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Effects of an extraU(1) axial condensate on the radiative decay’— vy at finite temperature
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Supported by recent lattice results, we consider a scenario in whigfll-breaking condensate survives
across the chiral transition in QCD. This scenario has important consequences for the pseudoscalar-meson
sector, which can be studied using an effective Lagrangian model. In particular, generalizing the results
obtained in a previous papéwhere the zero-temperature case was consiglevesl study the effects of this
U(1) chiral condensate on the radiative deegy— yy at finite temperature.
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I. INTRODUCTION E(U,UT,X,XT,Q)
i ; ; 1 to L + t +
There is evidence from some lattice resilts-3] that a = ETr(&MU(?"U )+ E&MXﬁ“X -V(U,U" X,X"

new U(1)-breaking condensate survives across the chiral
transition atT.,, staying different from zero up to a tem-
peratureTy(1)>Ten. Ty is, therefore, the temperature at
which the U(1) axial symmetry is(effectively) restored,
meaning that, forT>Ty,), there are noU(1)-breaking
condensates. This scenario has important consequences for
the pseudoscalar-meson sector, which can be studied using
an effective Lagrangian modgt—7], including also the new where the potential terid(U,U",X,X") has the form
U(1) chiral condensate. This one has the foi@y )
=(Oy(1)), Where, for a theory with_ light quark flavors,
Oy is a 2 -fermion local operator that has the chiral trans-
formation properties of8]:*

i
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Ouy)~delaspdi) +detqs air). 1.9
c
—2—j§[de(U)xT+de(uT)x1 (1.3
wheres,t=1, ... L are flavor indices; the color indicésot

expli(;itly indi(;ated in Eq:(l.l)] are 'r':\rranged in such away =diag(m,, . ..,m,) is the quark mass matrix ardlis the
that (i) Oy, is a color singlet andii) Cy(1)=(Ou()) IS @  (gpological susceptibility in the pure Yang-Mill§YM)
genuine2L -fermion condensate; i.e., it has desconnected {heory. (This Lagrangian generalizes the one originally pro-
part proportional to some power of the quark-antiquark chiposed in Refs[10], which included only the effects due to
ral condensatéqq) (see Refs[6,7,9). the anomaly and theq chiral condensateAll the param-
The low-energy dynamics of the pseudoscalar mesons, ireters appearing in the Lagrangian must be considered as
cluding the effects due to the anomaly, the chiral conden-  functions of the physical temperatufe In particular, the
sate, and the new (1) chiral condensate, can be described,parametersg, andpy determine the expectation valugs)
in the limit of large numbeN,, of colors, and expanding to and{X) and so they are responsible respectively for the be-
the first order in the light quark masses, by an effective Lahavior of the theory across tt&U(L) ® SU(L) and theU(1)
grangian written in terms of the topological charge densitychiral phase transitions, as follows:

Q, the mesonic fieldJ;; ~aquiL (up to a multiplicative con-

- 1
stan}, and the new field variablX~det(qsgd; ) (Up to a pﬂrr|T<TChE§F727>01 pW|T>Tch<O'
multiplicative constant associated with the neW (1) con-
densatg4—7]:

1
pxlr<Ty 0= EF’2<>O’ pxlT=1,,,<0. (1.9

Throughout this paper we use the following notation for the left- The parametef . is the well-known pion decay constant,
handed and right-handed quark fieldg:g=(1* ys)q/2, with ys ~ While the parameteFy is related to the newJ(1) axial
=—iy2yy23. condensate. Indeed, from Eq1.4), pyx=3iF3>0 for
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T<Tyq. and therefore, from Eq1.3), (X)=Fy/y2#0. U—U'=¢e’Rue QX _X'=X. (2.2
Remembering thaX~det(qsgg; ), up to a multiplicative
constant, we find thatFy is proportional to the new
2L -fermion condensat€;)=(Oy 1)) introduced above.
In the same way, the pion decay constant, which con- _ : _

trols the breaking of the&SsU(L)®SU(L) symmetry, is re- D,U=0d,U+ieA[QU],  D,X=d,X. 23
lated to theqq chiral condensate by a simple and well- HereQ is the quark charge matriin units ofe, the absolute
known proportionality relation (see Refs. [4,7] and  value of the electron charge

