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We study model-independently the implications of nonstandard scalar and pseudoscalar interactions for the
decaysb—sy, b—sg, b—st¢* ¢~ (f=e,u) andBs—u" . We find sizable renormalization effects from
scalar and pseudoscalar four-quark operators in the radiative decays &dgtin hadronicb decays.
Constraints on the Wilson coefficients of an extended operator basis are worked out. Further, thR_ratios
=B(B—Hutu )/B(B—He"e™), for H=K™*) X, and their correlations with thB,— u "~ decay are
investigated. We show that the standard model prediction for these ratios defined with the same cut on the
dilepton mass for electron and muon modeg= 1+O(mi/m§), has a much smaller theoretical uncertainty
(=1%) than the one for the individual branching fractions. The present experimentalRjsitl.2 puts
constraints on scalar and pseudoscalar couplings, which are similar to the ones from current 8éBa on
—u* ™). We find that new physics corrections Ry« and Ry, can reach 13% and 10%, respectively.
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I. INTRODUCTION e _ o
. . Og=— (sy,PLD)(£¥*0),
Flavor-changing neutral currentECNCg9 are forbidden s

in the standard modéEM) at the tree level and arise only at

one loop. Hence, they are sensitive to quantum corrections 2

from heavy degrees of freedom at and above the electroweak O10=— (s7,PLO) (£ ¥50),
scale. The rare decays—sy, b—sg and b—s¢* ¢, 9s

where{=e or u, are such promising probes. Measurements 2

of these processes are rapidly improving by the present gen- Osze_(ngb)({Tg),
eration ofB experiments and in the not too distant future by 1672

the Fermilab Tevatron and the CERN Large Hadron Collider

(LHC). The analysis ob—s transitions can be systemati- e? _ _
cally performed in terms of an effective low-energy theory Op=——(sPrb)(£ y5(). (1.2
with the Hamiltonian(see, e.g., Ref.1]) 16m

4Gg The operatorsD; g can be seen in Ref5]. The primed

Hetr=— V2 thVt*SZ [Ci(w)Oi() +C (W) O ()] operators in Eq(1.1) can be obtained from their unprimed
(1.2) counterparts by replacing, < Pg. In the SM as well as in
models with minimal flavor violatiofMFV) where flavor

The operator){") in Eq. (1.1) include dipole couplings with ~ Violation is entirely ruled by the Cabibbo-Kobayashi-
a photon and a gluon and dilepton operators with vector anfflaskawa(CKM) matrix, the Wilson coefficient€; are sup-
axial-vector, as well as with scalar and pseudoscalar Lorentressed by the strange quark Yukawa coupling
structures. They are givenas
e _ C/l~—C,. 1.3
07:—2mb(SG#VPRb)FMV,

S
Furthermore, the SM contributions to scalar and pseudo-

_ . . scalar operators due to neutral Higgs-boson exchange are

Oszg—smb(SaGWTaﬁPRbB)G e, tiny even for taus since
e

*Electronic address: hiller@theorie.physik.uni-muenchen.de ’ m\zN
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10ur definition ofOs p is different from that of Refs[2—4] (i.e., ~ 1hUs, in the context of the SM only the operatd@s ;o
without the factor ofny) in order forCs p to be dimensionless. As Matter for S?m”eptomc f’;md radla“\b?—fs transitions.
a consequence, the scalar and pseudoscalar operators have a nonvaOur plan is to determine the coefficier@$’) from a fit to
nishing anomalous dimension. the data and thereby testing the $8]. At present the num-

1.9
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TABLE I. Branching fractions for various ram® decayg16—-19. The inclusive measurements as well as
the corresponding theoretical predictions have been obtainetfor->0.2 GeV. The SM predictions are
taken from Ref[9] updated with3(B— X .{ v,)=0.108.

Decay modes SM Belle BaBar

B—Xe'e" (4.3+0.7)x10°© (5.0=2.3"1)x10°® (6.6-1.9'19x10 ¢
BoXeut ™ (4.3+0.7)x10°® (7.9+2.1°3)x10°° (5.7+2.8 1) x10°8
B—Ke'e" (3.6+1.2)x10°7 (4.8"13+0.3+0.1)x 107 (7.4'18+05)x1077
B—Ku®u~ (3.651.2)x10° 7 (4.8'12+0.3+0.2)x 10"’ (4.5"23+0.4)x10°7
B—K*e'e (16.4+5.1)x10 ' (14.932712+0.2)x10°7 (9.8°59+1.1)x1077
BoK*utu™  (12.4:4.0)x10°7 (11.7°38+0.9+0.5)x 107 (12.7° 18+ 1.6)x 1077

ber of measured independent observables is not sufficient, sehere g2 ,,= (mg—myx))? for B—K*)¢T¢~ and g2,
one currently has to simplify the program and deal with a~m? for the inclusive decay modes. We also examine the
restricted set of operators. In this (X\Gorf we anaIyZE the derow dilepton invariant mass region of the inclusive decays
\?v?%stﬁe_)fz(lslg\}vir?g_)aéséﬁnfptiyori'_)K 70, Bsopu below theJ/y mass withg?,,=6 Ge\?. Note that we use

. . ' he lower cut of 4n> for both electron and muon modes in

i) The effects of right-handed currents can be ne Iecteot © . . .

() 9 9 drder to remove phase space effects in the iatio Within

i.e., CI’ 20. . . .
(i) The Wilson coefficients of scalar and pseudoscala}he SM, we obtain clean predictions even for the exclusive

operators are proportional to the lepton mésg=m; such decays

that the coupling to electrons is negligible. This is automati- Rﬁ""=1+0(m2/m§), (1.6)
cally satisfied ifCsp are generated by neutral Higgs-boson K

exchange, but not in general within SUSY models with bro-which holds also outside the SM @sp=0. The normaliza-

ken R parity? tion to thee*e™ mode in Eq.(1.5 was also discussed in
(i) There are naCP-violating phases from physics be- Ref. [15] for the inclusive decays.
yond the SM. This paper is organized as follows. In Sec. Il we summa-

