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Effects of an extra U„1… axial condensate on the radiative decayh8\gg at finite temperature

E. Meggiolaro
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Supported by recent lattice results, we consider a scenario in which aU(1)-breaking condensate survives
across the chiral transition in QCD. This scenario has important consequences for the pseudoscalar-meson
sector, which can be studied using an effective Lagrangian model. In particular, generalizing the results
obtained in a previous paper~where the zero-temperature case was considered!, we study the effects of this
U(1) chiral condensate on the radiative decayh8→gg at finite temperature.
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I. INTRODUCTION

There is evidence from some lattice results@1–3# that a
new U(1)-breaking condensate survives across the ch
transition atTch , staying different from zero up to a tem
peratureTU(1).Tch . TU(1) is, therefore, the temperature
which the U(1) axial symmetry is~effectively! restored,
meaning that, forT.TU(1) , there are noU(1)-breaking
condensates. This scenario has important consequence
the pseudoscalar-meson sector, which can be studied u
an effective Lagrangian model@4–7#, including also the new
U(1) chiral condensate. This one has the formCU(1)

5^OU(1)&, where, for a theory withL light quark flavors,
OU(1) is a 2L-fermion local operator that has the chiral tran
formation properties of@8#:1

OU(1);det
st

~ q̄sRqtL!1det
st

~ q̄sLqtR!, ~1.1!

wheres,t51, . . . ,L are flavor indices; the color indices@not
explicitly indicated in Eq.~1.1!# are arranged in such a wa
that ~i! OU(1) is a color singlet and~ii ! CU(1)5^OU(1)& is a
genuine2L-fermion condensate; i.e., it has nodisconnected
part proportional to some power of the quark-antiquark c

ral condensatêq̄q& ~see Refs.@6,7,9#!.
The low-energy dynamics of the pseudoscalar mesons

cluding the effects due to the anomaly, theqq̄ chiral conden-
sate, and the newU(1) chiral condensate, can be describe
in the limit of large numberNc of colors, and expanding to
the first order in the light quark masses, by an effective
grangian written in terms of the topological charge dens

Q, the mesonic fieldUi j ;q̄ jRqiL ~up to a multiplicative con-

stant!, and the new field variableX;det(q̄sRqtL) ~up to a
multiplicative constant!, associated with the newU(1) con-
densate@4–7#:

1Throughout this paper we use the following notation for the le
handed and right-handed quark fields:qL,R[(16g5)q/2, with g5

[2 ig0g1g2g3.
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L~U,U†,X,X†,Q!

5
1

2
Tr~]mU]mU†!1

1

2
]mX]mX†2V~U,U†,X,X†!

1
i

2
v1Q Tr~ ln U2 ln U†!

1
i

2
~12v1!Q~ ln X2 ln X†!1

1

2A
Q2, ~1.2!

where the potential termV(U,U†,X,X†) has the form

V~U,U†,X,X†!5
lp

2

4
Tr@~U†U2rpI !2#1

lX
2

4
~X†X2rX!2

2
Bm

2A2
Tr~MU1M†U†!

2
c1

2A2
@det~U !X†1det~U†!X#. ~1.3!

M5diag(m1 , . . . ,mL) is the quark mass matrix andA is the
topological susceptibility in the pure Yang-Mills~YM !
theory. ~This Lagrangian generalizes the one originally pr
posed in Refs.@10#, which included only the effects due t
the anomaly and theqq̄ chiral condensate.! All the param-
eters appearing in the Lagrangian must be considered
functions of the physical temperatureT. In particular, the
parametersrp andrX determine the expectation values^U&
and^X& and so they are responsible respectively for the
havior of the theory across theSU(L) ^ SU(L) and theU(1)
chiral phase transitions, as follows:

rpuT,Tch
[

1

2
Fp

2 .0, rpuT.Tch
,0,

rXuT,TU(1)
[

1

2
FX

2.0, rXuT.TU(1)
,0. ~1.4!

The parameterFp is the well-known pion decay constan
while the parameterFX is related to the newU(1) axial
condensate. Indeed, from Eq.~1.4!, rX5 1

2 FX
2.0 for

-
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T,TU(1) , and therefore, from Eq.~1.3!, ^X&5FX /A2Þ0.
Remembering thatX;det(q̄sRqtL), up to a multiplicative
constant, we find thatFX is proportional to the new
2L-fermion condensateCU(1)5^OU(1)& introduced above.

