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Practical problems to compute the ghost propagator inSU(2) lattice gauge theory
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In SU(2) lattice pure gauge theory we study numerically the dependence of the ghost progaggtan
the choice of Gribov copies in the Lorentar Landay gauge. We find that the effect of Gribov copies is
essential in the scaling window region; however, it tends to decrease with incrgasgthe other hand, we
find that at largeiB values very strong fluctuations appear which can make problematic the calculation of the
ghost propagator.
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l. INTRODUCTION Z41(p?)/p?*—0 or #0 with p?—0." The lattice volumes
might still be insufficient to decide this question. The singu-
. . _lar behavior ofZ,,(p?) is seen to become stronger with in-
The nonperturbative study of the ghost propagator 'S Or{qreasing volumégll]. This supports the expectatiph9] that
3 - : oo . he sample of physically important gauge field configurations
];:]lflg:ggt.ir;rrt]eGrﬁigg;?rj:;nZﬁggtﬁgfc:gzg;g;g(rg]?t ';Eg Ael’, which constitutes the Euclidean functional integral, in
the thermodynamical limi¥— o is concentrating toward the
and EXpresses the absence of coloreq states from the sp %’ge of the Gribov region, the first Gribov horizéf where
trum of physical state§. Moreover, conflneme_nt of gluons haﬁje lowest nonvanishing eigenvalue of the Faddeev-Popov
been related more directly to the suppression of the gluoRyerator is approaching zero. This statement is the content of
propagator in the limip— 0 [3]. In both cases, the propaga- zwanziger’s horizon conditiofil9,20], which can be related
tor in question is defined in the Landéor Lorents gauge. g the Kugo-Ojima criterion.

In a series of papers Zwanzigiet] has suggested that this Al this is complicated by the nonuniqueness, first pointed
behavior might result from the restriction of the fields in the out by Gribov[3], of the intersection witH™ of the gauge
transversal plan¢’ ={A:J,A,=0} to the Gribov regiorQ)  orhit A% of any gauge field\, even if restricted to the Gribov
={A:d,A,=0M=0}, where the Faddeev-Popov operatorregion (). Practically, the Landau gauge is implemented by
M is non-negative. maximizing (with respect to gauge transformatiogsa cer-

From studies of the coupled Dyson-Schwinger equatain gauge functional. Usually, such a problem leads to more
tions for gluons and ghostg5,6] it is well known that than a single maximum, which are gauge copi€sibov
the infrared behavior of gluon and ghost propagators isopies of each other, and hence to a nonunique definition of

closely related[7]: the gluon propagatorDaE(p)z(éw gauge dependent observables. Thus, in a lattice investigation
—p,p,/pA)Zy(p?))/p? is damped in the infrared as ONe has to determine which observables are really subject to

Zg|(p2)06(p2)2", while the ghost propagatorG2®(p) tr]le so-tl:)alled Gblribov prr]oblem _vvhi(;ﬂh refle_cl;tls the ﬁlependence
%G (p) = 607, (p?)/p? is more singular than the free of an observable on the restricti@ possi e to the copy
P gh corresponding to the absolute maximum of the gauge func-
propagator Zy,(p?)>(p?) . In a particular truncation tional. More precisely, one has to study whether this depen-
schemex=0.595 has been determinggi9]. dence disappears when one is approaching the continuum
There are only relatively few previous lattice studies ofand/or infinite volume limit. Otherwise this would indicate
the ghost propagatorl0—13, in contrast with numerous the persistence of a real Gribov problem to which Gribov has
investigations of the gluon propagatdt4—16. As for the  drawn the attention. On the lattice, the structure of the Gri-
latter, it is not yet clear from the latticEl7] whether bov region has been investigated more closely in this respect
only by Cucchieri21] some years ago.
Here we are mainly dealing with the infrared behavior of
the calculated ghost propagator. In the result of a study for
*Electronic address: bakeev@thsunl.jinr.ru
TElectronic address: ilgenfri@physik.hu-berlin.de
*Electronic address: mmp@physik.hu-berlin.de IWe notice that the gluon propagator in the Gribov-copy free La-
$Electronic address: vmitr@thsunl.jinr.ru placian gauge is finite in the limjp—0, V—co [18].
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SU(2) gluodyamicq11], Cucchieri came to the conclusion Heregy is a bare coupling constant ablj,, e SU(N) are the

