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Determining the proximity of g* N scattering to the black body limit using deep inelastic
scattering and JÕc production
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We use information about DIS andJ/c production on hydrogen to model thet dependence of theg* N
scattering amplitude. We investigate the profile function for elastic scattering of hadronic components of the
virtual photon off both a nucleon and heavy nuclear target, and we estimate the value of the impact parameter
where the blackbody limit is reached. We also estimate the fraction of the cross section that is due to hadronic
configurations in the virtual photon wave function that approach the unitarity limit. We extract, from these
considerations, approximate lower limits on the values ofx where the leading twist approximation in DIS is
violated. We observe that the blackbody limit may be approached within DESY HERA kinematics withQ2

equal to a few GeV2 andx;1024. Comparisons are made with earlier predictions by Munieret al., and the
longitudinal structure function is compared with preliminary HERA data. The principle advantage of our
method is that we do not rely solely on thet dependence ofr-meson production data. This allows us to extend
our analysis down to very small impact parameters and dipole sizes. Finally, we perform a similar calculation
with a 208Pb target, and we demonstrate that the blackbody limit is already approached atQ2;20 GeV2 and
x;1024.
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I. INTRODUCTION

One of the current theoretical challenges in quantum ch
modynamics~QCD! is to describe high energy interaction
with hadrons in terms of fundamental field theory. It is o
served that high-energy hadron-hadron scattering inte
tions become completely absorptive~black! at small impact
parameters so that elastic scattering can be viewed es
tially as a shadow of the inelastic cross section in the se
of Babinet’s principle. If this regime occurs at most of th
impact parameters which contribute to the inelastic cross
tion, then the elastic and inelastic cross sections are eq
This limit is often referred to as the blackbody limit~BBL! in
analogy with the quantum mechanical situation of scatter
from an absorptive share of radiusr in which case the tota
cross section is equal to 2pr 2 ~see, e.g., problem 1 of Sec
131 in Ref.@1#!. This limit is also loosely referred to as th
unitarity limit, although unitarity alone admits cross sectio
as large as 4pr 2 provided there are no inelastic interactio
~see, e.g., problem 2 of Sec. 132 in Ref.@1#!. In this paper we
will assume, in line with experiment, that the amplitude
predominantly imaginary. In this case, the unitarity limit c
incides with the BBL. The blackbody limit in deep inelast
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scattering~DIS! is an interesting new regime in QCD whe
the coupling strength is small, but where the leading tw
approximation breaks down and new small coupling meth
are needed. In order to understand the transition to the B
it is important to construct models which accurately descr
g* N scattering over a wide range of kinematic variables.
particular, such a model should interpolate smoothly betw
the nonperturbative domain and the region where inter
tions are accurately described by leading twist perturba
QCD ~PQCD!. In a recent paper by Munieret al. @2#, an
estimate of the proximity to the BBL for the interaction of
color dipole with a proton was made using data from diffra
tive electroproduction ofr mesons@2#. The techniques used
in @2# are limited by the need to model ther-meson wave
function, as well as by limited information on thet depen-
dence forr production. Within the impact parameter repr
sentation, this means that their predictions are constraine
intermediate values of impact parameter (b*0.3 fm) @3#. ~It
will be important to keep in mind the distinction betwee
impact parameter,b, and dipole size,d.! We will find that our
analysis is valid down to very small values ofb and d. We
will make an improved estimate of the onset of the BBL
combining information from DIS andJ/c production. A
great advantage of our technique is that, unlike mod
which are restricted to using meson production data,
model is valid down to very small dipole sizes because
utilize leading twist PQCD for calculations involving sma
size qq̄ pairs. Within our model ofg* N interactions, we
always assume that the virtual photon can be written a

te
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linear combination of hadronic states. Furthermore, we re
the hardness of the interaction to the size of the hadro
state as is done in Ref.@4#, and we take into account th
dependence of the hadronic interaction on the virtuality
the original photon. Large size configurations constitute
soft component of the interaction whereas small sizeqq̄
pairs constitute the hard component.

Modeling theg* N interaction requires making three prin
cipal observations. The first is to recall that the total cro
section for small size dipole configurations (d&.3 fm) is
known within the framework of perturbation theory down
x;1024. Therefore, we will have a complete picture of th
interaction of small size configurations with nucleons if w
can extract thet dependence from experimental data. In S
II, we discuss how thet dependence of the small sizeqq̄
pairs can be extracted fromJ/c production data. Second, w
note that the soft scattering of large size hadronic configu
tions is well understood phenomenologically in terms of
fective Pomeron exchange. Hence, our model should re
duce the pion-nucleon amplitude for hadronic configuratio
comparable to the size of the pion (d'.6 fm). Finally, we
must model the behavior of the amplitude for intermedi
hadronic sizes (.3 fm&d&.6 fm). This is an interesting an
poorly understood region of kinematics, and our model w
allow for readjustments in the transition region.

In Ref. @4#, a system was devised for relating the tran
verse size of aqq̄ dipole to the virtuality,Q̄2. The PQCD
result for the inelasticg* N cross section was interpolated
large size hadronic configurations and matched to the t
cross section for pion-nucleon scattering. The hadronic s
d, is used to interpolate between the hard and soft region
this paper as it was in Ref.@4#. d represents the transvers
size of a quark-antiquark pair in the limit thatd is very small
(d&0.1 fm). However, asd grows large, the dipole picture
becomes inappropriate since the hadronic components
correspond to soft interactions consist of large, complex h
ronic states. Larger values ofd should be interpreted a
transverse sizes of general hadronic components of the
tual photon wave function. The cross section takes the fo
familiar from perturbation theory:

ŝPQCD~d,x!5
p2

3
d2as~Q̄2!x8g~x8,Q̄2!. ~1!

