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Two-hadron semi-inclusive production including subleading twist contributions
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We extend the analysis of two-hadron fragmentation functions to the subleading twist, discussing also the
issue of color gauge invariance. Our results can be used anywhere two unpolarized hadrons are semi-
inclusively produced in the same fragmentation region, also at moderate values of the hard scaleQ. Here, we
consider the example of polarized deep-inelastic production of two hadrons and we give a complete list of
cross sections and spin asymmetries up to the subleading twist. Among the results, we highlight the possibility
of extracting the transversity distribution with longitudinally polarized targets and also the twist-3 distribution
e(x), which is related to the pion-nucleons term and to the strangeness content of the nucleon.
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I. INTRODUCTION

The study of the distribution of hadrons produced in t
fragmentation of a quark offers the opportunity to understa
the mechanism of hadronization as well as to extract in
mation about the partonic structure of hadrons; both iss
are a manifestation of confinement in QCD, a yet un
plained phenomenon. So far, parametrizations are avail
only for the distribution of the longitudinal momentum o
only one of the final-state hadrons, the familiar unpolariz
fragmentation functionD1(z) @1,2#. Clearly, most of the
complexity of the fragmentation process lies unexplored.

When the transverse momentum of one of the outgo
hadrons is measured, a new fragmentation function can
introduced relating the transverse polarization of the pa
quark to the distribution of the produced hadron in the tra
verse direction@3#. This so-called Collins function acts as a
analyzing power and it is perhaps the simplest observa
that reveals the role of the quark’s spin in the hadronizat
process. It also acts as a filter to measure the still unkno
distribution of the transverse spin of quarks~transversity, for
a review, see Ref.@4#! and the tensor charge of the hadr
thereof@3#. However, the price to pay is the complete know
edge of the transverse dynamics of the detected leading
ron inside the jet. This creates problems both experiment
as it is evident, and also theoretically, because the introdu
dependence upon an intrinsic~nonperturbative! transverse
momentum complicates the treatment of color gauge inv
ance@5,6# and evolution equations@7–10#.

When two final-state hadrons are measured, in princ
the number of variables doubles. For instance, it is poss
to measure the relative transverse momentum of the pai
well as its center-of-mass transverse momentum. There
even after integrating upon the center-of-mass transv
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momentum, a transverse vector is still available to establis
relation with the transverse polarization of the fragment
quark @11–13#.

Already from this intuitive discussion it is evident tha
two-hadron fragmentation functions can be important
studying spin effects in hadronization. They are perha
more challenging to measure, in as much as they require
simultaneous detection of two hadrons inside the same
On the other side, the integration upon the center-of-m
transverse momentum removes the above-mentioned d
culty about the evolution equations, and it avoids, at leas
the leading twist, the potential loss of universality implied
a correct treatment of color gauge invariance@5,6#, as will
also be discussed in Sec. III.

Another class of functions that deserves much attentio
that of polarized fragmentation functions. In this case,
spin of the final-state hadron is measured and its rela
with the hadronization dynamics can be investigated. Ho
ever, in general the spin of a final-state hadron can be a
lyzed only through the decay into two or more hadronic b
products. In this sense, polarized fragmentation functions
be thought of as specific examples of multihadron fragm
tation functions. For instance, the polarization of a vec
meson~e.g.,r0) is reflected in the angular distribution of it
decay products~e.g.,p1p2). As a consequence, spin-1 po
larized fragmentation functions@14–16# correspond to the
relative p-wave part of two-hadron fragmentation function
@17#. At present, however, the formalism of two-hadron fra
mentation functions cannot comprise parity-violating deca
such as the extremely important case of theL baryon
@14,18–22#.

Two-hadron fragmentation functions were first introduc
in Ref. @23#, but with no quark polarization. Extension of th
original functions to include polarization effects~usually
known as interference fragmentation functions! were studied
in Refs. @11,12,24,25#. The complete leading-twist analys
has been carried out in Ref.@13# and employed in semi-
inclusive DIS @26,27# and electron-positron annihilatio
@28#. Positivity bounds and the expansion in the partial wa
©2004 The American Physical Society26-1
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of the two hadrons were presented in Ref.@17#. Very re-
cently, a study of collinear fragmentation into two hadro
has been performed@29#, demonstrating the factorization o
two-hadron fragmentation functions at next-to-leading or
in aS and calculating their evolution, originally studied
Ref. @30#. In this article, we are going to extend the existi
treatment to the subleading-twist level, but integrating up
the transverse momentum. The way we proceed is very s
lar to what was done in Ref.@31#, for one-hadron production
~see also Ref.@32#!, and in Ref.@5#, for the issue of color
gauge invariance of the quark-quark correlator, even tho
we will only present results integrated upon the transve
momentum. The extension to the subleading twist is an
portant step not only from a formal point of view, but als
because the measurement of two-hadron leptoproduction
be attempted in experiments at moderateQ2, where
subleading-twist contributions should not be neglected.

The paper is organized as follows. In Sec. II, we w
briefly review the kinematics for the semi-inclusive produ
tion of two unpolarized hadrons inside the same current
In Sec. III, we present the complete twist analysis up
subleading order of the quark-quark and quark-gluon-qu
fragmenting correlators, discussing also the issue of c
gauge invariance and of partial-wave expansion. In Sec.
the explicit expression of the hadronic tensor for the se
inclusive production of two unpolarized hadrons in dee
inelastic scattering~DIS! is shown, including leading- and
subleading-twist contributions. In Sec. V, the correspond
cross sections and spin asymmetries are discussed for d
ent polarization states of the beam and the target. Finally
Sec. VI some conclusions are drawn.

II. KINEMATICS

The fragmentation process is schematically represente
Fig. 1, where a quark with massm and momentumk frag-
ments into two unpolarized hadrons with massesM1 ,M2,
and momentaP1 ,P2. We introduce the vectorsPh5P1
1P2 andR5(P12P2)/2. Using two dimensionless lightlike
vectors n1 and n2 ~satisfying n1

2 5n2
2 50 and n1•n2

51), we describe a four-vectora as@a2,a1,aW T# in terms of

FIG. 1. Quark-quark correlation functionD for the fragmenta-
tion of a quark with momentumk into a pair of hadrons with tota
momentumPh5P11P2 and relative momentumR5(P12P2)/2.
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its light-cone componentsa65a•n75(a06a3)/A2 and a
bidimensional vectoraW T .