In the same way, the pion decay constantFp , which con-
trols the breaking of theSU(L) ^ SU(L) symmetry, is re-
lated to theqq̄ chiral condensate by a simple and we
known proportionality relation ~see Refs. @4,7# and
references therein!: ^q̄iqi&T,Tch

.2 1
2 BmFp . ~Moreover, in

the simple case ofL light quarks with the same massm,
mNS

2 5mBm /Fp is the squared mass of the nonsinglet ps
doscalar mesons and one gets the well-known Gell-Man
Oakes–Renner relation:mNS

2 Fp
2 .22m^q̄iqi&T,Tch

.!
It is not possible to find, in a simple way, the analogo

relation between FX and the new condensateCU(1)
5^OU(1)&.

However, as we have shown in a previous paper@11#,
information on the quantityFX @i.e., on the newU(1) chiral
condensate, to which it is related# can be derived, in the
realistic case ofL53 light quarks with nonzero massesmu ,
md , andms , from the study of the radiative decays of th
pseudoscalar mesonsh andh8 in two photons. In Ref.@11#
only the zero-temperature case (T50) has been considere
and a first comparison of our results with the experimen
data has been performed: the results are encouraging, p
ing toward some evidence of a nonzeroU(1) axial conden-
sate.

In this paper, generalizing the results obtained in R
@11#, we study the effects of theU(1) chiral condensate on
the radiative decayh8→gg at finite temperature (TÞ0), so
opening the possibility of a comparison with future heav
ion experiments. In Sec. II we first rediscuss the radiat
decays of the pseudoscalar mesons atT50, considering a
more generalelectromagnetic anomaly interaction term, o
tained by adding anew electromagnetic interaction term t
the original electromagnetic anomaly term adopted in R
@11# @see Eqs.~2.8!–~2.10! below#. As we shall see, the in
clusion of this new electromagnetic interaction term does
modify for T50 ~or, more generally, forT,Tch) the decay
amplitudes for the processesp0→gg, h→gg, and h8
→gg: therefore, all the results~both analytical and numeri
cal! obtained in Ref.@11# concerning these processes rem
unaffected. However, the new electromagnetic interac
term will prove to be crucial in the discussion of theh8
→gg radiative decay at finite temperature~in particular for
T.Tch), which will be studied in detail in Sec. III.

II. RADIATIVE DECAYS OF THE PSEUDOSCALAR
MESONS AT TÄ0

In order to study the radiative decays of the pseudosc
mesons to two photons, we have to introduce the electrom
netic interaction in our effective model~1.2!. Under local
U(1) electromagnetic transformations

q→q85eiueQq, Am→Am8 5Am2]mu, ~2.1!

the fieldsU andX transform as follows:
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U→U85eiueQUe2 iueQ, X→X85X. ~2.2!

Therefore, we have to replace the derivative of the fie
]mU and]mX with the correspondingcovariantderivatives:

DmU5]mU1 ieAm@Q,U#, DmX5]mX. ~2.3!

HereQ is the quark charge matrix~in units ofe, the absolute
value of the electron charge!:

Q5S 2
3

2 1
3

2 1
3

D . ~2.4!

In addition, we have to reproduce the effects of the elec
magnetic anomaly, whose contribution to the four-divergen
of the U(1) axial currentJ5,m5q̄gmg5q and of theSU(3)
axial currentsAm

a 5q̄gmg5(ta /A2)q @the matricesta , with
a51, . . . ,8, are thegenerators of the algebra ofSU(3) in
the fundamental representation, with normalizati
Tr(tatb)5dab], is given by

~]mJ5,m!anomaly
e.m. 52 Tr~Q2!G,

~]mAm
a !anomaly

e.m. 52 TrS Q2
ta

A2
D G,

~2.5!

where G[(e2Nc/32p2)«mnrsFmnFrs @Fmn being the elec-
tromagnetic field strength tensor#, thus breaking the corre
sponding chiral symmetries. We observe that Tr(Q2ta)Þ0
only for a53 or a58.

We must look for an interaction termLI ~constructed with
the chiral Lagrangian fields and the electromagnetic oper
G) which, under a U(1) axial transformationq→q8
5e2 iag5q, transforms as

U~1!A : LI→LI12a Tr~Q2!G, ~2.6!

while, under SU(3) axial transformations of the typeq
→q85e2 ibg5ta /A2q ~with a53,8), it transforms as

SU~3!A : LI→LI12b TrS Q2
ta

A2
D G. ~2.7!