Here, l5Q̄2d2 is a universal scaling ansatz used to rel
energy scales,Q2, to transverse dipole sizes,d; x8 is the
light-cone fraction for the gluon attached to theqq̄ loop. One
manifestation of the QCD factorization theorem is that
contribution of hadronic configurations within the photon
the longitudinal cross section,sL , is peaked around a na
row range of small dipole sizes~see Fig. 4!. The value ofl
is chosen so that, within the perturbative region,d25l/Q2 is
approximately the average dipole size contributing tosL .
For largeQ2, l takes on values of the order of 10. In fact,
is found thatF2 andFL depend very weakly on the value o
l within the perturbative region ofd @4#. Changing the value
of l thereby provides a universal parameter for tuning
cross section within the transition region. In this paper,
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usel54 because it is found thatl54 best describesJ/c
data over a wide range of kinematics~both perturbative and
nonperturbative!. Figure 6 compares the profile function fo
l54 andl510. The function used in Ref.@4# to interpolate
between the hard and soft regions matches smoothly to
PQCD result at smalld and to the pion-proton cross sectio
at larged. Furthermore, it takes into consideration the brea
down of the leading twist formula in the smallx limit.

Notice that theqq̄ pair is not a fundamental object since
is always produced off shell by a virtual photon. This
taken into account on the right side of Eq.~1! through im-
plicit dependence ofx8/x, on Q̄2 and Q2 @see Ref.@4# and
Eq. ~25!#. The dependence of the dipole cross section on
external photon virtuality,Q2, is a feature that is absent i
other models such as the one proposed by Golec-Biernat
Wüsthoff @5#. This point will be important for what we dis
cuss later because it means that we cannot speak unam
ously about the dipole cross section with referring to t
interaction for which it is a sub-proccess.

In this paper, we will model thet dependence of theg* N
elastic scattering amplitude~which, of course, cannot be ob
served experimentally! using data fromJ/c photo ~electro-!
production in conjunction with the pion-proton elastic sc
tering amplitude. As when we model the behavior of the to
cross section in various kinematic regions, we model tht
dependence of theg* N amplitude by considering three dis
tinct steps. First, we model thet dependence of the small siz
qq̄ configurations. Because of transverse squeezing in
J/c wave function, data taken fromJ/c production are ap-
propriate for use in modeling thet dependence of small size
hard scaleqq̄ configurations. Next, thet dependence of soft
large size hadronic configurations is approximated by
pion structure function, the pion being a reasonable appr
mation to a large size hadronic component of the virt
photon wave function. For soft interactions, a factor for s
Pomeron exchange is included to account for the slow ris
cross section at smallx. Finally, we use the transverse size,d,
as a parameter to interpolate between hard and soft phy
In our analysis, we will transform our expression for th
amplitude into the impact parameter picture to look for t
regions where the impact parameter space amplitude
proaches the unitarity limit and thus to estimate the value
the impact parameter where the BBL is attained.

It should be noted that our model has limitations whi
restrict how it can be applied. It is important to keep in mi
that Eq.~1! is multiplied by a color factor of 9/4 when th
hadronic configuration is a color singlet composed of oc
representations of SU~3!, as in a gluon dipole. Such interac
tions are expected to be abundant in the smallx limit, so the
BBL will be reached at larger impact parameters than wha
predicted by considering only the interactions of small s
qq̄ pairs. Furthermore, at very smallx, effects from cross
section fluctuations of the virtual photon become importa
and taking into account only elastic dipole scattering b
comes inappropriate. In particular, the total cross section
hadron-hadron scattering has a significant contribution fr
inelastic diffraction. In Ref.@6#, Miettinen and Pumplin write
the contribution from inelastic diffraction in terms of fluctua
1-2
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tions around hadronic eigenstates. Estimates of the contr
tion from hadronic fluctuations to the cross section show t
it is not negligible~see, e.g., Ref.@7#!. In fact, with a de-
crease of the dipole size, the relative importance of inela
diffraction increases. The importance of inelastic diffracti
for smallqq̄ sizes is discussed, for example, in Ref.@8#. The
important point to note here is that inelastic diffraction w
contribute to the breakdown of the leading twist approxim
tion at low x before the BBL for elastic scattering of th
hadronic configurations in the photon wave function
reached. As such, we do not seek to place an absolute bo
ary on the region where corrections to the Dokshitz
Gribov-Lipatov-Altarelli-Parisi~DGLAP! evolution equation
become relevant. Rather, we construct a model that pu
lower limit in impact parameter space on regions approa
ing the BBL. Furthermore, since the leading twist appro
mation is not accurate in the vicinity of the unitarity limi
the BBL establishes a lower limit in impact parameter sp
on regions where the DGLAP equation is applicable.

In Sec. II, we outline our model for thet dependence o
the hadronic configuration-nucleon amplitude. In Sec. III,
transform our expression for the amplitude into the imp
parameter representation and study the proximity of the p
file function to the unitarity limit as a function of impac
parameter,b. We write the transverse and longitudinal cro

sections,sT,L
g* N , as convolutions of the dipole cross secti

with the photon wave function in Sec. IV. Section IV co
cludes with a calculation of the fraction of theg* N cross
section due to large values of the hadronic profile functi
In Sec. V, we compare our results to an earlier study of
S-matrix t dependence in impact parameter space. In Sec
we perform the same calculation for the situation where
target is a208Pb nucleus. For the case of a nuclear target,
match the PQCD calculation at smalld to the Glauber mul-
tiple scattering theory result at larged. Finally, we summa-
rize our observations in the conclusion.

