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Electric charge and magnetic moment of a massive neutrino

Maxim Dvornikov* and Alexander Studenikin†

Department of Theoretical Physics, Moscow State University, 119992 Moscow, Russia
~Received 15 May 2003; published 8 April 2004!

We consider the massive Dirac neutrino electric charge and magnetic moment within the context of the
standard model supplied with an SU~2!-singlet right-handed neutrino in an arbitraryRj gauge. Using the
dimensional-regularization scheme we start with the calculations of the one-loop contributions to the neutrino
electromagnetic vertex function exactly accounting for the neutrino mass. We examine the decomposition of
the massive neutrino electromagnetic vertex function. It is found by means of direct calculations that the
massive neutrino vertex function contains only the four form factors. Then we derive the closed integral
expressions for different contributions to the neutrino electric form factor, electric charge, and magnetic
moment. For several one-loop contributions to the neutrino charge and magnetic moment that were calculated
previously with mistakes by the other authors, we find the correct results. We show that the electric charge for
the massive neutrino is a gauge independent and vanishing parameter in the first two orders of the expansion
over the neutrino mass parameterb5(mn /MW)2. From the obtained closed two-integral expression for a
massive neutrino electric form factor it is also possible to derive the neutrino charge radius. In the particular
choice of the ’t Hooft–Feynman gauge we also demonstrate that the neutrino charge is zero in all orders of
expansion overb, i.e., for an arbitrary mass of neutrino. For each of the diagrams contributing to the neutrino
magnetic moment, we obtain the expressions accounting for the leading~zeroth! and next-to-leading~first!
order inb, where the gauge dependence is shown explicitly. Each of the contributions is finite and the sum of
all contributions turns out to be gauge independent. Our calculations also enable us to obtain the neutrino
magnetic moment in theoretical models that differ from each other by the values of particles’ masses, including
the case of a very heavy neutrino. The general expression for the massive neutrino magnetic form factor is
presented.

DOI: 10.1103/PhysRevD.69.073001 PACS number~s!: 13.40.Gp, 13.40.Dk, 14.60.Pq, 14.60.St
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I. INTRODUCTION

The recent experimental studies of the astrophysical
terrestrial neutrino fluxes provide convincing evidence fo
nonvanishing neutrino mass and neutrino mixing@1#. These
properties of the neutrino are attributes of physics beyond
scope of the standard model. Important information on
structure of the future model of interaction can be obtain
in the investigation of radiative corrections to the propert
of the neutrino that in principle can be also verified in e
periments. A critical test of a theoretical model is provid
by the direct calculation of such characteristics of the n
trino as its electric charge and magnetic moment. In t
respect it is interesting to examine the gauge and neut
mass dependence of these quantities.

The electric charge and magnetic moment are the m
important static electromagnetic properties of a partic
Their values are determined by corresponding form factor
the external photon is on a mass shell. In spite of the fact
the electromagnetic form factors are not measurable pro
ties of a particle at nonzero momentum transfer, there
processes where the off-shell external photons are impor
The example is the radiative corrections to the fermio
fermion scattering. The fermion electromagnetic vertex fu
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tion and, in particular, its representation in terms of fo
factors in the case of off-shell external photon has been c
sidered in Refs.@2,3# within various gauge theories.

To the best of our knowledge, however, there are no dir
one-loop calculations of the neutrino electromagnetic ver
or of the neutrino charge and magnetic moment which
performed within the context of the standard model in t
renormalizableRj gauge and which explicitly take into ac
count the neutrino mass. It is worth noting here that
massive Majorana neutrino can have neither magnetic
electric dipole moment. Because of the lepton flavor nonc
servation that has been confirmed in the neutrino exp
ments, a neutrino could have flavor-off-diagonal transiti
magnetic moment, which is also allowable for the Majora
neutrino. The differences between the Dirac and Majora
electromagnetic properties are explained in detail in Ref.@4#.

The neutrino vertex function in the limit of small neutrin
mass was considered in Ref.@5#. There are several work
where the neutrino charge is calculated within the stand
model using the unitary, linearRj , and ’t Hooft–Feynman
gauges@6–9#. The one-loop contributions to the neutrin
magnetic moment in the standard model have been also
sidered previously@5,10–12#. The vanishing of the massles
neutrino charge emerges from the unbroken electromagn
gauge invariance. The corresponding Ward identity has b
derived in Refs.@13,14# using the background field method
In recent studies@14#, a computation of one-loop elec
troweak diagrams, which contribute to the neutrino cha
and magnetic moment in the background field method an
the linearRj gauge, is presented. However, all the previo
©2004 The American Physical Society01-1
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calculations of the neutrino charge have been performed
der the assumption of a vanishing neutrino mass. With
spect to the neutrino magnetic moment, an according tr
ment of this quantity was also performed to the leading or
in the neutrino mass that is valid for the case of neutr
being much lighter than the corresponding charged lep
mn,

!m, . In addition, the results presented in Ref.@14# for
the gauge-fixing parameter dependence of several one-
contributions to the neutrino charge and magnetic mom
are incorrect.

