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Numerical reinvestigation of the Aoki phase withN;=2 Wilson fermions at zero temperature
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We report on a numerical reinvestigation of the Aoki phase in lattice QCD with two flavors of Wilson
fermions where the parity-flavor symmetry is spontaneously broken. For this purpose an explicitly symmetry-
breaking source ternm% ysT¢ was added to the fermion action. The order param(e?é%r%) was
computed with the hybrid Monte Carlo algorithm at several valuegok (h) on lattices of sizes%4to 12* and
extrapolated ttn=0. The existence of a parity-flavor breaking phase can be confirm@e 4t0 and 4.3, while
we do not find parity-flavor breaking #=4.6 and 5.0.
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[. INTRODUCTION the whole Aoki phase the charged pion states are expected to
remain masslesén the case ofN{=2 flavor9 since they
Spontaneous breaking of chiral symmetry is one of theappear to be the Goldstone bosons related to parity-flavor
main non-perturbative phenomena of QCD explaining manyreaking, whereas the neutral pion should become massive
features of the hadronic world, in particular of hadrons con-again. The general phase structure as proposed by Aoki is
taining u, d, and/ors quarks. QCD allows us to interpret the shown in Fig. 1. Some numerical results supporting this pic-
light octet mesons as Goldstone bosons. The fourture were presented in Refg—12.
dimensional(Euclidean lattice discretization of QCD pro- It has been questioned whether the Aoki phase survives
vides a uniqueb initio non-perturbative approach. However, the continuum limit(in the sense of extending 8= =) or,
in this approach chiral symmetry has to be treated with spesjiernatively, ends somewhere at finiie perhaps before the
cial care. At present, on the lattice this symmetry is beskqqjing regime is reached. Previous investigations of this
realized by satisfying the Ginsparg-Wilson relatigh] for problem did not yield a unique answidi0—15. In this paper

rge :)atg(r::tc?{l;ag] O(E’retrggr' fh'g'ﬁ\?g.]gilr?fgﬂgig;,?géﬂﬁdﬁ;?rWe present results of a more thorough numerical analysis of
P op = 9 this question. As has been discussed recdit6}, the an-

fermion ansat#4—6). In both cases the Wilson-Dirac opera- . . :
tor W(mo) [with a bare mass parametag < ( — 2,0)] serves swer is of rglevgnce_for th(_a locality behavior and the resto-
0 ' ration of chiral invariance in quenched and full QCD with

as an input for the fermionic part of the lattice discretized _. ) . : .
P P Ginsparg-Wilson and domain wall fermions. Accordingly,

action. . . . .
For the Wilson-Dirac operatofwhich breaks chiral in- the region of the Aoki phase has to be avoided in such com-

variance explicitly Aoki [7] has argued that in a certain Putations in order not to spoil physical reliability.

range of the hopping parameter (or the bare massn) .Our investigation was carried qut for fuII. Iatt|ce. QCD
there is a phase in which parity-flavor symmetry is spontaWith N¢=2 flavors of unimproved Wilson fermions using the
neously broken, in the sense that a condensate as definedSkndard plaguette gauge action. It includes a careful ex-
Eq. (1) exists and is non-vanishing. In agreement with thetrapolation of (iiys73) to vanishing external field. It
literature we call it theAoki phase When « approaches the shows that the Aoki phase is unlikely to extend beyghd
border lines of this phase all pion masses tend to zero be=4.6 (which confirms early conclusions in RéfL4]).

cause one is approaching a second order phase transition. In The outline of our paper is as follows. In Sec. Il we

m,

1-8/3 FIG. 1. The phase diagram

proposed by Aokiet al. in the

(g%,m,) plane(left-hand sidgand

in the (B,«x) plane (right-hand
-2 side. The shaded region label&l
denotes the phase where flavor
and parity are spontaneously bro-
ken. Both symmetries are con-
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TABLE I. Statistics used for the final analygisxtrapolation at selectedc values for3=4.0, 4.3 and 4.6.
For the respective values bfgiven in the first row in the second column we report the number of trajectories
produced for each lattice size. A similar statistic was used for scanning at neighoviges.

h
B K 0.005 0.01 0.02 0.03 0.04
4.0 0.2200 8 250 1d 146 6 1000 6 1000
4.3 0.2100 8 300 g 500 g 250 6 500
4.6 0.1981 16 170 1d 250 1¢ 200

discuss the proposed phase structure in greater detail. Sectisoenario proposed by Aoki al. might explain why all pions
[l provides details of our numerical simulations. In Sec. IV are massless along this line despite the fact that Wilson fer-
we present our numerical results. Section V contains the dignions explicitly break chiral symmetry.

