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Practical problems to compute the ghost propagator inSU„2… lattice gauge theory

T. Bakeev*
Joint Institute for Nuclear Research, 141980 Dubna, Russia

E.-M. Ilgenfritz† and M. Müller-Preussker‡

Institut für Physik, Humboldt Universita¨t zu Berlin, Newton-Str. 15, D-12489 Berlin, Germany

V.K. Mitrjushkin§

Joint Institute for Nuclear Research, 141980 Dubna, Russia
and Institute of Theoretical and Experimental Physics, 117259 Moscow, Russia

~Received 4 December 2003; published 29 April 2004!

In SU(2) lattice pure gauge theory we study numerically the dependence of the ghost propagatorG(p) on
the choice of Gribov copies in the Lorentz~or Landau! gauge. We find that the effect of Gribov copies is
essential in the scaling window region; however, it tends to decrease with increasingb. On the other hand, we
find that at largerb values very strong fluctuations appear which can make problematic the calculation of the
ghost propagator.
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I. INTRODUCTION

The nonperturbative study of the ghost propagator is
great interest for the understanding of the mechanism of c
finement. The Kugo-Ojima confinement criterion@1,2# is for-
mulated in terms of the ghost propagatorGab(p) at p→0
and expresses the absence of colored states from the
trum of physical states. Moreover, confinement of gluons
been related more directly to the suppression of the gl
propagator in the limitp→0 @3#. In both cases, the propaga
tor in question is defined in the Landau~or Lorentz! gauge.

In a series of papers Zwanziger@4# has suggested that th
behavior might result from the restriction of the fields in t
transversal planeG5$A:]mAm50% to the Gribov regionV
5$A:]mAm50,M>0%, where the Faddeev-Popov operat
M is non-negative.

From studies of the coupled Dyson-Schwinger eq
tions for gluons and ghosts@5,6# it is well known that
the infrared behavior of gluon and ghost propagators
closely related@7#: the gluon propagatorDmn

ab(p)5(dmn

2pmpn /p2)Zgl(p2)/p2 is damped in the infrared a

Zgl(p2)}(p2)2k, while the ghost propagatorGab(p)
5dabG(p)5dabZgh(p2)/p2 is more singular than the fre

propagator Zgh(p2)}(p2)2k. In a particular truncation
schemek50.595 has been determined@8,9#.

There are only relatively few previous lattice studies
the ghost propagator@10–13#, in contrast with numerous
investigations of the gluon propagator@14–16#. As for the
latter, it is not yet clear from the lattice@17# whether
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Zgl(p2)/p2→0 or Þ0 with p2→0.1 The lattice volumes
might still be insufficient to decide this question. The sing
lar behavior ofZgh(p2) is seen to become stronger with in
creasing volume@11#. This supports the expectation@19# that
the sample of physically important gauge field configuratio
APG, which constitutes the Euclidean functional integral,
the thermodynamical limitV→` is concentrating toward the
edge of the Gribov region, the first Gribov horizon]V where
the lowest nonvanishing eigenvalue of the Faddeev-Po
operator is approaching zero. This statement is the conten
Zwanziger’s horizon condition@19,20#, which can be related
to the Kugo-Ojima criterion.

All this is complicated by the nonuniqueness, first point
out by Gribov @3#, of the intersection withG of the gauge
orbit Ag of any gauge fieldA, even if restricted to the Gribov
regionV. Practically, the Landau gauge is implemented
maximizing~with respect to gauge transformationsg) a cer-
tain gauge functional. Usually, such a problem leads to m
than a single maximum, which are gauge copies~Gribov
copies! of each other, and hence to a nonunique definition
gauge dependent observables. Thus, in a lattice investiga
one has to determine which observables are really subje
the so-called Gribov problem which reflects the depende
of an observable on the restriction~if possible! to the copy
corresponding to the absolute maximum of the gauge fu
tional. More precisely, one has to study whether this dep
dence disappears when one is approaching the contin
and/or infinite volume limit. Otherwise this would indicat
the persistence of a real Gribov problem to which Gribov h
drawn the attention. On the lattice, the structure of the G
bov region has been investigated more closely in this res
only by Cucchieri@21# some years ago.