references therejn(qiqi>T<Tch:—%BmFW. (Moreover, in
the simple case of light quarks with the same mass,
m,%,s= mB,,/F . is the squared mass of the nonsinglet pseu- _
doscalar mesons and one gets the well-known Gell-Mann— Q=
Oakes—Renner relatiomy =2~ — 2m(q;q) <., .)
It is not possible to find, in a simple way, the analogous
relation betweenFy and the new condensat€y In addition, we have to reproduce the effects of the electro-
=(Ouq))- magnetic anomaly, whose contribution to the four-divergence
However, as we have shown in a previous pajddl,  of the U(1) axial currenﬂsfayﬂsq and of theSU(3)

information on the quantit§y [i.e., on the newdJ (1) chiral . a_ . .
condensate, to which it is relatedan be derived, in the axial currentsA,, qyﬂ%(Ta/ﬁ)q [the matricesr,, W't.h
a=1,...,8, are thgenerators of the algebra &U(3) in

realistic case ot =3 light quarks with nonzero massewg,, . : o
o the fundamental representation, with normalization
my, andmg, from the study of the radiative decays of the Tr(7,75) = Sac]. is given by
a’b)— Yabl»

pseudoscalar mesongsand ' in two photons. In Ref[11]
only the zero-temperature cas€é=£0) has been considered (935, )EMm =2 THQA)G
and a first comparison of our results with the experimental Hanomaly

Therefore, we have to replace the derivative of the fields
d,U andg, X with the correspondingovariantderivatives:

2
3

[N

(2.9

|
Wik

data has been performed: the results are encouraging, point- ,
|Snagtetoward some evidence of a nonzé&Jg¢l) axial conden- (WAfL)Z}Tdmaw:Z Tr( Q? \/_%) G,
In this paper, generalizing the results obtained in Ref. (2.9

[11], we study the effects of thg(1) chiral condensate on

— (a2 2 vpo H _
the radiative decay,’ — v at finite temperature#0), so  Where G=(e°N/327)e“"*°F ,,F ,, [F,, being the elec

opening the possibility of a comparison with future heavy-tromagnetic field strength tendptthus breaking the corre-
ion experiments. In Sec. Il we first rediscuss the radiativePOnding chiral symmetries. We observe thatQFrt,) #0

decays of the pseudoscalar mesong a0, considering a ©ny fora=3 ora=8. _ _

more generaklectromagnetic anomaly interaction term, ob- W& must look for an interaction terify (constructed with
tained by adding aew electromagnetic interaction term to the ch|r_al Lagrangian fields anq the electromagnetlc op’erator
the original electromagnetic anomaly term adopted in Ref®) _‘i"’h'Ch’ under aU(1) axial transformationq—q

[11] [see Eqs(2.9—(2.10 below]. As we shall see, the in- —€  °d, transforms as

clusion of this new electromagnetic interaction term does not . 5

modify for T=0 (or, more generally, foT <T,,) the decay UDa: L= Lyt 2aTHQOG, 2.6
amplitudes for the processes’—yy, n—yy, and 7’ \hile, under SU(3) axial transformations of the typg
—yy: therefore, all the resultéoth analytical and numeri- _.q'=e 1757/ 2q (with a=3,8), it transforms as

cal) obtained in Ref[11] concerning these processes remain

unaffected. However, the new electromagnetic interaction

term will prove to be crucial in the discussion of thg SU(3)a: L,—>£|+2ﬂTr( Q?
— vy radiative decay at finite temperatuiie@ particular for

T>T.n), which will be studied in detail in Sec. Ill.