cussion and our conclusions. In principle, the Aoki phase could be expected to exist for
all values of3. In the strong coupling region the existence of
Il. THE PROPOSED PHASE STRUCTURE such a phase was verified by performing numerical simula-

o . tions of QCD with Wilson fermions as summarized[itb]
Aoki, in his last status repoftl5], has discussed the lat- and reconsidered if12]. For this purpose a so-callédisted

tice resu_lts suppor_ting the vieV\_/ that for_Iattice QCD with massterm hEi ve73y was added to the action which explic-
N¢=2 Wilson fermions there exists a parity-flavor breaking itly breaks parity-flavor symmetry. Without an external field

phase which is separated from an unbroken phasdérom ] — 4 — 3
unbroken phasgsy second order phase transition lines. Thel COUPING to¢i ys7°¢, the parametefyi ys7°¢) would al-

conjectured phase structure in thg#{m,) plane is shown on Ways be zero on a finite latticéyi ys7°¢) has to be mea-
the left-hand side of Fig. 1. As can be seen from this figuresured for varying lattice siz& and non-vanishind values.
two of these critical lines run from strong coupling to the The order parametenyi ys 7)o iS then obtained by tak-
weak coupling limit, while further critical lines are confined ing the double limit in the following order:

to the weak coupling region. At zero coupling, pairs of these

transition lines join at points referring to the different fer- i~ 3 — i v (a3

mion doublers. Aoki8] has further claimed that along the (17570 rllino Jlinoowl Y57 ). @
critical lines the pion triplet is massless. The neutral pion

becomes massless only on the critical lines, due to the presn the literature one finds numerical results from quenched
ence of a second order phase transition, while the charggd 1] and unquenchef10,12 simulations at finiteh which
pions turn massless on the critical lines and remain maSS|e§@pport the existence of a parity-flavor breaking phase, at
inside the Aoki phase, signaling that flavor symmetry isjeast for 3<4.0. However, extrapolations in order to carry
broken. out the double limit(1) had not been performed.

When Simulating the theory it is natural to draw the phase Going to |arger values qﬂ there are Contradictory state-
diagram in the g,«) plane. Using the well known relations ments about the existence of such a broken phase. [Bidér
x=1/(2my+8) and B=6/g?, the proposed phase structure has come to the conclusion that there is no Aoki phase for
is mapped to this plane as shown on the right-hand side 0=5.0. However, results from quenched simulatidag]

Fig. 1. Therein the symmetryny«< —(mg+8) is hidden in  suggest that théinger structure anticipated by Aoki exists.
the reflectionk < — k which is not made explicit for simplic- Aoki's scenario was also challenged in Rdfs7-19. In
ity. The critical linex.(8) which runs fromg=0 to infinity  particular, in Ref.[17] it has been argued that flavor and
is nothing but the chiral limit line of lattice QCD. Thus the parity are not violated at finite lattice spacing. The authors
have rather proposed that the Aoki phase has to be inter-
Py preted as a phase with massless quarks and spontaneous chi-
(WivsTse)) ,/7’/ o ral symmetry breaking.

/ y In Ref.[13] the controversy has been concisely elucidated
in the sense that, at finite lattice spacmghe Wilson lattice
theory is able to exhibit flavor and parity breaking under
certain circumstances. The authors have also demonstrated
that the results 0f18,19 concerning the spectrum of the
Hermitian Wilson-Dirac operatorysW(mg) (actually ob-
tained for quenched or partially quenched lattice Q@Gind
support, if correctly interpreted, to a non-vanishing conden-
022 024 026 o8 sate as defined in Eq1).

In terms of an effective chiral Lagrangian, it has been

FIG. 2. Results for i ys7y) as a function ofx andh at 3 pointed out in Ref[13] that only two possible scenarios may
=4.0 on a @ lattice. exist, depending on the sign of one coupling coefficient. In
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FIG. 3. In the left column data fo(r% ys7) from a 6" lattice are shown as a function efat several values df (the lines are spline
interpolations to guide the ey€The extrapolation tti=0 in the infinite volume limit is shown in the center column of this figure. The right
column shows the Fisher plots with the corresponding fitting function. The upper row shows resuBts-#00, the lower one for
B=4.3.

the first case, the Aoki picturg8] is exactly reproduced, to the second case the Aoki phase ceases to exist at strong
whereas in the second case all pion masses remain degeneoupling and those predictions do not apply.

