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Time delay interferometry with moving spacecraft arrays

Massimo Tinto,* F. B. Estabrook,† and J. W. Armstrong‡

Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109, USA
~Received 3 October 2003; published 5 April 2004!

Space-borne interferometric gravitational wave detectors, sensitive in the low-frequency~millihertz! band,
will fly in the next decade. In these detectors the spacecraft-to-spacecraft light-travel-times will necessarily be
unequal, time varying, and~due to aberration! have different time delays on up and down links. The reduction
of data from moving interferometric laser arrays in solar orbit will in fact encounter nonsymmetric up- and
down-link light time differences that are about 100 times larger than has previously been recognized. The
time-delay interferometry~TDI! technique uses knowledge of these delays to cancel the otherwise dominant
laser phase noise and yields a variety of data combinations sensitive to gravitational waves. Under the assump-
tion that the~different! up- and down-link time delays are constant, we derive the TDI expressions for those
combinations that rely only on four interspacecraft phase measurements. We then turn to the general problem
that encompasses time dependence of the light-travel times along the laser links. By introducing a set of
noncommuting time-delay operators, we show that there exists a quite general procedure for deriving gener-
alized TDI combinations that account for the effects of time dependence of the arms. By applying our approach
we are able to re-derive the ‘‘flex-free’’ expression for the unequal-arm Michelson combinationsX1 , and
obtain the generalized expressions for the TDI combinations called relay, beacon, monitor, and symmetric
Sagnac.

DOI: 10.1103/PhysRevD.69.082001 PACS number~s!: 04.80.Nn, 07.60.Ly, 95.55.Ym
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I. INTRODUCTION

Future space-borne gravitational wave~GW! observato-
ries, such as the Laser Interferometer Space Antenna~LISA!
@1,2#, will have sensitivity in the low-frequency band an
will use time-delay interferometry~TDI! to cancel laser
phase noise. All the original papers on TDI considered
configuration of three spacecraft interchanging coherent l
beams, and tacitly or explicitly assumed the array to be
rest in an inertial system. TDI was treated in Euclide
3-space with a universal time, in which the velocity of lig
is c and isotropic. Recipes were given for combining da
~time series! separately recorded at the various spacecr
delayed by transit times calculated from the inter-spacec
separationsLi( i 51,2,3), in order to remove the otherwis
overwhelming phase noise of the laser sources@3–9#. The
aim is the possible detection of incident gravitational wav
of galactic or cosmic origin.

The LISA mission@2# will have three spacecraft orbitin
the Sun in a triangular array with theLi.53106 km, and
GW detection capability in the band 102421 Hz. Several
TDI Michelson-like and Sagnac-like reduced laser-pha
noise-free data streams will have different responses to
ondary phase noise sources and to two polarizations o
coming gravitational waves from different directions.
recent study of a linear array of three spacecraft in a sin
solar orbit~SyZyGy! @10# uses a TDI combination sensitiv
to a single polarization of incident gravitational waves, a
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two others sensitive solely to secondary system noises.
In an important development, Shaddock@11# noticed that

the rotational motion of an array results in a difference of
light travel times in the two directions around a Sagnac c
cuit. Two time delays along each arm must be used, sayLi

and Li8 , for clockwise or counterclockwise propagation
they enter in any of the TDI combinations. Shaddock emp
sized the need for careful distinguishing of primed a
unprimed delays in the TDI combinations for Michelson-lik
combinations and, to eliminate laser noise from the Sagn
type combinations when the array is moving, he presen
new TDI variables related to those originally given by bei
‘‘double differenced.’’

Cornish and Hellings@12# also considered the effect o
rotation of the LISA triangle around its centroid on the TD
combinations, and reported the new data combinations. S
mers@13# and Cornish and Hellings@12# further pointed out
that the LISA array is not rigid, thatLi andLi8 not only differ
from one another but can be time dependent~they ‘‘flex’’ !,
and that again the laser phase noise~at least with presen
laser stability requirements! can enter at a level above th
secondary noises. For LISA, and assumingL̇ i.10 m/sec
@14#, they estimated the magnitude of the remaining f
quency fluctuations from the laser to be about 30 times lar
than the level set by the secondary noise sources in the ce
of the frequency band. This may not be as serious a prob
with SyZyGy @10#.

Finally Shaddocket al. @1# addressed the ‘‘flexing’’ com-
plication by showing that it becomes of higher order if t
sequence of various time delays in the new doubly diff
enced Sagnac combinations is respected in the TDI rec
and they introduced a new doubly differenced Michelso
type TDI combination to achieve the same result. Th
stressed that although all these combinations are cons
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ably more complicated than those originally given for a no
moving array, and their GW response functions are simila
complex, the final sensitivity—calculated from GW sign
strengths and secondary phase noises—is unaffected.

All the analyses above, however, assumed the clocks
board the three LISA spacecraft to be synchronized to e
other in a reference frame attached to the LISA array. I
well known @15#, however, that the spacetime geometry
here the Sagnac effect—prevents the self-consistent sync
nization of a network of clocks by the transmission of ele
tromagnetic signals in a rotating reference frame. T
implies that the time adopted by the LISA onboard cloc
and the time used for TDI has to be referenced to an ine
reference frame and that the onboard LISA receivers hav
properly convert time information received from Earth to t
time in this inertial reference frame. Within this frame, whi
we can assume to be Solar System Barycentric~SSB!, the
differences between back-forth delay times that occur ar
fact thousands of kilometers, very much larger than has b
previously recognized by us or others. The problem is
rotation per se, but rather aberration due to motion an
changes of orientation in the SSB frame.