Here we are mainly dealing with the infrared behavior
the calculated ghost propagator. In the result of a study

1We notice that the gluon propagator in the Gribov-copy free L
placian gauge is finite in the limitp→0, V→` @18#.
©2004 The American Physical Society07-1
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SU(2) gluodyamics@11#, Cucchieri came to the conclusio
that the ghost propagator depends on the selection of
highest among more and more maxima of the gauge fu
tional while the gluon propagator does not so depend. T
study was restricted on one hand to the strong coupling
gion ~b50.0, 0.8, 1.6! where these observations apply, a
b52.7 where no gauge copy dependence was seen a
Theseb values are outside the physically interesting scal
region. In a more recent paper@13#, it has been reported tha
the gauge copy dependence of the ghost propagator in
more interesting scaling region~at b52.15, 2.2, 2.3, and 2.4
for lattices 163332) has been found to be within the stat
tical errors, on a level which is called the Gribov noise.

In the present paper we reanalyze the scaling regio
b52.2, 2.3, 2.4, 2.5, and 2.6 for lattices 84 and 164 by com-
paring two ensembles of gauge-fixed field configuratio
One ensemble~‘‘fc’’ ! consists of an arbitrary maximum~usu-
ally the first to be found!, and the other consists of the be
~relative! maximum ~‘‘bc’’ ! amongNcopy local maxima of
the gauge functional. We find that the difference of the
semble averages of the ghost propagator for the lowest
vanishing lattice momentum between the two ensemb
does not vanish, except for the highestb value. Hence the
Gribov problem remains a serious obstacle for a unique d
nition of the SU(2) ghost propagator in the scaling regio
More serious is an unexpected observation in the higheb
region. We find intermittent behavior of the ghost propaga
estimator for the lowest nonvanishing momentum, signa
by anomalously large, isolated fluctuations of the gh
propagatorG(pmin) ~see below! within the time history of
uncorrelated configurations. We stress already here that
behavior isnot a Gribov copy problem since the anomalo
peaks ofG(pmin) are observed both for the first and the be
Gribov copies, entering the ensembles ‘‘fc’’ and ‘‘bc’’, re
spectively. We have tested whether this is correlated w
various infrared observables. For the time being, two hy
thetical causes must be excluded as viable explanation
the phenomenon.

In Sec. II we recall the definition of the gluon fieldAm ,
the definition of the Lorentz~or Landau! gauge, the structure
of the Faddeev-Popov operator, and the definition of
ghost propagator. Details of the simulations, the gauge
ing, and the observation of Gribov copies are reported
Sec. III. In Sec. IV we discuss the results for the ghost pro
gator. We conclude in Sec. V.

II. FADDEEV-POPOV OPERATOR AND GHOST
PROPAGATOR

A. Definition of the gluon field and Faddeev-Popov operator

For the Monte Carlo generation of ensembles of n
gauge-fixed gauge field configurations we use the stan
Wilson action@22#, which for the case of anSU(N) gauge
group is written

S5b(
x

(
m.n

F12
1

N
Re Tr~UxmUx1m;nUx1n;m

† Uxn
† !G ,

b52N/g0
2 . ~1!
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Hereg0 is a bare coupling constant andUxmPSU(N) are the
link variables. The field variablesUxm transform as follows
under gauge transformationsgx :

Uxm°
g

Uxm
g 5gx

†Uxmgx1m , gxPSU~N!. ~2!

For SU(2) gauge linksUxm , a standard definition@23# of the
lattice gauge field~vector potential! Ax1m̂/2,m is

Ax1m̂/2,m5
1

2i
~Uxm2Uxm

† !. ~3!

Therefore, forSU(2), thelink can be written

Uxm5bxm
0 1̂1 ibW xmsW 5bxm

0 1̂1 iAx1m̂/2;m ,

bxm
0 5

1

2
Tr Uxm . ~4!

In lattice gauge theory the usual choice of the Landau ga
condition is@23#

~]A!x5 (
m51

4

~Ax1m̂/2;m2Ax2m̂/2;m!50, ~5!

which is equivalent to finding an extremum of the gau
functional

FU~g!5
1

4V4
(
xm

1

N
Re TrUxm

g ~6!

with respect to gauge transformationsgx . After replacing
U⇒Ug at the extremum the gauge condition~5! is satisfied.
In what follows this gauge is referred to as the Land
gauge.