ate and non-vanishing over the wholg?(m,) plane such After that, the only remaining question is whether the
that no Aoki phase exists at all. If the first case applies toAoki phase really persists until the continuum limit and, if it
lattice QCD all the way to the continuum limit specific pre- does so, how it shrinks to the poinmg=0,g2=0). Only
dictions concerning the dependence of the neutral pion numerical simulations can clarify whether there is a strip of
mass and of the width of thAoki fingerpointing towards parity-flavor breaking phase in lattice QCD with Wilson fer-
(my=0,g°=0) have been made. However, if the sign turnsmions extending to infinitgs.
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TABLE II. The parameters of the ansath)=A+ Bh®+Dh+Eh? fitted to the data fof yi ysr¢) at
B=4.0, 4.3 and 4.6 with no, linear or quadratic correctidabeled as 1, 2 or)3At eachh the result from
the largest lattice was used in the (fior details see Table).| The data ah=0.003 were discarded because
these are from a‘6lattice. Also the result aB=4.6 andh=0.005 was not taken into account due to low
statistics. Fixed parameters are presented by their value without giving an error. In each case thidildt fit
number$ was used in Figs. 3 and 4, respectively.

Fit A B C D E X*INDF
B=4.0 k=0.22
1 0.0684) 1.079) 0.67(3) 0 0 0.80
2a 0.0673) 1 0.662) 0.1(1) 0 0.83
2b 0.0673) 1.0311) 2/3 0.13) 0 0.81
3a 0.0663) 1 0.651) 0 1(1) 0.98
3b 0.0672) 1.054) 2/3 0 0.117) 0.84
B=4.3 k=021
1 0.0341) 0.993) 0.651) 0 0 0.08
2a 0.0341) 1 0.651) —0.024) 0 0.08
2b 0.03%1) 1.11(4) 2/3 -0.2(1) 0 0.09
3a 0.0351) 1 0.651) 0 —0.2(6) 0.08
3b 0.0361) 1.061) 2/3 0 —1.29 0.13

B=4.6 k=0.1981

la 0 1 0.631) 0 0 3.21
1b 0.0012) 1 0.636) 0 0 4.82
1c 0 0.973) 0.6209) 0 0 3.62
2a 0 1 0.681) —0.055) 0 3.36
2b 0.000%8) 1 0.63 —0.033) 0 3.87
3a 0 1 0.681) 0 -1(2) 241
3b 0.00084) 1 0.63 0 —-0.97) 2.79
. SIMULATION DETAILS increased the lattices until measurements agreed within er-

rors such that we can treat our largest lattices as infinitely
large. The extrapolation to vanishirgis described in the
following section.

We have simulated lattice QCD with two flavors @h-
improved Wilson fermions with(the ® version oj the hy-
brid Monte Carlo algorithnj20,21 where an even/odd de-
composition [22] has been employed. An explicitly
symmetry breaking source term was added to the WilsohV. EXTRAPOLATING TO VANISHING EXTERNAL FIELD
fermion matrixMy, i.e. the two-flavor fermion matrix was

given by In Fig. 3 an analysis otﬁ ysT ) data is shown foiB

=4.0 and 4.3. As can be seen from the upper and lower left
M(h)= M+ hiys7. (2)  plot the interesting region is aroune=0.22 andx=0.21,
respectively. At thesef, k) pairs further simulations were
The simulations were performed on lattices ranging fro‘h’] 4 performed in order to control finite-size effects. Data from
to 12* at 8 values 4.0, 4.3, 4.6, and 5.0, withandh in the ~ these simulations are shown in the center plots of Fig. 3. No
intervals 0.15< k<0.28 and 0.008 h=<0.04, respectively. finite size effects are visible in the plots except for data from
the 4* lattice at 3=4.0. Hence, the measurements of
(yiysT ) from the largest lattice at eadhcan be consid-
ered to lie within errors on the infinite volume envelope.
The question arises how to fit these data properly. Moti-
é(&ted from the mean field equation

In our study we measure@d/i ysm¢) as a function ofx
at finite h. The parametefyiys7>y), which is proportional
to the imaginary part of the trace 9&M ~1(h), was aver-
aged over 100—-1000 gauge field configuratitsee Table)l
separated by trajectories of length 1. The trace was measur
with a stochastic estimat¢23]. _
For illustration, results fof i ys7>¢) from a 6* lattice at h=Aco®+As-(k—k)o  with o=(giysT°y) (3
B=4.0 are shown in Fig. 2. The location of the peak deter-
mines the region where subsequent simulations on larger lawe use the ansatz
tices and smalleh were performed. In Fig. 2 the peak is
aroundx=0.22. It becomes sharper hslecreases. We have o(h)=A+Bh®+ ... . (4)
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FIG. 4. In the left column data foi ys7°y) from lattices of various sizes are shown as a functior af h=0.005 fixed(the lines are
drawn to guide the eyeThe extrapolation tdh=0 in the infinite volume limit is shown in the center column. In the right column the
corresponding Fisher plots are shown. The upper row contains dfta 46 from lattices of sizes% 8* and 1. The lower row shows
measurements fg8=5.0 from lattices of size from %6to 12,