that the ghost propagator depends on the selection of thek variables. The field variables,,, transform as follows

highest among more and more maxima of the gauge funainder gauge transformatiogs :

tional while the gluon propagator does not so depend. This

study was restricted on one hand to the strong coupling re- g

gion (8=0.0, 0.8, 1.6 where these observations apply, and Uy> U8, =00U 051 Oxe SUN). 2

B=2.7 where no gauge copy dependence was seen at all. , _

Theseg values are outside the physically interesting scalintfor_su(z) gauge linkdJ,,, , a standard definitiof23] of the

region. In a more recent papgk3], it has been reported that 1attice gauge fieldvector potential A, z/2,, is

the gauge copy dependence of the ghost propagator in the 1

more interesting scaling regidat 8=2.15, 2.2, 2.3, and 2.4 = (U. —UT). 3

for lattices 16x32) has been found to be within the statis- A bz 2i (Ur™Us) ®

tical errors, on a level which is called the Gribov noise.
In the present paper we reanalyze the scaling region

B=2.2,2.3,2.4,2.5, and 2.6 for lattice4 &8nd 16 by com-

paring two ensembles of gauge-fixed field configurations.

One ensemblé‘fc” ) consists of an arbitrary maximutasu- 1

ally the first to be foung] and the other consists of the best 0 _—

. ; e . bXM Tru,,. (4)
(relative maximum (*bc” ) amongN,p, local maxima of 2
the gauge functional. We find that the difference of the en- _ :
semble averages of the ghost propagator for the lowest nofid 1attice gauge theory the usual choice of the Landau gauge

vanishing lattice momentum between the two ensemble§ondition is[23]

e;l;herefore, forsU(2), thelink can be written

0 3. ~_pn0 3.
:bXM1+IbXMU:bXMl_’—IAX‘F[I«/Z;M'

does not vanish, except for the highgstvalue. Hence the 4
Gribov problem remains a serious obstacle for a unique defi- OA) = Ao —Au 210 )=0 5
nition of the SU(2) ghost propagator in the scaling region. (34)x /;1 (A iz ™ Axiizi) )

More serious is an unexpected observation in the higher- ) o

region. We find intermittent behavior of the ghost propagatotvhich is equivalent to finding an extremum of the gauge
estimator for the lowest nonvanishing momentum, signaledunctional
by anomalously large, isolated fluctuations of the ghost
propagatorG(pmin) (see below within the time history of
uncorrelated configurations. We stress already here that this
behavior isnot a Gribov copy problem since the anomalous ] .
peaks ofG(p;,) are observed both for the first and the bestWith respect to gauge transformatiogg. After replacing
Gribov copies, entering the ensembles “fc” and “bc”, re- U=U"¢ at the extre_mum the gauge conditi(®) is satisfied.
spectively. We have tested whether this is correlated witdn What follows this gauge is referred to as the Landau
various infrared observables. For the time being, two hypoY9auge.

thetical causes must be excluded as viable explanations of The lattice expression of the Faddeev-Popov operator
the phenomenon. M2 corresponding toM?°=—4,D% in the continuum

In Sec. Il we recall the definition of the gluon fiek, , theory (whereD2” is the covariant derivative in the adjoint
the definition of the Lorentfor Landal gauge, the structure representationis given by
of the Faddeev-Popov operator, and the definition of the
ghost propagator. Details of the simulations, the gauge fix-  \;ab_ @bigab s gab_pabys
ing, and the observation of Gribov copies are reported in Xy % 1St S ain) ey~ (S Aw) Sy
Sec. Il In Sec. IV we discuss the results for the ghost propa- _