In this paper we consider the massive Dirac neutr
charge and magnetic form factors in the context of the s
dard model supplied with the SU~2!-singlet right-handed
neutrino. Using the dimensional-regularization scheme,
start~Sec. II! with the calculations of the one-loop Feynma
diagrams that contribute to the neutrino electromagnetic
tex function Lm(q) in the generalRj gauge. It should be
noted that, contrary to the previous studies, we explic
account for nonvanishing neutrino mass. In Sec. II A we
amine the structure of the massive neutrino electromagn
vertex function. The decomposition of a fermion vertex fun
tion in terms of the four well-known electromagnetic for
factors~presented, for instance, in Refs.@2,3#! has been es
tablished using general principles such as the Lorentz
CP invariance and the Hermiticity. We analyze this deco
position and verify it by means of direct calculations in t
case of the massive neutrino within the standard model s
plied with the SU~2!-singlet right-handed neutrino. Such d
rect calculations were never undertaken previously.

We present the general expressions for the contribut
to neutrino electric form factor in Sec. III. Then in Sec. III
we study the neutrino electric charge and analyze neut
mass and gauge dependence of corresponding contribu
arising from different Feynman diagrams. Although there
no doubt that the neutrino electric charge within the stand
model is a gauge independent and vanishing quantity, h
ever, this fact has not been yet actually demonstrated in
case of a massive neutrino. Our calculations allow us to
termine the neutrino mass and gauge parameter depend
of the one-loop contributions to the neutrino charge. We a
obtain a correct gauge dependence for the contribution
several diagrams to the neutrino charge that have been
culated in Ref.@14# with mistakes. Within the one-loop leve
we show that the neutrino electric charge is gauge indep
dent and vanishing in the ‘‘zeroth’’ and first order of th
expansion over the neutrino mass parameterb
5(mn /MW)2. Moreover, for the particular choice of the
Hooft–Feynman gauge we also demonstrate that the neu
charge is zero for arbitrary neutrino mass, i.e., in all orders
the expansion over the parameterb. The obtained formulas
can be used for studying the massive neutrino charge ra
~Sec. III C!.

In Sec. IV we consider the neutrino magnetic form fac
using the one-loop contributions to the neutrino electrom
netic vertex derived in Sec. II. For each of the contributio
to the neutrino magnetic moment we derive the integral r
resentations that exactly account for the gauge-fixing par
eters as well as for the neutrino mass and correspon
charged lepton mass parameters@b and a5(m, /MW)2].
07300
n-
-
t-
r

o
n,

op
nt

o
n-

e

r-

y
-
tic
-

d
-

p-

s

o
ns

s
rd

-
he
e-
nce
o
of
al-

n-

no
f

us

r
-

s
-
-

ng

Then for each of the diagrams we perform an integration
obtain the explicitly gauge-dependent contributions to
neutrino magnetic moment accounting for the leading~ze-
roth! and next-to-leading~first! order in the expansion ove
neutrino mass parameterb. The sum of all the contributions
turns out to be gauge parameter independent. However,
results for several contributions to the neutrino magnetic m
ment in the leading order in the neutrino mass disagree w
those of Ref.@14# for the corresponding contributions. I
particular, contrary to the results of Ref.@14#, not all the
contributions are gauge independent. Our calculations en
one to reproduce the correct value for the neutrino magn
moment in any gauge including also the unitary gauge
which the results of Ref.@14# are incorrect. In this section we
get final expressions for the massive neutrino magnetic
ment in the various ranges of neutrino, charged lepton,
W boson masses:mn!m,!MW , m,!mn!MW , and m,

!MW!mn . The last case amounts to a very heavy neutr
that is not excluded by the CERNe1e2 collider ~LEP! data
~see, e.g., Ref.@15#!. We also discuss the general formul
for the massive neutrino magnetic form factor at nonz
momentum transfer.

The conclusions are made in Sec. V. We also include a
of the Feynman rules~Appendix A! and the typical Feynman
integrals~Appendix B! used in our calculations.

II. VERTEX FUNCTION OF MASSIVE NEUTRINO

The matrix element of the electromagnetic current b
tween neutrino states can be presented in the form

^n~p8!uJm
EMun~p!&5ū~p8!Lm~q!u~p!, ~2.1!

where the most general expression for the electromagn
vertex functionLm(q) reads

Lm~q!5 f Q~q2!gm1 f M~q2!ismnqn2 f E~q2!smnqng5

1 f A~q2!~q2gm2qmq” !g5 . ~2.2!

Here f Q(q2), f M(q2), f E(q2), and f A(q2) are, respectively,
the electric, dipole electric, dipole magnetic, and anap
neutrino form factors,qm5pm8 2pm , smn5( i /2)@gm ,gn#,
g552 ig0g1g2g3. Their values atq250 determine the
static electromagnetic properties of the neutrino. In the c
of Dirac neutrinos, which is considered in this paper, t
assumption ofCP invariance combined with the Hermiticity
of the electromagnetic currentJm

EM implies that the electric
dipole form factor vanishes. At zero-momentum trans
only f Q(0) and f M(0), which are called the electric charg
and the magnetic moment, respectively, contribute to
HamiltonianH int;Jm

EMAm that describes the neutrino inte
action with external electromagnetic fieldAm.

There is an important difference between the electrom
netic vertex function representations in the cases of mas
and massless neutrino, respectively. If we consider a m
less particle, from Eq.~2.2! it follows that the matrix elemen
of electromagnetic current can be expressed in terms of o
one form factor~see, for example, Ref.@16#!,
1-2
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ELECTRIC CHARGE AND MAGNETIC MOMENT OF A . . . PHYSICAL REVIEW D69, 073001 ~2004!
ū~p8!Lm~q!u~p!5 f D~q2!ū~p8!gm~11g5!u~p!.
~2.3!

Thus the electric charge and anapole form factors are rel
to the functionf D(q2) by the trivial identities

f Q~q2!5 f D~q2!, f A~q2!5 f D~q2!/q2. ~2.4!