The lattice expression of the Faddeev-Popov opera
Mab corresponding toMab52]mDm

ab in the continuum
theory ~whereDm

ab is the covariant derivative in the adjoin
representation! is given by

Mxy
ab5(

m
$~S̄xm

ab1S̄x2m̂;m
ab !dx;y2~S̄xm

ab2Āxm
ab!dy;x1m̂

2~S̄x2m̂;m
ab 1Āx2m̂;m

ab !dy;x2m̂%, ~7!

where

S̄xm
ab5dab

1

2
Tr Uxm , Āxm

ab52
1

2
eabcAx1m̂/2;m

c . ~8!

From the form~8! it follows that a trivial zero eigenvalue
is always present, such that at the Gribov horizon]G the first
nontrivial zero eigenvalue appears. Conversely, it is eas
see that for constant field configurations, withbxm

0 5b̄m
0 and

bxm
a 5b̄m

a independent ofx, there exist eigenmodes ofM with
a vanishing eigenvalue. Thus, if the Landau gauge is pr
erly implemented,M @U# is a symmetric and semipositiv
definite matrix.
7-2
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B. Ghost propagator

The ghost propagatorGab(x,y) is defined as@10,19#

Gab~x,y!5dabG~x2y![^~M 21!xy
ab@U#&, ~9!

whereM @U# is the Faddeev-Popov operator. Note that
ghost propagator becomes translationally invariant~i.e., de-
pendent only onx2y) and diagonal in color space only as
result of averaging over the ensemble of gauge-fixed re
sentatives~first or best gauge-fixed copies! of the original
Monte Carlo gauge configurations. The ghost propagato
momentum space can be written as

G~p!5
1

3V (
x, y

e22p ip•(x2y)^~M 21!xy
aa@U#&, ~10!

whereV5L4 is the lattice volume, and the coefficient 1/3V
is taken for a full normalization, including the indicate
color average overa51, . . . ,3.

We mentioned above thatM @U# is a symmetric and semi
positive definite matrix. In particular, this matrix is positiv
definite in the subspace orthogonal to constant vectors.
latter are zero modes ofM @U#. Therefore, it can be inverte
by using a conjugate-gradient method, provided that both
sourceca(y) and the initial guess of the solution are o
thogonal to zero modes. As the source we adopted the
proposed by Cucchieri@11#:

ca~y!5dace2p ip•y, pÞ~0,0,0,0!, ~11!

for which the condition(yc
a(y)50 is automatically im-

posed. Choosing the source in this way allows one to s
computer time since, instead of the summation overx andy
in Eq. ~10!, only the scalar product ofM 21c with the source
c itself has to be evaluated. In general, the gauge-fixed c
figurations can be used in a more efficient way when
inversion ofM is done on sources forc51, . . . ,3such that
the ~adjoint! color averaging, formally required in Eq.~10!,
will be explicitly performed.

III. SIMULATION DETAILS

The numerical simulations have been done forSU(2)
pure gauge theory using the standard Wilson action, for
tice volumesL4 with L58 andL516. At a given lattice size
L for eachb value we have generatedNcon f independent
mother configurations, for which the Landau gauge was fi
Ncopy520 times, each time starting from a random gau
transformation of the mother configuration, obtaining in th
way Ncopy Landau-gauge-fixed copies.

Two consecutive configurations~considered as indepen
dent! were separated by 100 and 200 sweeps for lattice s
84 and 164, respectively. Each sweep consisted of one lo
heat bath update followed by four or eight microcanoni
updates@24# for 84 or 164 lattices. In all our runs we have
measured the integrated autocorrelation time for
plaquette, for the Polyakov loop, and for the ghost propa
tor ~separately for each momentump). In all cases, the re
lation t int;0.5 was observed, showing that the consecu
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configurations are effectively independent.
The actual measurements of the ghost propagator w

done for the ‘‘first’’, i.e., in fact an arbitrary gauge copy, an
for the ‘‘best’’ one among theNcopy copies. If the first copy
turned out to be the best, the ghost propagator was meas
only once, and the result simultaneously entered the two
ferent gauge-fixed ensemble averages. In the following
two ensembles are labeled ‘‘fc’’ and ‘‘bc’’, referring to th
first or the best gauge copy, respectively. In Table I we gi
for each set of simulation parameters (L,b), the number of
times the first copy produced turnednot out to be the best,
i.e., did not correspond to the relative maximum ofFU(gi)
among theNcopy copies.