Therefore we take into account the Wilson coefficientsrize the current experimental status and constraints on the
C7-10andCsp. Model-independent analyses of the decaysdecay modes of interest. Section Ill contains a discussion of
b—sy andb—s¢ "¢~ in the framework of the SM operator new physics contributions to scalar and pseudoscalar four-
basis withO; 1, have been previously performed in Refs. quark operators and their impact on the Wilson coefficients
[8—10]. Distributions with an extended basis includi®gr  of the SM operator basis. We investigate new physics effects
were analyzed foB—Xs( "¢~ in Refs.[7,11] and forB  in the decaysh—sy and b—sg. Model-independent con-
—K* €7 ¢~ decays in Refd12,13 to illustrate possible new straints on the coefficients of the operat6ts_,,in the pres-
physics effects. In these works, however, no correlations beance of©05 and©p are derived in Sec. IV. In Sec. V we study
tween the just-mentioned decay modes &qe-¢ "¢~ de-  correlations between the branching ratios of the de®ys
cays have been considered. In R¢8] the decaysBs —pu*u~, BoX L ¢~ and B=K*)¢* ¢~ In particular,
—p u” and BoK®)u*u~ have been studied model- quantitative predictions are obtained for the ratig) x .
independently. It has been shown that the Wilson coefficient§ye summarize and conclude in Sec. VI. The anomalous di-
Csp can be ofO(1) while respecting data on thBs mensions, decay distributions for+s¢* ¢~ processes and

—p”" u” branching fraction, and thus are comparable in Siz&, xiliary coefficients are given in Appendixes A—D.
to the vector and axial-vector couplings. For a combined

study of Be—u "~ andB—Xqu" u~ decays in the mini-

mal supersymmetric standard modBISSM), see[14]. II. EXPERIMENTAL STATUS OF b—s TRANSITIONS

We perform here a combined analysis of thg We summarize recent results on the inclusive and exclu-
—u* e~ branching ratio and the observables sive b—sf¢ ¢~ decay modes in Table |. These measure-
5 L ments are in agreement with the SM predicti@ within
fqmaxd MAE(B—Hu"w™) errors. The experimental constraints we use in our numerical
4mi dg? " calculations are given below. Note mat throughout this work
Ry= o dr(B—He'e )’ H=Xs, K™, we do not distinguish betweds andB.
j Hiat’s [o (i) The combined results of Belld9] and BaBai16] for
4mi do? the inclusiveb—st ¢~ decays yield the 90% confidence

(1.5  level intervals

2.8x10 °<B(B—X,e"e)=<8.8x10°% (2.1
2Some R-parity-violating SUSY models with horizontal flavor
symmetries do hav€gsp>m,. They can generate in general also 3.5x10 <B(B—Xut ™ )=<10.4<10°.
helicity-flipped coefficientsC/ [7]. (2.2
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The statistical significance of the Beli@aBap measure- where “low g2” denotes a cut below 6 GeA/ The errors on
ments of B(B—Xe'e ) and B(B—Xu"u~) is  theinclusive and exclusive ratios are due to a variation of the
3.40 (4.00) and 4.4 (2.20), respectively. To be conserva- renormalization scale and of the form factors, respectively,

tive, we also use in our analysis the 90% C.L. linji29] see Secs. IV and V.
L s (iv) The current world average of the inclusibe—sy
B(B—X.e'e )<10.1X10 >, (2.3 pranching ratio i§21,22
B(B—Xeu pu )<19.1x10°6, (2.9
B(B—Xgy)=(3.34+0.39 x10 4 (2.13

and compare their implications with those of E¢&.1) and
(2.2.

(ii) For the exclusive decay channgls7,18 we obtain
the following 90% C.L. ranges

with a photon energy cug,>m;/20.
(v) For the purely leptonic decays only upper limits exist.
The branching ratio of th8,— u" ™~ decay is constrained

at 90% C.L. ag23
3.9x10 '=B(B—Kete )<7.7x10 7, (2.5 ° $23]

+, - -6
3.0x10 7<B(B—Ku'u )<65x10°7, (2.6 B(Bs—u"p)<2.0<10°. (2.14

and Note that there are preliminary 90% confidence level limits
of 9.5x10 " and 16< 10’ from CDF and DQ respectively
6.5} 10 "<B(BK*e'e )<17.9<10°7, (27 [24]

—7 * 0+, - —7
6.7x10 '<B(B—K*u"pn")<17.0<107". (2.8 lIl. NEW PHYSICS CONTRIBUTIONS TO FOUR-QUARK

(i) Using the experimental results displayed in Table | OPERATORS
we find for the ratioRy In this section we address the question whether new phys-
ics contributions to four-quark operators can spoil our
Rx,=1.20£0.52, R¢=0.81+0.24, model-independent analysis. First, the QCD penguin opera-

tors O3 _g appear in the SM and many extensions to lowest

order only through operator mixing. They enter the matrix
Ricx[no cur=0.98+0.38, 29 element ofb—sy andb—s¢* ¢~ decays at the loop level.
Hence, their impact is subdominant and new physics effects
in QCD penguins are negligible for our analysis within cur-
rent precision. Secondly, and this will be the important effect

which translates into the 90% C.L. intervals

0.34<Ry <2.06, 0.42<Ry=1.20, discussed in the remainder of this section, it is conceivable
that the dynamics which generates large couplings to dilep-
0.35< Ry | o cui= 1.60. (2.10 tons, i.e., to the operator®sp, induces contributions to

4-Fermi operators with diquarks as well. We introduce the
Here, R« |no cut 1S defined aRRy« with the lower integration ~ following fermion f dependent operators
boundary in the electron mode taken to b@% since ex-
perimental data on th&—K*e"e~ branching ratios are
published only for the full phase space region. We do not
include effects from the small difference between the lower
cut me+e-=0.2 GeV of the experimental analysi$6,19  where for muons we identify the coefficient€f
and 2m,, used here. Furthermore, we neglect contributions to_ e2/(16,2)(Cs¥ Cp). We generalize here our assumption
B—Ke'e~ from the region belovg*=4mz,, where the rate (i) in the sense that the coupling strength is proportional to
is tiny due to the absence of the photon pole. The abovehe fermionmassm;, which naturally arises in models with
ratios should be compared with the predictions of the SM  Hjggs-boson exchange. In particular, the corresponding Wil-
son coefficients fob quarks proportional tan, can be po-
R>3<M: 0.987+0.006, R§M=1to_0001, tentially large. As will be discussed in the next section, cur-
s rent experimental data on the branching fraction Bf

—utu” imply®

Of =(sPrb)(fP f), OfL=(sPrb)(fPgf), (3.1

Riylno cur= 0.73+0.01, (2.1)

and 3In the MSSM with large tag there are corrections to the down-

SM _ " SM_ N type Yukawa couplingsee, e.g., Ref§25,26). These corrections
RXs ||0W q2_0'977— 0.009, Ricx =0.991+0.002, can be substantial iB decays, and have the form 1Aytanp)

(212 with |,|=0.01[26].