By virtue of the transformation properties of the fieldsU and
X under aU(3)^ U(3) chiral transformation@qL→VLqL ,
qR→VRqR ⇒ U→VLUVR

† and X→det(VL)det(VR)* X,
whereVL andVR are arbitrary 333 unitary matrices@4,7##,
one can see that the simplest term describing the electrom
netic anomaly interaction term is the following:

LI5
i

2
G Tr@Q2~ ln U2 ln U†!#, ~2.8!

which is exactly the one originally proposed in Ref.@12# and
also adopted in Ref.@11#. However, the presence of the ne
7-2
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meson fieldX allows us to construct also another electroma
netic interaction term, still proportional to the pseudosca
operatorG, but totally invariant under U(3)^ U(3) chiral
transformations:

DLI5 f D

i

6
G Tr~Q2!@ ln~X detU†!2 ln~X†detU !#,

~2.9!

where f D is an ~up to now! arbitrary real parameter~the
coefficient 1/6 has been introduced for convenience; see
III !. We can thus add the two expressions~2.8! and ~2.9! to
form a new~more general! electromagnetic anomaly interac
tion termL̄I , which, of course, satisfies both the transform
tion properties~2.6! and ~2.7!, exactly asLI :

L̄I5LI1DLI5
i

2
G Tr@Q2~ ln U2 ln U†!#1 f D

i

6
G Tr~Q2!

3@ ln~X detU†!2 ln~X†detU !#. ~2.10!

Therefore, we shall consider the following effective chir
Lagrangian, which includes the new electromagnetic inter
tion terms described above:

L~U,U†,X,X†,Q,Am!

5
1

2
Tr~DmUDmU†!1

1

2
]mX]mX†2V~U,U†,X,X†!

1
i

2
v1Q Tr~ ln U2 ln U†!1

i

2
~12v1!

3Q~ ln X2 ln X†!1
1

2A
Q21L̄I2

1

4
FmnFmn,

~2.11!

where the potential termV(U,U†,X,X†) is the one written in
Eq. ~1.3!.

The decay amplitude of the generic process ‘‘mes
→gg ’’ is entirely due to the electromagnetic anomaly inte
action term L̄I , which can be written more explicitly in
terms of the meson fieldspa(a51, . . . ,8), Sp , and SX ,
defined as follows@4,6,7#:

U5
Fp

A2
expF iA2

Fp
S (

a51

8

pata1
Sp

A3
I D G ,

X5
FX

A2
expS iA2

FX
SXD . ~2.12!

The pa are the self-Hermitian fields describing the oc
pseudoscalar mesons;Sp is the usual ‘‘quark-antiquark’’
SU(3)-singlet meson field associated withU, while SX is the
‘‘exotic’’ six-fermion meson field associated withX @4,6,7#.

Inserting the expressions~2.12! into Eq. ~2.10!, one finds
that
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L̄I52G
1

3Fp
Fp31

1

A3
p81

2A2

A3
Sp

2 f D

2A2

3FX
~A3FXSp2FpSX!G . ~2.13!

The fieldsp3 ,p8 ,Sp , and SX mix together, while the re-
maining pa are already diagonal@6#. However, neglecting
the experimentally small mass difference between the qu
up and down@i.e., neglecting the experimentally small vio
lations of theSU(2) isotopic spin#, p3 also becomes diago
nal and can be identified with the physical statep0. The
fields (p8 ,Sp ,SX) can be written in terms of the eigenstat
(h,h8,hX) as follows:

S p8

Sp

SX

D 5CS h

h8

hX

D , ~2.14!

whereC is the following 333 orthogonal matrix@11#:

C5S a1 a2 a3

b1 b2 b3

g1 g2 g3

D
5S cosw̃ 2sinw̃ 0

sinw̃
Fp

Fh8

cosw̃
Fp

Fh8

A3FX

Fh8

sinw̃
A3FX

Fh8

cosw̃
A3FX

Fh8

2
Fp

Fh8

D . ~2.15!

HereFh8 is defined as follows@11#:

Fh8[AFp
2 13FX

2, ~2.16!

and can be identified with theh8 decay constant in the chira
limit of zero quark masses. Moreover,w̃ is a mixing angle,
which can be related to the masses of the quarksmu ,md ,ms ,
and therefore to the masses of the octet mesons, by the
lowing relation@11#:

tanw̃5
FpFh8

6A2A
~mh

22mp
2 !, ~2.17!

wheremp
2 52Bm̃ andmh

25 2
3 B(m̃12ms), with B[Bm/2Fp

andm̃[(mu1md)/2.
Concerning the masses of the two singlet states, we re

that@4–7# the fieldh8 has a ‘‘light’’ mass, in the sense of th
7-3
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Nc→` limit, being, in the chiral limit of zero quark masse2

mh8
2

5
6A

Fh8
2

5
6A

Fp
2 13FX

25OS 1

Nc
D . ~2.18!