However, in the case of a massive particle, there is no s
simple relation between the electric and anapole form fac
since we cannot neglect theqmq”g5-matrix term in the ana-
pole form factor. Moreover, the direct calculation of the ma
sive neutrino electromagnetic form factors shows that,
sides the ordinary electric charge and magnetic mom
each of the Feynman diagrams gives a nonzero contribu
to the term proportional to thegmg5 matrix. These contribu-
tions does not vanish even atq250. This problem is related
to the decomposition of the massive neutrino electrom
netic vertex function. Taking into account the importance
this problem, we present the direct calculation that verifi
the decomposition given by Eq.~2.2!. Using the technique
developed in the next section for studying the neutrino e
tric charge, we find that the sum of contributions of the co
plete set of Feynman diagrams to this additional ‘‘form fa
tor’’ is zero atq250. The vanishing of the considered for
factor atq2Þ0 for the particular choice of the gauge is al
demonstrated in the next subsection of this paper.

We present below the one-loop calculation of the elec
charge and magnetic moment of the massive neutrino wi
the context of the standard model supplied with the SU~2!-
singlet right-handed neutrino in the generalRj gauge. The
one-loop contributions to the neutrino electromagnetic ver
Lm(q) are given by the two types of Feynman diagrams:
proper vertices@Figs. 1~a!–~f!# and theg2Z self-energy dia-
grams@Figs. 2~a!–~h!#. We use the Feynman rules given
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Appendix A to find the contributions to the neutrino verte
function Lm(q). In the dimensional-regularization schem
the contributions of the proper vertices diagrams@Figs. 1~a!–
~f!# can be written as

Lm
~1!5 i

eg2

2
E dNk

~2p!N Fgkl2~12a!
kkkl

k22aMW
2 G

3
gk

L~p” 82k”1m,!gm~p” 2k”1m,!gl
L

@~p82k!22m,
2#@~p2k!22m,

2#@k22MW
2 #

,

~2.5!

FIG. 1. ~a!–~f! Proper vertices.
Lm
~2!5 i

eg2

2MW
2 E dNk

~2p!N

~mnPL2m,PR!~p” 82k”1m,!gm~p” 2k”1m,!~m,PL2mnPR!

@~p82k!22m,
2#@~p2k!22m,

2#@k22aMW
2 #

, ~2.6!

Lm
~3!5 i

eg2

2MW
2 E dNk

~2p!N ~2k2p2p8!m

~mnPL2m,PR!~k”1m,!~m,PL2mnPR!

@~p82k!22aMW
2 #@~p2k!22aMW

2 #@k22m,
2#

, ~2.7!

Lm
~4!5 i

eg2

2
E dNk

~2p!N gk
L~k”1m,!gl

LFdb
k2~12a!

~p82k!k~p82k!b

~p82k!22aMW
2 GFdg

l2~12a!
~p2k!l~p2k!g

~p2k!22aMW
2 G

3
dm

b~2p82p2k!g1gbg~2k2p2p8!m1dm
g ~2p2p82k!b

@~p82k!22MW
2 #@~p2k!22MW

2 #@k22m,
2#

, ~2.8!
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Lm
~5!1~6!5 i

eg2

2
E dNk

~2p!N

3H gb
L~k”2m,!~m,PL2mnPR!

@~p82k!22MW
2 #@~p2k!22aMW

2 #@k2m,
2#

3Fdm
b2~12a!

~p82k!b~p82k!m

~p82k!22aMW
2 G

2
~mnPL2m,PR!~k”2m,!gb

L

@~p82k!22aMW
2 #@~p2k!22MW

2 #@k22m,
2#

3Fdm
b2~12a!

~p2k!b~p2k!m

~p2k!22aMW
2 G J , ~2.9!

wheremn , MW , andm, are the masses of neutrino,W bo-
son, and the charged isodoublet partner of the neutrino
spectively,e is the proton charge,g is the coupling constan
of the standard model,uW is the Weinberg angle,a51/j is
the gauge parameter of theW boson,PL,R5(16g5)/2 are
the projection operators.

FIG. 2. ~a!–~h! The g2Z self-energy diagram.f denotes the
electron, muon, andt lepton as well asu, c, t, d, s, andb quarks.
07300
e-

The contributions of theg2Z self-energy diagrams@Figs.
2~a!–~h!# to the vertexLm(q) are given by

Lm
~ j !~q!5

g

2 cosuW

Pmn
~ j ! ~q!

1

q22MZ
2

3H gna2~12aZ!
qnqa

q22aZMZ
2J ga

L ,

j 57,...,14, ~2.10!

where

Pmn
~7!~q!52 ieg cosuWE dNk

~2p!N

1

@~k2q!22MW
2 #@k22mW

2 #

3Fgga2~12a!
~k2q!g~k2q!a

~k2q!22aMW
2 G

3Fgbl2~12a!
kbkl

k22aMW
2 G

3@~k1q!gdm
b1~q22k!mgbg1~k22q!bdm

g #

3@~k1q!adn
l1~q22k!ngal1~k22q!ldn

a#,

~2.11!

Pmn
~8!~q!522ieg

sin2 uW

cosuW

MW
2

3E dNk

~2p!N

1

@~k2q!22aMW
2 #@k22MW

2 #

3Fgmn2~12a!
kmkn

k22aMW
2 G , ~2.12!

Pmn
~9!~q!5 ieg

cos2 uW2sin2 uW

cosuW
E dNk

~2p!N

gmn

k22aMW
2 ,

~2.13!