074020-3



G. HILLER AND F. KRUGER PHYSICAL REVIEW D69, 074020 (2004

the mixing of @, onto Og [27]. With the upper bound in Eq.
(3.2) we find that the new physics effect fro@E,R is small,

of the order of one percent faP,, but a few< O(10%) for
O,. The reason is simply tha&5“(m,) is more than an

order of magnitude smaller th&t"(my), which in addition
has a smaller anomalous dimension.

Other operators contributing in the SM but subleading in
the decayd—sy andb—s¢* ¢~ are also subject to similar

FIG. 1. Diagrams with an insertion of four-quark operators new physics effects. To be specific, the Wilson coefficients of
which contribute to the renormalization and the matrix element ofthe chromomagnetic dipole operator and the QCD penguin
the operato®,, and with an on-shell photon and no leptons’ta operators receive corrections from the diagrams in Fig. 1
with diquarks instead of leptons and the intermediate photon

\/|CE(mw)|2+ |Cg(mw)|2 replaced by a gluon. We find
2 2
e my(my) ~ 1 my
< ——V2(|C(my) |2+ |Cp(my)|?)=0.06. 6Cg(mp) = — 5 In — CA(my), (3.9
1672 m, my
(3.2 )
5y = — = 25 Wb
Here, we anticipated our result in E@.4), i.e., an upper 3.4(Mp) = 18 4 mkz) LW/

bound on |Csp| and evolved according to (3.6)
d(Cgp(u)/my(x))du=0, with the runningo-quark mass in
the MS scheme given in EqA2). 1
The Wilson coefﬁcientﬁi{’yR are nonzero to lowest order SC,eMy) = = s
interactions at the electroweak scaie-my, and can be sig- ’ 6 4m
nificantly larger than the ones of the QCD penguin operators
Cs_¢(M,)~0O(10™2). Hence, we have to study the potential which are relevant to hadroni decays' Quantitatively, the
impact of the ()I;)era’[()ré)f'_’R on our analysis ob—sy and renormalization of the gluon dipole operator can be order
b—s¢* ¢~ decays. one.(We study this in more detail belowThe impact on the
QCD penguin operators can be up to several percent. As
mentioned earlier, new physics contributions to the operators
?3,6 are subdominant irb—sy and b—s¢ "¢~ decays.

Since the renormalization @y by scalar and pseudoscalar
operators is small, too, we can safely neglect the effects of

b - S : . induced four-quark operators of the tyﬁ% in our analysis
Og into the penguin diagrams with an interratjuark and of semileptonic and radiative—s decays. We remark that

use fully anticommutingys. The contributions from the dia- scalar and pseudoscalar operators also mix with the elec-
gram with closed fermion loop vanish by Dirac trace and by P P

gauge invariance or vector current conservation, i.e., afteffoweak penguin operators7_, (see Appendix Aat order
contraction with the lepton current. For simplicity, we work a/4m. We have calculated for completeness the correspond-
in the “standard” operator bas® given in Appendix A. We ing anomalous dimensions, which can be seen in Appendix

. - - b b -

obtain nonvanishing contributions frolg and O to O, To get a more accurate estimate of the new physics cor-
and Oy, respectively. The diagrams with an intersajuark  rections to the magnetic penguin operators, we resum the
contribute to the helicity-flipped coefficients. They are sup-leading logarithms in Eqg93.3 and (3.5 by means of the

pressed by a factams/m;, and therefore can be neglected. renormalization group equations in ts schemd1]. Both
We obtain the following corrections to the Wilson coeffi- gperators 0% and ©P induce additional operators under

cients at the scalgp=my renormalization(see Appendix B The anomalous dimen-

miy
In— CP(my), (3.7
my,

A. One-loop mixing with pseudoscalar and scalar operators

Scalar and pseudoscalar four-quark operators enter radi
tive and semileptonic rare—s decays at one-loop level as
shown in Fig. 1. To estimate their impact, we ins@ﬂ and

1 2 sions of each set are known at next-to-leading ofti&rO)
= My 29|, with no mixing between the sets. We have calculated
5C(my) = 5In—3 CB(my), 33 29 g
b
m2 “The decayB— ¢Kg has been studied in Ref28] including
5"(’;9(mb): _|n_\’2V(;E(mW)_ (3.9 O(as) corrections to the matrix element. The leading logarithmic
9 my contributions in Eqs(3.5—(3.7), however, have not been taking

into account, which explains the hugedependence found in these
These infinite renormalization contributions survive in thepapers. We checked that the () terms of theO(as) correc-

limit as— 0, which is similar to what happens in the SM for tions are canceled by the contributions in E5—(3.7).
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&) &)

FIG. 2. Constraints 0§, ¢(up) from B(b—sy) for CB(my) =0 (left plot) andCB(m,y) = 0.06 (right plot). We also show the upper and
lower bounds orég(uy,) for the experimental limit3(B— X.g) <9% [33] (dashed lingsand for an assumed value B{B— X,g)<3%
(dash-dotted lines

the leading-order mixing OOE’R onto O5_4.° The anoma- &,(mp)=0.514+0.45C,(myy) + 0.03%g(myy)
lous dimensions are given in Appendix B together with the b
respective leading-order self-mixing of bc(ﬂﬂ and(’)E sets. ~2.31%CR(Mw), (39
Numerically, we obtain
£g(mMy) =0.542+ 0.4584(my) +19.79C(my,).  (3.10
5C7(my)=0.71Ch(my), SCg(my)=—2.95CR(My),
#(Ms) (M) o(Ms) (M) Given the upper bound in E3.2) corrections of up to 14%
(3.9 and 119% to¢; and &g can arise. We work out correlations
which implies sizeable contributions to the branching ratiogoetweens; and &g from B(B— Xsy) given in Eq.(2.13 and
of the radiative decays. We study the phenomenology in Sed3(B— Xs9) <9% at 90% C.L[33], using the analytical for-
Il B. mulas of Refs[34—36. We obtain the allowed regions at the
The mixing of scalar and pseudoscalar operators in Equ, Scale shown in Fig. 2 foCi(my)=0 (left plot) and
(B1) onto the dipole operators has been studied previously i€%(my,) = 0.06 (right plot). The theoretical uncertainty from
the context of the two-Higgs-doublet mod&1] and in su- the prescription of the charm-quark mass has been taken into
persymmetry with gluino contributions to—svy [32]. While  account by including both solutions obtained for,/my,
our results agree with the ones presented in B, they =0.22 and 0.2937]. From Fig. 2 we see thaAd,=0 for
are at variance with those given in R¢81]. In particular, ~C2(m,,)=0.06 is allowed by present data on the-sg
we disagree with the conclusion made therein that the scalaranching fraction. This particular scenario could be ex-

and pseudoscalar operators do not mix with cluded by an improved experimental analysis ofssg.
Also, if Cg(mw) is near its upper bound, it implies a contri-
B. Implications for the decaysb—sy and b—sg bution to the matching conditions f@w(mw) in order to