For later use, transverse projection operators can be
fined as

gT
mn5gmn2n1

$mn2
n% , eT

mn[ersmnn1rn2s , ~1!

where the braces indicate symmetrization upon the inclu
indices ande012351. In general, the fragmentation process
described in the frame where the hadronic final state has
transverse component, i.e., the frame wherePW hT50W . We will
see in the following that in actual measurements the nat
choice is different and the required boost introduces effe
that have to be consistently taken into account when exte
ing the analysis to the subleading twist.

We also define the variablesz5Ph
2/k2, the light-cone

fraction of fragmenting quark momentum carried by the ha
ron pair, and the variablez52R2/Ph

2 , which describes how
the total momentum of the pair is split into the two sing
hadrons. Therefore, the relevant momenta can be par
etrized as

km5F Ph
2

z
,
z~k21kWT

2!

2Ph
2

,kWTG ,

Ph
m5F Ph

2 ,
Mh

2

2Ph
2

,0W G , ~2!

Rm5F z

2
Ph

2 ,
~M1

22M2
2!2~z/2!Mh

2

2Ph
2

,RW TG ,

whereMh is the pair invariant mass. Not all components
the four-vectors are independent. In particular, we note t

R25
M1

21M2
2

2
2

Mh
2

4
,

RW T
25

1

2 F ~12z!~11z!

2
Mh

22~12z!M1
22~11z!M2

2G ,
Ph•R5

M1
22M2

2

2
, ~3!

Ph•k5
Mh

2

2z
1z

k21kWT
2

2
,

R•k5
~M1

22M2
2!2~z/2!Mh

2

2z
1zz

k21kWT
2

4
2kWT•RW T .

The positivity requirementRW T
2>0 imposes the further con

straint

Mh
2>

2

11z
M1

21
2

12z
M2

2 . ~4!
6-2
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Note that to avoid the introduction of a new hard scale in
process, all invariants listed above have to be small co
pared to the hard scaleQ of the process~whereQ252q2,
with q the momentum transfer!.

III. THE FRAGMENTATION CORRELATOR UP TO THE
SUBLEADING TWIST

The soft processes underlying the fragmentation are s
bolically represented by the shaded blob in Fig. 1 and
described in terms of hadronic matrix elements of nonlo
quark operators as

D~k,Ph ,R!5( E
X
E d4j

~2p!4
eik•j^0uc~j!uPh ,R;X&

3^X;Ph ,Ruc̄~0!u0&, ~5!

wherec is the quark field operator. The above correlator
not color gauge invariant, as the quark fields are evaluate
two light-front-separated space-time points, 0 andj. To re-
store color gauge invariance, the so-called gauge link op
tor must be included,

U [0,j]5P expS 2 igE
0

j

dw•A~w! D , ~6!

whereA is the gluon field with coupling constantg, andP
indicates a path-ordered exponential. It symbolically cor
sponds to attaching all possible soft gluon lines to the s
blob of Fig. 1 and resumming their contribution. As such, t
corresponding diagrams will still be considered as tree-le
contributions, since the couplingg can be reabsorbed in th
definition of the correlator itself.

The quark line in the fragmentation correlator has to co
from a hard process that determines a dominant light
direction. For the final state in a semi-inclusive DIS proce
the hard scaleQ selects then2 direction as the dominant on
with respect to the transverse andn1 ones, which are sup
pressed asO(Mh) andO(1/Q), respectively. The integration
upon the suppressedn1 components of the momenta can
performed up toO(1/Q), leading to

D~z,kWT ,R!5( E
X
E dj1djWT

~2p!3
eik•j^0uc~j!uPh ,R;X&

3^X;Ph ,Ruc̄~0!u0&uj250 . ~7!

Similarly, in the gauge link it was usually assumed that
A1 component of the gluon field is suppressed, and, by
glecting theAW T component and by imposing the choiceA2

50 ~the so-called light-cone gauge!, the gauge link was re
duced to unity. Recently, the problem of the evaluation
such an operator and of the gauge-invariant description
the quark-quark correlator has been studied in R
@5,33,34#. We will address it following the analysis of Re
@5# for the case of semi-inclusive DIS; the results can
easily generalized to the case of electron-positron annih
tion. The proof in Ref.@5# relies on counting the powers i
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1/Q of the product of the fragmenting quark propagator a
of the various components of the gluon fields attached to
soft blob, retaining only the leading and subleading con
butions; these arguments are independent of the hadron
nal state, and they are valid also for two-hadron producti
as long as the additional vectorR does not introduce any new
hard scale.

It turns out that only a combined analysis of leading a
subleading contributions involving bothA2 andAW T compo-
nents of the gluon field leads to a color gauge-invariant
pression for the fragmentation correlator. Following Ref.@5#
~and generalizing its notation to the case of two-hadron p
duction!, a color gauge-invariant object is obtained at t
leading twist by connecting the 0 andj points along the1
direction running through2` and through the transvers
directions atj152` ~see Fig. 2 for a schematic picture o
the link path!, namely

D [ 2]~z,kWT ,R!

5( E
X
E dj1djWT

~2p!3
eik•j^0uU [ 2`,j]

1 U [`,j]
T c~j!uPh ,R;X&

3^X;Ph ,Ruc̄~0!U [0,`]
T U [0,2`]

1 u0&uj250 , ~8!

where

U [a,b]
1 5P expS 2 igE

a

b

dw1A2~w!Uw25b25a2

wW T5bW T5aW T

D ,

U [a,b]
T 5P expS 2 igE

a

b

dwW T•AW T~w!U
w15b15a1

w25b25a2
D .

~9!