Pmn
~10!~q!52 ieg cosuWE dNk

~2p!N

dm
adn

b1dm
bdn

a22gabgmn

@k22MW
2 #

3Fgab2~12a!
kakb

k22aMW
2 G , ~2.14!

Pmn
~11!1~12!~q!

52ieg cosuW

3E dNk

~2p!N

km~k2q!n

@~k2q!22aMW
2 #@k22aMW

2 #
, ~2.15!
1-4
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Pmn
~13!~q!5 ieg

sin2 uW2cos2 uW

2 cosuW
E dNk

~2p!N ~2k2q!m

3~2k2q!n

1

@~k2q!22aMW
2 #@k22aMW

2 #
,

~2.16!

Pmn
~14!~q!5

ieg

2 cosuW
(

f
QfE dNk

~2p!N

3
1

@~k2q!22mf
2#@k22mf

2#
TrFgm~k”1mf !gn

3H 6
1

2
22Qf sin2 uW6

1

2
g5J ~k”2q”1mf !G .

~2.17!
07300
Here MZ and aZ are, respectively, the mass and gauge
rameter ofZ boson. In Eq.~2.17!, ‘‘ 2’’ and ‘‘ 1’’ stand for
the ‘‘upper’’ ~u, c, and t quarks! and ‘‘lower’’ ~electron,
muon,t lepton as well asd, s, andb quarks! components of
an isodoublet,mf andQf are the mass and electric charge~in
the units ofe! of a fermion circulating within the loop.

It is convenient to decompose each of theg2Z self-
energy contributions at arbitraryq2 and explicitly extract the
transversal term:

Pmn
~ j ! ~q!5A~ j !~a,q2!S gmn2

qmqn

q2 D1B~ j !~a,q2!gmn ,

j 57,...,14. ~2.18!

Using Eqs.~2.11!–~2.17! for the contributions of theg2Z
self-energy diagrams in the form of the Feynman integrals
well as Eq. ~2.18!, it is possible to present the function
A( j )(a,q2) andB( j )(a,q2) ( j 57,...,14) in the explicit form
A~7!~a,q2!52 cos3 uW sinuWMW
2 MZ

2G̃FtFvS 2
14

3
1a D1

1

6
1

a

2
22tE

0

1

dx~12x2!2$ ln@12z2x~12a!#2 ln~12z!%

12E
0

1

dx~5x225x21!ln~12z!22E
0

1

dx~4x223!$@12z2x~12a!# ln@12z2x~12a!#2~12z!ln~12z!%

1
t

2 E0

1

dx$2@12z2x~12a!# ln@12z2x~12a!#2~12z!ln~12z!2~a2z!ln~a2z!%G , ~2.19!
A~8!~a,q2!524 cosuW sin3 uWMW
2 MZ

2G̃FtE
0

1

dxx2

3$ ln@12z2x~12a!#2 ln~a2z!%, ~2.20!

A~9!~a,q2!50, ~2.21!

A~10!~a,q2!50, ~2.22!
A~11!1~12!~a,q2!52 cos3 uW sinuWMW
2 MZ

2G̃Ft

3Fv

3
12E

0

1

dxx~12x!ln~a2z!G ,
~2.23!

A~13!~a,q2!5~sin2 uW2cos2 uW!cosuW

3sinuWMW
2 MZ

2G̃Ft

3F2
v

3
2E

0

1

dx~2x21!2 ln~a2z!G ,
~2.24!
A~14!~a,q2!58 cosuW sinuWMW
2 MZ

2G̃FtH v

6 S 232
28

3
sin2 uWD

1(
f

Qf S 6
1

2
22Qf sin2 uWD F1

6
lnS mf

M D 2

1E
0

1

dxx~12x!ln@12~M /mf !
2z#G J , ~2.25!
1-5
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B~7!~a,q2!52 cos3 uW sinuWMW
2 MZ

2G̃F

3FvS t

2
2

1213a~11a!

2 D
1

3

4
@21a~11a!#2

t

24
~2513a!

23tE
0

1

dx~2x21!2 ln~12z!

29E
0

1

dx~12z!ln~12z!

23tE
0

1

dxx2$@12z2x~12a!#

3 ln@12z2x~12a!#2~12z!ln~12z!%

2
9

2 E0

1

dx$@12z2x~12a!#2

3 ln@12z2x~12a!#2~12z!2 ln~12z!%G ,
~2.26!

B~8!~a,q2!52 cosuW sin3 uWMW
2 MZ

2G̃FF2v
31a

2

2
12a

2
22E

0

1

dx ln@12z2x~12a!#

1E
0

1

dx$@12z2x~12a!#

3 ln@12z2x~12a!#2~a2z!ln~a2z!%

12tE
0

1

dxx2$ ln@12z2x~12a!#

2 ln~a2z!%G , ~2.27!

B~9!~a,q2!52~cos2 uW2sin2 uW!cosuW sinuW

3MW
2 MZ

2G̃F@a~v21!1a ln a#, ~2.28!

B~10!~a,q2!56 cos3 uW sinuWMW
2 MZ

2G̃FFv 31a2

2
2

1

4

2
5a2

12
1

a2 ln a

2 G , ~2.29!
07300
B~11!1~12!~a,q2!52 cos3 uW sinuWMW
2 MZ

2G̃FFvS a2
t

2D
2a1

t

6
1E

0

1

dx~a2z!ln~a2z!

22tE
0

1

dxx~12x!ln~a2z!G , ~2.30!

B~13!~a,q2!52~sin2 uW2cos2 uW!