1 1
= — g
Fu@)= zv, 2 nRe TV ®)

Xp

gator. We conclude in Sec. V. (S22 AR L ) By b, @)
Il. FADDEEV-POPOV OPERATOR AND GHOST where
PROPAGATOR
. . ‘cab _ 5&1!)}-'- U Kab_ _ E abcAc (8)
A. Definition of the gluon field and Faddeev-Popov operator wo 2 M O%us = T o€ X+ 2

For the Monte Carlo generation of ensembles of non- ) . ,
gauge-fixed gauge field configurations we use the standard From the form(8) it follows that a trivial zero eigenvalue

Wilson action[22], which for the case of aBU(N) gauge IS always present, such that at the Gribov horiZbrthe first
group is written ' nontrivial zero eigenvalue appears. Conversely, it is easy to

see that for constant field configurations, witf), =b% and

1 a _ta - -

S= 1- —ReTHU, U, Ul Uyl b5, =b?, independent ok, there exist eigenmodes bf with
A2 2 N Wb pirrvinba) a vanishing eigenvalue. Thus, if the Landau gauge is prop-

5 erly implementedM[U] is a symmetric and semipositive
B=2N/gj. (1) definite matrix.

X u=>v
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B. Ghost propagator TABLE I. The table shows in the third column the number
ab . ' NSoitiple copiecOf configurations for which nonequivalent Gribov cop-
The ghost propagatds™>(x,y) is defined a$10,19 ies have actually been obtained, out of a total nunitf&? of con-
— — —1yab figurations that underwent gauge fixing; and in the fourth column
GP(xy) =G (x-y)=((M Hu]), (9  houral s ot gauge fixing; and in the fourth coll

the total numbeN:ohes ;, of nonequivalent Gribov copies out of a

where M[U] is the Faddeev-Popov operator. Note that thel°t@! numberigE™= N Neopy Of gauge copies under investiga-

ghost propagator becomes translationally invari@et, de- tion. The last column presents the number of times oG’ that
pendent only orx—y) and diagonal in color space oﬁly as athe first copy was not identical to the bémglative maximum copy.

result of averaging over the ensemble of gauge-fixed repres;, o 5 Neont LN NCopies nopies
sentatives(first or best gauge-fixed copiesf the original multiple copie nonequiv_otal fe#be
Monte Carlo gauge configurations. The ghost propagator ig* 1.6 500/500 8263/10000 446
momentum space can be written as 2.0 490/500 4431/10000 354
1 2.1 468/500 3460/10000 311
_ —2mip-(x—y) —~1\aa 2.2 426/500 2180/10000 235
Glp) 3V x,zy © ((MTHWIUD, (0 2.3 301/500 1364/10000 150
2.4 184/500 877/10000 92
whereV=L* is the lattice volume, and the coefficient ¥/3
is taken for a full normalization, including the indicated 16" 2.0 25/25 500/500 25
color average ovea=1, ... 3. 2.1 25125 500/500 25
We mentioned above that[U] is a symmetric and semi- 2.2 25/25 500/500 23
positive definite matrix. In particular, this matrix is positive 2.3 25/25 494/500 25
definite in the subspace orthogonal to constant vectors. The 2.4 25/25 337/500 23
latter are zero modes &M[U]. Therefore, it can be inverted 2.5 24/25 169/500 14

by using a conjugate-gradient method, provided that both the
source ?(y) and the initial guess of the solution are or-
thogonal to zero modes. As the source we adopted the o
proposed by Cucchiefil1]:

rﬁé)m‘igurations are effectively independent.

