding 68
and 95% ranges are

DP~0.22,0.34!mas,

DP~0.15,0.39!mas.

The intrinsic angular size turns out to be much smaller th
what has been obtained using the sample in Ref.@24#. How-
ever, this could be the result of the different selection crite
used to build the sample~ultracompact instead of compac
sources!. Furthermore, the apparent angular size is defin
differently for the two samples~see the final remark in Ref
@26#!.

VII. RECONSTRUCTION OF THE SCALAR FIELD
POTENTIAL

The model we have described and tested against som
the astrophysical observations available up to date has b
proposed on a purely phenomenological basis. It is, howe
interesting to observe that the same model has a straigh
ward interpretation in the standard framework of a unive
made out of two fluids, namely the matter term and t
~dominant! dark energy. To see this, let us consider again
~1!. We may rewrite it asr5r11r2 with

r1~R!5AbaR2b~R1s!b2a, ~32!

r2~R!5ARa2b~R1s!b2a. ~33!

It is quite easy to see that

r1;R2b, r2;0 for R!s,

r1;R2a, r2;const for R@s,

r1 /r25~b/R!a;0 for R@b.

For the model with (a,b)5(3,4), r1 scales withR as a
matterlike term,5 while r2 as a quintessencelike fluid. More
over, the matterlike term drives the evolution of the unive
until R,b ~i.e., z.zb), after which the quintessencelik
term starts dominating. Motivated by this analogy, we w
refer tor1 asrm and tor2 asrQ . Let us now define the two
dimensionless density parameters:

Vm5
rm~R51!

rcrit
5

ba

11ba
, ~34!

VQ5
rQ~R51!

rcrit
5

1

11ba
. ~35!

Vm and VQ may also be read as the density parameters
matter and quintessence, respectively. Fora53, this gives

5Here by ‘‘matterlike’’ we mean both radiation and matter.
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io
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UNIFIED DARK ENERGY MODELS: A . . . PHYSICAL REVIEW D69, 083517 ~2004!
Vm /VQ5b3.0.37→b.0.72→zb.0.39.

On the other hand, usingq0520.64 ~as resulting from the
angular size–redshift test using the Jackson data! and Eq.
~15!, we get

zb.0.47→Vm /VQ5~11zb!23.0.32

in qualitative good agreement with the previous estimate
Let us now evaluate the barotropic factors of these t

fluids. To this aim, we may use Eq.~9! to obtain

wm~R!5
~a23!R1~b23!s

3~R1s!
, ~36!

wQ~R!52
3~R1s!1~a2b!s

3~R1s!
. ~37!

Note that, to use Eq.~9!, we have implicitly assumed that th
two fluids do not interact so that the total pressure may
written as the sum of two single contributions. Actually, it
quite easy to verify that

ptot5pm1pQ5wmrm1wQrQ

with ptot5wr andw given by Eq.~10!.
It is worth noting that, for (a,b)5(3,4), Eqs.~36! and

~37! reduces to

wm~R!5
s

3~R1s!
→wm~R51!.0,

wQ~R!5211
s

3~R1s!
→wQ~R51!.21,

having used Eq.~3! andzs53454. The present day values
the barotropic factors for the two fluids only depend on thezs
and reduce to that of matter and cosmological constant
spectively, ifzs;1023.

Let us now concentrate on the quintessencelike term
the standard framework, the quintessence fluid is gener
by a scalar fieldf rolling down its potentialV(f). These
quantities are then related to the energy densityrQ and the
barotropic factorwQ as follows@8#:

5
rQ5

1

2
ḟ21V~f!

wQ5
122V/ḟ2

112V/ḟ2

~38!

which, using Eq.~5!, can be solved6 with respect tof andV
to give

6The reconstruction of the scalar field potential from the data
always possible provided that the right set of equations are used
the data are of sufficient quality to prevent strong degeneracie
the potential reconstruction. An interesting example may be infe
from the equations presented in Ref.@27# where a model with vary-
ing scales and couplings is discussed.
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5 f5A 3

4pGE
0

RF R8a

R8a1ba S 11
12wQ

11wQ
D G21

dR8

R8
,

V5S 11
12wQ

11wQ
D 21 12wQ

11wQ
rQ .

~39!

Solving numerically this system allows us to get the sca
field potentialV(f) that we plot in Fig. 10 for the mode
with (a,b,zs)5(3,4,3454). In this plot, we have fixedq0
520.64 as suggested by the best fit to the angular si
redshift test with the Jackson data. However, we have fo
that the shape ofV/V0 vs f/f0 does not depend onq0,
while the deceleration parameter determines the present
values of both the scalar field (f0) and the potential (V0).