II. MODELING THE t DEPENDENCE

Starting with the expression for the total cross section
Eq. ~1!, we devise a model for the scattering amplitude
writing it in the form

AhN~s,t !5 isŝ totf ~s,t !, ~2!

where f (s,t) accounts for thet dependence of the interac
tion, andŝ tot is determined from the QCD improved dipo
picture @Eq. ~1!#. The ‘‘caret’’ on ŝ tot is to distinguish the
total cross section for the scattering of one component of
photon wave function from the totalg* N cross section
which we consider in Sec. IV. Applying the optical theore
in the larges limit reproducesŝ tot . For now we assume tha
the amplitude is purely imaginary. We will return to the que
tion of a real part of the amplitude at the end of Sec. III.

In this section, we will make an estimate of the form
f (s,t) which will take into account the nonzero size of th
qq̄ dipole and which will smoothly interpolate between pe
turbative and nonperturbative regimes using the hadro
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size, d, as a parameter. We act in the spirit of Ref.@4# by
modeling thet dependence of the amplitude in the soft a
hard regimes and by usingd to build a smooth interpolation
The three steps: building a model for the small dipole regi
building a model for the large wave-packet region, and int
polating between the two regions are outlined in the n
three paragraphs.

We start by writing the general structure of the amplitud
The t dependence,f (t,x,d), is written as the product of thre
functions

f ~ t,x,d!5FN~ t,d!Fh~ t,d!FP~ t,x,d!. ~3!

Here and in the rest of this section, the dependence off upon
s is replaced by dependence uponx andd. FN(t,d) describes
the t dependence of the nucleon target,Fh(t,d) describes the
t dependence of the hadronic projectile, andFP(t,x,d) ac-
counts for Gribov diffusion. This method of separating tht
dependence into three factors corresponding to differ
sources oft dependence is similar to what is used in Ref.@9#.

The next task is to model the small dipole sizet depen-
dence. Both the soft Pomeron exchange factor and the
ronic form factor must approach unity as the size,d, shrinks
to zero. The QCD factorization theorem implies that thet
dependence of the small dipole-nucleon amplitude is univ
sal. Hence, it can be extracted directly fromJ/c photo-
~electro-! production since theJ/c wave function is known
to be a small size wave packet@10#. Data fromJ/c produc-
tion reveal that the two-gluon form factor is

FN~ t,d→0!5F1~ t !;
1

~12t/m1
2!2

. ~4!

The subscript, 1, labels the two-gluon form factor andm1
2 is

a measurable parameter in the two-gluon form factor. T
value, m1

2'1.1 GeV2, is extracted from data in Refs.@11–
13#. For a detailed discussion of the two-gluon form factor
J/c production, see Ref.@14#. In @14#, it was discussed in
detail how, as a result of the transverse squeezing of theJ/c
wave function, thet dependence of the amplitude com
solely from the two-gluon form factor. In particular, it wa
found that the dipole form factor contributes only abo
0.3 GeV22 to the slope of thet dependence. The assumptio
that only the gluon form factor is relevant forJ/c production
has been successfully tested against data in Refs.@15–17#.
Hence, in the limit of small dipole sizes,

f ~ t,x,d→0!5F1~ t !. ~5!

Next we construct a model for the large wave packet
havior. When the hadronic state has a large size, thet depen-
dence receives contributions from sources other than
two-gluon form factor. We rewrite Eq.~3! in the form

f ~ t,x,d!5FN
e.m.~ t,d!Fh~ t,d!FP~ t,x,d!. ~6!

Now, FN
e.m(t) is the electromagnetic form factor of th

nucleon which is known phenomenologically to take t
form
1-3
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FN
e.m.~ t !;

1

~12t/m0
2!2

, ~7!

where m0
2'0.7 GeV2. Large size hadronic configuration

can be reasonably expected to havet dependence similar to
the pion electromagnetic form factor. Thus, for the hadro
form factor we use the well-known form of the pion for
factor,

Fh~ t,d→dp!;
1

12t/m2
2

, ~8!

with m2
2'0.6 GeV2. Here,dp is the characteristic size of th

pion, and takes on a value of approximately 0.65 fm. T
value for the pion size is consistent with what is used in
matching ansatz of Ref.@4# and agrees well with data for th
pN cross section in Ref.@18#. For low-x soft scattering there
is also a factor that arises from Gribov diffusion effects:

FP~ t,x,d→dp!;e2a8t ln x0 /x. ~9!

The factor, FP(t,x,d), describes the exchange of a so
Pomeron with Regge slopea8'0.25 GeV22 andx050.01.
The value ofx0 is determined by the boundary of the regio
where Gribov diffusion effects become significant.

Finally, we must find a reasonable way to interpolate
tween the hard and soft regions. We use thet dependence
discussed in the previous two paragraphs to guess the fol
ing form for the hadronic configuration-nucleon amplitude

AhN~s,t !5 isŝ tot

1

@12t/M2~d2!#2

3
1

12td2/dp
2 m2

2
e2a8(d2t/dp

2 )ln x0 /x. ~10!

In order to give the variation withd geometric behavior, we
use d2 as a parameter. To interpolate between the nucl
and the two-gluon form factors, we have defined the funct

M2~d2!5H m1
22~m1

22m0
2!

d2

dp
2

, d<dp ,

m0
2 , otherwise.

~11!