As the gauge fixing procedure we used standard Los A
mos type overrelaxation withv51.7. The iterations were
stopped when the following transversality condition was s
isfied:

max
x, a

U (
m51

4

~Ax1m̂/2;m
a 2Ax2m̂/2;m

a !U,e lor . ~12!

We used the parameterse lor510210 or 1029 for lattice size
84 or 164, respectively. In our test runs it was found th
further decreasinge lor does not affect the results for th
ghost propagator. Also it was checked that these value
e lor are sufficient for identifying, according only to the va
ues of FU(gi), Gribov copies which are actually globa
gauge transformations of each other, and conversely for
tinguishing this from the case of actually inequivalent latti
Gribov copies.

In Table I, for each set of simulation parameters (L,b),
we present also the number of configurations for which G
bov copies have been found and the total number of differ
Gribov copies.

TABLE I. The table shows in the third column the numb
Nmultiple copies

conf of configurations for which nonequivalent Gribov cop
ies have actually been obtained, out of a total numberNconf of con-
figurations that underwent gauge fixing; and in the fourth colu
the total numberNnonequiv

copies of nonequivalent Gribov copies out of
total numberNtotal

copies5Nconf3Ncopy of gauge copies under investiga
tion. The last column presents the number of times out ofNconf that
the first copy was not identical to the best~relative maximum! copy.

Size b Nmultiple copies
conf /Nconf Nnonequiv

copies /Ntotal
copies Nf cÞbc

84 1.6 500/500 8263/10000 446
2.0 490/500 4431/10000 354
2.1 468/500 3460/10000 311
2.2 426/500 2180/10000 235
2.3 301/500 1364/10000 150
2.4 184/500 877/10000 92

164 2.0 25/25 500/500 25
2.1 25/25 500/500 25
2.2 25/25 500/500 23
2.3 25/25 494/500 25
2.4 25/25 337/500 23
2.5 24/25 169/500 14
7-3
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TABLE II. The ghost propagatorG(p) from Eq. ~10! as a function ofk451,2,3,4. We have set the
momentump5(0,0,0,k4 /L), whereL58,16 is the lattice size. The averages over the gauge configuratio
Eq. ~10! were taken in two different ways: ‘‘fc’’ means the average taking only the gauge-fixed c
generated first for each configuration; ‘‘bc’’ means the average over only the best~relative maximum! copy
among 20 different gauge-fixed copies that we have generated.

84 lattice

b nmeas Copy k451 k452 k453 k454

1.6 500 bc 6.58~4! 1.327~5! 0.628~2! 0.501~1!

1.6 500 fc 7.02~6! 1.363~5! 0.638~1! 0.508~1!

2.0 500 bc 5.15~3! 1.013~2! 0.491~1! 0.3970~4!

2.0 500 fc 5.46~9! 1.028~3! 0.495~1! 0.3995~6!

2.1 500 bc 4.62~3! 0.920~2! 0.4545~6! 0.3701~4!

2.1 500 fc 4.89~7! 0.935~3! 0.4573~8! 0.3719~5!

2.2 500 bc 4.06~3! 0.823~2! 0.4189~4! 0.3444~3!

2.2 500 fc 4.26~4! 0.833~2! 0.4203~5! 0.3450~3!

2.3 500 bc 3.60~4! 0.744~1! 0.3903~3! 0.3238~2!

2.3 500 fc 3.65~4! 0.747~2! 0.3909~4! 0.3241~2!

2.4 500 bc 3.38~5! 0.691~1! 0.3710~4! 0.3098~2!

2.4 500 fc 3.47~7! 0.692~2! 0.3712~4! 0.3099~2!

164 lattice

b nmeas Copy k451 k452 k453 k454

2.2 296 bc 20.1~1! 3.87~1! 1.494~2! 0.8078~6!

2.2 296 fc 21.3~1! 3.97~1! 1.509~2! 0.8115~6!

2.3 270 bc 17.3~1! 3.29~1! 1.303~1! 0.7248~4!

2.3 270 fc 18.0~1! 3.33~1! 1.310~2! 0.7268~5!