Ta
V2

By virtue of the transformation properties of the fieldsand

X under aU(3)®U(3) chiral transformatiojq, —V,q, ,
gr—VrOr = U—V UV} and X—det(V,)det(Vg)* X,
whereV| andVy are arbitrary X 3 unitary matrice$4,7]],

In order to study the radiative decays of the pseudoscalapne can see that the simplest term describing the electromag-

mesons to two photons, we have to introduce the electromagpetic anomaly interaction term is the following:

netic interaction in our effective modél.2). Under local _

U(1) electromagnetic transformations z, :IEG THQ2(INU—Inu™], 2.9

G. 2.7

Il. RADIATIVE DECAYS OF THE PSEUDOSCALAR
MESONS AT T=0

q—q'=e’, A,—A =A,-d,0, (21
which is exactly the one originally proposed in Rf2] and
the fieldsU and X transform as follows: also adopted in Refl1l]. However, the presence of the new
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meson fieldX allows us to construct also another electromag- N 1 1 \/—
netic interaction term, still proportional to the pseudoscalar L= —G w3+ gt ——
operatorG, but totally invariant underU(3)®U(3) chiral V3 \/_
transformations: \/—
—fA3F 2 BFyS, wsx>]. (213

AL=f, IEG Tr(Q?)[In(X detU™) —In(XTdetU)],

29 The fields 3,7, S,, and Sy mix together, while the re-
maining 7, are already diagondl6]. However, neglecting
the experimentally small mass difference between the quarks
ﬁp and downi.e., neglecting the experimentally small vio-

where f, is an (up to now arbitrary real parametefthe
coefficient 1/6 has been introduced for convenience; see Se
lIl). We can thus add the two expressmﬁﬁsﬁ) and(2._9) 0 ations of theS U(2) isotopic spin, 3 also becomes diago-
form a new(more generalelectromagnetic anomaly interac- nal and can be identified with the physical stat® The

tion term £, , which, of course, satisfies both the transforma-fie|gs (mg,S,,Sx) can be written in terms of the eigenstates

tion properties2.6) and(2.7), exactly as., : (7,7',mx) as follows:
— i i
L‘,=£|+A£,=§G T Q?*(INU—In UT)]+fA€G Tr(Q?) g 7
S, |=c| » |, 2.1
X[In(X detU™) —In(XTdetU)]. (2.10 S, ” 219
X

Therefore, we shall consider the following effective chiral

Lagrangian, which includes the new electromagnetic interacwhereC is the following 3<3 orthogonal matriX11]:
tion terms described above:

@y ay ag

L(U,UT, X, X", Q,A")

. L C=| B1 B2 B3
=5 Tr(D,UD*UT) +53,XaX = V(U,UT X,XT) Y1 Y2 73
i i COSp —sing 0
+ 2w, QTr(INU—-INUN+ = (1— w;)
2 2 Lo~ F7T ~ F'n' \/ng
sinp—  coso—
1 = F, F, F, |. (1
X Q(In X— |nxT)+—Q2+c, 2FuFe " " y (219
~3F ~3F =
(2.19 sing = X COoS@ = A
where the potential ter(U,UT,X,XT) is the one written in " 7 7
Eq. (1.3. _ _ _
The decay amplitude of the generic process “mesorii€r€F, is defined as follow$11]:
—yvy"is entirely due to the electromagnetic anomaly inter-
action term £,, which can be written more explicitly in F,= F2+3F%, (2.16

terms of the meson fieldsr,(a=1,...,8), S,, and S,
defined as follow$4,6,7]:

e Facy

Fx p(iﬁ
—ex

2 Fx
The m, are the self-Hermitian fields describing the octet

pseudoscalar meson§, is the usual “quark-antiquark” ) - 5 o~ )
SU(3)-singlet meson field associated with while Sy is the ~ Wheremz=2Bm andm’ = 3B(m+2mj), with B=B/2F

and can be identified with the’ decay constant in the chiral

limit of zero quark masses. Moreoves,is a mixing angle,
which can be related to the masses of the quarksny,mg,

and therefore to the masses of the octet mesons, by the fol-
lowing relation[11]:

X= Sx

(2.12

~ F.F,
tang= (m—m2), (2.17

6+2A

“exotic” six-fermion meson field associated witk [4,6,7]. and m=(m,+my)/2.
Inserting the expressioni2.12 into Eq.(2.10, one finds Concerning the masses of the two singlet states, we recall
that that[4—7] the field %’ has a “light” mass, in the sense of the
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N.— oo limit, being, in the chiral limit of zero quark masdes and thus we immediately see that the term proportionéjto
in Eqg. (2.13 is simply equal to