Note that by reabsorbing the product of gauge links,UTU1,
into a redefinition of the quark fieldc, the quark-quark cor-
relator of Eq.~8! falls back into the expression of Eq.~7!, but
for the @2# superscript specifying the gauge link directio
Therefore, it still leads to a semipositive definite matrix
Dirac space@35# and the probabilistic interpretation of it
leading-twist projections can be retained. The dependenc
the direction of the gauge link is due to the contribution

FIG. 2. Link structure for the leading-twist color gaug
invariant quark-quark correlator for the fragmentation of a qu
into a pair of hadrons.
6-3
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UT, i.e., of the transverse component of the gluon field
j152`, which plays a crucial role inT-odd effects since it
introduces nontrivial phases in the scattering amplitude.
direction of the gauge link depends on the considered p
cess, potentially posing a threat to the universality of
definition of the soft correlator. For example, when cons
ering thee1-e2 annihilation into one pair of hadrons in th
same jet, the correlator of Eq.~8! will depend on a gauge
link running throughj151`, therefore displaying the@1#
superscript. However, it has been explicitly shown that u
versality is preserved at the one-loop level@6#. Moreover,
when integratingD [ 2] (z,kWT ,R) of Eq. ~8! upon dkWT , the
displacement of the quark fields is confined to the light-co
1 direction. Hence, the two gauge linksUT and U1 will
merge into a single operator connecting the points 0 anj
along a straight line:

D~z,R!5z2E dkWTD [ 2]~z,kWT ,R!5z2E dkWTD [ 1]~z,kWT ,R!

5z2( E
X
E dj1

2p
eik•j^0uU [0,j]

1 c~j!uPh ,R;X&

3^X;Ph ,Ruc̄~0!u0&uj25jWT50W . ~10!

Therefore, in principlekWT-integrated functions are insensitiv
to the link path and should represent universal functio
This is certainly true at the leading twist, but it is still matt
of debate at the subleading level because of the presen
kWT-weighted contributions@36#, as we shall see below. There
fore, here in the following we will omit an explicit depen
dence on the gauge link path for transverse-momentum i
grated quantities only when the issue is settled a
commonly accepted.

At the subleading twist, both the combinations of t
transverse components of the quark propagator withA2, and
of the n1 projection of the quark propagator withAW T , gen-
erate a color gauge-invariant operator involving the fi
strength tensorGmn. After the kWT integration, this correlator
reads

DA
[ 2]a~z,R!5E dz1

i

z11 ie
DG

a ~z,z1 ,R!

5E dz1

i

z11 ie
z2( E

X
Edj1

2p

dh1

2p

3eik•jeik1•(h2j)

3^0uU [0,j]
1 c~j!U [ j,h]

1 gG2a~h!uPh ,R;X&

3^X;Ph ,Ruc̄~0!u0&uj25h25jWT5hW T50W , ~11!

where z15Ph
2/k1

2 . This correlator starts contributing a
twist 3; it is considered a tree-level contribution, as alrea
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explained at the beginning of this section. Again, by abso
ing the gauge linkU1 in a redefinition of the quark fieldc,
the well known expression of the quark-gluon-quark c
relator is recovered@37,38#. Introducing the covariant deriva
tive iDm(j)5 i]m1gAm(j) we can recover also the relatio

DA
[ 2]a~z,R!5DD

a ~z,R!2D]
[ 2]a~z,R!, ~12!

where

DD
a ~z,R!

5z2( E
X
E dj1

2p
eik•j^0uU [0,j]

1 c~j!iDa~j!uPh ,R;X&

3^X;Ph ,Ruc̄~0!u0&uj25jWT50W , ~13!

D]
[ 2]a~z,R!5z2E dkWTkT

aD [ 2]~z,kWT ,R!, ~14!

with the covariant derivativeD(j) acting on the left on the
quark fieldc(j). Note that, after integrating uponkWT , the
term DD

a becomes insensitive to the gauge link path. It
possible to relate the quark-gluon-quark correlator to
quark-quark one using the equation of motion of QCD, (D”
2m)c50. Therefore,DA

[ 2]a(z,R) does not introduce any
new fragmentation functions, but it turns out that it plays
essential role in ensuring electromagnetic gauge invaria
up to subleading twist. In the following, both the quar
quark and quark-gluon-quark correlators of Eqs.~8! and~11!,
respectively, will be analyzed in detail for the semi-inclusi
two-hadron production, including the expansion in the par
waves of the pair.

A. The correlator D

The most general parametrization ofD [ 6] (k,Ph ,R) in Eq.
~5!, compatible with Hermiticity and parity invariance,
given by

D [ 6]~k,Ph ,R!5MhC1
[ 6]11C2

[ 6] P” h1C3
[ 6]R” 1C4

[ 6]k”

1
C5

[ 6]

Mh

smnPh
mkn1

C6
[ 6]

Mh

smnRmkn

1
C7

[ 6]

Mh

smnPh
mRn

1
C8

[ 6]

Mh
2

g5emnrsgmPhnRrks , ~15!

where the coefficientsCi
[ 6] are real scalar functions of all th

possible independent invariants, namelyk2,k•Ph ,k
•R,Mh

2 ,M1
2 ,M2

2 . Integrating Eq.~15! upon the suppresse
6-4
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k1 direction and, consequently, taking the lightlike sepa
tion j250, we get for, e.g., the DIS process the followin
decomposition:

D [ 2]~z,kWT ,R!5
1

32pzE dk1D [ 2]~k,Ph ,R!uk25P
h
2/z

5
1

16p H D1 n” 21H1
\ 8

i

2Mh
@R” T ,n” 2#

1H1
'

i

2Mh
@k” T ,n” 2#1G1

'g5

eT
rsRTrkTs

Mh
2

n” 2J
1

Mh

16pPh
2 H E1D\ 8

R” T

Mh
1D'

k” T

Mh

1H
i

2
@n” 2 ,n” 1#1H\

i

2Mh
2 @R” T ,k” T#

1G\ 8g5

eT
rsgrRTs

Mh
1G'g5

eT
rsgrkTs

Mh
J .

~16!