3cosuW sinuWMW
2 MZ

2G̃FFa~v21!1
t

6

1E
0

1

dx~a2z!ln~a2z!

1
t

2 E0

1

dx~2x21!2 ln~a2z!G , ~2.31!

B~14!~a,q2!50, ~2.32!

where

G̃F5
GF

4p2&
, v52

1

«
2 ln~4p2!1C2 lnS l2

MW
2 D ,

andGF is the Fermi constant,z5x(12x)t, t5q2/MW
2 .

In the derivation of Eqs.~2.19!–~2.32! we have used the
properties of theg matrix algebra inN-dimensional space
and the expressions for the characteristic loop integrals
sented in Appendix B.

Decomposition of massive neutrino electromagnetic
vertex function

In the direct calculations of the massive neutrino elect
magnetic vertex function, taking into accounting the co
plete set of the Feynman diagrams, one reveals that, bes
the well-known four terms, in Eq.~2.2! appears an additiona
term proportional to thegmg5 matrix. Therefore we intro-
duce the additional form factorf 5(q2). In this subsection we
analyze this form factor and show by explicit calculatio
that f 5(q2)50 for arbitraryq2 and for particular choices o
the particles’ masses and gauge-fixing parameters.

Let us first consider the value off 5(q2) at q250: w
5 f 5(q250). The contributions to the ‘‘charge’’w of the
proper vertices diagrams@Figs. 1~a!–~f!# have the form
1-6
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w~1!~a,b,a!

5
eGF

4p2&
MW

2 H v
a

2
111

12a

12

1E
0

1

dz~12z!ln D2E
0

1

dz~12z!~a2bz2!
1

D

1
b

2 E0

1

dz~12z!3~a2bz2!F 1

Da
2

1

DG
2

1

2 E0

1

dz~12z!@a2b16bz~12z!#@ ln Da2 ln D#

13E
0

1

dz~12z!@Da ln Da2D ln D#J , ~2.33!

w~2!~a,b,a!5
eGF

4p2&
MW

2

3H a2b

2 S v

2
1

1

2
1E

0

1

dz~12z!ln DaD
2

1

2 E0

1

dz~12z!

3~a22abz21b2z22ab!
1

Da
J , ~2.34!

w~3!~a,b,a!5
eGF

4p2&
MW

2 a2b

2 S 2
v

2
2E

0

1

dz zln DaD ,

~2.35!

w~4!~a,b,a!

5
eGF

4p2&
MW

2 H 2v
3

4
~11a!2123E

0

1

dz zln D

1bE
0

1

dz z2~12z!
1

D
2

9

2 E0

1

dzE
0

z

dy

3$@Da1y~12a!# ln@Da1y~12a!#2D ln D%

2b2E
0

1

dzE
0

z

dy~12z!2@z~12z!22y#

3F 1

Da1y~12a!
2

1

DG
2

b

2 E0

1

dzE
0

z

dy~7218z111z2!

3@ ln@Da1y~12a!#2 ln D#J , ~2.36!
07300
w~5!1~6!~a,b,a!5
eGF

4p2&
MW

2 H E
0

1

dzE
0

z

dy~a2bz!

3
1

Da1y~12a!
2

a2b

2 E
0

1

dz

3E
0

z

dy$ ln@Da1y~12a!#2 ln Da%J ,

~2.37!

where

a5S m,

MW
D 2

and b5S mn

MW
D 2

~2.38!

are the charged lepton and neutrino mass parameters, re
tively, Da5a1(a2a)z2bz(12z) and D5Da515a1(1
2a)z2bz(12z).

In Eqs. ~2.33!–~2.37! we assume the mass parametersa
and b as well as the gauge parametera to be arbitrary. We
have calculated the integrals in Eqs.~2.33!–~2.37!, however,
the results, being expressed in elementary functions,
rather cumbersome. Therefore we also perform correspo
ing integrations in the first two terms of expansion over t
neutrino mass parameterb for arbitrary values of the charge
lepton mass parametera and the gauge-fixing parametera.
In this case the sum of the proper vertices’ diagrams cont
uted to the chargew can be written as

w~prop. vert.!~a,b,a!5
eGF

4p2&
MW

2 (
i 51

6

$w̄0
~ i !~a,a!

1bw̄1
~ i !~a,a!1O~b2!%. ~2.39!

The contributions of theg2Z self-energy diagrams@Figs.
2~a!–~h!# to the chargew coincides with those to the neutrin
electric chargeQ(g2Z) and thus are given by Eq.~3.26! ~the
details of the neutrino electric charge calculations can
found in Sec. III A!. We have calculated the function
w̄0

( i )(a,a) and w̄1
( i )(a,a) and found that the sum of all th

contributionsw̄0
( i )(a,a) exactly cancels the contribution o

the g2Z self-energy diagrams. Thus our result correspon
to the case of a massless particle. Therefore the chargew of
a massless neutrino is zero. Then, summing the contribut
w̄1

( i )(a,a) we reveal that the value of the chargew is also
zero in the next order of the expansion over the neutr
mass parameterb.

Now let us consider the value of the form factorf 5(q2) at
nonzero momentum transfer. In the subsequent calculat
we have to fix the gauge in order to simplify the formula
We set aZ5` and a51 that corresponds to the unitar
gauge for theZ boson and the ’t Hooft–Feynman gauge f
1-7
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the W boson. However, we do not restrict ourselves cons
ering either the light neutrino or the light charged lepton:
mass parametersa andb are arbitrary in all our calculations
In this case the functionB(q2) in the decomposition of the
g2Z self-energy diagrams@see Eq.~2.18!# takes the form

B~q2!5(
j 57

14

B~ j !~q2!52 cosuW sinuWMW
2 MZ

2G̃F

3@22v1gc~t!cos2 uW1gs~t!sin2 uW#,

~2.40!

where

gc~t!52
7

6
t2

7t

2 E
0

1

dx~6x226x11!ln~12z!