In Sec. II we further discuss the need for synchroniz
the LISA clocks with respect to a common inertial referen
frame ~SSB!, and the resulting GW response transfer fun
tions. We turn in Sec. III to the derivation of the four-lin
TDI combinations valid for constant time delays. We fir
obtain the ‘‘unequal-arm Michelson’’ responseX as an ex-
ample of how time-delay operators can be used for deriv
TDI data combinations. The operator formalism for TDI w
introduced by Dhurandharet al. @9#. We use it in conjunction
with the usual subscripted delay notation to achieve a s
tematic understanding of the ‘‘relay’’ (U,V,W), ‘‘beacon’’
(P,Q,R), and ‘‘monitor’’ (E,F,G) combinations. With laser
stabilization at a level somewhat improved from that used
the original LISA study@2#, these combinations, now involv
ing different up- and down-link delays, will satisfy sensiti
ity requirements.

In Sec. IV, however, we go on to use delay time/opera
notation to derive ‘‘second generation’’ TDI combination
which account for both the inequality and time depende
of the back/forth optical paths. Following Shaddocket al.
@1#, the resulting doubly differenced combinations, immu
to first order shearing~flexing, or constant rate of change o
delay times! are denotedXi ,Ui ,Pi ,Ei , i 51,2,3. All these
new combinations suppress the nominal LISA laser ph
noise to levels lower than those of the secondary~proof-mass
and optical-path! noise sources, and their gravitational wa
sensitivities are the same as previously computed for the
tionary case. For completeness, we calculate the remai
shearing effect on the doubly differenced versions of
system-noise-monitoring combinationz, denotedz1 , z2 , z3 .
Laser noise enters these combinations multiplied
sin2(pfL), wheref is a Fourier frequency in the LISA ban
1024–1 Hz. We plot the laser noise inz i for the nominal
LISA system and show it as a result also to be below
level of secondary noises.
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II. ABERRATION, TIME DELAYS AND
SYNCHRONIZATION OF THE LISA CLOCKS

The kinematics of the LISA and SyZyGy orbits brings
the effects of motion at several orders of magnitude lar
than any previous papers on TDI have addressed. The ins
taneous rotation axis of LISA, and the SyZyGy array, bo
swing about the Sun at 30 km/sec, and on any leg the tra
times of light signals in opposing directions, sayLi and Li8
(c51), can differ by as much as 1000 km. Aberration due
LISA’s orbit about the Sun dominates its instantaneous ro
tion. This observation reinforces the requirement that
new TDI combinations of Secs. III and IVmust be used.
Indeed,Li and Li8 interchange periodically and so are al
time dependent; this effect is, however, of order 0.1 m/
and is dominated by the effect of shearing~‘‘flexing’’ ! al-
ready recognized.

This large motional effect has been overlooked beca
intuitively up/down laser links between two spacecraft mo
ing inertially on parallel geodesics certainly appear symm
ric in a co-moving frame. The spacecraft are then seen
rest’’ and the elapsed light times, or delays, in either dir
tion are the same. Consider, however, an inertial frame
which two spacecraft are moving with speedV along a line,
with constant separation. The times of transit of a pho
from one to the other, forward or back, clearly must differ
2VL/c. This is just an extreme case of aberration. There
no paradox. We have taken the speed of light to bec and
isotropic inboth frames, and special relativity has taught
that is fine so long as we properly re-synchronize the clo
that we use as time coordinates when changing frame~using
light beams!. The spatial and temporal separations of tw
successive events along the null world line of a ray of lig
depend on choice of frame. Rays traveling in opposite sense
between two moving spacecraft yield different separation
all frames except the co-moving one.

An orbiting array is best describednot by attempting a
sequence of co-moving tangent ‘‘rest’’ frames, but rather
the barycentric non-rotating Euclidean frame moving w
the Sun~of course we ignore tiny general relativistic disto
tions!. The usual time coordinate of positional solar syste
astronomy, in principle, uses clocks such thatc is isotropic.
In LISA and SyZyGy data at the three spacecraft will u
doubtedly be taken and time tagged in this solar system b
centric frame, and all the up/down delay times used in
new TDI combinations must be calculated from the coor
nates of emission and reception events in the SSB ine
frame. ~This is exactly parallel to the time synchronizatio
problem, and its resolution, that has been met by the des
ers of the GPS satellite array@15# in geocentric orbit.!

Since the motion of the LISA array around the Sun intr
duces a difference between~and a time dependence in! the
co-rotating and counter-rotating light travel times, the corr
expressions for the GW contributions to the various fir
generation TDI combinations will differ from the expressio
valid for a stationary array@4#. The magnitude of the correc
tions introduced by the inequality of the light-travel times
proportional to the product between the time derivative
the GW amplitude and the differences between the ac
1-2
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TIME DELAY INTERFEROMETRY WITH MOVING . . . PHYSICAL REVIEW D69, 082001 ~2004!
light travel times. At one mHz, for instance, the correction
the expression of the signal valid for a stationary array is fi
orders of magnitude smaller. Since the amplitude of this c
rection scales linearly with the Fourier frequency, we c
completely disregard this effect~and also the weaker effec
due to the time dependence of the light travel times! over the
entire LISA band.

It is clear, however, that over many months of continuo
observation of a quasi-periodic signal, the TDI respon
have to account for the motion of the array around the S
~and relative to the GW source!, which introduces secula
modulations in the phase, frequency, and amplitude of
GW responses@16,17#.

