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Weak lensing and CMB: Parameter forecasts including a running spectral index

Mustapha Ishak,* Christopher M. Hirata, Patrick McDonald, and Urosˇ Seljak
Department of Physics, Jadwin Hall, Princeton University, Princeton, New Jersey 08544, USA

~Received 25 August 2003; published 20 April 2004!

We use statistical inference theory to explore the constraints from future galaxy weak lensing~cosmic shear!
surveys combined with the current CMB constraints on cosmological parameters, focusing particularly on the
running of the spectral index of the primordial scalar power spectrum,as . Recent papers have drawn attention
to the possibility of measuringas by combining the CMB with galaxy clustering and/or the Lyman-a forest.
Weak lensing combined with the CMB provides an alternative probe of the primordial power spectrum. We run
a series of simulations with variable runnings and compare them to semianalytic nonlinear mappings to test
their validity for our calculations. We find that a ‘‘reference’’ cosmic shear survey withf sky50.01 and 6.6
3108 galaxies per steradian can reduce the uncertainty onns andas by roughly a factor of 2 relative to the
CMB alone. We investigate the effect of shear calibration biases on lensing by including the calibration factor
as a parameter, and show that for our reference survey, the precision of cosmological parameter determination
is only slightly degraded even if the amplitude calibration is uncertain by as much as 5%. We conclude that in
the near future weak lensing surveys can supplement the CMB observations to constrain the primordial power
spectrum.

DOI: 10.1103/PhysRevD.69.083514 PACS number~s!: 98.80.Es, 98.62.Sb, 98.65.Dx
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I. INTRODUCTION

The recent observations of the cosmic microwave ba
ground ~CMB! from the Wilkinson Microwave Anisotropy
Probe~WMAP! mission confirmed the standard cosmolo
cal model to a very high degree of accuracy@1#. The
WMAP data alone are consistent with a spatially flat mo
dominated by dark energy and dark matter, with nearly sc
invariant, adiabatic and Gaussian initial perturbations con
tent with the simplest inflationary models@2–4#.

One of the remaining outstanding issues is whether
shape of the primordial power spectrum is consistent w
the theoretical predictions. This is usually expressed in te
of the slope of the primordial scalar spectrumns and its
runningas5dns /d ln k. Most of the existing models predic
that the slope is close, but not identical, to scale invaria
ns;1, and that running is small,as;(12ns)

2. The best
way to observationally settle this question is by combin
data over a wide range of scales. Combining data fr
WMAP, the Cosmic Background Imager~CBI! @5#, and the
Arcminute Cosmology Bolometer Array Receiver~ACBAR!
@6#, together with constraints from the Two Degree Fie
Galaxy Redshift Survey~2dFGRS! @7# Ref. @1# found 0.05
error on ns and 0.025 onas , with scale invariant mode
fitting the data at 1.3s. Reference@1# added Lyman-a forest
constraints from@8,9# and reduced the error on running
0.016 ~as well as found evidence for running at 1.9s), but
Ref. @10# showed that the assumed errors were too small
the current Lyman-a forest constraints do not add signifi
cantly to the constraints from the CMB. The constraints
as in @1# were obtained assuming no tensor modes,
strong degeneracy between running and tensors in the
rent data complicates the interpretation of the o
dimensional marginalized probability distribution foras
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@10#. Other authors@11–14# who did not use the Lyman-a
forest also find no significant evidence for a running spec
index, with errors at the level of 0.03.

While the current data show no evidence for running,
errors are still large and will be improved in the future. T
most immediate improvement will come from the Slo
Digital Sky Survey~SDSS! @15#. The galaxy power spectrum
analysis is not expected to improve the 2dF results in a
tistical sense~but will be an important check of systematics!,
since on scales smaller than a few Mpc the nonlinear b
becomes intractable. On the other hand, the Lyman-a forest
spectrum and bispectrum analysis of several thousand qu
spectra in SDSS will lead to an order of magnitude impro
ment of the Lyman-a constraints@16#. In combination with
the CMB this is expected to give an error of 531023 on as .

There are however uncertainties associated with the b
onic physics of the Lyman-a forest. Future high-, CMB data
from the Planck satellite ~and, to a lesser extent, measur
ment of the second and third acoustic peaks from fut
WMAP data! will enable precision measurement ofas inde-
pendently of the galaxy and Lyman-a data, but contamina-
tion from secondary anisotropies and foregrounds at hig,
may be significant, since we are interested in effects of o
a few percent.~The measurement of the first acoustic pe
by WMAP is comparatively clean due to the large cosm
logical signal.!

It is therefore desirable to have yet another probe of
primordial power spectrum at high wave numbers. We
lensing is an attractive candidate since most of the poten
systematics are related to the difficulty of the observatio
and are unrelated to the systematics associated with the o
cosmological probes we have discussed. The purpose of
paper is to explore the constraints from future galaxy we
lensing ~cosmic shear! surveys combined with the curren
CMB results on cosmological parameters, particularly
running of the scalar spectral index. Weak lensing is one
the most promising tools for an era of precision cosmolo
©2004 The American Physical Society14-1
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as it probes directly the distribution of the gravitating mat
and does not suffer from the uncertainties associated
nonlinear bias or gas physics~for reviews, see@17–19# and
references therein!.