29E
0

1

dx ln~12z!,

gs~t!5
t

6
1

t

2 E0

1

dx~6x226x11!ln~12z!

2E
0

1

dx ln~12z!.

We note thatgs(0)5gc(0)50. To show thatgs(t)5gc(t)
for any value oft we consider their differenceg(t)5gs(t)
2gc(t). The functiong(t) can be represented as follows

g~t!5
4

3
t18E

0

1

dx ln~12z!

14tE
0

1

dx~6x226x11!ln~12z!.
07300
-
e
Expanding ln(12z) in the formal series,

ln~12z!52 (
k50

`
tk

k
xk~12x!k,

and performing the integration with the help of the formu

E
0

1

dxxl~12x!s5
~ l 11!! ~s11!!

~ l 1s12!!
, ~2.41!

we receive thatg(t)50 for any value oft. Thus the expres-
sion for B(q2) can be represented in the form

B~q2!52 cosuW sinuWMW
2 MZ

2G̃F@22v1gs~t!#.

It is interesting to note that, in contrast to Eq.~2.40!, in this
expression the dependence on cos2 uW and sin2 uW is absent.
We have also verified that the analogous property of
function B(q2) remains valid in the case of an arbitra
gauge.

The g2Z self-energy diagrams contribute to thef 5(q2)
form factor according to the formula

f 5
~g2Z!~q2!52

g

4MZ
2 cos2 uW

B~q2!.

Now we turn to the contributions of the proper vertice
diagrams@shown in Figs. 1~a!–~f!# to the f 5(q2) form factor
at arbitraryq2:
f 5
~prop. vert.!~q2!5(

i 51

6

f 5
~ i !~q2!

5
eGF

4p2&
MW

2 H 2v1E
0

1

dzE
0

z

dy ln@D82ty~z2y!#23E
0

1

dzE
0

z

dy ln@D2ty~z2y!#

1
a2b

2 S E
0

1

dzE
0

z

dy ln@D82ty~z2y!#2E
0

1

dzE
0

z

dy ln@D2ty~z2y!#1
1

2D
1S 11

a2b

2 D E
0

1

dzE
0

z

dy
1

D82ty~z2y! F2@a2b~12z!2#1tS 1

2
z~12z!1y~z2y! D G

1E
0

1

dzE
0

z

dy
1

D2ty~z2y! Fa2bz21tS 3y~z2y!2
1

4
z2

1

2
z21

1

2
y2

1

4
~a2b!z21~a2b!y~z2y! D G J ,

~2.42!
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whereD8511(a21)z2bz(12z). Equation~2.42! can be
analyzed in the same manner as we have treated the fun
g(t). For instance, let us present the calculations of one
the integrals in Eq.~2.42!,

I ~t!5E
0

1

dzE
0

z

dy~a2bz2!
1

D2ty~z2y!
. ~2.43!

We again expand the integrand in Eq.~2.43! in the formal
series

1

D2ty~z2y!
5

1

D (
k50

` S t

D D k

yk~z2y!k.

Then, we carry out the integration over the variabley using
Eq. ~2.41!. The obtained result should be transformed
cording to the identity

E
0

1

dz
zl

Dk11 ~a2bz2!5
1

k
1

k2 l 21

k E
0

1

dz
zl

Dk ,

k>1, l>0,

which can be proven by means of partial integration. Fina
we get the following expression for the functionI (t):

I ~t!5 (
k51

`
tk

k

~k! !2

~2k11!!

2 (
k51

`
k12

k

~k! !2

~2k11!!
tkE

0

1

dz
z2k11

Dk . ~2.44!

Note that the first term in Eq.~2.44! does not depend on th
charged lepton and neutrino mass parametersa and b. It is
this term that cancels the corresponding contribution of
g2Z self-energy diagrams. The subsequent analysis of
remaining contributions of the proper vertices’ diagrams c
be performed in the same manner as we have done it for
function I (t). Finally, we obtain that
07300
ion
f

-

,

e
e

n
he

f 5~q2!5 f 5
~g2Z!~q2!1 f 5

~prop. vert.!~q2!50

for any value ofq2 and for arbitrary charged leptona and
neutrinob mass parameters. It should be noted that the
composition of the fermion electromagnetic vertex functi
in terms of the four form factors was established previou
with the use of only general principles such as the Lore
invariance and Hermiticity of the electromagnetic current o
erator. We have demonstrated the validity of this decom
sition by means of the direct calculations of the correspo
ing Feynman diagrams.

III. NEUTRINO ELECTRIC FORM FACTOR

In this section we study the massive neutrino electric fo
factor. Using the results of the previous section for differe
contributions to the neutrino vertexLm(q) we extract in Eqs.
~2.5!–~2.17! the coefficients proportional to thegm matrix
that are, according to the decomposition~2.2!, the corre-
sponding contributions to the neutrino electric form fac
f Q(q2).