III. THE FOUR-LINK TDI COMBINATIONS: CONSTANT
TIME DELAYS

The notation we will adopt is the same as used in
paper by Shaddocket al. @1# ~i.e. it is different from the
original TDI notation, e.g. Ref.@5#.! We distinguish time-of-
flight delays by denoting with a prime those taken in t
counter-clockwise sense and unprimed those taken in
clockwise sense~see Fig. 1!.

There are six beams exchanged between the LISA sp
craft, together with the six phase measurementssi j ( i , j
51,2,3) recorded when each transmitted beam is mixed w
the laser light of the receiving optical bench. The phase fl
tuations from the six lasers, which need to be canceled,
be represented by six random processespi j , wherepi j is the
phase of the laser in spacecraftj on the optical bench facing
spacecrafti. In what follows we assume the center freque
cies of the lasers are all equal, and denote it withn0 . Explic-
itly, s23 is the one-way phase shift measured at spacecra
coming from spacecraft 2, along arm 1. The laser phase n
in s23 is p32(t2L1)2p23(t), where we takec51, so thatL1
is the light time in the direction from spacecraft 2 to spa
craft 3. Similarly,s32 is the phase shift measured on arrival

FIG. 1. Schematic diagram of LISA configurations involving s
laser beams. Optical path delays taken in the counter-clockw
sense are denoted with a prime, while unprimed delays are in
clockwise sense. See the text for details.
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spacecraft 2 along arm 18 of a signal transmitted from space
craft 3. The laser phase noise ins32 is p23(t2L18)2p32(t),
whereL18 is the light time in the sense from 3 to 2 along ar
18. For the further delays used in the TDI combinations
use the same conventions, being careful to distinguish l
travel along arms with primes or not, depending on the se
of the measurement. For example, our notation for delay
the time seriess32(t) by the clockwise light time in arm 1
would bes32,1 while delaying by the counterclockwise ligh
time in arm 18 would be s32,18 . As before, we denote six
further data streams,t i j ( i , j 51,2,3), as the intra-spacecra
metrology data used to monitor the motion of the two opti
benches and the relative phase fluctuations of the two la
on each of the three spacecraft. The phase fluctuations o
lasers and optical benches enter into the measurementsi j
and t i j in the following form @6# ~henceforth disregarding
contributions from other noise sources and the gravitation
wave signal!

s315@p132n0n̂2•DW 13# ,22@p311n0n̂2•DW 31#, ~1!

s215@p121n0n̂3•DW 12# ,382@p212n0n̂3•DW 21#,
~2!

t315p212p3122n0n̂3•DW 211m1 , ~3!

t215p312p2112n0n̂2•DW 311m1 . ~4!

In the above equations we have denoted withm i the phase
fluctuations introduced by the optical fibers used for e
changing the laser beams between adjacent benches,
with the vector random processesDW i j the phase fluctuations
introduced by the mechanical vibrations of the optic
benches.

In order to simplify the derivation of the new TDI com
binations, we note that by subtracting Eq.~3! from Eq. ~4!
we can rewrite the resulting expression~and those obtained
from it by permutation of the spacecraft indices! in the fol-
lowing form:

1
2 @t212t31#5@p311n0n̂2•DW 31#2@p212n0n̂3•DW 21#, ~5!

1
2 @t322t12#5@p121n0n̂3•DW 12#2@p322n0n̂1•DW 32#,

~6!

1
2 @t132t23#5@p231n0n̂1•DW 23#2@p132n0n̂2•DW 13#.

~7!

If we now define the following combinations of laser an
optical bench noises appearing in Eqs.~1!–~7! @9#:

f1* [@p311n0n̂2•DW 31#, ~8!

f1[@p212n0n̂3•DW 21#, ~9!

together with those obtained by permuting the spacecraft
dices, it is possible to reduce the derivation of the new T
combinations to the equivalent problem of removing t

se
he
1-3
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TINTO, ESTABROOK, AND ARMSTRONG PHYSICAL REVIEW D69, 082001 ~2004!
three random processes,f1 , f2 , andf3 , from the follow-
ing six linear combinations of the one-way measurementssi j
andt i j :

h21[s212
1
2 @t322t12# ,385f2,382f1 ,

h31[s311
1
2 @t212t31#5f3,22f1 , ~10!

h12[s121
1
2 @t322t12#5f1,32f2 ,

h32[s322
1
2 @t132t23# ,185f3,182f2 , ~11!

h13[s132
1
2 @t212t31# ,285f1,282f3 ,

h23[s231
1
2 @t132t23#5f2,12f3 . ~12!

A. The unequal-arm Michelson

Here we derive the unequal-arm Michelson combinat
X, valid for the rigid-rotation case. We useX as an example
for deriving TDI data combinations by using an alternati
and powerful method based on the use of properly defi
time-delay operators.

The X combination relies on the four measurementsh12,
h21, h13, and h31. Note that the two combinationsh21
1h12,38 , h311h13,2, which represent the two synthesize
two-way data measured onboard spacecraft 1, can be wr
in the following form:

h211h12,385~D38D32I !f1 , ~13!

h311h13,25~D2D282I !f1 , ~14!

where we have denoted withD j the time-delay operator tha
shifts by L j the function it is applied to, and withI the
identity operator. Note that in the stationary case any pair
these operators commute, i.e.DiD j 82D j 8Di50 ~while they
do not when the delays are functions of time@12,1#!.