It is instructive to look at so-called Fisher pld&4,25 (see  unstable fitting functions, but takinG as a free parameter
the right-hand side of Fig.)3From Eq.(3) one expects data instead, the ansatz describes the data well. In fact, the param-
for k< k. to lie on straight lines ending at the origin or at the eter of interes@ is robust against the introduction of linear
abscissa, while within the broken phase they should lie ognd quadratic correction terntsee Table Il. Furthermore,
straight lines ending at the ordinate. As can be seen from th#e fit parameterB andC agree within errors for both values
Fisher plots obtained the data do not lie on straight lines an@f B, even when introducing corrections. We conclude that
therefore do not behave mean-field like. the order parametefi ysm)n—o iS non-zero at g,«)
Using Eq.(4) with the mean field valu€=1/3 results in  =(4.0,0.22) and4.3,0.2).
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TABLE Ill. The parameters of the ansa(h)=Ag+ BhC i T T J T T ide
+ D gh fitted to the data in Table | fdfyi ysT ) at =4.0, 4.3 and 023 1 1% inside O
4.6 with no(fit 1) and linear(fit 2) corrections. The parametBrand o border Q©
C are common to all data, while for eaghthere is a separate value 0 b vestigial X ]
for Az and Dg, respectively. Fixed parameters are presented by
their value without giving an error.
021 Lod o ]
Fit B Ag B C Dy x?/NDF & <o <&
1 40 0068) 101 0.642 0 3.4 020 | © ]
43 00322 0 ©
4.6 0.0042) 0 0.19 [ 2o o .
2 40 0.06%2) 152 0.7142) -—0.83 24 1%
43 0.0342 —0.803) 0.18 [ § ]
4.6 0.0042) —0.7(3) o
36 38 40 42 44 46 48 50 52 54

B

FIG. 5. The part of the phase diagram studied in this work.
Squares denotg3( ) pairs where a finite value @i ysm>¢)n—o is

Measurements fofi ys7>¢) at 8=4.6 are shown in the
upper row of Fig. 4. Looking at the upper left plot of the
figure one sees thdyi ysy) still has a peak at finitd. ) _ =
The peak becomes narrower and its position is shifted fronfound. Diamonds refer to points wherghi ys7y)n—o=0. Stars
x=0.1986 tox=0.1981 as the lattice size is increased fromdenote points where a finite value (i ys7°y)y—o is uncertain.
6% to 10f. Taking the results from the fOlattice atx  The lines indicate the position of the critical Iineé')(ﬁ) and
—0.1981, a fit using Eq4) can be performed. However, due K(“)(ﬁ). The shaded region labeld refers to the parity-flavor
to low statistics the point ah=0.005 was discarded and Preaking phase. The poing(x)=(4.0,0.215) marked by a circle
therefore some fit parameters had to be fixed. Using the fi€€MS t© lie very close to the border of the broken phase.
results from the two lower values @, the parameters, B .
and C were alternately fixed to reasonable values. The ex- We have preiented hybrid Monte Carlo results for the
trapolation is consistent with a vanishing order parametePrder parametefyiys7>¢). The existence of a parity-flavor
(see Table Ii. The same result is obtained by inspection ofbreaking phase could be confirmed 8t ) =(4.0,0.22) and
the Fisher plot in Fig. 4 where the data seem to lie on a ling4.3,0.21), wheré i ys7°¢), measured at finitl, extrapo-
ending on the abscissa. This means that the order paramelates to a finite value dt=0 in the infinite volume limit. No
<% Y572 Y)n—o vanishes a=14.6. parity-flavor breaking was found @=4.6 andB=5.0. This

In addition, the parametei® and C agree within errors suggests a phase structure as shown in Fig. 5. Two squares in
for all three values of8 as can be seen from Table II. There- Fig. 5 mark points where we were able to confirm the Aoki
fore, we also fitted the data globally using ansdjzvhereB  phase. Two stars mark points whéig ys7>) has a peak at
andC are common to all data, while the parametagsand finite h, but where our extrapolation th=0 is consistent
D are different for eactB. In Table Il the fit results are with a vanishing order parameter. Consequently these stars
shown. In agreement with the results presented above, trere labeledsestigial

order parametet i ys7° ), is found to be finite a3 According to these results, the Aoki phase Tor 0 seems
=4.0 andB=4.3, while it vanishes g8=4.6. Furthermore, t0 end close tq3=4.6 and«=0.1981. Rough estimates for
their values are robust against the introduction of a correcthe upperx!" and lowerx{’ bound of the Aoki phase are
tion term linear inh, while B and C are sensitive.