The most striking result is that, although a monotonica
decreasing function of the scalar field as expected, the va
tion of the potential with respect toV0 is quite small, less
than 2% over the full redshift range. In other words, t
reconstructed scalar field potential is almost the same as
of the standard cosmological constant. This result could a
be expected from Eq.~37!. For the model with (a,b)
5(3,4), the departures ofwQ from the cosmological con-
stant valuewL521 are driven by the term (11R/s)21

which is only slowly varying sinceR@s over almost the full
redshift range. It is worth stressing, however, thatwQ is
never exactly equal to the cosmological constant value. T
can also be seen considering its derivative with respect to
redshift being

dwQ

dz
5

~b2a!~11zs!

~21z1zs!
2

. ~40!

For (a,b)5(3,4) and whatever is the value ofzs , this quan-
tity does not identically vanish so that, even if the scalar fi
potential is slowly varying, the corresponding energy dens
may not be considered that of a cosmological constant@for
which V(f) does not depend at all onf]. Therefore some of

s
nd
in
d

FIG. 10. The scalar field potential for the model with (a,b)
5(3,4) and (zs ,q0)5(3454,20.64). Here,f0 and V0 are the
present day values of the scalar field and of the potential.
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CARDONE, TROISI, CAPOZZIELLO PHYSICAL REVIEW D69, 083517 ~2004!
the problems connected with theL phenomenology are no
present for our parametrization. On the other hand, a c
bined analysis of most of the available data gives the s
dardLCDM model as best fit@4# so that it is not surprising
that using a similar dataset individuates as best-fit mo
among our class the one that best matches theLCDM one.

VIII. CONCLUSIONS

The concordance cosmological model assumes that p
sureless cold dark matter and the dominant quintessence
drive the evolution of the Universe leading to the observ
accelerated expansion. As an alternative to this picture,
fied dark energy models have been proposed where a s
cosmic fluid acts both as dark matter and dark energy
pending on the value of the energy density.

Here we have presented a general class of models
tested it against the astrophysical observations available
to date. The starting point is the assumption that the fl
energy densityr depends on the scale factorR as shown in
Eq. ~1!. The model is characterized by five parameters,
we have limited our attention to those models where
energy density smoothly interpolates among the three m
phases of the Universe evolution, i.e., a radiation domina
era followed by matter domination and an asymptotic
Sitter state. This ansatz is motivated by the phenomeno
we observe since every consistent picture of the Unive
evolution predicts the onset of the three different phases
have quoted above. The model has been tested against
astrophysical observations, namely the age of the unive
the SNeIa Hubble diagram, and the angular size–redshif
lation for compact radio structures. The successful result
these tests is a strong evidence of the reliability of this p
nomenological approach. It is worth noting that our resu
may be interpreted both in the frame of UDE models and
the standard picture of a two fluid universe made of ma
and dark energy. In this latter case, if a scalar fieldf is
assumed to be the origin of this component, the interac
potentialV(f) may be directly reconstructed from the o
servations without anya priori hypothesis on its form.

Although the model has been shown to successfully fit
available observations, further analysis is still needed.

First, there are other tests that can be used to better
strain the model parameters. In particular, we have not
cussed the growth of perturbations which determines
CMBR anisotropy spectrum. Since the energy densityr
scales as the matter term inLCDM model during the struc-
ture formation era, perturbations should grow in the sa
manner so that the fit to the observed CMBR spectrum
n
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likely to be successful. However, this naive expectation
to be carefully checked since it depends on how we interp
the model. Actually, this qualitative picture should indeed
valid if Eq. ~1! is meant as a phenomenological descripti
of a two fluids scenario since, in this case, the quintesse
like fluid almost vanishes during the epoch of structure f
mation and therefore everything works as in the usual s
nario. On the other hand, if the UDE interpretation
preferred, one has to explicitly solve the perturbation eq
tions by using explicitly Eq.~1! for the matter enery density
We are, however, confident that the main results are
changed for the model with (a,b)5(3,4) since, in this case
Eq. ~1! reduces to the usual expression (r}R23) in the
structure formation epoch. Finally, a different approach h
to be considered if the interpretation of the model in t
framework of modified Friedmann equations. In this ca
one should first obtain the corresponding modified Newt
ian potential and then work out the consequences on
equations describing the growth of perturbation to fina
obtain a coherent description of the structure formation p
cess and of its imprint on the CMBR anisotropy spectrum

Second, in this analysis, we have held fixed the two slo
parameters (a,b) to the values they must have to perfect
mimic the scaling of the energy density with the scale fac
R during the radiation and matter dominated era. Howeve
is still possible that other values of (a,b) fit the astrophysi-
cal data we have considered. It is thus interesting to rep
the same analysis performed here also varying these pa
eters. To this aim, however, more data are welcome si
adding more parameters may introduce strong degenera
among some of them. In order to solve these problems,
should also consider the observations of large scale distr
tion of matter as measured by the two major ongoing gal
surveys~the 2dFGRS@28# and the SDSS@29#! or the data on
the Lymana forest @30#.

As a final remark, we want to stress again the underly
philosophy of this work. Contrary to the usual approach
proposing a theory and then test it against observations
have preferred to start from the phenomenology we obse
to investigate what are the main features a theory sho
have to give a consistent and realistic picture of the U
verse.
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