From Eqs.~13!, ~14! it is easy to derive the following
expression forX, by requiring the elimination off1 :

X5@D2D282I #~h211h12,38!2@~D38D32I !#~h311h13,2!

5@~h311h13,2!1~h211h12,38! ,282#2@~h211h12,38!

1~h311h13,2! ,338#. ~15!

After replacing Eqs.~10!,~11!,~12! into Eq. ~15!, we obtain
the final expression forX valid in the case of rigid rotation o
the LISA array@11#

X5@~s311s13,2!1~s211s12,38! ,282#2@~s211s12,38!

1~s311s13,2! ,338#1 1
2 @~t212t31! ,282338

2~t212t31! ,3382~t212t31! ,2821~t212t31!#. ~16!

As pointed out in@13# and @1#, Eq. ~15! shows thatX is the
difference of two sums of phase measurements, each c
sponding to a specific light path from a laser onboard spa
08200
n

d

en

of

re-
e-

craft 1 having phase noisef1 . The first square-bracket term
in Eq. ~15! represents a synthesized light-beam transmit
from spacecraft 1 and made to bounce once at spacecra
and 2, respectively. The second square-bracket term ins
correspond to another beam also originating from the sa
laser, experiencing the same overall delay as the first be
but bouncing off spacecraft 2 first and then spacecraf
When they are recombined they will cancel the laser ph
fluctuations exactly, having both experienced the same t
delays~assuming stationary spacecraft!.

B. The relay

The TDI ‘‘relay’’ configurations were called (U,V,W)
@Eq. ~A4! of @5##. In what follows, let us consider, as a sp
cific example, theU combination, which has to rely only on
the four measurementsh31, h12, h32 andh23. The idea we
will follow for identifying the expression forU is to select
combinations of some of these four measurements that
tain only one phase noise. By then applying iteratively t
time-delay procedure we introduced for theX combination,
we will be able to remove all the phase noisesf i ,i 51,2,3.
Note that the obvious combinations that contain only one
the three phase noisesf i are the synthesized two-way Dop
pler data measured onboard spacecrafts 2 and 3. They in
contain only the phase noisesf2 andf3 , respectively. Since
the remaining two measurementsh12 and h31 can be com-
bined in such a way as to eliminate the phase noisef1 , we
can start with the following set of three data combination

h121h31,35D3D2f32f2 , ~17!

h32,11h235@D1D182I #f3 , ~18!

h23,181h325@D18D12I #f2 . ~19!

It is then easy to see that the expression forU is given by the
following linear combination of the properly delayed Eq
@~17!,~18!, and~19!#:

U5@D18D12I #~h121h31,3!1~h23,181h32!

2D3D2~h32,11h23!

5~h12,1181h31,3118!2~h121h31,3!1~h23,18

1h32!2~h32,1231h23,23!, ~20!

which, in terms of the one-way measurementssi j and t i j ,
becomes

U5s31,31182s31,31s12,1182s121s23,181s322s32,1232s23,23

1
1

2
@~t212t31! ,31182~t212t31! ,32~t322t12!

1~t322t12! ,1181~t132t23! ,181232~t132t23! ,23# ~21!

with V, W obtained by cycling the spacecraft indices.
1-4
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C. The beacon

In the ‘‘beacon’’ combination, one spacecraft transm
~only! to the other two while those other two exchange o
way beams as usual. These were called the (P,Q,R) combi-
nations, depending on which spacecraft was the trans
only element of the array@5#. In order to derive the
expression forP, which involves only the four data stream
h12, h13, h32, andh23, we will proceed according to the
above considerations, and use in this case the following
combinations:

h12,282h13,35D3f32D28f2 , ~22!

h32,11h235@D1D182I #f3 , ~23!

h23,181h325@D18D12I #f2 . ~24!

By taking advantage of the commutativity of the delay o
erators in this constant time delay case, it is easy to see
the expression forP is given by the following linear combi-
nation of the properly delayed equations@~22!,~23!, and
~24!#:

P5D3~h32,11h23!2D28~h23,181h32!

2@D18D12I #~h12,282h13,3!

5~h32,131h23,3!2~h23,18281h32,28!

2~h12,281182h13,3118!1~h12,282h13,3!. ~25!

Equation~25! can be rewritten in terms of the one-way me
surementssi j , t i j

P5s12,282s13,32s32,281s23,31s32,132s23,18281s13,3118

2s12,281181
1
2 @~t212t31! ,2832~t212t31! ,118283

1~t322t12! ,282~t322t12! ,118281~t132t23! ,3

2~t132t23! ,1183#, ~26!

with Q, R obtained by cycling the spacecraft indices in E
~26!.

D. The monitor

Similarly, there are three combinations where one spa
craft is listen-only@5#. In order to derive these ‘‘monitor’
combinations (E,F,G) @Eq. ~A1! of @5##, let us consider the
following combinations of the four data streams that en
into E:

h312h215D2f32D38f2 , ~27!

h32,11h235@D1D182I #f3 , ~28!

h23,181h325@D18D12I #f2 . ~29!

Similarly to the derivations made for the two previous co
binations, it is easy to see that the expression forE is given
by the following linear combination of the properly delaye
equations@~27!,~28!, and~29!#:
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E5D2~h32,11h23!2D38~h23,181h32!

2@D18D12I #~h312h21!

5~h32,121h23,2!2~h23,18381h32,38!