Note that whend equalsdp , AhN is the product of Eqs.~7!,
~8!, and~9!. In the smalld limit, the dipole form factor and
the Pomeron form factor approach unity,M2(d2)→m1

2, and
the limit in Eq. ~5! is recovered. Varyingd2 interpolates
smoothly between the hard and soft regions. Note that
neglect a possible smallx dependence ofFN(t,d) at x
&0.01. ~See the discussion in Ref.@19#.! However, our
model is adjusted to reproduce the observedx dependence o
the slope for photoproduction ofJ/c mesons.
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III. IMPACT PARAMETER ANALYSIS

Having obtained Eq.~10!, the next step is to transform t
the impact parameter representation where the profile fu
tion is defined by the relation

Adipole,N~s,t !52isE d2bW e2 iqW •bWGh~s,b!, ~12!

where t52q2. The subscript,h, indicates that we are con
sidering the profile function for the scattering of a sing
hadronic component of the photon wave function from t
proton. We get the profile function by inverting Eq.~12!,

Gh~s,b!5
1

2is~2p!2E d2qW eiqW •bWAhN~s,t !. ~13!

For an imaginary amplitude, the BBL is reached wh
Gh(s,b)51 and the elastic and inelastic cross sections
equal. Recall that if a singlet dipole consists of color oc
representations of SU~3!, Eq. ~1! has an extra factor of 9/4
so the BBL for the interaction of a hadronic configuratio
with the nucleon is certainly reached forGh(b);1/2. There-
fore, wheneverGh*1/2, we conclude that the interactio
takes place near the BBL. In the rest of this section, we w
suppress explicit reference to the argument,s, in the profile
function. We have plotted the functionGh(b) for different
values of the dipole size andx in Fig. 1. We have used gluon
distributions from CTEQ5L in the perturbative calculation
ŝ tot @20#. Recall from the Introduction that our model re
quires that we specify the external photon virtuality. Sin
we are interested in the possibility of reaching the BBL a
few GeV2, we have setQ252 GeV2 in Fig. 1.

A Gaussian ansatz is commonly used in experiments
extrapolate thet dependence to large values. Let us, the
fore, briefly compare the behavior of our model to that o
simple Gaussian. We start with the form

AhN~s,t !5 isŝ tote
Ct/2, ~14!

which is then transformed into impact parameter space
ing

GhN~b!5
ŝ tot

4pC
e2b2/2C. ~15!

The slope of the Gaussian,C, is chosen so that it yields th
same standard deviation inGh(b) as our model. One dange
in using a Gaussian model is that it neglects the importa
of interactions in peripheral regions. Our model attempts
fix this problem by spreading out the distribution int. Note
in Fig. 2 that our model falls off more slowly withb.

Now let us estimate the contribution of large values
Gh(b) to the total hadronic cross section. The total cro
section follows from the optical theorem

ŝ tot52E d2bW ReG~s,b!. ~16!
1-4
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FIG. 1. The hadronic
configuration-nucleon profile
function for different x values.
The large Gh(b) region (Gh

*1/2) is reached for intermediat
hadronic sizes.~See Fig. 3.! Here,
Q2 is taken to be 2 GeV2.
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We have made a numerical evaluation of the fraction of
total hadronic configuration-nucleon cross section obtai
by setting different upper limits on theb integral in Eq.~16!.
In Fig. 3, one can see that no more that about 30% of
total hadronic cross section is due to values ofGh*1/2.
Moreover, contributions from large values ofGh(b) occur
for hadronic sizes close to the pion size,d'.6 fm. Averaging
over the photon wave function will lead to a suppression
contributions from larger size hadronic configurations,
there will indeed be a small contribution to the total D

FIG. 2. Comparison of theb behavior for our model with that o
a Gaussian model. Our model falls off more slowly withb. The
slope of the Gaussian used here is 0.17 fm2.
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cross section due to large values ofGh(b) ~see Fig. 4!. The
goal of Sec. IV will be to determine whether the contributio
to theg* N cross section from large values ofGh(b) is sig-
nificant enough that we may expect to see blackbody beh
ior within HERA kinematics.

To summarize, Fig. 1 demonstrates that large values
Gh(b) are approached for hadronic configuration-nucle
scattering at central impact parameters,b&0.5 fm. In Fig. 1
it is seen that this is particularly true for hadronic siz
around d'0.6 fm. Figure 3 shows that ford;0.6 fm, a
maximum of about 1/3 of the total hadron-nucleon cross s

FIG. 3. The fraction ofŝ tot with contributions coming from
values ofGh greater than the corresponding point on thex axis.
1-5
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ROGERSet al. PHYSICAL REVIEW D 69, 074011 ~2004!
tion comes from values ofGh(b) that approach the blac
limit. When d&0.2 fm, a very small fraction of the tota
hadronic configuration-nucleon cross section comes fr
large values ofGh(b). The only contribution fromGh*1/2
to the total cross section ford&.2 fm occurs at very smallx
(x&1024).

Most of the model dependence in this calculation com
from uncertainty in the large-t behavior of the amplitude
The different curves in Fig. 5 demonstrate how our mo
changes if we remove contributions from larget. Notice that
simply removing the contribution from2t*3.3 GeV2 leads
to an error of less than 10%. Thus, we do not expect
uncertainty in the larget behavior to have a drastic effect.

FIG. 4. The distribution of the integrand in Eq.~26! over had-
ronic sizes for both the transverse and longitudinal cross sectio

FIG. 5. A demonstration of the rapid convergence of the pro
function. Here, the profile function is plotted for different values
the upper limit,U, on the integral overt (2t5U2).
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We should also remark that we have considered only
non-spin-flip interactions. Corrections which account for t
spin-flip amplitude would result in a smaller non-spin-fl
amplitude than what we consider here. Experimental res
in Ref. @21# demonstrate that the polarization,P, is less than
0.2 for the range oft we are discussing. From the formu
relatingP to the spin-flip amplitude,

P52
2 Im~A11A12* !

uA11u21uA12u2
'2

2uA12u
uA11u

, ~17!

we find the fraction,uA12u/uA11u&0.1. Here,A11 repre-
sents the amplitude with no spin flip whereasA12 represents
the amplitude with spin flip.