We now investigate the phenomenological conse uencetée consistent with experimental data.
g P 9 q In summary, we find that the impact & on the matrix

of the mixing effects presented above for radiatd/decays. -
To illustrate how large these corrections can be, we normaf€lement ofOq is small, at most a few percent, and thus can

ize the Wilson coefficients in the presence of new physics tée neglected. On the other hand, contributions to the dipole
the ones in the SM, and denote this ratio fysuch that OPerators are in general non-negligible. They can be avoided

£M=1. We obtain to next-to-leading order in the SM opera-assumingCg(my)=0, i.e.,

tor basis and to leading logarithmic approximatiorﬂﬁ

5The computation of the anomalous dimensions at NLO is beindn the remainder of this work we discuss the phenomenology
performed in Ref[30]. with and without this constraint. Note that the absence of
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logarithms in the matching conditions f@7,8(mw) from

PHYSICAL REVIEW D69, 074020 (2004

wherem,=m./m,, s=qg%m?2 andA; ,Ty,Uy,W, are given

neutral Higgs-boson exchange in a two-Higgs-doublet modeh Appendix D. The functiorh(z,s) originates from the one-
type 11 [26,38 is consistent with the fact that in this model |oop matrix elements of the four-quark operatds_g (see

Eq.(3.1)) is satisfied 2]. This is also the case for the MSSM Fig. 1) and can be found in Ref5]. The functionsw; ,F

with MFV at large tan3 [3].

IV. MODEL-INDEPENDENT ANALYSIS

I
arise from real and virtuak corrections. They can be sJeen
in Refs.[5,39 together withw,q which replacesv; and wq

in the interference term REECE™) in the decay rate. In
the calculation of the decay rate we expand in poweraOf

In this section we give the theoretical framework that weand retain only linear terms. Note that thg include only

use to analyze the decayB—X.y, B—X/£"¢", B
K&t Beoptu.

We then work out model-

that part from real gluon emission which is required to can-
cel the divergence from the virtual corrections to the matrix

independent constraints on the coefficients of the operato@lement of theD; . Further gluon bremsstrahlung corrections

07_ 10 and OS,P .

A. Wilson coefficients and matrix elements

The matrix element of inclusive—s¢* ¢~ decays con-
tains contributions from the photon dipole operat®y, the

in b—st¢*¢~ decays[40,43 are subdominant over the
whole phase space except for very low dilepton mass and are
not taken into account here. In our numerical analysis we
choose a low value for the renormalization scaje,
=2.5 GeV, because this approximates the full NNLO dilep-
ton spectrum by the partial one, i.e., with the virt@(«)

dilepton operator)s ;o and in models beyond the SM also SorrectionsF{’3%=0 in Eqs.(4.1) and(4.2) switched off{9].
from Ogp. The decay distributions in the SM are known to This is beneficial since thg;; are known in a compact ana-

next-to-next-to-leading ordéNNLO) [5,39—41, which cor-

lytical form only for the low dilepton invariant mass region

responds to NLO ith—sy. We use the NNLO expressions [39]. For the exclusiveB—K®*)¢* ¢~ decays we set,

for the operatorg); g ;pand lowest order ones fdds p since

=0, since these corrections are already included in the cor-

O(a) corrections to the matrix elements of leptonic scalar@sponding form factors. We do not take into account hard
and pseudoscalar operators in these decays are not knowrSPectator interactionisi4].

Further, we assume that the contribution from intermedi-

Below we work out model-independent bounds An

ate charmonia has been removed with experimental cutsA +A". They differ from the “true” Wilson coeffi-
Nonperturbative correctiongt2] affect the branching ratio cientsC; by penguin contributions that restore the renormal-
by at most few percent and we do not consider them herdzation scheme independence of the matrix elen2ft In
We neglect the mass of the strange quark but keep the mud@tldition Aq contains logarithms from insertions of the four-
mass consistently, because according to our assumfitjon quark operator®); g into the diagrams of Fig. 1. Explicit
alsoCg p counts as one power ofy and can be enhanced in formulas relatingA; and C; are given in Appendix D. As

models beyond the SM.

discussed in Sec. I, we neglect new physics contributions to

The dilepton invariant mass spectra for inclusive and exthe QCD penguin operators. In our numerical study we use
clusive b—st* ¢~ decays are given in Appendix C. The fg =200 MeV and 238 Me\[45] and the parameters given
effective coefficients which enter the decay distributions arén Table Il of Ref.[9] except for B(B— X {v,)=10.80%

written as[5,39

Cef=|1+ L) (3 Al )
_ag(p) S EOE)CO(w) +FOEAL () |,
Am |iS»
(4.2)
Tet=| 1+ T 3 Ao+ Toh(AE.8
+Ugh(1,5)+Wsh(0,5)]
s( ) ~ o
- % 2 OGO+ FPEAD ()|,
(4.2)
~eff_ ag(um) ~
Csfi={1+ wg(S) |Argl ), 4.3

[46]. Form factors and their variation are taken from Ref.
[10]. We give the SM values for completeness:
ASM(2.5 GeV)=—0.330, A3M(2.5 GeV)=4.069 and Ay
=—4.213.

B. Constraints from Bg—ptp~

An upper limit on theB,— " u~ branching ratio con-
strains the scalar and pseudoscalar couplings

VIC(w)[2+|Cp( ) + 81 )2

_ . 11/2
_, BBs—u 1) [T TIVVEI ] mo(p)
7 2.0x10° 0.04 | |44 Ge
238 MeV]|[ 1/133
X . (4.9
fBS o

Here, we neglected the factor {-14mi/m§s) in front of

|Cs|?2, see Eq. (C3), and defined &i(u)
=2mﬂmb(,u)/m§sAlo. The bound given in Eq2.14 also

implies the upper limits
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10
S_
= 0
—54
~101 '
-10 s 0 5 10 10
Ag(2.5 GeV) Ag(2.5 GeV)
10
5;
2 01
_5-
-10_ | . . '
-10 s 0 5 10

Ag(2.5 GeV)

FIG. 3. Allowed regions in thé\g—A 4 plane in the presence of scalar and pseudoscalar operators from data on ifzlusi¢é¢ ~ and
b— sy decays for different values &;. The shaded areas are obtained from the upper bouR{Br-X.e*e~) and the lower bound on
B(B—Xeu" 1), Egs.(4.7) and (4.9 with fg, =200 MeV. The two remaining contours indicate the allowed regions from the 90% C.L.
measurement d8(B— X.e*e™) given in Eq.(4.8). Since the bounds froli(B— Xeu ™t u ™) for st= 238 MeV give very similar results, we
do not show the corresponding contours.