A few authors have used statistical inference theory
report forecasts on how well cosmic shear surveys comb
with CMB data are able to constrain cosmological para
eters. See, for example@20,21#. Our goal is to extend thes
studies to include the running, as well as investigate the
fects of possible systematics on the results. More rece
Refs.@22,23# combined CMB data from various experimen
with the Red-Sequence Cluster Survey~RCS! weak lensing
survey data~53 deg2) @24,25#. Even with a modest survey
they found that their analysis reduces the uncertainties
comparable amounts or better than when the CMB results
combined with other types of probes because it breaks
generacies present in the CMB data. Their results are con
tent with the earlier forecasts. Other recent papers that
ported statistical forecasts on how well weak lensing will
able to constrain various cosmological parameters incl
@26–34#.

The potential of weak lensing as a cosmological probe
been realized quickly and there are many ongoing, plann
and proposed surveys, such as the Deep Lens Survey~http://
dls.bell-labs.com/! @35#; the NOAO Deep Survey~http://
www.noao.edu/noao/noaodeep/!; the Canada-France-Hawa
Telescope ~CFHT! Legacy Survey ~http://
www.cfht.hawaii.edu/Science/CFHLS/! @36#; the Panoramic
Survey Telescope and Rapid Response System~http://pan-
starrs.ifa.hawaii.edu/!; the Supernova Acceleration Prob
~SNAP; http://snap.lbl.gov/! @37–39#; and the Large Synop
tic Survey Telescope ~LSST; http://www.lsst.org/
lsst_home.html! @40#. In this paper we will discuss paramet
constraints possible with a Reference Survey obtaining
shapes ofn̄56.63108 galaxies per steradian over a fractio
f sky50.01 of the sky~413 deg2), with a peak redshiftzp

51. We also explore the effect of varyingf sky and n̄. The
reference survey is somewhat more ambitious than the CF
wide synoptic survey~172 deg2); roughly comparable to the
SNAPwide survey; and significantly less ambitious than t
LSST.

II. FORMALISM AND MODEL

A. Model parameters

We consider the following basic parameter set for we
lensing:Vmh2, the physical matter density;VL , the fraction
of the critical density in a cosmological constant;ns(k0) and
as , the spectral index and running of the primordial sca
power spectrum atk0 ; s8

lin , the amplitude of linear fluctua
tions; zp , the characteristic redshift of the source galax
@see Eq.~4!#; andzs andz r , the calibration parameters~see
Sec. II C!. In order to combine this with information from
the CMB we includeVbh2, the physical baryon density;t,
the optical depth to reionization;T/S the scalar-tensor fluc
tuation ratio. We assume a spatially flat Universe withVm
1VL51, thereby fixingVm and H0 as functions of our
basic parameters, and we do not include dynamical dark
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ergy, massive neutrinos, or primordial isocurvature pertur
tions. The primordial power spectrum of scalar density flu
tuation is given by@41#

P~k!5P~k0!S k

k0
D ns(k0)1(1/2)asln(k/k0)

, ~1!

wherens(k)[d ln P/d ln k and as(k)[d ln ns/d ln k. We as-
sumed2ln ns/d ln k250, i.e. we ignore higher-order terms i
the Taylor expansion of the primordial power spectrum. W
have taken our pivot wave number to bek050.05 h/Mpc.
We use as fiducial model the best fit for the WMAP~1yr!
1ACBAR1CBI data from the Markov chains in Ref.@10#:
Vbh250.0228, Vmh250.139, VL50.74, ns50.95, as50
~with 60.04 variations!, s850.85, t50.177, T/S50.265,
zp51.0, zs50.0, andz r50.0.

B. Convergence power spectrum

We use the Limber approximation to the convergen
power spectrum@42–44#, which is valid on small angular
scales,@1 for which the gravitational lensing deflection ca
be approximated as a random walk due to many indepen
structures along the line of sight:

Pk~, !5
9

4
H0

4Vm
2 E

0

xH g2~x!

a2~x!
P3DS ,

sinK~x!
,x Ddx. ~2!

HereP3D is the 3D nonlinear power spectrum of the mat
density fluctuation,dr/r; x is the radial comoving coordi-
nate;a(x) is the scale factor; and sinKx5K21/2 sin(K1/2x) is
the comoving angular diameter distance tox. The weighting
functiong(x) is the source-averaged distance ratio given

g~x!5E
x

xH
n~x8!

sinK~x82x!

sin K~x8!
dx8, ~3!

wheren„x(z)… is the source redshift distribution normalize
by *dzn(z)51.

For our weak lensing calculations, we used the BBK
linear transfer function@45# appropriate for cold dark matte
with adiabatic initial perturbations. No baryonic correctio
was applied, sinceVbh2 is tightly constrained by the CMB
and since the baryonic oscillations that appear in the
transfer function are smoothed out by projection effe
when the convergence power spectrum is determined.
have used the analytic approximation to the growth facto
Ref. @46#. We used the recent nonlinear mapping proced
HALOFIT @47# to compute the nonlinear power spectrum. Th
procedure, as described in@47#, is based on a fusion of the
halo model and an HKLM scaling@48# and is more accurate
than the commonly used Peacock-Dodds mapping@49#. We
discuss it further in Sec. III and check it versus numeri
simulations. We contrast in Fig. 1 two curved convergen
power spectra foras520.04,0.04 and display the samp
variance errors averaged over bands in, and the noise in the
measurement. Forn(z), we take the fitting function@50#:
4-2
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n~z!5
z2

2z0
3

e2z/z0, ~4!

which peaks atzp52z0. When we consider tomography, th
sources are split in two bins:z,zp andz>zp . The normal-
ized source redshift distributions for these two bins are

nA~z!5
z2

2z0
3~125/e2!

e2z/z0 for zp,2z0

nB~z!5
e2z2

10z0
3

e2z/z0 for zp>2z0 . ~5!