The first group of terms inside the curly brackets rep
sents the leading-twist contribution and includes the us
interference fragmentation functions~IFF! discussed else
where@13,17,27#. They can be obtained by projecting out
Eq. ~16! the usual Dirac structuresG5g2,g2g5 ,is i 2g5,
where i means a transverse component. The second g
shows the 1/Ph

2;1/Q-suppressed fragmentation functio
that arise from the Dirac structuresG51,g i ,s21,s i j ,g ig5,
respectively. Note that the structuresG5 ig5 ,s i 1 give no
contribution at this level. The function

H1
\ 8 ,H1

' ,G1
' ,H,H\,G\ 8,G', are T-odd, while

H1
\ 8 ,H1

' ,E,H,H\, are chiral-odd.
Because of the constraints imposed by kinematics and

the k1 integration, the fragmentation functions in Eq.~16!

actually depend on five variables, namelyz,z,Mh
2 ,kWT

2 ,kWT

•RW T , and they can generally be decomposed as

D1~z,z,Mh
2 ,kWT

2 ,kWT•RW T!

5D1
e~z,z,Mh

2 ,kWT
2 ,~kWT•RW T!2!

1
kWT•RW T

Mh
2

D1
o~z,z,Mh

2 ,kWT
2 ,~kWT•RW T!2!, ~17!

and similarly for the other functions. BothD1
e and D1

o , are

even functions ofkWT .
By integrating Eq.~16! upon the transverse momentu

kWT , we get
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D~z,R![z2E dkWTD [ 2]~z,kWT ,R!

5
1

16p H D1n” 21H1
\

i

2Mh
@R” T ,n” 2#J 1

Mh

16pPh
2

3HE1D\
R” T

Mh
1H

i

2
@n” 2 ,n” 1#1G\g5

eT
rsgrRTs

Mh
J

[D1~z,z,Mh
2 ,fR!1D2~z,z,Mh

2 ,fR!, ~18!

where

H1
\[H1

\ 8e1H1
'o(1) ,

D\[D\ 8e1D'o(1), ~19!

G\[G\ 8e1G'o(1),

and each term now depends onz,z,Mh
2 . We define the mo-

ment of a fragmentation function as

H1
'(1)~z,z,Mh

2!5E dkWT

kWT
2

2Mh
2

H1
'~z,z,Mh

2 ,kWT
2 ,kWT•RW T!,

~20!

and similarly for the other fragmentation functions. The r
sulting functionsH1

\ ,H,G\ are still T-odd, whileH1
\ ,E,H

are chiral-odd. For later convenience, the leading-twist c
tribution is indicated byD1 and the subleading-twist one b
D2, respectively.

B. The subleading-twist correlator DA
†À‡a

As already anticipated above, the color gauge-invari
correlatorDA

[ 2]a of Eq. ~11! is suppressed by one power o
1/Q with respect to the leading twistD [ 2] of Eq. ~8!. There-
fore, it must be consistently included when extending
analysis to the subleading twist. For the sake of simplic
only thekWT-integrated result will be shown. Since the gau
links can be absorbed in a redefinition of the quark fiel
both DD

a and D]
[ 2]a in Eqs. ~13! and ~14!, respectively, can

be worked out in a way similar to the one-hadron emissi
By projecting out the usual Dirac structuresG
5g2,g2g5 ,is i 2g5, the following decomposition results,

DA
[ 2]a~z,R!5DD

a ~z,z,Mh
2 ,fR!2D]

[ 2]a~z,z,Mh
2 ,fR!

5
Mh

16pz H D̃\
RT

a

Mh
n” 21G̃\

eT
abRTb

Mh
g5n” 2

2~Ẽ2 iH̃ !
gan” 2

2
2 iH1

\o(1)
RT

aR” T

Mh
2

n” 2J ,

~21!

where the functions with tildes denote
6-5
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D̃\[D\2zD1
o(1) ,

G̃\[G\2zG1
'(1)2z

m

Mh
H1

\ , ~22!

Ẽ[E2z
m

Mh
D1 ,

H̃[H12zH1
'(1) ,

and are pure twist-3 fragmentation functions depending
z,z,Mh

2 . They all vanish in the Wandzura-Wilzcek approx
mation.

C. Partial-wave expansion

If the invariant massMh is not very large, the hadron pa
can be assumed to be in a channel corresponding to a rel
s or p wave. Consequently, two-hadron fragmentation fu
tions can be decomposed in partial waves@17#. In the center-
of-mass~c.m.! frame of the two hadrons, the emission occu
back-to-back and the key variable is the angleu between the
directions of the emission and ofPh . The kinematics de-
scribed in Sec. II can be easily adjusted to the c.m. fram
the two hadrons; the most important modifications are

RW T5RW sinu,

uRW u5
1

2Mh

AMh
222~M1

21M2
2!1~M1

22M2
2!2, ~23!

z5
1

Mh

~AM1
22uRW u22AM2

22uRW u222uRW ucosu!,

where the crucial remark is thatz is at most a linear polyno
mial in cosu with coefficients that depend only on invaria
masses. This suggests that the dependence uponz in the
fragmentation functions should be conveniently replaced
an expansion in the Legendre polynomials in cosu and, con-
sequently, the cross section kept differential ind cosu. The
Jacobiandz/d cosu52uRuW/Mh can be absorbed in a redefin
tion of the fragmentation functions.

The partial-wave expansion of the leading-twist fragme
tation functions has been given in Ref.@17#, namely,1

D1→D1,oo1D1,olcosu1D1,l l

1

4
~3 cos2u21!,

H1
\→H1,ot

\ 1H1,l t
\ cosu. ~24!

Extending the analysis to the subleading-twist functions
straightforward:

1At variance with Ref.@17#, here we use lowercase indices for th
polarization of the relative partial wave, in order to avoid confus
with the polarization state of the beam and/or the target in
expression of the cross section~see the following Sec. V!.
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H1
\o(1)→H1,ot

\o(1)1H1,l t
\o(1)cosu, ~25!

D̃\→D̃ot
\1D̃ lt

\cosu, ~26!

G̃\→G̃ot
\1G̃lt

\cosu, ~27!

H̃→H̃oo1H̃olcosu1H̃ ll

1

4
~3 cos2u21!, ~28!