, O6A 6A (9( 1) 2.18 2\/5
m ’:_,:—f: — . . 1 F 4 1
7 |:7]2 F31+3Fx N¢ =—G /—fA ! nx=—Gg=—Aaz7x.
3F | 3Fx 3F,

[If we put Fx=0, Eq.(2.18, or the corresponding expres- (2.29
sion including the light-quark massg8 reported in footnote

2, reduces to the well-known Witten-Veneziano relation for
the ' masg13].] On the contrary, the fieldyyx has a sort of o2

The expressions for the decay amplitudes are

N
“heavy hadronic” mass of orde®(N?) in the largeN, limit. A(m0— yy)= 5 ‘o, (2.2
Both %’ and 5y have the same quantum numbéspin, par- 127°F
ity, and so on, but they have a different quark content: one is
~i(Q do—a- - i e’N 1 ~ ~F.
mgstly% i(g.0r ﬂRQL), while the other is mostlySy A(n—yy)= c \ﬁ c05go+2\/§sin<p— )
~i[det(Qs 0ir) —det(Qsrqi )], @s one can see from Egs. 127%F . 3 F
(2.14), (2.15. (2.27
The interaction Lagrangiaf2.13, written in terms of the
physical fields#®, 7, %', and 5y, reads as follows: e?N, \F 3 oos; F. ~)
A(np'— = = | 22 cosp— —sing |1,
B B (7" —=v7y) 1222F. V3 (PFn’ ¢
£|E_G3F (m%+a;nt+ay’ +agny), (219 (2.28
wherea = (o +228,)/43 (or i=1,2,3), so that Al yy) = e’Ne oz | Fx ¢ Fr,
X 1272F,  \F, “3Fx]”

(2.29

wherel=¢,,,,,Ki'e;*kbes* (ki ,k; being the four-momenta
of the two final photons and, , €, their polarizations Con-
sequently, the following decay ratdm the real caseN.

1 ~Fa ~
a,= \[§< 2\/§cos¢——sin(p) : (2.2)  =3) are derived:

: (2.20

T _F.
a;= \[5( cosg+242 sin<pF—

7'

F
F a®m®
0 _ am
a3=2\/§< F_X) , (2.22 L(m—yy)= 64m3F2" (2.30
7' i
and, moreover, a’m? - C_F.\?
U'(n—yy)=——-5| cose+ 22 sing—| ,
1927°F F.
— ) 2\2F ' m n 23
a3:a3+Aa3 with Aa3: _fA 3F . (223) ( : :D
X
azmg, F 2
The values of the coefficients;, a,, andas are exactly the I'(p'—vyy)= —3’72( 2\/5 cos?o—”—sin?o) ,
same as were calculated in REF1]: therefore, the inclusion 1927°F Fo
of the new electromagnetic interaction te(gh9) in the ex- (2.32
pression for the electromagnetic anomaly interaction term
(2.10 modifies only (for T=0 or, more generally, foil asz‘lx Fy E . \2
<T.pn; see the discussion in the next secjitiee decay am- '(px—yy)= s - A# , (2.33
plitude for the process)x— yy, while leaving unchanged 8m°FL\F

the other decay amplitudes for the processés-yy, 7

_ 2 ~ . .
— vy, andy' — yy. Indeed, from Eqs(2.14 and(2.15 we ~ Wherea=e“/4w=1/137 is the fine-structure constant.
derive that The results(2.30—(2.32 are exactly the same as were

found in Ref.[11]. [If we put Fx=0, i.e., if we neglect the
1 new U(1) chiral condensate, the expressions written above
ﬂx:—,(\/ngSw—FﬁSx% (2.29 reduce to the corresponding ones derived in REF] using
Fa an effective Lagrangian which includes only the usggl
chiral condensatéTherefore also the numerical results ob-
tained in Ref.[11] concerning the processes— yy and
°The expression for the’ mass, when including the light-quark n' — vy remain unaffected. In particular, using the experi-
masses, reads as follow§6]: (1+3F%/FZ)m;2+m2—2mg¢  mental values for the various quantities which appear in Egs.
=6A/F2, with mZ=B(m+m,). (2.3) and(2.32, i.e.,
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F,=92.44) MeV, peraturest ;,<T<Ty ) [4,6,7], we find that the singlet me-
son field Sy, associated with the fielX in the chiral La-