C. Calibration parameters

Weak lensing surveys today are subject to various syst
atic errors that are comparable to the statistical errors.
example is the shear calibration bias@51–56#, in which the
gravitational shear is systematically over- or under-estima
by a multiplicative factor. Physically, the principal source
this bias is incomplete correction for the circularization
images of galaxies by the point-spread function~PSF!, al-
though there are also noise- and selection-related contr
tions. The shear calibration bias is particularly danger
because the usual systematic error tests applied in w
lensing—e.g. decomposition of the shear field intoE andB
modes, cross-correlation of the shear map against map
the PSF, etc.—are completely insensitive to this bias. Inde
shear calibration bias mimics an overall rescaling of
shear power spectrum, and proposals to circumvent it h
thus far been based on detailed simulations of the obse
tion.

We have parametrized the shear calibration bias here
ing the power calibration parameterzs ; that is, the measured
convergence power spectrumP̂k(,) is given by

FIG. 1. Curved convergence power spectra for the refere
survey with as520.04 ~solid curve! and as50.04 ~dashed!; k0

50.05h/Mpc and all other parameters are fixed at their fiduc
values. The dotted line represent the noise power spectrum.
reference survey is sampling variance-limited out to,'2000.
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P̂k~, !5~11zs!Pk~, !, ~6!

wherePk(,) is the power spectrum obtained in the absen
of calibration errors. Note thatzs refers to the calibration
error of the power spectrum, which is twice the calibrati
error of the amplitude because the power spectrum is pro
tional to amplitude squared.

When we consider tomography, we must also consider
relative calibrationz r between the two redshift bins. Thi
error affects the measured power spectrumP̃k(,) in accor-
dance with

P̃k
AA5~11 f Bz r !P̂k

AA~, !,

P̃k
AB5S 11

f B2 f A

2
z r D P̂k

AB~, !, ~7!

P̃k
BB5~12 f Az r !P̂k

BB~, !,

wheref A'0.32 is the fraction of the source galaxies in bin
and f B'0.68 is the fraction of the source galaxies in bin
Mathematically, this means that ifz r50.01, then the power
spectrum calibrations of the two redshift bins are offset 1
relative to each other, but the calibration is correct wh
averaged over all the source galaxies. Physically,z r param-
eterizes a redshift-dependent calibration bias, which co
arise e.g. from an incomplete PSF correction whose resid
error depended on the galaxy’s angular size or magnit
~which correlates with redshift!.

It is possible for a redshift-dependent calibration bias
occur even without tomography, and hence we have inclu
the relative calibration biasz r even in our no-tomography
parameter forecasts. In this case, the measured converg
power spectrum is computed from

P̂k~, !5 f A
2 P̂k

AA~, !12 f Af BP̂k
AB~, !1 f B

2 P̂k
BB~, !, ~8!

where theP̂k
IJ(,) are given by Eq.~7!. In principle the rela-

tive calibration bias can influence parameter estimation
cause it alters the effective source redshift distribution. Ho
ever, we have found that it only slightly affects ou
parameter forecasts in the no-tomography case.

In a real experiment,zs and z r are not completely un-
known, but rather are parameters of the experiment that
in principle be determined by simulating observations. W
have therefore imposed Gaussian priors of widthspr(zs) and
spr(z r) on the calibration parameters~for simplicity we have
takenzs and z r to be uncorrelated in the case of tomogr
phy!; here thespr are the uncertainties in the shear calibr
tion of the experiment. The prior curvature matrix~with di-
agonal elementsspr

22 corresponding to the shear calibratio
parameters! is used in computing parameter uncertainties
accordance with Eq.~12!.

It is important to note that$zs ,z r% is far from a complete
parametrization of systematic errors. Other effects inclu
spurious power from non-circular PSF, intrinsic alignmen
of galaxies, etc. We have not investigated these here,

e

l
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though clearly they must be minimized and the residual
rors estimated if weak lensing is to evolve into a precis
cosmological tool.