The actual measurements of the ghost propagator were
done for the “first”, i.e., in fact an arbitrary gauge copy, and

PA(y) = 8%%€2™PY p+(0,0,0,0, (12) for the “best” one among thé\.,,, copies. If the first copy
turned out to be the best, the ghost propagator was measured

for which the condition=,#%(y)=0 is automatically im- only once, and the result simultaneously entered the two dif-
posed. Choosing the source in this way allows one to savéérent gauge-fixed ensemble averages. In the following the
computer time since, instead of the summation ovandy WO ensembles are labeled *fc” and “bc”, referring to the
in Eq. (10), only the scalar product &l ~ 1y with the source  first or the best gauge copy, respectively. In Table | we give,

o itself has to be evaluated. In general, the gauge-fixed cor®" €ach set of simulation parameteis, §), the number of
figurations can be used in a more efficient way when thdimes the first copy produced turneat out to be the best,

inversion ofM is done on sources far=1, . .. ,3such that I-€-» did not correspond to the relative maximumFaf(g;)
the (adjoind color averaging, formally required in E¢L0), ~ @mong theN¢qp, copies.
will be explicitly performed. As the gauge fixing procedure we used standard Los Ala-

mos type overrelaxation wittw=1.7. The iterations were

stopped when the following transversality condition was sat-
Ill. SIMULATION DETAILS

isfied:
The numerical simulations have been done 8l(2) 4
pure gauge theory using the standard Wilson action, for lat- a o _pa < 12
tice volumes.* with L=8 andL = 16. At a given lattice size Ti ,;1 (Aot uzin™ P i) | < Elor- (12

L for each B value we have generated.,,; independent
mother configurations, for which the Landau gauge was fixedWe used the parametees,, =10 1° or 10 ° for lattice size
N¢opy= 20 times, each time starting from a random gaugeB* or 16, respectively. In our test runs it was found that
transformation of the mother configuration, obtaining in thisfurther decreasing:;,, does not affect the results for the
way N¢,,y Landau-gauge-fixed copies. ghost propagator. Also it was checked that these values of
Two consecutive configurationgonsidered as indepen- ¢, are sufficient for identifying, according only to the val-
dend were separated by 100 and 200 sweeps for lattice sizages of F(g;), Gribov copies which are actually global
8% and 16, respectively. Each sweep consisted of one locagauge transformations of each other, and conversely for dis-
heat bath update followed by four or eight microcanonicaltinguishing this from the case of actually inequivalent lattice
updateq 24] for 8% or 16* lattices. In all our runs we have Gribov copies.
measured the integrated autocorrelation time for the In Table I, for each set of simulation parametetsg),
plagquette, for the Polyakov loop, and for the ghost propagawe present also the number of configurations for which Gri-
tor (separately for each momentup). In all cases, the re- bov copies have been found and the total number of different
lation 7;,;~0.5 was observed, showing that the consecutivesribov copies.
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TABLE Il. The ghost propagatoG(p) from Eg. (10) as a function ofk,=1,2,3,4. We have set the
momentunp=(0,0,0k, /L), whereL= 28,16 is the lattice size. The averages over the gauge configurations in
Eqg. (10) were taken in two different ways: “fc” means the average taking only the gauge-fixed copy
generated first for each configuration; “bc” means the average over only thérbigive maximum copy
among 20 different gauge-fixed copies that we have generated.

8% lattice

B Nmeas Copy k=1 ks=2 k,=3 k,=4

1.6 500 bc 6.581) 1.3275) 0.6282) 0.501(1)
1.6 500 fc 7.006) 1.3635) 0.6381) 0.5081)
2.0 500 bc 5.18) 1.0132) 0.491(1) 0.397@4)
2.0 500 fc 5.4@0) 1.0283) 0.4951) 0.3995%6)
2.1 500 bc 4.6B8) 0.9202) 0.45456) 0.37014)
2.1 500 fc 4.897) 0.9353) 0.45738) 0.37195)
2.2 500 bc 4.00) 0.8232) 0.41894) 0.34443)
2.2 500 fc 4.264) 0.8332) 0.42035) 0.345Q@3)
2.3 500 bc 3.60) 0.7441) 0.39033) 0.32382)
2.3 500 fc 3.684) 0.7472) 0.39094) 0.32412)
2.4 500 bc 3.36%) 0.691(1) 0.371@4) 0.30982)
2.4 500 fc 3.477) 0.6922) 0.37124) 0.30992)