We now return to the issue of a real part of the amplitu
which we ignored in Sec. II. In the considered kinema
region (t&22 GeV2), the ratio of the real to imaginary par
of the amplitude,h, is rather small. Indeed, if we adop
power law behavior for the total cross section,ŝ tot;sr, we
can estimate the value ofh(0) using the following formula
which follows from the Gribov-Migdal result@22# at high
energies in the near forward direction:

h~ t !5
ReAhN~s,t !

Im AhN~s,t !
5

p

2

] ln ŝ tot

] ln s
5

p

2
r. ~18!

The amplitude can be rewritten as

AhN~s,t !→s@ i 1h~ t !# f ~s,t !, ~19!

where the function,f (s,t), is assumed to be strictly real. Fo
soft regions, the total cross section has the approximas
behavior of thepN cross section as in Ref.@4#, consistent
with the behavior of a Donnachie-Landshoff soft Pomer
@23#. In that case,r'0.08, and Eq.~18! givesh'0.1. The
second term in Eq.~19! appears squared in the calculation
the cross section, so the correction to the cross sectio
approximately 1%. For the high-Q2, low-x region, the total
cross section experiences rapid growth andr'0.25 or, by
Eq. ~18!, h'0.35. The correction to the squared amplitude
therefore approximately 10% near the forward directio
Away from the forward direction, one must account for t
small variation ofh with t. The effect can be estimated b
considering the signature factor in the general form of
Reggeon amplitude. For2t<2.0 GeV2, h(t) continues to
contribute a negligible amount to the amplitude.

The elastic cross section associated with Eq.~19! is found
by integrating the profile function over impact parameters

ŝel5E d2bW uG~s,b!u2. ~20!

The total cross section is found using Eq.~16!. Therefore, the
inelastic cross section is

ŝ inel5E d2bW @2 ReG~s,b!2uG~s,b!u2#, ~21!

with the unitarity constraint

s.

e
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2 ReG~s,b!2uG~s,b!u2<1. ~22!

If the amplitude is purely imaginary, thenŝel<ŝ inel and the
unitarity constraint is thatGh<1. Note that by considering
only the imaginary part of the amplitude, we have conside
only the real part of the profile function. If the amplitude
given a real part correction, then the profile function w
obtain an imaginary part, the elastic cross section will
crease, and the inelastic cross section will decrease. The
rection to the unitarity constraint on ReG is, from Eq.~22!,
2$h2 Re@G(s,b)#2%. In the region of largeQ2, the effect of
a real part in the amplitude would clearly be noticeable.
Eq. ~22!, the unitarity limit on the real part of the profil
function for h'0.35 would be

ReG<
1

11h2
;0.9. ~23!

Thus, the unitarity limit on the real part of the profi
function may be less than unity by as much as 10%. At t
point, we should remark that both the contribution from t
real part of the amplitude and the contribution from inelas
diffraction will tend to raise the boundary in impact param
eter space where the BBL is reached. We neglect both eff
in our model. As a consequence, when our model pred
that the BBL has been reached below a certain impact
rameter, we can be confident that the same would be tru
a model that incorporates inelastic diffraction and the effe
of a real component of the amplitude. On the other hand
our model predicts that the BBL has not been reached,
must keep in mind that corrections due to inelastic diffra
tion and a real part of the amplitude may be important.
other words, the BBL may already be approached at la
values ofb than what our model predicts.

The uncertainty in the matching region is expressed
the uncertainty in the parameter,l. However, values of the
order of 4–10 seem to work well and, as shown in Fig.
there is a variation of only about 15% at small impact p
rameters when we varyl from 10 to 4. Note that this is don
for a hadronic size of 0.4 fm which is in the region where t
dependence uponl should be at its greatest. However, the
remains another subtlety related to the matching of kinem
regions. First, recall the distinction between the energy sc
Q2, denoting the virtuality of the photon in a particular sca
tering process, and the scale,Q̄2, which is the energy scale
related to the hadronic size,d, through the scaling ansatz o
Ref. @4#. These two scales are nearly equal as long as
consider hadronic sizes in the vicinity of the average h
ronic size forF2. In determining which value ofx @calledx8
in Eq. ~1!# should be used to calculate the hadronic cr
section, the authors of Ref.@4# chose to relate the value ofx8
to the valuex for a particularg* N process in such a way tha
x8 varies asd22 and so that for typical hadronic sizes,^x&
5x8. Within the color dipole picture, this accounts for th
dependence of the light-cone fraction,x8, of the gluon at-
tached to theqq̄ pair on the mass,M2, of the dipole:
07401
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x85
Q21M2

s
. ~24!

The result is that we cannot speak unambiguously of
hadronic cross section without referring to the virtuality
the probe which generated a component of given transv
size. From Ref.@4# we have, neglecting the constituent qua
mass,

x85xS 110.75
Q̄2

Q2D . ~25!