III. NUMERICAL SIMULATIONS

The HALOFIT code described in@47# is a physically moti-
vated fitting formula to the results of numerical simulation
It is not obvious whether it is accurate enough for the pres
purpose: computing the derivatives of the non-linear pow
spectrum that are used to form the Fisher matrix. Refere
@47# effectively varied all the parameters we use here,
their sampling of parameter space may not have been s
ciently dense to constrain the interpolation near our poin
interest. We performed a set of particle-meshN-body simu-
lations to checkHALOFIT in this context, using the Tree
Particle-Mesh~TPM! code described in@57#. Each of our
parameters is explicitly varied around the central model
the changes in the power spectra are compared to the pr
tions of the fitting formula~the figures we show are for th
power atz50.5). The central model and variations ares8
50.8560.05, VL50.7460.04, Vmh250.13960.01, n
50.9560.05, and a50.060.04. We always compar
DP/P, the fractional change in power, because most of
statistical error inDP is removed this way and the conve
gence with resolution is better. When we check how
simulations affect the Fisher matrix, we compute it using

FIG. 2. The fractional difference between the nonline
mass power spectra atz50.5 for a(k050.2h/Mpc)50.04
and a(k050.2h/Mpc)520.04, @P(k,a510.04)2P(k,

a520.04)#/ P̄(k), where P̄(k)5@P(k,a510.04)1P(k,
a520.04)#/2. All other parameters are fixed at their fiducial va
ues. The dotted line is linear theory. The solid line is from anL
5320h21Mpc, N52563 simulation. The open squares, fille
squares, and triangles are fromL5160h21Mpc simulations with
N55123, N52563, and N51283, respectively. Note that the tri
angle at the highestk is well beyond the resolution limit of the
simulations. The dashed line is fromHALOFIT.
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formula DP5(DPsim /Psim)Pf it , wherePsim means power
from the simulation, andPf it means power fromHALOFIT.

Figure 2 shows the effect of changinga, for a pivot point
k050.2h/Mpc that roughly corresponds to the scale ofs8
and weak lensing. To be sure that our results have num
cally converged, we compare simulations with box sizeL
5320h21Mpc andN52563 particles~our mesh for the force

r

FIG. 3. The fractional difference between the convergen
power spectra fora(k050.2h/Mpc)50.04 anda(k050.2h/Mpc)

520.04, @Pk( l ,a510.04)2Pk( l ,a520.04)#/Pk̄( l ), where

Pk̄( l )5@Pk( l ,a510.04)1Pk( l ,a520.04)#/2. All other param-
eters are fixed at their fiducial values. The solid line is from anL
5320h21Mpc, N52563 simulation. The open squares and fille
squares are fromL5160h21Mpc simulations withN55123 and
N52563 respectively. The dashed line is fromHALOFIT.

FIG. 4. The fractional difference between the nonlinear m
power spectra atz50.5 for a(k050.05h/Mpc)50.04 anda(k0

50.05h/Mpc)520.04. The dotted line is linear theory. The sol
line is from anL5320Mpc/h, N52563 simulation. The squares
and triangles are fromL5160Mpc/h simulations withN52563 and
N51283, respectively. The dashed line is fromHALOFIT.
4-4
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WEAK LENSING AND CMB: PARAMETER FORECASTS . . . PHYSICAL REVIEW D 69, 083514 ~2004!
calculation is always a factor of 2 finer than the mean p
ticle spacing! to simulations withL5160h21Mpc and N
51283 ~the same resolution as the bigger box!, N52563, or
N55123. In Fig. 2 we note first that the difference betwe
the two box sizes is probably insignificant~solid line vs tri-
angles!. The L5160h21Mpc, N52563 box has sufficient
resolution to compute derivatives accurately out tok
510h/Mpc ~open vs closed squares!. Turning to the com-
parison betweenHALOFIT and the simulations, we see th
the fitting formula does well if one is not interested in t
fine details of the nonlinear power; however, a Fisher ma
constraint that actually relies on the value of the derivative
k;0.2h/Mpc ~rather than just the fact that it is close to zer!
would be inaccurate. We show in Fig. 3 how the differenc
in the HALOFIT and n-body mass power spectra are tran
ferred to the convergence power spectra.

For the combination of CMB and lensing we use the piv
point k050.05h/Mpc. Figure 4 shows the comparison b
tween the simulations andHALOFIT for this k0. The result is
similar to thek050.2h/Mpc case, i.e., the basic trend is co
rect but the details are not completely correct. The sa
could be said of the results for variation inn, shown in
Fig. 5.

The comparisons for variations ins8 , VL , andVmh2 are
shown in Figs. 6, 7, and 8, respectively. Generally the ag
ment for these cases seems better~i.e., very good!. For k
&2h/Mpc the error in the prediction of the derivatives b
the fitting formula is not large, even as a fraction of t
values of the derivatives.

Note that our comparison ofHALOFIT to the simulations
has been restricted to the fractional change between mo

FIG. 5. The fractional difference between the nonlinear m
power spectra atz50.5 for n51.0 andn50.9. The dotted line is
linear theory. The solid line is from anL5320 Mpc/h, N52563

simulation. The squares and triangles are fromL5160 Mpc/h
simulations withN52563 and N51283, respectively. The dashe
line is from HALOFIT.
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and implies nothing about the accuracy ofHALOFIT for pre-
dicting the absolute power spectrum, which is necess
when interpreting data. Our simulations are not suited to p
dicting the absolute power—on large scales they have
statistical fluctuations due to limited box size, while on sm
scales the power is suppressed by the limited PM resolut
Both of these effects cancel neatly in the fractional deri
tives that we show, and for our Fisher matrix calculation t
is sufficient.

s FIG. 6. The fractional difference between the nonlinear m
power spectra atz50.5 fors850.9 ands850.8. See Fig. 5 for line
meanings.