2~h31,1182h21,181!1~h312h21!, ~30!

which in terms of the one-way measurementssi j and t i j
becomes

E5s32,121s23,22s23,18382s32,381s21,1812s31,1182s211s31

1 1
2 @~t212t31!2~t212t31! ,1181~t322t12! ,38

2~t322t12! ,118381~t132t23! ,22~t132t23! ,1182# ~31!

with F, G obtained by cycling the indices.

E. The z combinations

In all the above we have used the same symbol~e.g.X for
the unequal-arm Michelson combination! for both the rotat-
ing ~i.e. constant delay times! and stationary cases. This em
phasizes that, for these TDI combinations, the forms of
equations do not change going from systems at rest to
moving or rotating case. One need only distinguish betw
the time-of-flight variations in the clockwise and counte
clockwise senses~primed and unprimed delays!.

In the case of an array at rest there is one symmetric d
combination that cancels exactly all laser noise and opt
bench motions and has the property that each of theh i j
enters exactly once and is lagged by exactly one of the o
way light times. We called thisz @@5#, Eq. ~3.5!# and showed
how to take advantage of its relative immunity to GWs
order to assess on-orbit instrumental noise performance
distinguish instrumental noise from a confusion-limite
background@7#. Although now the rotation of the arra
breaks the symmetry and therefore the uniqueness o
‘‘ z-like’’ combination, it has been shown~ @11,12#! that there
still exist three generalized TDI laser-noise-free data com
nations that have properties very similar toz, and which can
be used for the same scientific purposes. Here we de
these combinations, which we call (z1 ,z2 ,z3), by applying
our time-delay operator approach. As we will see in the f
lowing section, our derivation will automatically identify th
‘‘correct’’ order of the delays that has to be applied to t
one-way data. In other words, the expressions lead to
order of time delays such that even with shearing the rem
ing laser noise is below the level identified by the second
noise sources.z1 will not have to be further generalized.

Let us consider the following combination of theh i j mea-
surements:

h13,382h23,381h21,15@D38D282D1#f1 , ~32!

h31,182h32,21h12,25@D3D22D18#f1 , ~33!

where we have used the commutativity property of the de
operators in order to cancel thef2 andf3 terms. Since both
1-5
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sides of the two equations above contain only thef1 noise,
z1 is found by the following expression:

z15@D38D282D1#~h31,182h32,21h12,2!2@D2D32D18#

3~h13,382h23,381h21,1!. ~34!

In terms of the one-way measurementssi j andt i j , Eq. ~34!
becomes

z15@s31,182s32,21s12,2# ,28382@s13,382s23,381s21,1# ,32

2@s31,182s32,21s12,2# ,11@s13,382s23,381s21,1# ,18

1 1
2 @~t322t12! ,228382~t322t12! ,211~t322t12! ,13832

2~t322t12! ,138181~t132t23! ,22838182~t132t23! ,2118

1~t132t23! ,23382~t132t23! ,38181~t212t31! ,228338

2~t212t31! ,118# ~35!

together with its cyclic permutations.@This expression forz1
was given~but not derived! in @11# and independently by
@12#.# If the light times in the arms are equal in the clockwi
and counterclockwise senses~e.g. no rotation! there is no
distinction between primed and unprimed delay times. In t
case,z1 is related to our original symmetric Sagnacz by
z15z ,232z ,1 . Thus for the practical LISA case~arm length
difference,2%), the SNR ofz1 will be the same as the
SNR of z.

IV. THE SECOND-GENERATION TDI COMBINATIONS

Generalizations of the original unequal-arm Michelso
(X,Y,Z), and Sagnac, (a,b,g) TDI combinations to an ar-
ray with systematic spacecraft velocities, showing that th
effectively cancel all laser phase noises, have been derive
@1#. Here we complete that set of TDI combinations by d
riving generalized expressions for the ‘‘relay,’’ ‘‘beacon
and ‘‘monitor’’ combinations that are unaffected by the ro
tion and time dependence of the light-path delays. These
combinations rely only on four of the six possible one-w
measurements LISA will make, and for this reason they a
robustness and trade-off options to the LISA design. Like
unequal-arm Michelson combinationX1 @1#, these new com-
binations involve the four one-way inter-spacecraft measu
ments at 16 different times.

The order of the time-delay operators now becomes i
portant for laser phase terms. The operators can no longe
permuted freely to show cancellation of laser noises in
TDI combinations~they no longer commute!. In order to
derive the new, ‘‘flex-free’’ relay, beacon, and monitor com
binations we will start by taking specific combinations of t
one-way data entering in each of the expressions derive
the previous section for the rigid-rotation case. These co
binations are chosen in such a way to retain only one of
three noisesf i ,i 51,2,3 if possible. In this way we can the
implement an iterative procedure based on the use of th
basic combinations and of time-delay operators, to cance
laser noises after dropping terms that are quadratic inL̇/c or
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linear in the accelerations. This iterative time-delay meth
to first order in the velocity, is illustrated abstractly as fo
lows. Given a function of timeC5C(t), time delay byLi is
now denoted either with the standard comma notation or
applying the delay operatorDi introduced in the previous
section

DiC5C ,i[C@ t2Li~ t !#. ~36!

We then impose a second time delayL j (t):

D jDiC5C ; i j [C$t2L j~ t !2Li@ t2L j~ t !#%

.C@ t2L j~ t !2Li~ t !1L̇ i~ t !L j #

.C ,i j 1Ċ ,i j L̇ iL j . ~37!