m,=547.3q12) MeV, grangian, according to the second E8.12 [instead, the
first Eg.(2.12 is no longer valid in this region of tempera-

m,,=957.7§14) MeV, tured, has a squared mass given kn the chiral limit

mg, =2A/F%. This is nothing but thevould-be Goldstone
F(n—7vy)=0.464) keV, particle coming from the breaking of tHé(1) chiral sym-
[(7'—yy)=4.2619) keV, (2.34 metry, |.§., then’, which, f0fT>Tcm is a sort of_ exotic
matter field of the formSy~i[det(qs q:r) — det@srd:) 1-
we can extract the following values for the quanfity and  Its existence could be proved perhaps in the near future by

for the mixing anglep [11]: heavy-ion experiments. _ .
And what about they’ radiative decay rate in the region
Fy=27(9) MeV, ¢=16(3)°, (2.35 of temperatures (, <T<Ty)? Sincen'=Sx aboveTy,,

the electromagnetic anomaly interaction term describing the
and these values are perfectly consistent with the relatioprocessy,’ — vy for T>T,;, is only the part ofZ, , written in

(2.17) for the mixing angle, if we use for the pure YM topo- gq, (2.10), which depends on the fiel:
logical susceptibility the estimata=(180+5 MeV)*, ob-

tained from lattice simulationgl4]. i 2.2

Nevertheless, the new electromagnetic interaction term ALsy,=fagG Tr(Q?)(InX—1In XT):_fAfGSX-
will play a crucial role in the discussion of thg'—yy X (3.3
radiative decay at finite temperature, in particular for
>T.pn; this will be studied in detail in the next section. From this equation we easily derive the following expression

for the ' — yy decay amplitude abové,,:
I1l. RADIATIVE DECAYS OF THE PSEUDOSCALAR 5
MESONS AT T#0 ACr — 9l ror :fAe Ncﬁl (3.4
ch T 187%Fy

We want now to address the finite-temperature case (

#0). As already said in the Introduction, this will be done and, consequently, the following expression for theé

(u;ing a sort of mean-field apprpxinjat)wimply by (_:onsid— — yy decay rate(in the real castl =3) aboveT,y:
ering all the parameters appearing in the Lagrangian as func-

tions of the physical temperatufe In such a way, the results a2m?3
obtained in the previous section can be extended to the T(7' = yyY)|te1. =fa ”2. (3.5
whole region of temperatures below the chiral transitign ( ch 72m3F%

<T.n), provided that th& dependence is included in all the , , ) )
parameters appearing in Eq8.30—(2.33. If we require t'hatl“(n’jyy) is a continuous function of
What happens when approaching the chiral transitiorfcross the chiral transition &g, then from Eqs(3.2) and
temperatureT,;, from below (T—T.,—)? We know that (3.5 we obtain the following condition fof , :
F.(T)—0 whenT—T.,—. Let us consider, for simplicity, fo(To) =1 (3.6)
the chiral limit of zero quark masses. From E2.18 we see altch ' '
thatmf?,HZA(Tch)/Fi(Tch) whenT—T.,— and, from Egs. This means that
(2.14), (2.15, we derive
(' | azms;,f(Tch) 3
— - =T a5 - .
n'= é(FwSﬁ V3FxSy), (3.0 (7=l 72°F2(Tep) 39
! The decay rates and the masses at finite temperature could be
so thatn'— Sy whenT—T.,—. In this same limit, then’  determined in the near future heavy-ion experiments and
decay ratg2.32) tends to the value then Eq.(3.7) will provide an estimate for the value & at
T=T.,. Vice versa, if we were able to determine the value
of Fy in some other independent w#g.g., by lattice simu-
lations; see Ref.11]), then Eq.(3.7) would give a theoretical
estimate of the ratid’(»'—yy)/m;, at T=Tg,, which
What happens, instead, in the region of temperatligs could be compared with the experimental results. For ex-
<T<Ty(), above the chiral phase transitigwhere the ample, if we make thévery plausible indegdassumption
SU(3)®SU(3) chiral symmetry is restored, while th&(1)  that the value ofy does not change very much going from
chiral condensate is still presgntFirst of all, we observe T=0 up to T=Tg, (it will vanish at a temperaturd,)
that we have continuity in the mass spectrum of the theoryboveTy,), i.e., Fx(T.n)=Fx(0), and if wetake forFy(0)
through the chiral phase transition Bt T.y,. In fact, if we  the value reported in Eq2.35), then Eq.(3.7) furnishes the
study the mass spectrum of the theory in the region of temfollowing estimate:

3
azmnf(Tch)

- 7 (3.2
Tty 727F4(Tep)

L(n'—vyy)
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meson sector, which can be studied using an effective La-

T(n' = yY)lr=1,, /M, (Ter)
T=Ten™ 2 Tl grangian model, including also the néw1) chiral conden-

a2 sate. This model could perhaps be verified in the near future
= - =33T1x10 " Mev 2. by heavy-ion experiments, by analyzing the pseudoscalar-
72m°Fx(Ten) meson spectrum in the singlet sector.
(3.9 In Ref.[11] we have also investigated the effects of the

) ) ) _. new U(1) chiral condensate on the radiative decaysT at
In other words, comparing with the corresponding quantmes:O, of the pseudoscalar mesopsnd 7' to two photons. A
atT=0, reported in Eq(2.34), one gets that first comparison of our results with the experimental data has
been performed: the results are encouraging, pointing toward
~7+8 (3.9 some evidence of a nonzeld(1) axial condensate. In this
-3 paper, generalizing the results obtained in REf], we have
studied the effects of theJ(1) chiral condensate on the ra-
Thus, even with very large errors, due to our poor knowledgealiative decayn’— yy at finite temperatureT#0). In par-
of the value ofFy, there is a quite definite prediction that the ticular, we have been able to get a quite definite theoretical
ratio I'( ' — yy)/m’, should have a sharp increase on ap-prediction[see Eq(3.9)] for the ratio between they' — vy
proaching the chiral transition temperatdfg,. [Of course, ~decay rate and the third power of thg mass in the prox-
a smaller value of y would result in a larger value for the imity of the chiral transition temperatufg:, (which, from
ratio in Eq.(3.9), and this case seems indeed to be favoredattice simulations, is expected to be of the order of 170
from the upper limitFy=<20 MeV obtained from thgener- MeV); this prediction could in principle be tested in future
alized Witten-Veneziano formula for the mass[6].] One  heavy-ion experiments. _ _
could also argue that it is physically plausible that the However, as we have already stressed in the conclusions
mass(of the order of 1 GeYremains practically unchanged ©f Ref.[11], one should keep in mind that our results have
when going fromT=0 up toT,;, (which, from lattice simu- Peen derived from a very simplified model, obtained by do-
lations, is known to be of the order of 170 MeV: see, e.g.Ng @ first-order expansion inM{ and in the quark masses.
Ref.[2]); in that case, Eq(3.9) would give an estimate for We expect that such a model can furnish only qualitative or,
the ratio between they’ decay rates aT=T,, and T=0. &t most, “semiquantitative” predictions. When going beyond
However, we want to stress that our res(8t9) is more the leading order in N, it becomes necessary to take into

general and does not rely on any given assumption on th@ccount questions of renormalization-group behavior of the
behavior ofm,(T) with the temperaturd various quantities and operators involved in our theoretical
. :

analysis. This issue has been widely discussed in the litera-

ture, both in relation to the proton-spin crisis probléh],

and also in relation to the study of, »' radiative decays
There is evidence from some lattice results that a new16]. Further studies are therefore necessary in order to con-

U(1)-breaking condensate survives across the chiral transiinue this analysis from a more quantitative point of view.

tion at T¢y,, staying different from zero up t@y(1)>Tch. We expect that some progress will be made along this line in

This fact has important consequences for the pseudoscaldhe near future.

T(n = yP)lr=r,, /M2 (Ten)
I(7'—y)lr-o/m,(0)
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