FIG. 7. The fractional difference between the nonlinear m
power spectra atz50.5 for VL50.78 andVL50.7. See Fig. 5 for
line meanings.
4-5
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IV. PARAMETER FORECASTS

A. Fisher-matrix analysis

The uncertainty in the observed weak lensing spectrum
given by @42,44#

DPk~, !5A 2

~2,11! f sky
S Pk~, !1

^g int
2 &

n̄
D , ~9!

where f sky5Q2p/129600 is the fraction of the sky covere
by a survey of dimensionQ in degrees,̂ g int

2 &1/2'0.4 is the
intrinsic ellipticity of galaxies. We assume for a referen
survey a sky coverage off sky50.01 and an average galax
number density ofn'̄6.63108 sr21; we will also investi-
gate the effects of varying both of these parameters.

The Fisher-matrix formalism for cosmological parame
forecast has been proven in previous studies to be a pow
tool for estimating the statistical errors achievable by exp
ments@20,26,58–60#. If the convergence field is Gaussia
and the noise is a combination of Gaussian shape and in
ment noise with no intrinsic correlations, the Fisher matrix
given by

Fab5 (
,5,min

,max
~,11/2! f sky

~Pk1^g int
2 &/n̄!2

]Pk

]pa

]Pk

]pb
; ~10!

we have used,max53000 since on smaller scales, the a
sumption of a Gaussian shear field underlying Eq.~10! and
the HALOFIT approximation to the nonlinear power spectru
may not be valid.~Note that the shear field is a projectio
through many nearly independent structures, so by the
tral limit theorem it can be well-described by Gaussian s
tistics even when the density perturbations are not Gauss

FIG. 8. The fractional difference between the nonlinear m
power spectra atz50.5 for Vmh250.149 andVmh250.129. See
Fig. 5 for line meanings.
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Even with the central limit theorem, deviations of the she
field from Gaussian statistics become large at the 1–2 arc
scale@61,62#.! On small scales, there is cosmological info
mation in the small-scale non-Gaussianity~e.g. skewness! of
the lensing field@63#, but we do not investigate this here. F
the minimum,, we take the fundamental mode approxim
tion:

,min'
360 deg

Q
5A p

f sky
, ~11!

i.e. we consider only lensing modes for which at least o
wavelength can fit inside the survey area. The survey c
tains some information on larger angular scales, and for
reason the approximation Eq.~11! might be considered con
servative. However, it should also be noted that some of
planned surveys will scan disconnected regions of the sk
order to provide additional systematic error checks, in wh
case the effective,min is increased.

The statistical error on a given parameterpa is then given
by

s2~pa!'@~F1P!21#aa , ~12!

whereP is the prior curvature matrix. We only impose prio
on the source redshift and on the calibration parameters~see
Sec. II C!. For the Reference Survey, we take priors
s(zs)5s(z r)50.02 on the calibration parameters@53# and
s(zp)50.05 on the source redshifts. Since the primary CM
anisotropies are generated at much larger comoving dista
than the density fluctuations that give rise to weak lensing
is a good approximation to take them to be independent
this case, we can add the Fisher matrices from lensing
CMB to yield combined constraints on cosmological para
eters. This combination leads to significant improvements
parameter estimation as we show in Fig. 9.

B. Adding tomography

Tomography has been shown to improve significantly
measurements of cosmological parameters@21,64#. We ex-

s

FIG. 9. Improvements of the CMB parameter estimation w
weak lensing. The effect of increasingf sky is displayed here.
4-6
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plore the impact on parameter estimation from tomograp
separation of the source galaxies into two redshift bins;
Eq. ~5!. The Fisher formalism is generalized here using

Fab5 (
,min

,max

~,11/2! f skyTrS C,
21 ]P,

]pa
C,

21 ]P,

]pbD , ~13!

whereC, is the covariance matrix of the multipole momen

of the observablesC,
kk85P,

kk81N,
kk8 with N,

kk8 the power
spectrum of the noise in the measurement. These read

P,
kk85S P,

AA P,
AB

P,
AB P,

BBD , ~14!

and

FIG. 10. Convergence power spectra for bin A, bin B and th
cross correlation.as520.04 andk050.05h/Mpc.
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e

N,
kk85S ^g int

2 &/n̄A 0

0 ^g int
2 &/n̄B

D . ~15!

The convergence power spectra for the two bins and t
cross correlation are shown in Fig. 10.

C. Results

We generated the convergence power spectra usin
weak lensing code that includes the formalism and featu
described in Sec. II. We derived parameter uncertainties
weak lensing with and without tomography and then co
bine these errors with the CMB analysis. We used the CM
parameter estimation uncertainties of Ref.@10# ~the correla-
tion matrix was provided by the authors!. As described in
their paper, the authors have used a standard Monte C
Markov chain using the WMAP1CBI1ACBAR data ~we
will refer to these as ‘‘CMB’’!. In Table I, we show the
values for the uncertainties from CMB alone and then from
combination of CMB with weak lensing with and withou
tomography for our reference survey (f sky50.01 and n̄
56.63108 sr21.!