2.4 370 bc 14.8~1! 2.83~1! 1.165~1! 0.6673~3!

2.4 370 fc 15.6~1! 2.87~1! 1.171~1! 0.6690~3!

2.5 294 bc 13.7~2! 2.56~1! 1.088~1! 0.6353~3!

2.5 294 fc 13.9~2! 2.58~1! 1.090~1! 0.6358~3!

2.6 229 bc 13.6~4! 2.41~1! 1.043~2! 0.6161~5!

2.6 229 fc 13.8~4! 2.41~1! 1.044~2! 0.6164~5!
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The momentap for the propagatorG(p) were taken with
all spatial components put equal to zero:p5(0,0,0,k4 /L),
wherek4 was restricted tok451,2,3,4.

IV. DISCUSSION OF THE RESULTS

From Table I one can learn that at the lattice size 84 the
fraction of Monte Carlo configurations which are represen
by more than one gauge-fixed configuration~among 20 at-
tempts to find copies! drastically begins to decrease
b52.3. Parallel to this the multiplicity ofactually different
copies among the 20 also drops down. The decrease o
number of availablebasins of attractionfor the gauge-fixing
process is a finite-volume effect. For the bigger lattice s
(164) one sees that the fraction of Monte Carlo configu
tions with more than one gauge-fixed configuration pra
cally does not depend onb. However, the multiplicity of
07450
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e
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nonequivalent copies among the 20 obtained copies star
decrease fromb52.3.

From Table II one can see for separate small mome
how the average value of the ghost propagator differs
tween the two ways to deal with the Gribov copy problem:
ignore it (Ncopy51) or to inspectNcopy520 copies. For all
momenta, the ensemble consisting of the first copies~‘‘fc’’ !
turns out to give slightly larger values than the ensem
including always the best copy~‘‘bc’’ !. For the lowest non-
vanishing momentum this is shown in Fig. 1 for the latti
84. It is clear that forbP@1.5, 2.4# the difference ofG(pmin)
between the two ways of averaging is well outside the s
tistical error.

In Fig. 2, for the bigger lattice 164, the ghost propagato
values for the two lowest momenta are compared with
spect to the dependence on Gribov copies forbP@2.2, 2.6#.
Whereas for the lowest momentum the results resem
7-4
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PRACTICAL PROBLEMS TO COMPUTE THE GHOST . . . PHYSICAL REVIEW D 69, 074507 ~2004!
those of the smaller lattice, for the second lowest momen
they are practically indistinguishable at the given scale.
increasingb the difference becomes of the order of the s
tistical error~Gribov noise!. At b52.6 the ghost propagato
data even for thelowestmomentum fall together within erro
bars. This indicates that the Gribov problem has disappe
for the ghost propagator there.

Instead, atb52.6 a new problem arises which can alrea
be recognized in Fig. 2, where we also demonstrate how
b52.6, the average for the ghost propagator at the low
momentum would be influenced by the removal of ‘‘exce
tional configurations.’’ These are signaled as spikes in
Monte Carlo time histories of the corresponding observa
shown in Fig. 3 forb52.6. Precursors of this phenomeno
are visible there at lowerb too, but for b52.6 the effect
becomes notable. We notice that these spikes occur in
first as well as in the best gauge-fixed copy. Therefore,
existence of these ‘‘exceptional configurations’’ is definite
not a result of gauge fixing.

In order to explore what the essence of these ‘‘exceptio
configurations’’ is, we have looked for correlations with ce
tain ‘‘toron’’ excitations on one hand and with differen
Polyakov loops on the other.

In the first case we followed the procedure applied
Kovacs@25# for extracting the toron content of Monte Car
gauge field configurations.2 We evaluated for all four direc

2In an attempt to reconstruct hadronic correlators from model c
figurations derived from lattice Monte Carlo configurations,
found it necessary to augment the instanton content of the latter
extracted via smoothing—by an appropriate ‘‘toron’’ field extract
as we explain in the text. Indeed, this mixture turned out essenti
reproduce mesonic correlators in his ‘‘instanton plus toron’’ mo
of the vacuum.