Here we see that if we consider a fixedQ2, the universality
of the hadronic cross section fails for small hadronic siz
~large Q̄2), but is recovered for larger hadronic sizes. T
value ofx8 used in a calculation of the hadronic cross sect
will be significantly larger thanx for small hadronic sizes
leading to a suppression of the cross section in the small
region. In particular, in Fig. 1, the approach to the BBL
smalld is slowed due to the large values ofx needed to push
the small size configuration on shell. In investigating t
hadronic profile function, it may also be reasonable to de
mine Q2 by letting it equalQ̄2 so that the value ofd always
corresponds to a typical component of the virtual photon.
have done this in Fig. 7, and we can see that at smald,
Gh(b) is substantially larger, especially at smallx. Compar-
ing Figs. 1 and 7, we see that atd5.1 fm this effect is
significant while at intermediate hadronic sizes the effec
very small. Ford*.5 fm there is no discernible differenc
between the two cases. The physical meaning of this effe
that the profile function for a small size configuration a
proaches the BBL more slowly if it is far off shell for a give
Q2. Note that once we begin to calculate the total cro
section, an external value forQ2 is explicit, and we no
longer have this ambiguity.

FIG. 6. Comparison of the profile function for different value
of l in the case of an intermediate hadronic size equal to 0.4 fmGh

changes by about 15% atb50 if l is changed from 4 to 10.
1-7
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FIG. 7. These graphs are iden
tical to those in Fig. 1 except tha
the value ofQ2 used to make each
graph is calculated from the had
ronic size. Note the larger value
of the profile function at smalld
compared with Fig. 1.
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Furthermore, there is some uncertainty in the gluon d
tribution used to calculates tot . This is demonstrated in Figs
8 and 9 where we compare results for the structure funct
using CTEQ5L@20#, CTEQ6L@24#, and MRST98@25# lead-
ing order gluon parton distributions. The dependence u
the parton distribution is seen to be small, but we us
CTEQ5L parton distributions for all other calculations b
cause they seem to yield optimal consistency with data.

FIG. 8. Demonstration of reasonable agreement between
color dipole model and recent HERA data@26# for F2 at low Q2.
The different curves correspond to the different parton distributi
CTEQ6L, CTEQ5L, and MRST98@24,20,25#. In our calculations
we used CTEQ5L parton distributions because this yields opti
agreement between the dipole model and current data.
07401
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As we mentioned in Sec. II, the value ofdp that we used
is consistent with the slope of thepN cross section as mea
sured in Ref.@18# and with the matching ansatz used in Re
@4#. In the model of thet dependence,dp determines where
soft Pomeron behavior becomes important, and one may
ask whether a different value ofdp is appropriate. For mod-

he

s

al

FIG. 9. Demonstration of reasonable comparison between
color dipole model and preliminary HERA results@26# for FL at
low Q2 and lowx. The two points in the upper graph correspond
different methods of taking data. The different curves correspon
different parton distributions, CTEQ6L, CTEQ5L, and MRST9
@20,24,25#.
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FIG. 10. The hadronic
configuration-nucleon profile
function for different x values.
Here we have useddp5.8 fm.
Compare with Fig. 1.
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els with a larger value ofdp , the suppression of the profil
function due to the Pomeron form factor,FP , does not occur
until one considers larger hadronic configurations. Theref
for intermediate hadronic sizes, the profile function rapid
approaches the unitarity limit asx decreases whendp is
large. This can be seen in Fig. 10 where we have repeate
calculation of Fig. 1, this time usingdp5.8 fm. Note the
large values ofGh(b) at smallb for d;.5 fm. Therefore, by
choosing a smaller value fordp we are making a conserva
tive estimate of the approach to the BBL.

IV. ESTIMATING THE PROXIMITY OF THE TOTAL g* N
CROSS SECTION TO THE BBL

To properly study the proximity of DIS to the unitarit
limit, we must evaluate the degree to which the differe
hadronic components contribute to theg* N cross section,

sL,T
g* N . T andL refer, respectively, to the transverse and lo

gitudinal cross sections. In the color dipole formalism, t
longitudinal and transverse cross sections can be factor
into the convolution of the perturbative light-cone wa
function with a universal color dipole cross section,

sL,T
g* N~Q2,x!5E

0

1

dzE d2dW ucL,T~z,d!u2ŝ tot~d,x8!.

~26!

In this paper, Eq.~26! applies also to cases whereŝ tot(d,x)
is the cross section for interactions of large size hadro
configurations with the nucleon.z is the quark momentum
fraction, andcL,T(z,d) is the longitudinal/transverse photo

wave function calculated in QED. We have calculatedsL,T
g* N
07401
e,

the

t
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ed

ic

using ŝ(d,x) with the t dependence determined in Sec.
Plots ofF2 andFL are shown in Figs. 8 and 9. The structu
functionsF2 andFL are defined as,

FL~x,Q2!5
Q2

4p2ae.m.

sL ,

F2~x,Q2!5
Q2

4p2ae.m.

~sL1sT!. ~27!

Note that thet dependence is not needed for calculations
F2 andFL . For more plots of the total cross section calc
lated within the QCD improved dipole model see Ref.@4#.
Figure 4 shows the distribution of the integrand in Eq.~26!
over total hadronic sizes and demonstrates the suppressi
large size hadronic configurations.