We summarize in Table II and Table III the results resp
tively for increasing values off sky and n̄. We show the full
correlation matrices for combined CMB and weak lensi
observations with and without tomography in Table IV.
Table V, we have fixed the calibration parameters and
characteristic redshift of the source galaxies. This sign
cantly improves the precision of cosmological parameter
timates; we can see from the correlation matrix~Table IV!
that most of this improvement comes from fixing the sou
redshift. As can be seen from Table II, very stringent cosm

r

ence
e

d
e

099
020
.0001
024
015
.0001

020
0001
014
0001
TABLE I. A comparative table for parameter estimation errors from our Reference Survey withf sky

50.01 and n̄56.63108 sr21. The first row ~C! are uncertainties from the CMB5WMAP(1 yr)1CBI
1ACBAR alone. The following rows show combined errors for CMB plus weak lensing in the refer
survey~CW!, and CMB plus weak lensing with tomography~CT!. The lower-case suffixes a,b,c indicate th
priors used:~a! prior of 0.1 onzs andz r ~if applicable!, and 0.05 onzp ; ~b! prior of 0.02 onzs andz r) and
0.05 onzp ; and ~c! prior of 1024 on zs , z r , andzp ~i.e. effectively perfect knowledge of calibration an
source redshift is assumed!. For the rows labeled with@S#, the N-body simulation was used to provide th
matter power spectra instead of usingHALOFIT. Note that the simulated andHALOFIT results are very similar.

s(Vmh2) s(Vbh2) s(VL) s(s8) s(ns) s(as) s(t) s(T/S) s(zp) s(zs) s(z r)

C 0.013 0.0012 0.054 0.083 0.036 0.039 0.035 0.154 - - -
CWa 0.0036 0.0010 0.0191 0.024 0.021 0.017 0.033 0.143 0.042 0.092 0.
CWb 0.0030 0.0010 0.0167 0.023 0.021 0.017 0.033 0.143 0.041 0.020 0.
CWc 0.0027 0.0010 0.0145 0.022 0.021 0.017 0.033 0.142 0.0001 0.0001 0
CTa 0.0034 0.0010 0.0170 0.021 0.020 0.016 0.031 0.140 0.029 0.075 0.
CTb 0.0029 0.0009 0.0159 0.017 0.019 0.015 0.030 0.138 0.027 0.020 0.
CTc 0.0027 0.0008 0.0069 0.010 0.016 0.013 0.023 0.130 0.0001 0.0001 0

CWb@S# 0.0032 0.0010 0.0169 0.024 0.022 0.019 0.034 0.142 0.045 0.020 0.
CWc@S# 0.0027 0.0010 0.0151 0.023 0.022 0.019 0.034 0.142 0.0001 0.0001 0.
CTb@S# 0.0030 0.0009 0.0147 0.017 0.015 0.014 0.030 0.125 0.024 0.020 0.
CTc@S# 0.0025 0.0008 0.0069 0.010 0.014 0.013 0.022 0.123 0.0001 0.0001 0.
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TABLE II. Parameter estimation errors for weak lensing combined with CMB:f sky is varied from 1025

to 1.0 andn̄56.63108 sr21. We use priors of 0.02 onzs andz r and 0.05 onzp . Tomography is added in the
second part of the table.

f sky s(Vmh2) s(Vbh2) s(VL) s(s8) s(ns) s(as) s(t) s(T/S) s(zp) s(zs) s(z r)

0.00001 0.0052 0.0011 0.0266 0.035 0.034 0.038 0.035 0.148 0.050 0.020
0.00010 0.0037 0.0011 0.0216 0.026 0.032 0.035 0.035 0.147 0.050 0.020
0.00100 0.0033 0.0010 0.0182 0.025 0.025 0.025 0.034 0.145 0.048 0.020
0.01000 0.0030 0.0010 0.0167 0.023 0.021 0.017 0.033 0.143 0.041 0.020
0.10000 0.0028 0.0009 0.0160 0.018 0.019 0.015 0.031 0.138 0.026 0.020
1.00000 0.0022 0.0008 0.0132 0.015 0.016 0.012 0.026 0.119 0.018 0.019

0.00001 0.0051 0.0011 0.0264 0.034 0.034 0.038 0.035 0.148 0.049 0.020
0.00010 0.0037 0.0011 0.0215 0.025 0.031 0.035 0.034 0.147 0.047 0.020
0.00100 0.0032 0.0010 0.0180 0.020 0.024 0.023 0.032 0.143 0.037 0.020
0.01000 0.0029 0.0009 0.0159 0.017 0.019 0.015 0.030 0.138 0.027 0.020
0.10000 0.0026 0.0008 0.0122 0.014 0.016 0.012 0.026 0.122 0.019 0.018
1.00000 0.0019 0.0006 0.0067 0.009 0.010 0.007 0.020 0.091 0.011 0.014
e
m
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ent
stringent controls over systematic errors would be requir
An additional caveat is the possibility of errors in the para
eter constraints at very highf sky ~i.e. the bottom row of
Tables II and V!, since there the Fisher matrix is poor
conditioned and inaccuracies in our computation of the
rivatives]Pk(,)/]pa are thus magnified.