Ẽ→Ẽoo1Ẽolcosu1Ẽll

1

4
~3 cos2u21!. ~29!

IV. HADRONIC TENSOR FOR SEMI-INCLUSIVE
LEPTOPRODUCTION

When the semi-inclusive production of two hadrons ha
pens via a DIS process, an electron with momentuml scat-
ters off a target nucleon with massM, polarizationS, and
momentumP, via the exchange of a virtual photon with mo
mentum transferq5 l 2 l 8. Inside the target, it is assume
that the photon hits a quark with momentump, changing it to
a state with momentumk5p1q before the fragmentation
@see Fig. 3~a!#. We define the variablex5p1/P1, which
represents the light-cone fraction of the target moment
carried by the initial quark. As already anticipated in Sec.
it is customary to consider the frame where all the hadro
systems have no transverse components, i.e., wherePW T

5PW hT50W , while the virtual photon has a nonvanishing com
ponentqW T . A convenient parametrization for the momen
referred to the initial hadronic system is

Pm5F M2

2P1
,P1,0W G

pm5F p21pW T
2

2xP1
,xP1,pW TG . ~30!

However, when calculating the hadronic tensor~and, con-
sequently, the cross section! it is more convenient to conside
the frame where theẑ axis is antiparallel to the direction o
the virtual photon momentum~see Fig. 4!. By denoting the
momenta in this frame with the subscript' , we have, there-
fore, PW'5qW'50W andPW h '.2zqW T . The difference between
theT and the' frames is a boost that introduces correctio
suppressed as 1/Q; therefore, it can be neglected at the lea
ing twist, but it must consistently be included when exten
ing the analysis at the subleading twist. The boost amoun
the following modifications,

e

6-6
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FIG. 3. Relevant diagrams at the leading and subleading twist for the semi-inclusive DIS of a lepton on a hadronic target with d
of two hadrons in the same current fragmentation region. The shaded blobs represent the contribution of all unsuppressed lo
gluons, while the gluon lines represent all possible contributions from transverse gluon fields~see text!.
e

rs

y-

cm
n2
m ;n28

m2
A2

Q
qT

m5n28
m1

A2

Q
~pT2kT!m,

n1
m ;n18

m , ~31!

aT
m;g'

mnaTn2
A2

Q
aW T•qW Tn1

m

[aT'
m 1

A2

Q
aW T•~pW T2kWT!n1

m ,

where aT
m is a generic transverse four-vector,n68 are the

lightlike vectors considered in the' frame, and the analogu
of the transverse projection operators of Eq.~1! are
07402
g'
mn5gmn2n1

$mn28
n% , e'

mn[ersmnn1rn2s8 . ~32!

As an example of the difference between theT and the'

frames, in Fig. 5 we sketch the vectorsRT and RT' . As
expressed in Eq.~31!, the difference between the two vecto
is of order 1/Q ~exagerated in the drawing!. The difference
between the anglesfR andfR' and betweenuRW Tu anduRW T'u
is of order 1/Q2; therefore it can be neglected in our anal
sis.

The hadronic tensor, integrated upon the transverse
momentum of the hadron pair, reads
2MWmn532z TrFz2E dpW TdkWTF [ 1]~x,pW T ,S!gmD [ 2]~z,kWT ,R!gnG232z TrFga

g2

QA2
gnFA

[ 1]a~x,S!gmD~z,R!G
232z TrFgm

g2

QA2
gaD~z,R!gng0FA

[ 1]a†~x,S!g0G232z TrFgn
g1

QA2
gaF~x,S!gmg0DA

[ 2]a†~z,R!g0G
232z TrFga

g1

QA2
gmDA

[ 2]a~z,R!gnF~x,S!G . ~33!
6-7
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Each contribution corresponds to a specific class of d
grams in Fig. 3. For sake of simplicity, the blobs in th
diagrams represent all the connected lines related to un
pressed longitudinal gluons, namely the lower blob includ
all lines withA1 gluons and the upper blob all lines withA2

gluons. Therefore, the diagram in Fig. 3~a! corresponds to
the first term in Eq.~33! involving the leading-twist color
gauge-invariant correlatorsF ~which will be described in
Sec. IV A! andD of Eq. ~10!. It is important to perform the
integration upon the transverse momenta only after includ
the effect of the boost in Eq.~31!, as it will turn out that the
correlatorD contains a 1/Q-suppressedpW T dependence.

At subleading twist, the contribution of transverse gluo
AW T is symbolically indicated by a line attached to the low
blob, corresponding to the color gauge-invariant qua
gluon-quark correlatorsFA

[ 1]a ~which will be described in
Sec. IV A!, or to the upper blob, corresponding toDA

[ 2]a in
Eq. ~11!. Therefore, the second and the third terms in E
~33! correspond to diagrams in Figs. 3~b! and 3~c!, while the
fourth and fifth ones to diagrams in Figs. 3~d! and 3~e!, re-
spectively.

The correlatorsD andDA
[ 2]a have already been discusse

in Secs. III A and III B, respectively. In the following, th
missing terms will be described in detail, leading to the fin
expression ofWmn in terms of distribution and fragmentatio
functions.

A. The quark-quark correlators for the initial
and the final states

The color gauge-invariant quark-quark correlator for t
initial state, F(x,S), corresponding to the lower blob i
Figs. 3~a!, 3~d!, and 3~e!, reads@5#

F~x,S!5E dpW TF [ 1]~x,pW T ,S!