B(Bs—ete )<4.7x10°Y, B(Bg—777)<42x10%  As(up)~*+AM(up) are allowed. This is the case if Eq.
(4.5 (3.11) is satisfied. We update the NLO analyses[ 8§35
with the inclusiveb—sy measurement in Eq2.13 and

C. Constraints from b—sy B(B—X.v,)=10.80% and obtain the rangesu
. . . =25 Ge
The measureth— sy branching fraction puts constraints V)
on the dipole operators. In the absence of scalar and pseudo- —0.36<A,<-0.17 or 0.2kxA,<0.42. (4.6

scalar couplingi:% (see Sec. ), which renormalize both
electromagnetic and gluonic operators, the two solutionghe corresponding correlation betweérn and Ag can be
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TABLE II. Upper bounds on the ratioRy for different Csp
scenarios forAg ;o being SM-like and in parentheses without this
constraint. Data ob—sy, b—st™¢~, Bs—u"u~ and Ry are
taken into account.

Ratio SM  Cgp=0 Cs=—Cp Cg#—Cp
Rk 1.00  1.00(1.00 1.20(1.20  1.20(1.20
Ry 099 1.00(1.00 1.11(1.12 1.12(1.12
Reslnocst 074 0.91(0.97  1.01(1.07  1.11(1.12
Ry, 0.98 0.990.99 1.08(1.09 1.08(1.09
Relowgz ~ 0.97  0.990.99 1.05(1.0§ 1.07(1.07)

seen in the left plot of Fig. 2. Fo@E(mW)zo.OQ on the
other hand, the experimental constraints An are much
weaker(right plot of Fig. 2.

D. Constraints from b—sl*|~

In the presence of new physics contributions proportiona

to the lepton mass we use data on the electron modes
constrain the dilepton couplingég 1,. From the upper
bound onB(B— X.e"e™) given in Eq.(2.3) we obtain

9.0 for

8.9 for

A;>0

\/|A912j8 24| A=

V|Ag+0.192+|A,J?<9.1 for A;=0.
(4.7)

The range oB(B— X.e"e™) given in Eq.(2.1) yields upper
and lower bounds

8.4
8.3

for A,<O

A,>0

3.8 -
3.3 S\/|A9 +(1’:g§2+|A10|2s for

4.8<\|Ag+0.152+|A,J?<8.5 for A,;=0.
4.8

Similar bounds can be obtained from data on the muo

modes together with the upper limit @x p in Eq.(4.4). The
lower limit on B(B— Xsu " ™) in Eq. (2.2) yields

3.8 (3.5 for

3.5 (3.2

A;<0
A,>0

VIA T 1d 2+ A=

for

V|Ag+0.152+|A>=4.7 (4.4 for A,=0
4.9

for st=238 MeV (200 MeV). Our constraints 0hg 19
given in Egs.(4.7)—(4.9) are displayed in Fig. 3. Like in the
analysis with the restricted SM basis [i8], Ag=A,=0 is

n
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E. Constraints from Ry

The experimental bounBx=<1.2 in Eqg.(2.10 provides
constraints on the scalar and pseudoscalar Wilson coeffi-
cients complementary to those from tBg— u ™~ branch-
ing fraction given in Eq(4.4). Varying A; g 10 according to
Eqgs.(4.6), (4.7—(4.9) we obtain u,=2.5 GeV)

V|Cg2+|Cp+Ayd?<4.5. (4.10

Here, A stems from the interference term ©f andAgin
theB—Ku™ u~ rate, see Eq(C4), which can be neglected
for large values oCsp . If the bound orRy improves e.g. to
1.1, then the value on the right-hand side of the above equa-
tion changes to 3.2.

V. CORRELATION BETWEEN B —p*p~ AND b—s¢* ¢~
DECAYS

In this section we study correlations between the ratios
Ry defined in Eq(1.5) andB(Bs— 1" 1 ~). We restrict our-
Felves to the cas€s=—Cp, hence a vanishing\; is ex-
%uded as shown in Sec. Il B. We further assume thafo
are SM valued whiléA; is allowed to vary in the intervals
given in Eq.(4.6). This particular scenario is, for example,
realized in the MSSM with MFV at large tgh The maxi-
mum values ofR,, are summarized in Table [see Sec. VI
for further detail$ for different new physics scenarios.

The correlations depend sensitively on the decay constant
of the B; meson. We display our results fog_=200 MeV
and 238 MeV except for the inclusive decays, where we vary
between these two values. As described in Sec. IV we use the
partial NNLO expressions. Therefore, the plots are obtained
for fixed renormalization scalg,=2.5 GeV. For the analy-
sis of the exclusive decays we show the uncertainty from the
form factors.

The SM predictions for the ratioR,, are summarized in
Egs. (2.11) and (2.12. The theoretical uncertainty for the
inclusive decays is due to the variation of the renormaliza-
tion scale between 2.5 GeV and 10 GeV. Since we are using
the partial NNLO expressions this small error below one
percent orRil\" might even be overestimated. For compari-

son, we give the corresponding numbers at NR@S\"'NLo
0.974+0.006 andR3"""t%q,, 2=0.972£0.005. The SM

prediction for theB,— u™ u~ branching ratio is (3.61.4)
X 10" %, where the main theoretical uncertainty results from
the B¢ decay constant. It can be considerably reduced once

the B2-B? mass difference is knowf#7].