It is worth noting from the correlation matrix~Table IV!
that the calibration parameters are not degenerate with an
the cosmological parameters considered. This lack of deg
eracy is good news because it means that weak lensing
veys can be used for precision cosmology even if the ab
lute shear calibration cannot be determined with h
accuracy. Note that the current data analysis methods
lensing are estimated to have amplitude calibration correc
roughly the;5% level; the power calibration is twice this
or 60.1 @53#. If we impose only this60.1 prior onzs andz r
~and retain the60.05 prior onzp), we see that the uncer
tainties on cosmological parameters are essentially
08351
d.
-

-

of
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ur-
o-
h
or
at
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changed~Table I!. With this weaker prior, the correlation o
the calibration parameters withzp , s8, and VL becomes
larger (uru.0.5), and with even weaker priors the uncerta
ties in these parameters are degraded.

V. DISCUSSION

In accord with previous studies, we find that when we
lensing surveys are combined with the CMB results, the
certainties on the cosmological parameters are reduced.
improvement can be up to an order of magnitude, depend
on the size and depth of the survey~see Table II and Table
III !. It is well known that weak lensing and CMB have di
ferent types of degeneracies in their parameters which
nicely broken when combined together. In particular, we
lensing does not suffer from the well-known angular dia
eter distance degeneracy; and it probes smaller como
scales than the CMB, which means that it has a differ
.020

.020

.020

.020

.020

.020

.020

.020

.019

.018

.015

.009
TABLE III. Parameter estimation errors for weak lensing combined with CMB:n̄ is varied from n̄

55.03106 sr21 to n̄51.03109 sr21; f sky50.01. With a prior of 0.02 onz r and zs and 0.05 onzp .
Tomography is added in the second part of the table.

n̄ s(Vmh2) s(Vbh2) s(VL) s(s8) s(ns) s(as) s(t) s(T/S) s(zp) s(zs) s(z r)

5.03106 0.0045 0.0011 0.0239 0.032 0.034 0.038 0.035 0.149 0.050 0.020 0
1.03107 0.0035 0.0011 0.0194 0.028 0.030 0.033 0.035 0.147 0.049 0.020 0
5.03107 0.0032 0.0010 0.0173 0.024 0.023 0.022 0.034 0.145 0.046 0.020 0
1.03108 0.0032 0.0010 0.0170 0.024 0.022 0.020 0.034 0.144 0.044 0.020 0
5.03108 0.0031 0.0010 0.0167 0.023 0.021 0.017 0.033 0.143 0.041 0.020 0
1.03109 0.0030 0.0010 0.0166 0.022 0.021 0.017 0.033 0.143 0.040 0.020 0

5.03106 0.0048 0.0011 0.0247 0.033 0.034 0.038 0.035 0.149 0.050 0.020 0
1.03107 0.0036 0.0011 0.0197 0.028 0.030 0.034 0.035 0.147 0.049 0.020 0
5.03107 0.0032 0.0010 0.0173 0.021 0.022 0.021 0.033 0.143 0.040 0.020 0
1.03108 0.0031 0.0010 0.0168 0.019 0.021 0.019 0.032 0.142 0.035 0.020 0
5.03108 0.0029 0.0009 0.0159 0.017 0.019 0.016 0.031 0.138 0.027 0.020 0
1.03109 0.0028 0.0009 0.0148 0.015 0.018 0.014 0.030 0.133 0.023 0.019 0
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TABLE IV. Correlation matrix for parameter estimation errors for weak lensing combined with CMB.n̄56.6e8 and f sky50.01, with a
prior of 0.02 onz r andzs , and 0.05 onzp . The above-diagonal elements correspond to a survey without tomography; the below-dia
elements correspond to a survey with tomography.

Vmh2 VL s8 ns as zp zs z r Vbh2 t T/S

Vmh2 1 20.325 20.020 0.135 20.266 20.430 20.137 0.017 0.378 20.533 0.313
VL 20.375 1 0.754 0.667 20.583 0.464 0.122 20.018 0.558 0.728 0.393
s8 20.230 0.877 1 0.632 20.679 20.160 20.091 0.008 0.541 0.757 0.375
ns 0.072 0.651 0.620 1 20.774 0.104 0.022 20.002 0.788 0.393 0.794
as 20.228 20.550 20.626 20.770 1 20.076 0.026 0.005 20.716 20.433 20.752
zp 20.386 0.818 0.570 0.444 20.455 1 20.052 0.020 0.092 0.126 0.096
zs 20.156 0.078 20.217 20.028 0.106 20.045 1 0.002 0.014 0.004 0.013
z r 0.086 0.158 0.386 0.221 20.204 20.243 0.083 1 20.003 20.005 20.004
Vbh2 0.349 0.527 0.516 0.762 20.698 0.371 20.033 0.185 1 0.372 0.673
t 20.680 0.726 0.732 0.329 20.321 0.572 20.049 0.176 0.311 1 0.136
T/S 0.294 0.355 0.357 0.786 20.756 0.266 20.028 0.133 0.650 0.073 1
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degeneracy direction in the (ns ,as) plane. The improve-
ments from including weak lensing are especially notable
s8 , Vmh2 andVL .