FIG. 1. Theb dependence and Gribov copy sensitivity of t
ghost propagatorG(pmin) at minimal momentumpmin on the 84

lattice. Filled symbols correspond to the ‘‘bc’’ ensemble, open sy
bols to the ‘‘fc’’ ensemble~see the text!.
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tionsm on the lattice the corresponding holonomies over am
slice fixed atxm51:

Pm~x!5 )
s50

L21

Ux1sm̂;m . ~13!

We averaged this quantity over them slice,

P̄m5
1

L3 (
x;xm51

Pm~x!. ~14!

Thesegauge dependentquantities were normalized toSU(2)
in the usual way,

P̄m⇒P̄m /AdetP̄m. ~15!

Then the anticipated homogeneous toron field is given
links Ūxm independent ofx, which are required to reproduc
P̄m as follows:

~Ūxm!L5P̄m . ~16!

The corresponding toron gluon field can be extracted as

A x1m̂/2;m
toron 5

1

2i
~Ūxm2Ūxm

† !. ~17!

We plotted the time history of the lowest-momentum gh
propagator together with the toron observable

Tm5Tr~Ax1m̂/2;m
toron !2, ~18!

-

as

to
l

-

FIG. 2. Theb dependence and Gribov copy sensitivity of th
ghost propagatorG(p) at minimal momentumpmin and next-to-
minimum momentum 2pmin on the 164 lattice. Filled symbols cor-
respond to the ‘‘bc’’ ensemble, open symbols to the ‘‘fc’’ ensemb
At b52.6 the minimal momentum ghost propagator is sensitive
the inclusion or exclusion of ‘‘exceptional configurations’’~see
text!.
7-5
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FIG. 3. Monte Carlo time histories of the
ghost propagatorG(pmin) for various b on the
164 lattice. The frequency of the occurrence
‘‘exceptional configurations’’ increases with
higherb.
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defined separately for the four Euclidean directions. We
ticed that the previously mentioned spikes~‘‘exceptional
configurations’’! occur independent of the spikes of th
toron observable in each of the Euclidean directions.
demonstrate this in Fig. 4 which shows the Monte Ca
history of the lowest-momentum ghost propagator~upper
panel! together with the histories of the toron fieldsTm for
m54 ~middle! andm51 ~lower panel!.

We also checked the Monte Carlo sample for event
correlations with the average Polyakov loop

Lm5
1

2
Tr P̄m . ~19!
07450
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l

Similarly, we illustrate in Fig. 5 that there are no correlatio
between the spikes of the lowest-momentum ghost propa
tor with extremal fluctuations of the average Polyakov lo
in any of the four directions. Shown in Fig. 5 are, in additio
to the history of the lowest-momentum ghost propagator~up-
per panel!, the histories of the average Polyakov linesLm for
m54 ~middle! andm51 ~lower panel!.

V. CONCLUSIONS

In this work we studied numerically the dependence
the ghost propagatorG(p) in pure gaugeSU(2) theory on
the choice of Gribov copies in the Lorentz~or Landau! gauge
e

s-
FIG. 4. Monte Carlo time histories of the
ghost propagatorG(pmin) ~above! for b52.6 on
the 164 lattice, compared with the histories of th
toron fields T4 ~middle! and T1 ~below!. The
fluctuations of the latter have been arbitrarily re
caled and shifted for better visual inspection.
7-6
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FIG. 5. Monte Carlo time histories of the
ghost propagatorG(pmin) ~above! for b52.6 on
the 164 lattice, compared with the histories of th
average Polyakov linesL4 ~middle! and L1 ~be-
low!. The fluctuations of the latter have been a
bitrarily rescaled and shifted for better visual in
spection.
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with special focus on the physically interesting scaling
gion. All simulations were performed on the 84 and 164 lat-
tices.

We found that the effect of Gribov copies is essential
the scaling window region. Therefore, the Gribov proble
remains a serious obstacle for a unique definition of
SU(2) ghost propagator in the scaling region. However
tends to decrease with increasingb values.

Another—and more serious—problem is presented by
unexpected observation, in the higher-b region, of anoma-
lously large, isolated fluctuations of the ghost propaga
G(pmin) within the time history of uncorrelated configura
tions. These strong fluctuations make problematic the ca
lation of the ghost propagator.
.
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-
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We believe that this problem deserves a more thoro
study, in particular of how to interpret the relevant config
rations. If there is nothing physically wrong with them, mu
more statistics is necessary to get a reliable result.
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