A. Exclusive B—K¢*¢~ decays

Figure 4 shows the correlation betweBp and theBg
—u*u” branching ratio for two values of thg;-meson de-
cay constant and different signs&f andCp . As illustrated
by the solid lines in the upper left plot, the dependenck,of
on the form factors is very small and hence this observable is
useful for testing the SM. For comparison, the uncertainty on
theB— K¢ ¢~ branching fraction due to the form factors is
~30% [9]. While being consistent witlB— u ™ data

excluded even in the presence of new scalar and pseudgiven in Eg.(2.14), an enhancement CREM by ~60% is

scalar interactions.

excluded by the current upper limit d®¢ (dotted lines.
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B(By — ptu~) x 108

1.6 7
A7 >0

B(Bs — ptp~) x 108

B(Bs — ptu~) x 10°

1.6
A7>O
Cp>0

B(Bs — ptp~) x 108

FIG. 4. Correlation betweeRy and theB,— u™ .~ branching ratio for different signs &, andCp, two values of'fBS in MeV and
Ag10= AS,“{'O. The shaded areas have been obtained by varyin@th& form factors according to Ref10] andA; as given in Eq(4.6).
In the upper left plot, the form factor uncertainty is illustrated for fi»@g'i:A?M and st= 200 MeV by solid lines. The dotted lines
correspond to the 90% C.L. upper limit & in Eq. (2.10. Dashed lines denote the SM prediction Ry .

Furthermore, the ratidR¢ provides a bound orCgp
which is competitive with the limit fromB(Bg—u" ™) in
Eq. (4.4). For two values oRg we find (u,=2.5 GeV)
3.2 for Rgx=1.2,

2.3 for Rgx=1.1,

Vlcd?+|Cp—0.4%< (5.1)

whereas data oB,— u " u~ decays give

1/2

B(Bs—u'pu™)
2.0x10°°

238MeV

¢|cs|2+|cp—o.132s3.s{

fe,

(5.2

We recall thatRx=1.2 corresponds to the current 90% C.L.
upper limit, see Eq(2.10.
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09 9 05 1 1.5 2 09 05 1 15 2
B(Bs — ptu~) x 108 B(Bs — ptu~) x 108

B(Bs — ptu~) x 108 B(B; — ptu~) x 108

FIG. 5. Correlation betweeRy« and theB,— u ™ u~ branching ratia'see Fig. 4 for details The dotted lines represent the maximum
value of R¢» consistent with the experimental upper liflg=<1.2. Dashed lines denote the SM prediction Ryt .

B. Exclusive B—K* ¢ ¢~ decays C. Inclusive B—X 1€~ decays

The results forRx» versus the branching ratio d In Fig. 6 we show the correlation dRX with the B
—u*u~ are shown in Fig. 5. Note that the variation from —u'w branching ratio for the full spectrum W'mﬂaxwl

the form factors is much larger thanRy . This is caused by (upper plots and for the low dilepton mass Witlyay

the form factorA,, which drives theCgp contributions to = 0-26 (lower plots. Order one effects irRx_ from scalar

Ry«. Its theoretical uncertainty in light cone QCD sum rulesand pseudoscalar interactions are excluded by current data on
[10], which we use in our analysis, is twice as large aéjn Bs—u 1, contrary to the results of Refl5] but in agree-
relevant forR, . New physics effects iR+ can be as large ment with Ref.[48]. We find a maximum value oRy_ of

as 30%]allowed byBs— u™ u~ data in Eq.(2.14] but are  1.08 (full spectrum) and 1.05(low dilepton massfrom the
restricted to be less than 12% once dataRprare taken into  experimental upper limit orRx . These bounds on thB
account. For the ratio with no lower cut on the electron mode— X" .~ branching ratio are similar to the ones frddyg

we find including all constraintRys|no i =1.01, an en- —u*u~ data previously obtained if48]. While an en-
hancement of 36% over its SM value. hancement of th8— X.u " u~ branching ratio 0f0(10%)
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0 0.5 1 1.5 2 0 0.5 1 1.5 2
B(Bs — ptp~) x 109 B(Bs — ptu~) x 108
1.2 7 1.2 1
A7 <0 low-g? region A7 >0 low-q? region

1.14

B(Bs — ptu~) x 108 B(Bs — ptu~) x 108

FIG. 6. The dependence &_on theBs— u ™ u~ branching ratio for different signs &; andCp, andAg ;5= A§""1"0. The upper plots
correspond to the whole dilepton invariant mass spectrum while the lower ones correspond toqRedgion as described in the text. The
shaded areas have been obtained by varf/glg)etween 200 MeV and 238 MeV ad, according to Eq(4.6). In the left plots, the solid
lines indicate the uncertainty from the variation quj for fixed A;= ASM and Cp<0. The dotted lines represent the maximum allowed
values ofRy_obtained forRc<1.2. Dashed lines denote the SM prediction Ry

is within the uncertainty of the SM prediction, a correspond- Os,p with dileptons. In our phenomenological analysis we

ing effect in the ratioRy_can be well distinguished from the took into account experimental constralnts from inclugive

SM ones. —8y, b—st™¢~ ({=e,u) andB—u" u” decays Fur-
ther, we used data on the ratio &—Kuu~ to B

V1. SUMMARY —Ke"e™ branching ratiosRx. We made a few assump-
tions to facilitate this analysis: no right-handed currents, the
We performed for the first time a model-independentcouplings to the scalar and pseudoscalar operators are driven
analysis ofo— s processes in an extended operator basis, thby the respective fermion mass and @P violation beyond
SM one with©;_, plus scalar and pseudoscalar operatordhe CKM matrix.
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We studied the effects of scalar and pseudoscalar oper®— K decay, dominates the rate for very low dilepton mass.
tors involvingb quarksOE’R. Already at zeroth order in the The inclusive decay with the spectrum integrated only over
strong coupling constant these operators mix onto the SNhe low dilepton invariant mass is even less sensitive, since
basis:O° proportional toCs— Cp onto the 4-Fermi operators the IePton-mass-dependent contributions are suppressed by
with dileptons and?% proportional toCs+ Cp onto the pho-  smalls, see Eq(C18).
tonic and gluonic dipole operators. Furthermore, we find that Contributions from scalar and DSEUdOSwaf operators with
the QCD penguins get renormalized@gas) by OF . While VA handedness can be |n,cluded in Be- € ¢ bra+nc[1-
being negligible inb—s¢* ¢ ~, these corrections are impor- N9 ratio by CSVP_’CSP—C,S,P and into theB— K¢ ¢
tant for hadronicb decays. In particular, they cancel the SPECIrUm b>CS,P_’CS,P+CS#P-7Hence’ the correlations we
strong dependence of thB— ¢K ¢ amplitude reported re- Presented betweeB(Bs—u"u ) an,d R break down if
cently in Ref.[28]. The lowest order anomalous dimensions P0th chirality contribution€s p andCsg p are non-vanishing.