Motivated by recent discussion concerning the running
the primordial power spectrumas , we include it as a param
eter in the weak lensing analysis. We find that for sm
surveys, modest improvement is obtained forns andas . Our
reference survey can reduces(ns) ands(as) by roughly a
factor of two. For surveys within the near future~see refer-
ences in Sec. I!, weak lensing can be used to provid
complementary constraints to detect a possible running s
tral index, but may not be able to verify the results obtain
by combined CMB1Lyman-a forest analysis, which should
give another factor of 2–4 lowers(as). A detailed compara-
tive study of the constraints from the two probes is left
future work. We find that tomography improves in particu
the uncertainty ons8 andVL . For the reference experimen
we do not find large improvements in the other parame
from tomography except for the most ambitious surve
This can be attributed to the strong parameter degenera
08351
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present even when tomography is used~see Table IV!, most
notably the degeneracy betweenVL and zp . If the source
redshift distribution is known accurately from a spectr
scopic redshift survey, then this degeneracy is lifted, a
tomography becomes a powerful tool for measuring cosm
logical parameters, includingVL , ns andas ~see Table V!.
A comparison of Tables II and V shows that the parame
constraints from tomography are more sensitive to the s
tematics parameters than the constraints without tomogra
hence the benefits of tomography can only be fully realiz
if systematic errors are tightly controlled.

We expanded the usual weak lensing parameter spac
include two calibration parameters in addition to the char
teristic redshift of source galaxies. We hope that the pres
analysis will encourage weak lensing observers to exp
their likelihood analyses to include a parametrization of s
tematic errors. It is already common practice to report res
marginalized over the characteristic source reds
@22,24,25# or to treat it as a systematic to be added in quad
ture to statistical errors@65#. Ultimately it would be desirable
.0001

.0001

.0001

.0001

.0001

.0001

.0001

.0001

.0001

.0001

.0001

.0001
TABLE V. Parameter estimation errors for weak lensing combined with CMB: Here we have fixedz r , zs

and zp by imposing priors of width 1024 on these parameters;f sky is varied from 1025 to 1.0; n̄56.6
3108 sr21. Tomography is added in the second part of the table.

f sky s(Vmh2) s(Vbh2) s(VL) s(s8) s(ns) s(as) s(t) s(T/S) s(zp) s(zs) s(z r)

0.00001 0.0050 0.0011 0.0260 0.034 0.034 0.038 0.035 0.148 0.0001 0.0001 0
0.00010 0.0034 0.0011 0.0206 0.025 0.032 0.035 0.035 0.147 0.0001 0.0001 0
0.00100 0.0029 0.0010 0.0169 0.023 0.025 0.025 0.034 0.145 0.0001 0.0001 0
0.01000 0.0027 0.0010 0.0145 0.022 0.021 0.017 0.033 0.142 0.0001 0.0001 0
0.10000 0.0026 0.0009 0.0105 0.016 0.017 0.013 0.027 0.132 0.0001 0.0001 0
1.00000 0.0022 0.0007 0.0044 0.007 0.011 0.008 0.019 0.104 0.0001 0.0001 0

0.00001 0.0049 0.0011 0.0258 0.033 0.034 0.038 0.035 0.148 0.0001 0.0001 0
0.00010 0.0033 0.0011 0.0204 0.024 0.031 0.035 0.034 0.147 0.0001 0.0001 0
0.00100 0.0029 0.0010 0.0146 0.019 0.023 0.022 0.031 0.140 0.0001 0.0001 0
0.01000 0.0027 0.0008 0.0069 0.010 0.016 0.013 0.023 0.130 0.0001 0.0001 0
0.10000 0.0024 0.0007 0.0024 0.003 0.012 0.008 0.019 0.112 0.0001 0.0001 0
1.00000 0.0019 0.0006 0.0008 0.001 0.007 0.004 0.017 0.085 0.0001 0.0001 0
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to include not just the calibration factors and characteri
source redshift but also the full redshift distribution
sources, intrinsic alignments, etc. Additional data~such as
spectroscopic redshifts! and detailed analysis and simul
tions may be required in order to constrain some of th
parameters. However, in some cases it is possible to ob
information about the systematics parameters from the
itself. For example, the nonlinear portion of the converge
power spectrum provides joint constraints on the shear c
bration biaseszs andz r and the cosmological parameters.

We have shown, at least at the level of our reference
vey, thatHALOFIT provides a sufficiently good fit toN-body
simulations for use in parameter forecasting studies.
largest discrepancy is 25% in the error onns when tomogra-
phy is included, but most of the error estimates agree
better than 10%. Note that this does not imply that the n
linear mapping is sufficiently accurate for analysis of ref
ence survey data, since the best-fit values of cosmolog
parameters can be significantly affected by small errors
theoretical predictions even if the fractional change in
Fisher matrix is small.

In summary, we have shown that weak lensing, supp
mented with the one-year WMAP data, has the potentia
very precisely measure the running of the scalar spectra
dex. This would provide a third measurement ofas in addi-
tion to those using the Lyman-a forest and/or galaxy powe
spectrum, and the precision measurement of the high-, CMB
on
e

t-

-

c.

n.

.

n
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power spectrum expected fromPlanck. Weak lensing obser-
vations are currently progressing rapidly and the data
quired to significantly improve WMAP constraints onas

should be available in the foreseeable future. By provid
an additional and mostly independent measurement of
value ofas ~and more generally the scalar power spectru!
obtained by these other methods, weak lensing will help
to understand the spectrum of primordial scalar fluctuati
in the universe and thus provide valuable information on
mechanism of their generation.
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