@If we put FX50, Eq. ~2.18!, or the corresponding expres
sion including the light-quark masses@6# reported in footnote
2, reduces to the well-known Witten-Veneziano relation
theh8 mass@13#.# On the contrary, the fieldhX has a sort of
‘‘heavy hadronic’’ mass of orderO(Nc

0) in the large-Nc limit.
Both h8 andhX have the same quantum numbers~spin, par-
ity, and so on!, but they have a different quark content: one
mostly Sp; i (q̄LqR2q̄RqL), while the other is mostlySX

; i @det(q̄sLqtR)2det(q̄sRqtL)#, as one can see from Eq
~2.14!, ~2.15!.

The interaction Lagrangian~2.13!, written in terms of the
physical fieldsp0, h, h8, andhX , reads as follows:

L̄I[2G
1

3Fp
~p01a1h1a2h81ā3hX!, ~2.19!

whereai5(a i12A2b i)/A3 ~or i 51,2,3), so that

a15A1

3S cosw̃12A2 sinw̃
Fp

Fh8
D , ~2.20!

a25A1

3S 2A2 cosw̃
Fp

Fh8

2sinw̃ D , ~2.21!

a352A2S FX

Fh8
D , ~2.22!

and, moreover,

ā35a31Da3 with Da352 f D

2A2Fh8
3FX

. ~2.23!

The values of the coefficientsa1 , a2, anda3 are exactly the
same as were calculated in Ref.@11#: therefore, the inclusion
of the new electromagnetic interaction term~2.9! in the ex-
pression for the electromagnetic anomaly interaction te
~2.10! modifies only ~for T50 or, more generally, forT
,Tch ; see the discussion in the next section! the decay am-
plitude for the processhX→gg, while leaving unchanged
the other decay amplitudes for the processesp0→gg, h
→gg, andh8→gg. Indeed, from Eqs.~2.14! and~2.15! we
derive that

hX5
1

Fh8
~A3FXSp2FpSX!, ~2.24!

2The expression for theh8 mass, when including the light-quar
masses, reads as follows@6#: (113FX

2/Fp
2 )mh8

21mh
222mK

2

56A/Fp
2 , with mK

2 5B(m̃1ms).
07401
r

and thus we immediately see that the term proportional tof D

in Eq. ~2.13! is simply equal to

DLI52G
1

3Fp
S 2 f D

2A2Fh8
3FX

DhX52G
1

3Fp
Da3hX .

~2.25!

The expressions for the decay amplitudes are

A~p0→gg!5
e2Nc

12p2Fp

I , ~2.26!

A~h→gg!5
e2Nc

12p2Fp

A1

3 S cosw̃12A2 sinw̃
Fp

Fh8
D I ,

~2.27!

A~h8→gg!5
e2Nc

12p2Fp

A1

3 S 2A2 cosw̃
Fp

Fh8

2sinw̃ D I ,

~2.28!

A~hX→gg!5
e2Nc

12p2Fp

2A2 S FX

Fh8

2 f D

Fh8
3FX

D I ,

~2.29!

whereI[«mnrsk1
me1

n* k2
re2

s* (k1 ,k2 being the four-momenta
of the two final photons ande1 ,e2 their polarizations!. Con-
sequently, the following decay rates~in the real caseNc
53) are derived:

G~p0→gg!5
a2mp

3

64p3Fp
2

, ~2.30!

G~h→gg!5
a2mh

3

192p3Fp
2 S cosw̃12A2 sinw̃

Fp

Fh8
D 2

,

~2.31!

G~h8→gg!5
a2mh8

3

192p3Fp
2 S 2A2 cosw̃

Fp

Fh8

2sinw̃ D 2

,

~2.32!