First of all we consider the contributions of the one-lo
proper vertices@Figs. 1~a!–~f!# to the neutrino electric form
factor. Using the well-known mass shell identity

ū~p8!~pm8 1pm!u~p!5ū~p8!~2mngm2 ismnqn!u~p!

and carrying out an integration over the virtual momen
within the dimensional-regularization scheme~for more de-
tails see Appendix B! we derive the exact expressions for th
contributions from the considered diagrams to the mass
neutrino electric form factor in terms of the definite integra

f Q
~prop. vert.!~q2!5

eGF

4p2&
MW

2 (
i 51

6

f̄ Q
~ i !~q2!,

where
f̄ Q
~1!~q2!5v

a

2
111

12a

12
1E

0

1

dzE
0

z

dy ln D12E
0

1

dzE
0

z

dy$a1b~12z!21t@12z1y~z2y!#%
1

D1

1
1

2 E0

1

dzE
0

z

dy$bz2@a1b~12z!2#1aty~z2y!

1bt@2zy~z2y!~12z!15y~z2y!2z2~12z!#1t2y~z2y!~12z1yz2y2!%F 1

D1~a!
2

1

D1
G

2
1

2 E0

1

dzE
0

z

dy$a1b16bz~12z!1t@123z16y~z2y!#%@ lnD1~a!2 ln D1#, ~3.1!

f̄ Q
~2!~q2!5

a1b

2 S v

2
1

1

2
1E

0

1

dzE
0

z

dy ln D1~a! D 2
1

2 E0

1

dzE
0

z

dy@a21abz21b2z224abz1ab1~a1b!ty~z2y!#
1

D1~a!
,

~3.2!

f̄ Q
~3!~q2!5

a1b

2 S 2
v

2
2E

0

1

dzE
0

z

dy ln D2~a! D 1bE
0

1

dzE
0

z

dy@3az2az222a1bz~12z!#
1

D2~a!
, ~3.3!
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f̄ Q
~4!~q2!52v

3

4
~11a!2123E

0

1

dzE
0

z

dy ln D21E
0

1

dzE
0

z

dy$3bz~12z!2t@z2y~z2y!#%
1

D2
2

9

2 E0

1

dzE
0

z

dy

3$@D2~a!1y~12a!# ln@D2~a!1y~12a!#2D2 ln D2%2E
0

1

dzE
0

z

dy$2b2~12z!2@z~12z!2y#2bt@y~z2y!

3~5z23z223y!1z~12z!22y~22y2y2!#2t2y~z2y!~12z1yz1y1y2!%F 1

D2~a!1y~12a!
2

1

D2
G

1
1

2 E0

1

dzE
0

z

dy$3b~12z2!1t@426~z2y!111y~z2y!#%$ ln@D2~a!1y~12a!#2 ln D2%

2
bt

2 E
0

1

dzE
0

z

dy@bz~123z1z21z3!2ty~z2y!~z1z222y!#F 1

D2
1

1

D2~a!
2

2

D2~a!1y~12a!G
1

t

4 E0

1

dzE
0

z

dy@b~9213z14z2!22ty~z2y!#$ ln D21 ln D2~a!22 ln@D2~a!1y~12a!#%

1
3t

4 E
0

1

dzE
0

z

dy$D2 ln D21D2~a!ln D2~a!22@D2~a!1y~12a!# ln@D2~a!1y~12a!#%, ~3.4!

f̄ Q
~5!1~6!~q2!5E

0

1

dzE
0

z

dy~a2bz!
1

D2~a!1y~12a!
2bE

0

1

dzE
0

z

dy~12z!@~12z!~a2bz!2ty~z2y!#

3F 1

D2~a!1y~12a!
2

1

D2~a!G2
1

2 E0

1

dzE
0

z

dy~a15b26bz!$ ln@D2~a!1y~12a!#2 ln D2~a!%. ~3.5!
rg

ng

on

l-
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e
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nite
Here

D1~a!5a1~a2a!z2bz~12z!1ty~z2y!,

D15D1~a51!

511~a21!z2bz~12z!1ty~z2y!,

D2~a!5a1~a2a!z2bz~12z!1ty~z2y!,

D25D2~a51!

5a1~12a!z2bz~12z!1ty~z2y!.

Note that the values of the mass parameters of the cha
lepton ~a! and neutrino~b! are taken into account explicitly
in Eqs.~3.1!–~3.5!. The gauge parametera andq2 are arbi-
trary in these formulas.

The contributions of theg2Z self-energy diagrams@Figs.
2~a!–~h!# to the electric form factor can be obtained usi
Eqs.~2.10! and ~2.18!. Thus one obtains

f Q
~ j !~q2!5

g

4 cosuW

A~ j !~a,q2!1B~ j !~a,q2!

q22MZ
2 , j 57,...,14.

~3.6!

Using explicit form of the functionsA( j )(a,q2) @Eqs.
~2.19!–~2.25!# and B( j )(a,q2) @Eqs. ~2.26!–~2.32!# as well
as Eq.~3.6!, one can also derive the expressions for the c
07300
ed

-

tributions of theg2Z self-energy diagrams at arbitrary va
ues of the gauge parametera andq2Þ0.

A. Neutrino electric charge in arbitrary gauge

In this section we consider the neutrino electric charge
zero-momentum transfer the sum of the contributions to
electric form factor determines the neutrino charg
f Q(0)5Q. Our goal is to find its total value for the massiv
neutrino,

Q5(
i 51

6

Q~ i !~a,b,a!1(
j 57

14

Q~ j !~a,b,a!,

and to study the mass~a andb! and gauge-fixing~a andaZ)
parameters dependence of the contributions from
different Feynman diagrams depicted in Figs. 1~a!–~f! and
2~a!–~h!.