At B=5.0 a vanishing order parameter becomes manifest.
As can be seen from the lower row of Fig. 4 there is still a
peak. However, the extrapolation 6fi ys73¢) to h=0 at
x=0.18 as well as the Fisher plot do not support a finite
value of(Zi ?’573<//>h:o at 3=5.0. The pair (8,x)=(4.0,0.215) seems to be quite close to the
lower boundary. We conclude this from the behavior of
(iysT ) in conjunction with the behavior of the pion
norm[26] (which also has been measured during our simu-

In this study we have investigated how far a parity-flavor|ationg. At this (3, k) pair(% ys73) extrapolates to zero at
breaking phase in lattice QCD with two flavors of dynamicalh =0, whereas the pion norm seems to divergh-as0. Such
Wilson fermions at zero temperature extendsBinAn ex-  pehavior is expected close to critical lines(3).
plicitty symmetry breaking term, the twisted mass term Referring to the discussion of the anticipated phase dia-
hyi vy, was added to the Wilson fermion matrix. The gram in Sec. Il, the results presented here do not indicate a
phase diagram was explored in the rectangle<36<5.0  parity-flavor breaking phase #=4.6 which was originally
and 0.15<x<0.28. claimed to exist at alB (see Fig. 1 This is suggested not

B=4.0: 0.215=«"<0.220 0.226:«"<0.225

B=4.3: 0.205«"<0.210 0.216«xW<0.215.

V. DISCUSSION

074511-6
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only by the extrapolation ofyiysm>¢) to h=0 in Sec. IV,
which yields (i ysm¢)p—o=0 at B=4.6 andB=5.0, but
also by the observation that the peak ¢f ys7>y) decreases
in height and width ag increases. The parity-flavor break-
ing phase seems to be pinched off ngar4.6 as illustrated
in Fig. 5. From the numerical point of view we agree with

Bitar [14], who has found no evidence of such a broken

phase for3=5.0.

On the other hand, althouq% ysT ) decreases, a non-
vanishing value ah=0 in the infinite volume limit is not

PHYSICAL REVIEW D 69, 074511 (2004

of the peak(above of the Aoki phageare significantly stron-
ger correlated than at all smallervalues.

In light of the possible scenarios discussed by Sharpe and
Singleton[13] it might be worthwhile to invest more com-
puting power in a study of both the width of tlheki finger
and the detailed behavior of the neutral pion mass inside and
outside the Aoki phase with respect to the lattice spacing
dependence. For the caseNf=2 dynamical(unimproved
Wilson fermions with standard Wilson gauge action, how-
ever, the impossibility of matching the andp masses in the
interval 3.5< 8<5.3 is known[27], which means that scal-

excluded. A decreasing width could have been expected fronng is strongly violated. Thus the result of the present paper,
the phase structure in Fig. 1. The fact that the peak becomegnfining the Aoki phase t@<4.6, unfortunately does not

narrower implies that a high resolution scaniris required
at larger values of3. In addition, lattices much larger than
12* would be neededwhich is beyond our presently avail-
able computing resourceswith this in mind it is compre-
hensible that the results presented in Héd#| could not
indicate a broken phase f@=5.0 just because of the small
lattice sizes used (6 8% and 1d). While we find no numeri-
cal evidence for the existence of the Aoki phase fer 4.6

allow this potentially interesting comparison with chiral per-
turbation theory.

In view of the fact that the region above the Aoki phase
(k>«Y) is the region of interest for the insertion of the
Wilson-Dirac operator into the overlap forf8] of the mass-
less fermion operator an even more extensive investigation
of this area might be worthwhile to do.

one cannot exclude that the phase might be found with meth-

ods to be invented similar to reweighting.

A further interesting observation we made is that the data
behave differently when approaching the parity-flavor break

ing phase at fixe3 from x> «{") compared with the ap-
proach fromk<«{". First, the peaks of yiys7°y) as a
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