We would like to study the contribution of intervals o
G(b) to theg* N cross section. However, the profile functio
for g* N scattering by itself is not useful because the pho
wave function is not normalizable and because it depend
ae.m. . Thus, in order to look for the proximity to the BBL
we have plotted the fraction of the totalg* N cross section
due to different regions of thehadronic profile function.
Plots with different values ofx are shown in Fig. 11. They
axis denotes the fraction of the longitudinal~transverse!
cross section with contributions fromGh(b) greater than the
corresponding value on thex axis. Note that whenQ2

52 GeV2 andx;1024, about 1/5 of the longitudinal cros
sections are due to dipole configurations corresponding
Gh(b).1/2.

At Q2520 GeV2, Fig. 11 demonstrates the recovery
the leading twist behavior, especially forsL at x5.01, where
less than one-tenth ofsL is due to hadronic configuration
1-9
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FIG. 11. The fraction ofsL,T
g* N

with contributions coming from
values ofGh greater than the cor-
responding values listed on thex
axis. When Q252 GeV2 and x

51024, about 1/5 ofs tot
g* N comes

from hadronic components sca
tering with Gh.1/2.
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with Gh(b).1/2. It is clear from Fig. 11 that, for centra
impact parameters and low enoughQ2, a significant portion
of the total cross section is due to hadronic configurati
nucleon interactions that are close to the unitarity limit.
high energyg* A scattering, where the effects of the BBL a
enhanced, we may be able to use DIS to probe the BBL. T
possibility is discussed within the context of the QCD im
proved dipole model in Sec. VI.

V. COMPARISON WITH RESULTS OF OTHER STUDIES

The reasonableness of our model is demonstrated in F
where the dipole model is seen to be consistent with rec
HERA data forF2 at low values ofQ2 andx. Furthermore, in
Fig. 9, our model is seen to be consistent with prelimin
results from HERA forFL @26#. Other studies of the impac
parameter picture of hadronic interactions with nucleo
were done in@2#, where r production data were used t
extract the t dependence. The analysis in@2# used the
S-matrix convention,S(b)512G(b), in place of the profile
function. In Fig. 12 we have plotted our prediction of th
S-matrix profile for central impact parameters along with e
lier result from Munieret al. @2#. In their analysis, the au
thors were restricted to usingr production data to model th
t dependence. Data forr production are limited to kinemat
ics where2t&0.6 GeV2 (b*.3 fm), so the accuracy o
their results is limited to moderate impact parameters. A
ther complication is introduced into their analysis by t
need to model ther-meson wave function. Our model use
J/c production data and is therefore valid at small valu
of b.
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As mentioned in Sec. II, production ofJ/c depends only
on the two-gluon form factor, and can therefore be exten
down to very small impact parameters. It is natural to co
pare our results forS(b) with the median value of the dipole
size as it is was used in the calculation of the amplitu

FIG. 12. Comparison of theS matrix calculated using Eq.~10!
with results obtained in@2#. The bold line shows our result, while
the dashed and dotted lines show results taken from Ref.@2# using
r production with three different interpolations for thet depen-
dence.
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FIG. 13. The hadronic
configuration-nucleus (208Pb) pro-
file function. The upper solid
curves correspond tox51025, the
lower solid curves corresponds t
x51024; the dashed curves corre
spond tox51023, and the dot-
dashed curves correspond tox
51022.
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estimated in Ref.@27#. In our case, the value ofd that corre-
sponds to S(b) evaluated atQ257 GeV2 is about d
'0.32 fm@28#. With this assumption, Fig. 12 shows that o
model has very good agreement with the results of Ref.@2# at
moderate values ofb while there is an expected deviatio
between the two models for low values ofb ~see@29#!. Since
our model will have;t24 behavior at small values ofb, then
even in the smallb region, our model deviates from th
results of Ref.@2# by no more than about 25%. Reference@2#
used a simple exponential or power ansatz to interpolat
larger values oft as indicated in the figure. In Fig. 12, it i
seen that the model used in@2# has a high degree of unce
tainty at small values ofb because of the necessity to gue
the form of the function that interpolates to larget. In con-
trast, our model uses information aboutJ/c production and
DIS to model the smallb behavior.

After preliminary results of our study were presente
there appeared an experimental analysis with improved
on inclusive cross sections and vector meson productio
HERA by Kowalski and Teaney@31#. They carry out an
analysis similar to that used in@2#. Therefore, it differs from
our analysis in that it does not include information about
large t behavior of the two-gluon form factor. Future im
provements on the dipole picture should be compared w
this data.

VI. SCATTERING OFF A HEAVY NUCLEAR TARGET

It is interesting to examine how the profile functio
Gh(s,b,d) changes when the free proton target is substitu
07401
to

,
ta
at

e

th

d

by a heavy nuclear target such as the nucleus of208Pb. In the
heavy nucleus case, the procedure for obtainingGh(s,b,d)
differs from the one in the nucleon case and is outlined
low. First, for dipoles of small transverse sizes,d,0.2 fm,
the inelastic scattering cross section at a given impact par
eterb is given by the perturbative QCD expression involvin
the impact parameter dependent nuclear gluon distribut
gA(x,Q2,b) @compare to Eq.~1!#:

ŝpQCD
inel ~d,x,b!5

p2

3
d2as~Q̄2!xgA~x8,Q̄2,b!, ~28!

where x8 is given by Eq. ~25!. The gluon distribution
gA(x,Q2,b), normalized such that *d2bgA(x,Q2,b)
5gA(x,Q2), was evaluated in@8# using the theory of leading
twist nuclear shadowing. The profile functionGh(s,b,d) can
be found from Eq.~21! ~see also@32#!:

2ReGh~s,b,d!2uGh~s,b,d!u25ŝpQCD
inel ~d,x,b!. ~29!

Ignoring the small imaginary part ofGh(s,b,d), which is
even smaller in the heavy nucleus case than in the free
ton case because of the effect of nuclear shadowing, Eq.~29!
gives

Gh~s,b,d!512A12ŝpQCD
inel ~d,x,b!, ~30!

which is valid ford,0.2 fm.
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Second, for dipoles of a larger size,d050.2,d,dp

50.65 fm, the profile function is found by interpolating b
tween the PQCD expression of Eq.~30! and the profile func-
tion calculated atd5dp @4#:

Gh~s,b,d!5@Gh~s,b,dp!2Gh~s,b,d0!#
d22d0

2

dp
2 2d0

2

1Gh~s,b,d0!. ~31!