5
1

2
$ f 1~x!n” 11SLg1~x!g5n” 11h1~x!g5S”'n” 1%

1
A2xM

2Q
$e~x!1gT~x!g5S”'1SLhL~x!g5n” 1n” 2%

1
A2xM

2Q
$2 iSLeL~x!g52 f T~x!eT

abgaS'b

1 ih~x!n” 1n” 2%

[F1~x,S!1F2~x,S!, ~34!

whereSL/' are the longitudinal/transverse components of
target polarization, respectively. The first group (F1) repre-
sents the contribution of the leading-twist distribution fun
tions and it appears in the first, fourth, and fifth terms of E
~33!, corresponding to the diagrams of Fig. 3~a!, 3~d!, and
3~e!, respectively. The other terms (F2) represent the contri
bution of the subleading-twist distribution functions, inclu
ing also thepW T-integratedT-odd functionsh(x), f T(x), and
07402
-

p-
s

g

s
r
-

.

l

e

-
.

eL(x), which are vanishing if the gauge link is the on
source of theT-odd behavior. TheF2 contributes only to the
first term of Eq.~33!, corresponding to the diagram of Fig

3~a!. Since the nonintegratedF [ 1] (x,pW T ,S) involves scalar
products of transverse vectors and commutators betw
transverse vectors and the lightlike vectorn1 , it is easy to
check that the boost transformations in Eq.~31! do not add
other subleading-twist terms and leaveF(x,S) unaltered.

Moreover, because of thepW T integration the latter is insensi
tive to the direction of the link integration path.

At the subleading twist, the quark-gluon-quark correla
FA

[ 1]a also comes into play, appearing in the diagrams
Figs. 3~b! and 3~c!. Similarly to the previous case, the rede
nition of the quark fields including the gauge links and t
integration uponpW T allows us to keep the same relatio
FA

[ 1]a5FD
a 2F]

[ 1]a dictated by the QCD equations of mo
tion as in the color-gauge-noninvariant case. The qua
gluon-quark correlator can be parametrized as@5#

FIG. 4. Kinematics for the SIDIS of the leptonl on a~un!polar-
ized target leading to two hadrons inside the same current jet.

FIG. 5. Description of the anglesfR andfR' .
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FA
[ 1]a~x,S!

5
M

2 H S xgT~x!2
m

M
h1~x!2g1T

(1)~x! DS'
ag5n” 1

1SLS xhL~x!2
m

M
g1~x!12h1L

'(1)~x!1 ixeL~x! D
3 1

2 g5gan” 1

1S m

M
f 1~x!2xe~x!12ih1

'(1)~x!1 ixh~x! D 1
2 gan” 1

2~ f 1T
'(1)~x!1x fT~x!!eT

abS'bn” 1J , ~35!

where, as usual, we define the moments

g1T
(1)~x!5E dpW T

pW T
2

2M2
g1T~x,pW T

2!, ~36!

and similarly for the other distribution functions.
As for the fragmentation into two hadrons, the leadin

twist correlatorD1 of Eq. ~18! occurs in the diagrams o
Figs. 3~a!, 3~b!, and 3~c!, while the subleading-twistD2 oc-
curs together withF1 only in the diagram of Fig. 3~a!. How-
ever, the boost transformation~31! induces two additiona
contributions to the correlator of Eq.~16!, which are sup-
pressed as 1/Q and, therefore, must be consistently includ
in the analysis at the subleading twist before performing
integration uponkWT . The finalkWT-integrated result reads
es
th

to
di

07402
-

e

D̃2
[ 2]~z,R!5

A2Mh

16pQ H 2G1
'(1)g5

eT
mrgmRTr

Mh
2D1

o(1) R” T

Mh

1 iH1
\ o(1)

RW T
2

Mh
2

1

2
@n” 28 ,n” 1#1 iH1

'(1)@n”28 ,n”1#J,

~37!

pT
aD̃2 a~z,R!5

A2

16pQ
pT

aH D1ga1 iH1
\

1

2Mh
@R” T ,ga#

1 i
RTa

Mh
H1

\
1

2
@n” 28 ,n” 1#J . ~38!

Such contributions appear in the first term of Eq.~33!, cor-
responding to the diagram of Fig. 3~a!. The former couples to
F1, while D̃2 a , due to the presence ofpT

a , couples to

F]
[ 1]a~x,S![E dpW TpT

aF [ 1]~x,pW T ,S!

5
M

2
$ f 1T

(1)~x!eT
abSTbn” 11g1T

(1)~x!S'
ag5n” 1

2SLh1L
(1)~x!g5gan” 12 ih1

'(1)gan” 1%. ~39!

To complete the picture about the fragmentation at suble
ing twist, the quark-gluon-quark correlatorDA

[ 2]a of Eq. ~21!
must be included in the fourth and fifth terms of Eq.~33!,
corresponding to diagrams 3~d! and 3~e!.
hadronic
B. The hadronic tensor

Putting together in a consistent way all the contributions discussed above up to the subleading twist, we get for the
tensor the following expression:

2MWmn5
16z

4p H 2g'
mn f 1D11 ie'

mnSLg1D12
RT'

$m e'
n%rS'r1S'

$me'
n%rRT'r

2Mh
h1H1

\1SL

2 t̂ $me'
n%rRT'r

Q
S M

Mh
xhLH1

\1g1

G̃\

z
D

1
2Mht̂ $me'

n%rS'r

Q Fh1S H̃

z
1

RW T
2

Mh
2

H1
\ o(1)D 2

M

Mh
x fTD1G1

2 t̂ $mRT'
n%

Q
S f 1

D̃\

z
1

M

Mh
xhH1

\D
1 iSL

2 t̂ [me'
n]rRT'r

Q
S g1

D̃\

z
2

M

Mh
xeLH1

\D 2 i
2 t̂ [mRT'

n]

Q
S M

Mh
xeH1

\1 f 1

G̃\

z
D

1 i
2M t̂ [me'

n]rS'r

Q
S xgTD11

Mh

M
h1

Ẽ

z
D J . ~40!
d

The leading-twist contribution in the above formula involv
color-gauge-invariant quantities that are independent of
properties of the gauge link; under the hypothesis of fac
ization, it represents a universal response. At the sublea
e
r-
ng

twist, the issue is still under debate@5,6,36#. However, it is
interesting to note that onlykWT-integrated fragmentation
functions appear viaD]

[ 2]a in Eq. ~21!, leading to the ‘‘tilde’’
functions of Eq.~22!, that might depend on the considere
6-9
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A. BACCHETTA AND M. RADICI PHYSICAL REVIEW D 69, 074026 ~2004!
process. NopW T-integrated distribution functions appear v
the correspondingF]

[ 1]a , because these contributions in E
~35! are exactly cancelled by the ones generated by coup
D̃2 a of Eq. ~38! to F]

[ 1]a of Eq. ~39! in the first, second, and
third contributions of Eq.~33! @see also Eq.~64! of Ref. @5# #.
The net result is that the functionsh(x), f T(x), andeL(x),
are the onlyT-odd distributions in the hadronic tensor and,
not vanishing, they must be generated by a dynam
mechanism that has nothing to do with the sensitivity to
link path.