; ; ; inceRy constrains the sum arBL,— " 1~ the difference
involving (’)Ee and the dipole operators have been calculatec? "€ Rk > .
before in Ref.[32], whereas the ones Witl@f and the of the coefficients, combining these twd&qgs. (4.4 and

4-Fermi operators are a new result of this work. Numerically,(4'1®] yields an upper bound on the magnitude of the indi-

we find that forCo= — Cp the effects of0P  are negligible  vidual coefficients of C{h|<4.3. This excludes large can-
for our model-independent analysis. However, fi cellations and holds even with right-handed contributions to

+# — Cp there is a significant impact from scalar and pseudon® SM operator basis. N

scalar couplings on the dipole operators. In particular, the !N conclusion,b—s¢™¢™ induced decays can have a
branching ratio for the decaly—sy can be obtained com- splitting in the bre_mchlng ratios depending on the final !epton
pletely without any contribution from the electromagnetic lavor from physics beyond the SM. Hence, averaging of
dipole operator®,. This rather extreme scenario could be electron and muon data has to be done carefully in order not

excluded by improved data on the-sg branching ratio, as to yield a model-dependent result. The effect from scalar and
illustrated in Fig. 2. Except for the case @6=0 t,he pseudoscalar couplings is best isolated in the theoretically

bounds we obtain on the coefficierfis ;o are similar to pre- clean observable®, with the same cuts on the dilep_ton
vious results in the SM operator bas®]. The nontrivial MassOn the other hand, the ratRy« |y, cuiConstructed with
renormalization effects we encountered show that a modePfysical phase space boundaries is also sensitive to new

independent analysis can be quite involved in an enlargeBNYSics not residing i€sp, as can be seen from Table II.
operator basis. Note addedThe lowest order mixing of scalar and pseu-

doscalar operators onto the SM basis calculated in Sec. Il A
has been taken into account in a revised version of the first
paper of Ref[28].

We worked out correlations between the rattysdefined
in Eq. (1.5 and theBs—u" u~ branching ratio forCg
=—Cp andAg ;o being SM-like, summarized in Figs. 4—6.
This particular scenario also applies to the MSSM with MFV

at large tarB. Figure 4 shows that a bound &g implies a ACKNOWLEDGMENTS
bound onB(B— " x~) and vice versa. Current data on ) _ _
these observables yield very similar constraints @gp We would like to thank Martin Beneke, Christoph Bobeth,

given in Secs. IV and V. Note that in the above-mentioned3erhard Buchalla, Andrzej J. Buras, Athanasios Dedes,
MSSM scenariadB(B,— u* 1) andBO-BY mixing are cor- Thorsten Ewerth, Martin Gorbahn, Alex Kagan and Thomas
S S S

related[26]. A similar correlation betweeRy and in general Rizzo for useful discussions. We also thank Andrzej J. Buras

. . i for his comments on the manuscript. G.H. gratefully ac-
with larger theoretical errors also with the othRis and knowledges the hospitality of the theory group at SLAC,

Bs-Bs mixing then holds in this model, too. We stress that inyhere parts of this work have been done. F.K. would like to
our analysis we take into account information on branchinghank the theory group at CFIF, Lisbon for hospitality while
ratios only from inclusive decays. The data on exclusive depart of this work was done. This research was supported in

cays enter our analysis only vigx which depends only part by the Deutsche Forschungsgemeinschaft under contract
weakly on the form factors, as can be seen from Fig. 4. The.706/1-2.

largest theoretical uncertainty in the correlations is due to the
Bs-meson decay constant.

We further calculated the maximal allowed values of the APPENDIX A: STANDARD OPERATOR BASIS
ratiosRy, summarized in Table II. Since we use the partial
NNLO expressions for the Wilson coefficients, they have
been obtained at the scalg,=2.5 GeV. We see that large, o _
order one corrections to the respective SM values are already O1=(S,7uPLCp)(Cy*PLb,),
excluded. Note that these upper bounds are insensitiflgsto
because current data &tx<1.2 are here more constraining
thanB(Bs— u* ™). The effect fromCgp on B—K decays
is always bigger than oB—K* and B— Xg decays. The
reason is that besides dlf“ferent2 r]adromc _matnx ele.ments in Ds=(5,7,PLby) S (Qp7*PLap),
these decays the photon pdke;|“/s, which is absent in the q=u.ds,c,b

In this appendix we give the “standard” operator bgd4is

0,=(8,7,PLC)(Cay*P by,
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@4:(;61’}/MPLbB) > (EBY”PL%),
g=u,d,s,c,b
Os=(547,PLba) 2 (dpy*Prdp),
gq=u,d,s,c,b
66:(;117MPLbB) 2 (aﬁ')"uPRQa)r
g=u,d,s,c,b
e 3 — _
07:§(Say,upra)% Qq(apY*PrUp),
~e 3 — _
BZE(Sa’yMPLbB)g Qq(qB’yMPRqa)v
e 3 — _
05=5(Sa7uPLba) 2 Qq(dpY“PLllp),

- 3 — —
0= 5 (Se7uPLbp) 2 Qq(0p7*PLa).

a9 16 ag(p)

— mpol
k)= {1 an 3 aymp

with y(9=8, y(V=1012/9, B,=23/3, B, =116/3.

APPENDIX B: NEW OPERATORS AND MIXING

The new physics operators containing scalar, pseudoscalar

and tensor interactions are written as
O11=(S,Prb,) (b,PLb,),
O12=(S,Prbg) (bgPLb,),
O13= (S,Prb,) (b,Prb.,),
O14=(5,Prb) (DPRD,),
015= (8,0 4,PRDA) (0,0 PRD,),
@16: (;ao-p,VPRbﬁ)(HBO-MVPRba)’

(B1)

whereo,,=(i/2)[y, ,v,] andOi; 1=} g in Eq.(3.1). For

completeness, we give their lowest order self-mixing

[29,32,49, i.e., among?;;, 04,

PHYSICAL REVIEW B9, 074020(2004

e

6 =
" 1672

mb(gao-p.VPRba) FMV!