The profile function Gh(s,b,dp) is calculated using the
Glauber multiple scattering formalism@33#:

Gh~s,b,dp!512eAspN(s)T(b)/2, ~32!

where spN(s) is the energy-dependent pion-nucleon to
scattering cross section,spN(s)523.78(s/s0)0.08 mb, s0
5200 GeV; T(b) is the nuclear optical density normalize
such that*d2bT(b)51. A is the number of nucleons in th
target.

Third, for the dipoles with the sized.dp , the profile
function is given by Eq.~32!, where the pion-nucleon cros
section is allowed to slowly grow as

spN~s,d!5spN~s!
1.5d2

d21dp
2 /2

. ~33!

The results for the profile functionGh(s,b,d) for the
nucleus of 208Pb are presented in Fig. 13 by the two so
(x51024 andx51025), dashed (x51023) and dot-dashed
(x50.01) curves.

The profile function for the nuclear target shows so
similarity with the profile function for the proton target. Th
main differences are that the BBL is approached over a la
range of impact parameters than in the case of a proton
get. This is not surprising because of the larger thicknes
the nuclear target. The plots in Fig. 14 show the fraction
the hadronic cross section due to large values ofGh .

FIG. 14. These plots are the analogue of those appearing in
3. They correspond to the profile functions for the nuclear targe
Fig. 13. In these plots,x8 corresponds toQ252 GeV2.
07401
l

e

er
r-

of
f

Large leading twist gluon shadowing tames the growth
the interaction of hadronic components of the photon w
the nucleus so that the unitarity constraint is satisfied fox
*1024 while the BBL may be reached for a large range
impact parameters. For smallerx, unitarity starts to break
down at central impact parameters. For larged, unitarity is
automatically satisfied since the Glauber model for large
tal cross sections leads to aGh that approaches unity.

Finally, we have included plots in Fig. 15 for the nucle
target showing the fraction ofsg* A due to large values ofGh
analogous to those in Fig. 11. In Fig. 15 we see that the B
is approached for nearly all values ofx at Q252 GeV2 and
Q2520 GeV2. ~Note the recovery of leading twist behavio
for the longitudinal cross section at largex and Q2

520 GeV2.! Notice also that the fraction ofsg* A due to
large values ofGh for x5.01 is actually larger in some case
than for the case,x5.001. This effect can be explaine
qualitatively by inspection of Fig. 13. For the case of t
nuclear target, the main contributions tosg* A come from
smaller values ofd (d'.2 fm). The growth of the profile
function with decreasingx at smalld is slower for smaller
values ofx (x'.01) than for larger values. Thus, the tail o
the profile function at large impact parameter may beco
significant in these regions.

VII. CONCLUSION

A general, well-known feature ofg* N and g* A scatter-
ing is that the fraction of the interactions of hadronic co
ponents in the virtual photon wave function with the prot
which take place at or near the BBL increases asx and Q2

decrease as is exhibited explicitly in this paper in Figs. 1
and 11. We hope that one day we may be able to exploit
novel properties of interactions in the BBL to study a ne
phase of PQCD. In Ref.@34# the signatures of the BBL for
DIS were discussed with the hopes that they would be s
in future experiments. It remained to be determined, ho

ig.
n

FIG. 15. These plots are the analogue of those appearing in

11. The fraction ofsg* A due to values of the hadronic profile func
tion larger thanGh is plotted versusGh .
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ever, in which kinematical regions one can expect to
blackbody behavior. Having now constructed a model of
amplitude for the interaction of the hadronic components
the virtual photon wave function, we are in a position
make rough estimates of the fraction of the hadronic inter
tions that exhibit the characteristic behavior of blackbo
interactions. More precisely, since we know that the effe
that we have ignored so far—inelastic diffraction and the r
part ofAhN—will tend to increase the proximity of the inter
actions to the unitarity limit, then we can place lower lim
on the values ofx and b where a significant fraction of the
events will occur at or near the BBL. Our results show th
within available HERA kinematics, a significant fraction
the total DIS cross section is due to interactions of the h
ronic components with the proton that occur near the BB
In particular, Fig. 11 shows that atQ2'2.0 GeV2 and x
&1024, about 1/5 of the longitudinal cross section is due
values ofGh(s,b,d)*1/2. The agreement of our model wit
preliminary HERA data and with previous models helps
strengthen this conclusion. An improved model, with corr
tions for inelastic diffraction, will likely predict a more rapi
-

t

r.

.

J.

D

n,

07401
e
e
f

c-
y
s
l

t,

-
.

-

approach to the BBL at smallx and central impact param
eters. The approach to the BBL asx and b decrease occurs
much more rapidly for the case of a heavy nuclear target t
for the case of a proton target. This can be seen by com
ing Figs. 3 and 14. For example, atd50.4 fm and x
'1024, Fig. 3 shows that, for the proton, less than 1/2 of t
total cross section is due to contributions fromGh(s,b,d)
.0.5, whereas with a208Pb target, Fig. 14 shows that ove
70% of the total cross section is due to contributions fro
Gh(s,b,d).0.5. This suggests that nuclear targets are id
for studies of the BBL as a phase of QCD as has been
cussed before in Ref.@34#. Future work on this subjec
should incorporate inelastic effects. Also, a greater und
standing of the larget behavior would lead to greater accu
racy in the model.
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