V. CROSS SECTION AND SPIN ASYMMETRIES

The cross section for SIDIS of polarized leptons off p
larized hadronic targets with two unpolarized hadrons in
same current fragmentation region, reads

d7s

dzdMh
2dfRdzdxdydfS

5(
a

a2yea
2

32zQ4
Lmn2MWa

mn ,

~41!

wherea is the fine structure constant,y5(E2E8)/E is the
fraction of beam energy transferred to the hadronic sys
and is related to the lepton scattering angle in the target
frame, fS is the azimuthal angle of the target polarizati
with respect to the scattering plane,fR is the azimuthal
angle of theRW T vector with respect to the scattering plan
measured either around thePh direction or around theẑ di-
rection ~see Fig. 5!. The indicated sum runs over the qua
and antiquark flavorsa. The hadronic tensorWa

mn of Eq. ~40!
is contracted with the lepton tensor
07402
g

al
e

-
e

m
st

,

Lmn5
Q2

y2
@22A~y!g'

mn14B~y! t̂m t̂ n14B~y!~ x̂mx̂n1 1
2 g'

mn!

1V~y! t̂ $mx̂n%12ilC~y!e'
mn2 ilW~y! t̂ [me'

n]rx̂r#,

~42!

wherel is the lepton helicity,x̂ the spatial unit vector,t̂m

5(n1
m 1n28

m)/A2, and

A~y!5S 12y1
y2

2 D ,

B~y!5~12y!,

C~y!5yS y

2
21D , ~43!

V~y!52~22y!A12y,

W~y!52yA12y.

For convenience, in the following we will indicate th
unpolarized or longitudinally polarized states of the be
with the labelsO andL, respectively. Similarly, we will use
the labelsO,L, andT to indicate an unpolarized, longitudi
nally polarized, and transversely polarized target, resp
tively. We can then deduce the following list of cros
sections:2
d7sOO5
a2

2pQ2y
(

a
ea

2H A~y! f 1~x!D1~z,z,Mh
2!2V~y!cosfR

uRW Tu
Q F1

z
f 1~x!D̃\~z,z,Mh

2!1
M

Mh
xh~x!H1

\~z,z,Mh
2!G J ,

~44!

d7sOL5
a2

2pQ2y
SL(

a
ea

2V~y!sinfR

uRW Tu
Q F M

Mh
xhL~x!H1

\~z,z,Mh
2!1

1

z
g1~x!G̃\~z,z,Mh

2!G , ~45!

d7sOT5
a2

2pQ2y
uSW'u(

a
ea

2H B~y!sin~fR1fS!
uRW Tu
Mh

h1~x!H1
\~z,z,Mh

2!

1V~y!sinfS

Mh

Q Fh1~x!S 1

z
H̃~z,z,Mh

2!1
uRW Tu2

Mh
2

H1
\ o(1)~z,z,Mh

2!D 2
M

Mh
x fT~x!D1~z,z,Mh

2!G J , ~46!

d7sLO5
a2

2pQ2y
l(

a
ea

2W~y!sinfR

uRW Tu
Q F M

Mh
xe~x!H1

\~z,z,Mh
2!1

1

z
f 1~x!G̃\~z,z,Mh

2!G , ~47!

2The distribution and fragmentation functions are understood to have a flavor indexa.
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d7sLL5
a2

2pQ2y
lSL(

a
ea

2H C~y!g1~x!D1~z,z,Mh
2!2W~y!cosfR

uRW Tu
Q F1

z
g1~x!D̃\~z,z,Mh

2!

2
M

Mh
xeL~x!H1

\~z,z,Mh
2!G J , ~48!

d7sLT5
a2

2pQ2y
luSW'u(

a
ea

2W~y!cosfS

Mh

Q F2
M

Mh
xgT~x!D1~z,z,Mh

2!2
1

z
h1~x!Ẽ~z,z,Mh

2!G . ~49!
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In the above formula, we stress again that we have

cluded also the contributions of thekWT-integratedT-odd dis-
tribution functionsh(x), f T(x), andeL(x), which are van-
ishing if the gauge link is the only source of aT-odd
behavior. It would be interesting to experimentally check t
feature.

Several useful spin asymmetries can also be built ou
the previous formulas. In Eq.~46! for d7sOT , the transver-
sity h1 can be isolated at leading twist through the fragm
tation functionH1

\ in a sin(fR1fS) spin asymmetry. This
asymmetry has been already discussed in leading-o
analyses@17,27# and seems very promising with respect
the Collins asymmetry, since it does not need to ke
memory of thekWT dependence but rather of the direction
RW T .

While data from purely transversely polarized targets
not yet available, the HERMES collaboration has perform
spin asymmetry measurements with targets longitudin
polarized along the lepton beam@39–41#, hence with a po-
larization three-vectorSW 5(Sx,0,Sz) in the lepton scattering
plane (fS50) and with a transverse componentSx with re-
spect to the direction of the momentum transfer alongẑ.
Because of the kinematics setup,Sx is suppressed by 1/Q
with respect toSz @42#. In the present case of detection
two hadrons in the same jet, therefore, both the leading t
d7sOT and subleading twistd7sOL of Eqs. ~46! and ~45!,
respectively, should be consistently considered at the s
time when looking for a sinfR asymmetry. However,d7sOT
is considerably simpler than the corresponding cross sec
for one-hadron SIDIS, because the information about
transversity is not contaminated by other contributions, a
happens with the Collins and Sivers effects. Moreover, in
Wandzura-Wilzcek approximation the fragmentation fun
tion G̃\ vanishes insided7sOL ; therefore, a sinfR spin
asymmetry for two-hadron SIDIS in the HERMES kinema
ics would approximately lead to the product of the fragme
tation functionH1

\ times the transversityh1 and the distri-
bution hL , which is anyway related toh1 itself via a
Wandzura-Wilzcek integral relation.