A third time delayLk(t) gives

DkD jDiC5C ; i jk5C„t2Lk~ t !2L j@ t2Lk~ t !#

2Li$t2Lk~ t !2L j@ t2Lk~ t !#%…

.C ,i jk1Ċ ,i jk@ L̇ i~L j1Lk!1L̇ jLk# ~38!

and so on, recursively; each delay generates a first-order
rection proportional to its rate of change times the sum of
delays coming after it in the subscripts. Commas have n
been replaced with semicolons@1#, to remind us that we
consider moving arrays. When the sum of these correcti
to the terms of a data combination vanishes, the combina
is called flex-free.

Also, note that each delay operatorDi has a unique in-
verseDi

21 , whose expression can be derived by requiri
that Di

21Di5I , and neglecting quadratic and higher ord
velocity terms. Its action on a time seriesC(t) is

Di
21C~ t ![C@ t1Li~ t1Li !#. ~39!

Note that this is not like an advance operator one mi
expect, since it advances not byLi(t) but ratherLi(t1Li).

A. The unequal-arm Michelson

Here we re-derive the generalized unequal-arm Michel
combination@1#, X1 , by implementing our method based o
the use of time-delay operators. We use againX1 as an ex-
ample for showing the effectiveness of this alternative a
powerful method for deriving TDI data combinations a
counting for rotation and time dependence of the LISA arm

Let us consider the following two combinations of th
one-way measurements entering into theX observable given
in the previous section, evaluating them for the noisesf i
only @Eq. ~15!#:

@~h311h13;2!1~h211h12;38! ;282#5@D2D28D38D32I #f1 ,

~40!

@~h211h12;38!1~h311h13;2! ;338#5@D38D3D2D282I #f1 .

~41!
1-6
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If the time delays were constants, the operators on the r
would permute freely; simply differencing of Eqs.~40!, ~41!
eliminatesf1 and indeed is justX. If they do not permute,
from Eqs.~40!,~41! we can use the delay technique again
write the following expression forX1 :

X15@D2D28D38D32I #@~h211h12;38!1~h311h13;2! ;338#

2@D38D3D2D282I #@~h311h13;2!1~h211h12;38! ;282#

5@~h311h13;2!1~h211h12;38! ;2821~h211h12;38! ;338282

1~h311h13;2! ;338338282#2@~h211h12;38!

1~h311h13;2! ;3381~h311h13;2! ;282338

1~h211h12;38! ;282282338#. ~42!

After substituting Eqs.~10!,~11!,~12! into Eqs.~42!, we ob-
tain the final expression forX1 @1#

X15@~s311s13;2!1~s211s12;38! ;2821~s211s12;38! ;338282

1~s311s13;2! ;338338282#2@~s211s12;38!

1~s311s13;2! ;3381~s311s13;2!282338

1~s211s12;38! ;282282338#1
1

2
@~t212t31!

2~t212t31! ;3382~t212t31! ;282

1~t212t31! ;3383382821~t212t31! ;282282338

2~t212t31! ;282338338282#, ~43!

As usual,X2 and X3 are obtained by cyclic permutation o
the spacecraft indices. This expression is readily shown to
laser-noise-free to first order of spacecraft separation vel
ties L̇ i : it is ‘‘flex-free.’’

B. The relay

In order to derive the expressions for the generalized re
combinations (U1 ,U2 ,U3) valid for the realistic kinematica
configuration of the LISA spacecraft, let us consider the f
lowing combinations of the data that enter into the expr
sion for U given in the previous section:

@h121h31;31h23;231h32;1232h32#5@D3D2D12I #D18f3 ,

~44!

@h12;1181h23;181h31;3118#5D18@D1D3D22I #f3 .

~45!

In each case we evaluate them for the noisesf i only, as
these are what our combinations must remove. The exp
sion forU1 is then given by the following linear combinatio
of the properly delayed equations~44!,~45!:

U15D18@D1D3D22I #@h121h31;31h23;231h32;1232h32#

2@D3D2D12I #D18@h12;1181h23;181h31;3118# ~46!
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5@h12;231181h31;3231181h23;23231181h32;12323118

2h32;23118#2@h12;181h31;3181h23;23181h32;12318

2h32;18#1@h12;118181h23;18181h31;311818#

2@h12;118181231h23;18181231h31;311818123#, ~47!

which, in terms of the one-way measurementssi j and t i j ,
becomes

U15@s12;231181s31;3231181s23;23231181s32;123231182s32;23118#

2@s12;181s31;3181s23;23181s32;123182s32;18#

1@s12;118181s23;18181s31;311818#2@s12;11818123

1s23;18181231s31;311818123#1
1

2
@~t322t12! ;231181~t21

2t31! ;3231181~t132t23! ;23231182~t132t23! ;1812323118

1~t132t23! ;18231182~t322t12! ;182~t212t31! ;318

2~t132t23! ;23181~t132t23! ;18123181~t322t12! ;11818

1~t212t31! ;3118182~t322t12! ;11818123

2~t132t23! ;18181232~t212t31! ;311818123# ~48!

with U2 , U3 obtained by cycling the spacecraft indices.
can readily be verified using Eqs.~37!,~38! that the laser
noise remaining in this combination vanishes to first orde

the spacecraft relative velocitiesL̇ i .

C. The beacon

In order to derive the expression forP1 let us consider the
following data combinations entering into the expression
P given in Sec. III

@h231h32;11h13;1812h13# ;35D3@D1D182I #D28f1 ,

~49!