G~hX→gg!5
a2mhX

3

8p3Fp
2 S FX

Fh8

2 f D

Fh8
3FX

D 2

, ~2.33!

wherea5e2/4p.1/137 is the fine-structure constant.
The results~2.30!–~2.32! are exactly the same as we

found in Ref.@11#. @If we put FX50, i.e., if we neglect the
new U(1) chiral condensate, the expressions written ab
reduce to the corresponding ones derived in Ref.@12# using
an effective Lagrangian which includes only the usualqq̄
chiral condensate.# Therefore also the numerical results o
tained in Ref.@11# concerning the processesh→gg and
h8→gg remain unaffected. In particular, using the expe
mental values for the various quantities which appear in E
~2.31! and ~2.32!, i.e.,
7-4
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Fp592.4~4! MeV,

mh5547.30~12! MeV,

mh85957.78~14! MeV,

G~h→gg!50.46~4! keV,

G~h8→gg!54.26~19! keV, ~2.34!

we can extract the following values for the quantityFX and
for the mixing anglew̃ @11#:

FX527~9! MeV, w̃516~3!°, ~2.35!

and these values are perfectly consistent with the rela
~2.17! for the mixing angle, if we use for the pure YM topo
logical susceptibility the estimateA5(18065 MeV)4, ob-
tained from lattice simulations@14#.

Nevertheless, the new electromagnetic interaction te
will play a crucial role in the discussion of theh8→gg
radiative decay at finite temperature, in particular forT
.Tch ; this will be studied in detail in the next section.

III. RADIATIVE DECAYS OF THE PSEUDOSCALAR
MESONS AT TÅ0

We want now to address the finite-temperature caseT
Þ0). As already said in the Introduction, this will be don
~using a sort of mean-field approximation! simply by consid-
ering all the parameters appearing in the Lagrangian as f
tions of the physical temperatureT. In such a way, the result
obtained in the previous section can be extended to
whole region of temperatures below the chiral transitionT
,Tch), provided that theT dependence is included in all th
parameters appearing in Eqs.~2.30!–~2.33!.

What happens when approaching the chiral transit
temperatureTch from below (T→Tch2)? We know that
Fp(T)→0 whenT→Tch2. Let us consider, for simplicity,
the chiral limit of zero quark masses. From Eq.~2.18! we see
thatmh8

2 →2A(Tch)/FX
2(Tch) whenT→Tch2 and, from Eqs.

~2.14!, ~2.15!, we derive

h85
1

Fh8
~FpSp1A3FXSX!, ~3.1!

so thath8→SX whenT→Tch2. In this same limit, theh8
decay rate~2.32! tends to the value

G~h8→gg! →
T→Tch2

a2mh8
3

~Tch!

72p3FX
2~Tch!

. ~3.2!

What happens, instead, in the region of temperaturesTch
,T,TU(1) , above the chiral phase transition@where the
SU(3)^ SU(3) chiral symmetry is restored, while theU(1)
chiral condensate is still present#? First of all, we observe
that we have continuity in the mass spectrum of the the
through the chiral phase transition atT5Tch . In fact, if we
study the mass spectrum of the theory in the region of te
07401
n
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peraturesTch,T,TU(1) @4,6,7#, we find that the singlet me
son field SX , associated with the fieldX in the chiral La-
grangian, according to the second Eq.~2.12! @instead, the
first Eq. ~2.12! is no longer valid in this region of tempera
tures#, has a squared mass given by~in the chiral limit!
mSX

2 52A/FX
2 . This is nothing but thewould-beGoldstone

particle coming from the breaking of theU(1) chiral sym-
metry, i.e., theh8, which, for T.Tch , is a sort of ‘‘exotic’’
matter field of the formSX; i @det(q̄sLqtR)2det(q̄sRqtL)#.
Its existence could be proved perhaps in the near future
heavy-ion experiments.

And what about theh8 radiative decay rate in the regio
of temperaturesTch,T,TU(1)? Sinceh85SX aboveTch ,
the electromagnetic anomaly interaction term describing
processh8→gg for T.Tch is only the part ofL̄I , written in
Eq. ~2.10!, which depends on the fieldX:

DLSXgg5 f D

i

6
G Tr~Q2!~ ln X2 ln X†!52 f D

2A2

9FX
GSX .

~3.3!

From this equation we easily derive the following express
for the h8→gg decay amplitude aboveTch :

A~h8→gg!uT.Tch
5 f D

e2NcA2

18p2FX

I , ~3.4!

and, consequently, the following expression for theh8
→gg decay rate~in the real caseNc53) aboveTch :

G~h8→gg!uT.Tch
5 f D

a2mh8
3

72p3FX
2

. ~3.5!

If we require thatG(h8→gg) is a continuous function ofT
across the chiral transition atTch , then from Eqs.~3.2! and
~3.5! we obtain the following condition forf D :

f D~Tch!51. ~3.6!