16* lattice

B Nmeas Copy k=1 ky=2 ky=3 k=4

2.2 296 bc 20.M) 3.8711) 1.4942) 0.80786)
2.2 296 fc 21.81) 3.9711) 1.5092) 0.81156)
2.3 270 bc 17.Q) 3.291) 1.3031) 0.72484)
2.3 270 fc 18.01) 3.331) 1.31G02) 0.72685)
2.4 370 bc 14.8) 2.831) 1.1651) 0.66733)
2.4 370 fc 15.61) 2.871) 1.1712) 0.669G3)
2.5 294 bc 13.@) 2.56(1) 1.0881) 0.63533)
2.5 294 fc 13.22) 2.581) 1.09Q1) 0.63583)
2.6 229 bc 13.6Y 2.41(1) 1.0432) 0.61615)
2.6 229 fc 13.84) 2.41(1) 1.0442) 0.61645)

The momenta for the propagatoG(p) were taken with  nonequivalent copies among the 20 obtained copies starts to
all spatial components put equal to zep=(0,0,0k,/L), decrease fronB=2.3.

wherek, was restricted tk,=1,2,3,4. From Table Il one can see for separate small momenta
how the average value of the ghost propagator differs be-
IV. DISCUSSION OF THE RESULTS tween the two ways to deal with the Gribov copy problem: to

ignore it (N¢opy=1) or to inspecN.,,,= 20 copies. For all

From Table | one can learn that at the lattice sietf®  momenta, the ensemble consisting of the first copifes )
fraction of Monte Carlo configurations which are representedurns out to give slightly larger values than the ensemble
by more than one gauge-fixed configurati@mong 20 at- including always the best copybc” ). For the lowest non-
tempts to find copiesdrastically begins to decrease at vanishing momentum this is shown in Fig. 1 for the lattice
B=2.3. Parallel to this the multiplicity octually different  8*. Itis clear that for8e[1.5, 2.4 the difference of5(Ppmin)
copies among the 20 also drops down. The decrease of theetween the two ways of averaging is well outside the sta-
number of availabldasins of attractiorfor the gauge-fixing tistical error.
process is a finite-volume effect. For the bigger lattice size In Fig. 2, for the bigger lattice 16 the ghost propagator
(16% one sees that the fraction of Monte Carlo configura-values for the two lowest momenta are compared with re-
tions with more than one gauge-fixed configuration practi-spect to the dependence on Gribov copiesfef2.2, 2.6.
cally does not depend oB. However, the multiplicity of Whereas for the lowest momentum the results resemble
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FIG. 1. Theg dependence and Gribov copy sensitivity of the ~ FIG. 2. The dependence and Gribov copy sensitivity of the
ghost propagato6s(p,;,) at minimal momentunp,,;, on the 8  ghost propagatoG(p) at minimal momentunpy,;, and next-to-

lattice. Filled symbols correspond to the “bc” ensemble, open sym-minimum momentum @, on the 16 lattice. Filled symbols cor-
bols to the “fc” ensemble(see the text respond to the “bc” ensemble, open symbols to the “fc” ensemble.

At B=2.6 the minimal momentum ghost propagator is sensitive to

. the inclusion or exclusion of “exceptional configurationgsee
those of the smaller lattice, for the second lowest momenturg,

they are practically indistinguishable at the given scale. For
increasingp the difference becomes of the order of the sta-tjons 4 on the lattice the corresponding holonomies over a
tistical error(Gribov noisg. At 8=2.6 the ghost propagator slice fixed atx,=1:
data even for théowestmomentum fall together within error

bars. This indicates that the Gribov problem has disappeared

for the ghost propagator there. Pu(x)= H Ut spu- (13

Instead, aj3=2.6 a new problem arises which can already =0

be recognized in Fig. 2, where we also demonstrate how, e averaged this quantity over theslice,

B=2.6, the average for the ghost propagator at the lowest

momentum would be influenced by the removal of “excep- 1

tional configurations.” These are signaled as spikes in the Pu==3 > Pu(x). (14)
Monte Carlo time histories of the corresponding observable L™ xix,=1

shown in Fig. 3 for8=2.6. Precursors of this phenomenon . )

are visible there at loweg too, but for 8=2.6 the effect | hesegauge dependewuantities were normalized ®U(2)
becomes notable. We notice that these spikes occur in tH8 the usual way,

first as well as in the best gauge-fixed copy. Therefore, the _ —
existence of these “exceptional configurations” is definitely P,=P,I\NdetP,.
not a result of gauge fixing.