@h321h23;181h12,1182h12# ;285D28@D18D12I #D3f1 ,

~50!

where the expressions on the right-hand-sides follow fr
the chosen order of the indices appearing on the left-ha
sides of the above equations. By applying our method
obtain the final expression forP1
1-7
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P15D28@D18D12I #D3@h23;31h32;131h13;18132h13;3#

2D3@D1D182I #D28@h32;281h23;18281h12,11828

2h12;28# ~51!

5@h23;33118281h32;133118281h13;18133118282h13;3311828#

2@h23;33281h32;133281h13;18133282h13;3328#

1@h32;282831h23;18282831h12,118282832h12;28283#

2@h32;282818131h23;18282818131h12,11828281813

2h12;28281813#. ~52!

Equation~52! can be rewritten in terms of the one-way me
surementssi j , t i j

P15@s23;33118281s32;133118281s13;18133118282s13;3311828#

2@s23;33281s32;133281s13;18133282s13;3328#1@s32;28283

1s23;18282831s12,118282832s12;28283#2@s32;28281813

1s23;18282818131s12,118282818132s12;28281813#

1 1
2 @~t132t23! ;33118282~t132t23! ;1813311828

2~t212t31! ;2818133118281~t212t31! ;283311828

2~t132t23! ;33281~t132t23! ;18133281~t21

2t31! ;2818133282~t212t31! ;2833281~t322t12! ;11828283

2~t322t12! ;282832~t322t12! ;11828281813

1~t322t12! ;28281813# ~53!

with P2 , P3 obtained by cycling the spacecraft indices in E
~53!. Substituting into Eq.~53! the laser phase noise term
entering thesi j andt i j , and applying the expansion rules
Eqs. ~36!–~38!, it can again be shown that, to first order
the systematic relative velocities of the spacecraft, la
phase noise is eliminated.

D. The monitor

The derivation of the generalized ‘‘monitor’’ combina
tions (E1 ,E2 ,E3) is more complicated, and rather differe
from the derivations shown in the previous two sections. O
peculiarity of these combinations is that they are not uniq
It is indeed possible to derive different expressions for e
monitor combination. These combinations cancel the la
noises to the required order in the velocities, and they di
only in the number of terms—delayed data time series—t
include. We have derived expressions with 64, 32, and 4h
terms ~which we do not provide here!. The expression we
present in this section shows the same number ofh terms
~16! asX1 , P1 , andU1 .

Let us consider the following terms entering into the e
pression forE derived in the previous section:

h21;1812h215@ I 2D1D18#f12@ I 2D1D18#D38f2 ,
~54!
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2h32,382h23;18385D38@ I 2D18D1#f2 , ~55!

h312h31;11852@ I 2D18D1#f11@ I 2D18D1#D2f3 ,
~56!

h23;21h32;1252D2@ I 2D1D18#f3 . ~57!

If the delay operators were constant and commuted, add
these four equations would cancel all laser phase noises
give E. Otherwise the above expressions can be first co
bined in pairs to remove thef2 , f3 noises in two shear-free
ways

D38@ I 2D18D1#@h21;1812h21#2@ I 2D1D18#D38@h32,38

1h23;1838#5D38@ I 2D18D1#@ I 2D1D18#f1 ~58!

D2@ I 2D1D18#@h31;1182h31#2@ I 2D18D1#D2@h23;2

1h32;12#5D2@ I 2D1D18#@ I 2D18D1#f1 . ~59!

Now we could of course repeat our iterative procedure
properly using the delay operators shown on the right-ha
side of Eqs.~58!, ~59!, and derive the final expression fo
E1 . However, this expression would include 64h terms. An
alternative, and more elegant way to derive an expression
anE1 that has only 16h terms is by noticing that if we first
apply inverse operatorsD38

21 andD2
21 from Eq. ~39! to both

sides of Eqs.~58! and ~59!, respectively, and then take th
difference of the resulting expressions, we get the follow
simpler expression forE1 :

E1[@ I 2D18D1#@h21;1812h21#2D38
21

@ I

2D1D18#D38@h32,381h23;1838#1@ I 2D1D18#@h31

2h31;118#1D2
21@ I 2D18D1#D2@h23;21h32;12#

5@h312h31;1182h31;1811h31;118181#2@h212h21;118

2h21;1811h21;181118#1@h23;21h32;122h32;38

2h23;1838#2@h23;221182̄1h32;1221182̄2h32;38381813̄8

2h23;1838381813̄8#. ~60!

In Eq. ~60! we have introduced a bar over some indices
representing the action of the corresponding inverse oper
It is easy to verify, to first order in the spacecraft relati
velocities, that the above expression is laser and opt
bench noise-free. Equation~60! can be recast in terms of th
one-way measurementssi j andt i j
1-8
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FIG. 2. Spectrum of proof
mass and optical path noises inz1

compared with the spectrum of re
sidual laser noise for a shearin
array. Spectra are one-sided an
expressed as (cycles)2/Hz.
Parameters used are a
follows: 30 Hz/AHz for the
laser frequency fluctuations, 3
310215 m/sec2/AHz for the proof
mass noise, 20310212 m/AHz for
aggregate optical path~shot noise,
beam-pointing noise, etc.! noise,
L516.67 sec, and the velocity
differences have been taken to b
equal to 10 m/sec. Laser nois
does not cancel exactly inz1 for
non-zero velocities, but is.7 dB
below optical path and proof mas
noises.
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E15@s312s31;1182s31;1811s31;118181#2@s212s21;118

2s21;1811s21;181118#1@s23;21s32;122s32;382s23;1838#

2@s23;221182̄1s32;1221182̄2s32;38381813̄82s23;1838381813̄8#

1 1
2 @~t322t12! ;382~t322t12! ;381812~t322t12! ;38118

1~t322t12! ;381811181~t212t31!2~t212t31! ;118

2~t212t31! ;1811~t212t31! ;1181811~t132t23! ;2

2~t132t23! ;18122~t132t23! ;221182̄

1~t132t23! ;181221182̄#, ~61!

with E2 , E3 obtained by cycling the indices.