This means that

G~h8→gg!uT5Tch
5

a2mh8
3

~Tch!

72p3FX
2~Tch!

. ~3.7!

The decay rates and the masses at finite temperature cou
determined in the near future heavy-ion experiments
then Eq.~3.7! will provide an estimate for the value ofFX at
T5Tch . Vice versa, if we were able to determine the val
of FX in some other independent way~e.g., by lattice simu-
lations; see Ref.@11#!, then Eq.~3.7! would give a theoretical
estimate of the ratioG(h8→gg)/mh8

3 at T5Tch , which
could be compared with the experimental results. For
ample, if we make the~very plausible indeed! assumption
that the value ofFX does not change very much going fro
T50 up to T5Tch ~it will vanish at a temperatureTU(1)
aboveTch), i.e.,FX(Tch).FX(0), and if wetake forFX(0)
the value reported in Eq.~2.35!, then Eq.~3.7! furnishes the
following estimate:
7-5
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G~h8→gg!uT5Tch
/mh8

3
~Tch!

5
a2

72p3FX
2~Tch!

.3.321.4
14.1310211 MeV22.

~3.8!

In other words, comparing with the corresponding quantit
at T50, reported in Eq.~2.34!, one gets that

G~h8→gg!uT5Tch
/mh8

3
~Tch!

G~h8→gg!uT50 /mh8
3

~0!
.723

18 . ~3.9!

Thus, even with very large errors, due to our poor knowled
of the value ofFX , there is a quite definite prediction that th
ratio G(h8→gg)/mh8

3 should have a sharp increase on a
proaching the chiral transition temperatureTch . @Of course,
a smaller value ofFX would result in a larger value for th
ratio in Eq. ~3.9!, and this case seems indeed to be favo
from the upper limitFX&20 MeV obtained from thegener-
alizedWitten-Veneziano formula for theh8 mass@6#.# One
could also argue that it is physically plausible that theh8
mass~of the order of 1 GeV! remains practically unchange
when going fromT50 up toTch ~which, from lattice simu-
lations, is known to be of the order of 170 MeV: see, e.
Ref. @2#!; in that case, Eq.~3.9! would give an estimate fo
the ratio between theh8 decay rates atT5Tch and T50.
However, we want to stress that our result~3.9! is more
general and does not rely on any given assumption on
behavior ofmh8(T) with the temperatureT.

IV. CONCLUSIONS

There is evidence from some lattice results that a n
U(1)-breaking condensate survives across the chiral tra
tion at Tch , staying different from zero up toTU(1).Tch .
This fact has important consequences for the pseudosc
P

07401
s

e

-

d

.,

e

w
si-

ar-

meson sector, which can be studied using an effective
grangian model, including also the newU(1) chiral conden-
sate. This model could perhaps be verified in the near fu
by heavy-ion experiments, by analyzing the pseudosca
meson spectrum in the singlet sector.

In Ref. @11# we have also investigated the effects of t
new U(1) chiral condensate on the radiative decays, aT
50, of the pseudoscalar mesonsh andh8 to two photons. A
first comparison of our results with the experimental data
been performed: the results are encouraging, pointing tow
some evidence of a nonzeroU(1) axial condensate. In this
paper, generalizing the results obtained in Ref.@11#, we have
studied the effects of theU(1) chiral condensate on the ra
diative decayh8→gg at finite temperature (TÞ0). In par-
ticular, we have been able to get a quite definite theoret
prediction@see Eq.~3.9!# for the ratio between theh8→gg
decay rate and the third power of theh8 mass in the prox-
imity of the chiral transition temperatureTch ~which, from
lattice simulations, is expected to be of the order of 1
MeV!; this prediction could in principle be tested in futu
heavy-ion experiments.

However, as we have already stressed in the conclus
of Ref. @11#, one should keep in mind that our results ha
been derived from a very simplified model, obtained by d
ing a first-order expansion in 1/Nc and in the quark masses
We expect that such a model can furnish only qualitative
at most, ‘‘semiquantitative’’ predictions. When going beyo
the leading order in 1/Nc , it becomes necessary to take in
account questions of renormalization-group behavior of
various quantities and operators involved in our theoret
analysis. This issue has been widely discussed in the lit
ture, both in relation to the proton-spin crisis problem@15#,
and also in relation to the study ofh,h8 radiative decays
@16#. Further studies are therefore necessary in order to c
tinue this analysis from a more quantitative point of vie
We expect that some progress will be made along this lin
the near future.
o,
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