In order to explore what the essence of these “exceptional hen the anticipated homogeneous toron field is given by
configurations” is, we have looked for correlations with cer- links U, , independent ok, which are required to reproduce
tain “toron” excitations on one hand and with different p a5 follows:

Polyakov loops on the other. a

In the first case we followed the procedure applied by (U, ) =P,.

Kovacs[25] for extracting the toron content of Monte Carlo i #

gauge field configuratiorfsWe evaluated for all four direc- The corresponding toron gluon field can be extracted as

L-1

(15

(16)

2In an attempt to reconstruct hadronic correlators from model con- A‘x"f’}j,z;fz(um— Ulﬂ). (17)

figurations derived from lattice Monte Carlo configurations, he

found it necessary to augment the instanton content of the latter— . .
extracted via smoothing—by an appropriate “toron” field extractedawe plotted the time history of the lowest-momentum ghost

as we explain in the text. Indeed, this mixture turned out essential thOpagator together with the toron observable

reproduce mesonic correlators in his “instanton plus toron” model toron )
of the vacuum. T =T A ) (18
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defined separately for the four Euclidean directions. We noSimilarly, we illustrate in Fig. 5 that there are no correlations
ticed that the previously mentioned spik€®xceptional between the spikes of the lowest-momentum ghost propaga-
configurations’) occur independent of the spikes of this tor with extremal fluctuations of the average Polyakov loop
toron observable in each of the Euclidean directions. Wen any of the four directions. Shown in Fig. 5 are, in addition
demonstrate this in Fig. 4 which shows the Monte Carloto the history of the lowest-momentum ghost propagéaipr
history of the lowest-momentum ghost propagatopper  per pane), the histories of the average Polyakov lingsfor
pane) together with the histories of the toron fields, for ~ u=4 (middle) and u=1 (lower pane).
pu=4 (middle) and u=1 (lower panel.

We also checked the Monte Carlo sample for eventual
correlations with the average Polyakov loop V. CONCLUSIONS

In this work we studied numerically the dependence of
L ==TrP (19 the ghost propagatdg(p) in pure gaugeSU(2) theory on
' the choice of Gribov copies in the Lorerar Landay gauge
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50 :
MWWM JJJN\/WJWUWM“M«M«'\J,d% 4\~W,ﬂmm,mm.WJM»(\M«J&,WW ?hhogt: plr%agMaig% pi?:)::(;%né\e;ﬁ rl]‘:):rt Oﬁtrii:zgfcihhe
0 toron fi;d|§?4cc()mizadlg and Tle(bleslc?vxlfsTct)we )
| fluctuations of the latter have been arbitrarily res-
Ay SR
-50
WW“NWMWMWMNMFWM»’M’WW\WMWWWWW o
~100 0 160 260 360 460 5(I)0 600
measurements
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0 ghost propagato&(p,i,) (above for =2.6 on
the 16 lattice, compared with the histories of the
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with special focus on the physically interesting scaling re- We believe that this problem deserves a more thorough
gion. All simulations were performed on thé &nd 16 lat-  study, in particular of how to interpret the relevant configu-
tices. rations. If there is nothing physically wrong with them, much

We found that the effect of Gribov copies is essential inmore statistics is necessary to get a reliable resuilt.
the scaling window region. Therefore, the Gribov problem
remains a serious obstacle for a unique definition of the
SU(2) ghost propagator in the scaling region. However, it ACKNOWLEDGMENT
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