E. The z combinations

The expression forz1 derived in the previous section can
cels the laser noise exactly under the assumption of cons
time delays. Although perfect cancellation is no long
achieved when relative motion between the spacecraft is
cluded, the ordering of the delays determined by our der
tion of the expression forz1 given in the previous section
implies a minimization of the magnitude of the remaini
laser noises at least for the equilateral LISA case.

Consider the expression forz1 given in Eq. ~34!, now,
however, with semicolons rather then simple colons. Af
some algebra, it is possible to derive the leading order c
tribution due to the residual laser noises remaining intoz1 :

z1.@ḟ2,4L2ḟ2,3L#~ L̇32L̇1!L1@ḟ3,4L2ḟ3,3L#~ L̇22L̇1!L,

~62!

where we have assumed the arm lengths to differ from
nominal LISA arm lengthL by only a few percents@2#.
08200
nt
r
n-
-

r
n-

a

This residual laser noise can be compared with the opt
path and proof mass noises inz1 . Using the derivative theo-
rem for Fourier transforms and taking the arm lengths to
the same, the spectrum of the residual laser noise inz1 can
be expressed in terms of the spectrum of the raw laser p
noiseSf and the velocitiesL̇ i :

16p2f 2sin2~p f L !Sf~ f !@~ L̇22L̇1!21~ L̇32L̇1!2#L2.
~63!

From Sec. III and@5#, the spectrum ofz1 due to proof mass
and optical path noises is equal to

4 sin2~p f L !@24 sin2~p f L !Sproof mass~ f !16Sopt. path~ f !#.

~64!

In Fig. 2 we compare the spectrum of residual laser nois
z1 and the optical path and proof mass noises inz1 . The
parameters used were 30 Hz/AHz for the raw laser fre-
quency fluctuations, 3310215 m/sec2/AHz for the proof
mass noise, and 20310212 m/AHz for aggregate optical path
~shot noise, beam-pointing noise, etc.! noise. All the above
spectra are one sided. Figure 2 shows this comparison u
nominalL516.67 sec arm lengths and~pessimistically! tak-
ing the velocity differences to be 10 m/sec. From Fig. 2
residual laser noise inz1 for a shearing array@but with the
time delays applied as given in Eq.~34!# is .7 dB below the
optical path and proof mass noises.

ACKNOWLEDGMENT

This research was performed at the Jet Propulsion La
ratory, California Institute of Technology, under contra
with the National Aeronautics and Space Administration.
1-9



g

e
ita

J

D

D

D

g

D

r,

d
S-

d

s-

TINTO, ESTABROOK, AND ARMSTRONG PHYSICAL REVIEW D69, 082001 ~2004!
@1# D.A. Shaddock, M. Tinto, F.B. Estabrook, and J.W. Armstron
Phys. Rev. D68, 061303~2003!.

@2# P.L. Bender, K. Danzmann, and the LISA Study Team, ‘‘Las
Interferometer Space Antenna for the Detection of Grav
tional Waves, Pre-Phase A Report,’’ Max-Planck-Institu¨t für
Quantenoptik, Report No. MPQ 233, 1998.

@3# M. Tinto and J.W. Armstrong, Phys. Rev. D59, 102003
~1999!.

@4# J.W. Armstrong, F.B. Estabrook, and M. Tinto, Astrophys.
527, 814 ~1999!.

@5# F.B. Estabrook, M. Tinto, and J.W. Armstrong, Phys. Rev.
62, 042002~2000!.

@6# M. Tinto, F.B. Estabrook, and J.W. Armstrong, Phys. Rev.
65, 082003~2002!.

@7# M. Tinto, J.W. Armstrong, and F.B. Estabrook, Phys. Rev.
63, 021101~2001!.

@8# M. Tinto, D.A. Shaddock, J. Sylvestre, and J.W. Armstron
08200
,

r
-

.

,

Phys. Rev. D67, 122003~2003!.
@9# S.V. Dhurandhar, K.R. Nayak, and J.-Y. Vinet, Phys. Rev.

65, 102002~2002!.
@10# F.B. Estabrook, J.W. Armstrong, M. Tinto, and W. Folkne

Phys. Rev. D68, 062001~2003!.
@11# D.A. Shaddock, Phys. Rev. D69, 1022001~2004!.
@12# N.J. Cornish and R.W. Hellings, Class. Quantum Grav.20,

4851 ~2003!.
@13# D. Summers, ‘‘Algorithm tradeoffs,’’ oral presentation, 3r

progress meeting of the ESA funded LISA PMS Project. E
TEC, NL, 2003.

@14# W.M. Folkner, F. Hechler, T.H. Sweetser, M.A. Vincent, an
P.L. Bender, Class. Quantum Grav.14, 1543~1997!.

@15# N. Ashby, ‘‘The Sagnac Effect in the Global Positioning Sy
tem,’’ available at http://digilander.libero.it/solciclos/

@16# C. Cutler, Phys. Rev. D57, 7089~1998!.
@17# N.J. Cornish and L.J. Rubbo, Phys. Rev. D67, 022001~2003!.
1-10