Again, if we neglectG̃\, a sinfR spin asymmetry with
polarized beam and unpolarized target would give acces
the chiral-odd distributione(x), always through the chiral
odd fragmentation functionH1

\ , as is evident from inspec
tion of d7sLO in Eq. ~47!. The functione(x) has recently
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attracted a lot of interest@43#, because it is directly related t
the soft physics of chiral symmetry breaking@44#. Its first
isoscalar Mellin moment gives the scalar form factor. A
though this form factor~describing the elastic scattering off
spin-12 target via the exchange of a spin-0 particle! has not
yet been measured, its value att52Q250, the so-calleds
term, can be deduced by low-energy theorems from the
perimental pion-nucleon scattering in the timelike region
the so-called Chen-Dashen pointt52Q252mp

2 , with mp

the pion mass@45–47#. Unexpectedly, thes term turns out
very big ~50–70 MeV! @48,49# with respect to the averag
value of available lattice calculations@50#, suggesting that
approximately 20% of the nucleon massM could be due to
the strange quark content of the nucleon. Therefore, hav
experimental access toe(x) is of great importance. This dis
tribution could be extracted at subleading twist through
Collins function by a beam spin asymmetry in one-hadr
SIDIS for longitudinally polarized beams and unpolariz
targets@31,51#, provided that the transverse momentum
the detected hadron is measured. This asymmetry cont
another contribution that was neglected until recen
@52,53#. Once again, the case of one-hadron SIDIS is co
plicated by the dependence upon the partonic transverse
mentum. For the case of two-hadron SIDIS, it is possible
integrate upon the transverse total momentum of the pair
still build an azimuthal asymmetry usingRW T . In fact, Eq.
~47! looks simpler than the corresponding one for the o
hadron case, and it could eventually represent the clea
channel to look at in order to extracte(x).

Finally, when expanding the fragmentation functions
partial waves and making the cross section differential
cosu, the different dependence uponu allows us to distin-
guish the contributions pertaining to pures waves, purep
waves, ands-p interferences. For instance, by substituti
Eqs. ~24! and ~23! into Eq. ~46! it is possible to check tha
the asymmetry will be dominated by ans-p interference
fragmentation function atu5p/2, and by ap-wave interfer-
ence fragmentation function atu5p/4.

VI. CONCLUSIONS

Fragmentation functions are universal, proce
independent objects@54# containing crucial information
about the hadronization mechanism and, ultimately, ab
the confinement of partons inside hadrons. They appea
semi-inclusive processes such as, e.g., DIS or elect
6-11
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A. BACCHETTA AND M. RADICI PHYSICAL REVIEW D 69, 074026 ~2004!
positron annihilation, and they can act also as a sort of ‘‘a
lyzing power’’ for the polarization state of the fragmentin
quark @14,15,18,32#. The typical example is the so-calle
Collins effect @3,24# relating the transverse polarization
the parent quark to the transverse-momentum-depen
Collins function, which describes a~nonperturbative! azi-
muthal asymmetry in the distribution of the detected lead
hadron. Two-hadron fragmentation functions can also be
fined, among which the so-called interference fragmenta
functions@11–13# lead to interesting single-spin asymmetri
even after integrating upon the transverse total momentum
the pair@27,28#, thus avoiding the complications introduce
by the intrinsic nonperturbative transverse-momentum
pendence of the Collins function.

In this paper, we have extended the analysis of tw
hadron fragmentation functions to the subleading-twist lev
discussing also the issue of color gauge invariance but e
tually integrating upon the transverse total momentum of
pair. Our results are theoretically interesting because the
sence of an intrinsic nonperturbative dependence upon tr
verse momenta cancels, at leading twist, also any de
dence upon the properties of the gauge link opera
necessary to restore gauge invariance, allowing for a t
universal definition of these objects; a debate is still ongo
to check if this property holds true also at subleading tw
@5,6,36#. The extension to the subleading twist is also expe
mentally important, because it can represent a non-neglig
contribution when performing measurements at mode
Q2.

We have analyzed both the quark-quark and the s
pressed quark-gluon-quark correlator, relating the latte
the former by means of the QCD equations of motion.
have presented the full decomposition up to the sublead
twist level of these correlators in terms of fragmentati
functions integrated upon the intrinsic transverse moment
As previously stressed, these functions are universal
tainly at twist 2 and maybe also at twist 3.

As an application of our results, we have calculated
hadronic tensor and the cross section for all possible com
s.
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nations of polarization states of the beam-target system in
case of deep-inelastic semi-inclusive leptoproduction of t
unpolarized hadrons, by integrating upon the two-had
center-of-mass transverse momentum. Our results can
used to distinguish 1/Q-suppressed contributions in exper
mental measurements, in order to extract more clea
leading-twist contributions, or in order to study interesti
subleading-twist terms. An example of the former case is
possibility of extracting the transversity distribution in sp
asymmetries also with longitudinally polarized targets~as
they have been measured at HERMES@41# for the case of
one-hadron production!; an example of the latter is the pos
sibility of extracting from beam-spin asymmetries~probably
in the cleanest possible way@52,53#! the twist-3 chiral-odd
distribution functione(x) @51#, related to the mechanism o
the spontaneous breaking of the QCD chiral symmetry a
ultimately, to the strange-quark content of the nucleon@44#.

As a last step, we have performed a partial-wave exp
sion of leading- and subleading-twist two-hadron fragmen
tion functions, in order to distinguish the interference comi
from the s-s, p-p, and s-p channels in the relative partia
wave of the hadron pairs. Each component carries inform
tion on different mechanisms, such as the polarization tra
fer to spin-1 resonances~for p-p interference! or T-odd ef-
fects from different kinds of final-state interaction
Therefore, extracting this information from data would allo
for the exploration of different aspects of the physics of t
fragmentation process.
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