Os

On=
8 1672

My(S40,,, T2 sPrb ) G2,

N _
09:@(Sa’yMPLba)(€'yM€)a

2

€ — —
O10= 5 (SaV,PLb) (€ v*y50). (A1)
167

HereQ, denotes the charge of tlygquark in units ofe, @, 8
are color indices,a labels the S(B) generators,P, g
= (1% y5)/2 andmy=my(w) is the running mass in thelS
scheme,

Oz,
Rl A B () — a(mf™) 82)
280 2p2 A '
[
a.[—16 0
Y“anl -6 2| (82
and among?ys, . .. ,O16
-16 0 13 -1
L a| 6 2 —12 -6 53
Y"4m| 16 -48 16/3 o |- ®
—24 -56 6 —38/3

We obtain the following lowest order anomalous dimensions
for the mixing of 013, . . . O3 0nto O7 ¢

Y13-16,7= Qd(1N¢, —[4+8N.],—[4N.+8]),

Y13-16,6=(1,0,-4,—8), (B4)
and of Oy, 1,0nt0 O3, . . . 0,04
al{1 1
711,3—6:E§ N_c’_l’N_c’_l ) 712,3—6:01
2Qq 2Qq
YiL9T 3 Y1297 NCT! (B5)
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whereN, is the number of colors. Note that E@4) is in . a  4Qy
agreement witfi32]. For the mixing of®y; 1, onto the elec- Y12,7-107 T ENC 9 (1,0,1,0. (B6)
troweak penguin operato®s, . .. ,0%,, we find
e a 4Qq L. . . . .
Y1,7-100 T 4o T(l,O,l,O, The remaining leading order anomalous dimensions vanish.

APPENDIX C: DIFFERENTIAL DECAY DISTRIBUTIONS

We neglect thes-quark mass and introduce the notation

. PR 4m?
mi=m;/mg, s=q°/mg, u(s)="\/\l1-—], (Cy
S
)\El+rAni(*)+§2—2§—2rAni(*)(l+§)
for the exclusive decays and
m=m; /mf®, s=q?(mp"%?2 (C2

for the inclusive modes. Then, the various decay distributions in the presence of scalar and pseudoscalar operators can be
written as follows.

1.Bg—€te™
Gfa?m; f3 am?2 4m?\ Mg Cs‘z ms Ce  2m 2
T(Beo b )= S|V VE2y [ 1— — | 1- 1| | — A" , (3
s 643 VipVi més més mp | M Mg, 10
with A, defined in Eq(D4) andCgp=Csp(u), Mp=my(u).
2.BoKete™
dI'(B—K¢ ¢™) GZa’my R u(s)? . AU
- = VioV352u(s)] (JA'[>+[C %) x— +4|C'|?m{(2+2mg —)
ds 21075 3

+8REC/D *)m(1—m2)+4|D’|2Mm2s+ |Tp|?s+|Tg/2(5—4m?2)

+4Re(D'T;)ﬁwe§+4Re(c'T;)rm(1—r‘nﬁ)], (C4
|
with r _gaeff 2 2 2r:\nb ~effe (2 1_&]% 2
A'=Cg(s)f (s)+ —=C7f1(s), (CH Tsp=——=—Cspfo(s), (C9
1+mg my
C'=C5f . (9), (Co)
., where the definition of the form factors can be found in Ref.
1-mi - - [10]. The Wilson coefficient€e™ can be obtained from the
D'=——"CSMfo(s)—f : C - it
s 10 fo(8) =T (S)] St ones in Eqs(4.)—(4.3) with w;¢7¢=0.
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3.B—K*¢T¢™
dl'(B—K*¢*¢™) GZa’my PR} I 2m? N
e ~ i [VipVig“u(s) 3 RSN 1+T +|E|*su(s)
1 us? ., . ., us? ., . o,
+4Fn§*(|8|2 N3 +8Mi. (S+2m7) | +|F|3 N — 3 T 8Mx(s—4mp)
u(s)? us? ., AP
+ Ai*(|c|2>\— 3 +|G|2)\—T+4m€(2+2mK*—s)
1 . us)?| ., . . Us)?| ., e,
a2 Re(BC*)| N = —5—| (1= M =) +RE(FG*)| | A= ——| (1= Mig,, —S) +4m{)
K*

~2 * * -2 A -2 22 A 22 A
—2mi[Re(FH*) —Re(GH*)(1—mj.)]=5— + Mi|H|*s=5— +|Xp| s4A2

K My« My«

IR W . . A
+|XS|2(S—4m§)W—mg[Re(FX’F‘,)—(1—mi*)Re(GX’F‘,)—sRe(HX’F‘,)]r}I—2]. (C9)
K* K*

Here,
2 . . Am. .
A= ———CEM(SV(8) +——CT,(5), (C10
l+mK* S
. A . 2m . .
B=(1+mex)| CE(8)AL(5) + Tb(l—mK*)csfsz(s) , (c11
~ 2
C= ! [(1—& )Eeﬂ(é)A(§)+2ﬁ1§e“T(§)+1_mK*T(§)] (C12
= <5 K* )9 2 b7 | 3 = 2 )
1—mK* S
2 -
E= WC]_OV(S), (Cl3)
K*
F=(1+mg«)C5AL(S), (C14
1 i -
G= ?CNAZ(S), (C15)
K*
1. . . . .. .
H = gClO[(l+ mK*)Al(S) - (1_ mK*)Az(S)_me*Ao(S)], (Clﬁ)
2Mgx .
Xsp=— ﬁ]—AO(S)CS,P , (C17

b

with the form factors defined in Ref10]. Thef:ieﬁ’s are given in Eqs(4.1)—(4.3) with w7 9-,5=0.
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4. BoX L0
AT (B—XL €™) GZa?(mp®s A 4m?
BoXtE) Sealm ) vala-21-
ds 3x287° s
o 4|CeM2(2+5) 2m? -
x[ 12 RQC?“CS“*)ﬂLL + = | +6m2(|CS2—- TH12)
S S
2m¥(1-5)| 3. 4m3
+(|C8"2+Csh 1+2$+€—l 58 (1—— |Csl?+[Cp[? +6m€Re(CpCeﬁ*)},
S S
(C19
with C*" defined in Eqs(4.1)—(4.3). [Equation(C18) agrees with Ref[7] for m¢=0.]
APPENDIX D: AUXILIARY COEFFICIENTS
A—4WC<>1<>4C<)20<>8°<) (DY)
a7 e Cs(u A Cs(u Colu
(0)_ () (0) Lo (0) 100
Ag'=Cg (1) +C37 (1) =5 Ca(m) +20C57 (1) =5 Ce(m), (D2)
6
A=4—7T ( )+2 Ci(w) <°>|n—+ 3Cal )+64C( )+64C( ), (D3)
gaS(M)QM M) Yig “ 3l stM)T 5706l
Aqr
Ar=———Cig(1), (D4)
as(p)
4
To=73Ca(u)+Calp) +6Ca(p) +60Cs(1), (D3)
32
U= 5Cali)~ 3 Cal ) ~38Cs( )~ 5 el o), (D6)
1 32
W9=—§C3(,u)— C4(M) 8Cs(u) == Ce(u), (D7)

whereC;(u)=CO(u) + ag(u)/(47)CH(u)+ - - - and thEy(O)'S can be found in Ref5].
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