First we consider the one-loop contributions to the ne
trino charge which arise from the proper vertices diagram
Figs. 1~a!–~f!. Using the more general formulas for the ele
tric neutrino form factor, Eqs.~3.1!–~3.5!, we obtain the ex-
act expressions for the contributions from the considered
grams to the massive neutrino charge in terms of the defi
integrals:
1-10



ELECTRIC CHARGE AND MAGNETIC MOMENT OF A . . . PHYSICAL REVIEW D69, 073001 ~2004!
Q~1!~a,b,a!5
eGF

4p2&
MW

2 H v
a

2
111

12a

12
1E

0

1

dz~12z!ln D2E
0

1

dz~12z!~a1bz2!
1

D
1

b

2 E0

1

dz~12z!3~a1bz2!

3F 1

Da
2

1

DG2
1

2 E0

1

dz~12z!@a1b16bz~12z!#@ ln Da2 ln D#13E
0

1

dz~12z!@Da ln Da2D ln D#J ,

~3.7!

Q~2!~a,b,a!5
eGF

4p2&
MW

2 H a1b

2 S v

2
1

1

2
1E

0

1

dz~12z!ln DaD 2
1

2 E0

1

dz~12z!~a21abz21b2z224abz1ab!
1

Da
J ,

~3.8!

Q~3!~a,b,a!5
eGF

4p2&
MW

2 H a1b

2 S 2
v

2
2E

0

1

dz zln DaD 1bE
0

1

dz z@3az2az222a1bz~12z!#
1

Da
J , ~3.9!

Q~4!~a,b,a!5
eGF

4p2&
MW

2 H 2v
3

4
~11a!2123E

0

1

dz zln D13bE
0

1

dz z2~12z!
1

D
2

9

2 E0

1

dzE
0

z

dy

3$@Da1y~12a!# ln@Da1y~12a!#2D ln D%22b2E
0

1

dzE
0

z

dy~12z!2@z~12z!2y#

3F 1

Da1y~12a!
2

1

DG1
3

2
bE

0

1

dzE
0

z

dy~12z2!$ ln@Da1y~12a!#2 ln D%J , ~3.10!

Q~5!1~6!~a,b,a!5
eGF

4p2&
MW

2 H E
0

1

dzE
0

z

dy~a2bz!
1

Da1y~12a!
2bE

0

1

dzE
0

z

dy~12z!2~a2bz!F 1

Da1y~12a!
2

1

Da
G

2
1

2 E0

1

dzE
0

z

dy~a15b26bz!$ ln@Da1y~12a!#2 ln Da%J . ~3.11!
ctl
et

th
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n

tri
The integral expressions of Eqs.~3.7!–~3.11! for different
proper vertices’ contributions to the neutrino charge exa
account for the charged lepton and neutrino mass param
a andb, and also for the gauge-fixing parametera. We have
calculated the integrals in Eqs.~3.7!–~3.11!, however, the
results, being expressed in elementary functions, are ra
cumbersome. Therefore we also perform corresponding i
grations in the first two terms of expansion over the neutr
mass parameterb for arbitrary values of the charged lepto
mass parametera and the gauge-fixing parametera. In this
case the sum of the proper vertices diagrams to the neu
electric charge can be written as

Q~prop. vert.!~a,b,a!5
eGF

4p2&
MW

2 (
i 51

6

$q0
~ i !~a,a!

1bq1
~ i !~a,a!1O~b2!%. ~3.12!

For q0
( i )(a,a) we obtain
07300
y
ers

er
e-
o

no

q0
~1!~a,a!5v

a

2
2

1

4~12a!2~a2a!2 ~23a214a2a ln a

25a2a12a313a323a3 ln a22a3 ln a

1a2a ln a12a2a323a3a21aa416a2a2

16aa23a224a3a22a3a14a3a ln a

22a4a ln a22a3a2 ln a14aa3 ln a

26a2a2 ln a1a2a3 ln a22a2a2 ln a

13a3a2 ln a!, ~3.13!

q0
~2!~a,a!5v

a

4
1

a

8~a2a!2 ~2a2 ln a14aa24aa ln a

2a212a2 ln a23a2!, ~3.14!

q0
~3!~a,a!52v

a

4
2

a

8~a2a!2 ~2a2 ln a14aa

24aa ln a2a212a2 ln a23a2!, ~3.15!
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q0
~4!~a,a!52v

3

4
~11a!

2
1

8~12a!2~a2a!~12a!
~a2a24a2

26a3 ln a26a3 ln a211a2a15a315a3

15a2a325a3a2110a2a2110aa26a2

210a3a26a3a2 ln a212a2a2 ln a

112a2a ln a112a3a ln a

16a3a2 ln a1a2a!, ~3.16!

q0
~5!1~6!~a,a!5

a

4~a2a!2~12a!~12a!
~2aa ln a1a2a

2a314aa ln a2a2a22aa1a21a3a

23a2 ln a1a2a2 ln a12a2a ln a

14a2a ln a2a2a2 ln a24aa2 ln a

22a2a ln a23a2 ln a!. ~3.17!

Each of the coefficientsq0
( i )(a,a), if considered separately

depends on the gauge-fixing parametera and all of them
@except for q0

(5)(a,a) and q0
(6)(a,a)] are divergent. Note

that, according to the expansion given by Eq.~3.12!, the sum

(
i 51

6

q0
~ i !~a,a!

determines the proper vertex contribution to the charge in
limit of the massless neutrino.

It should also be noted that the two diagrams of Figs. 1~e!
and ~f! are convergent for every value of the gauge-fixi
parametera. One can check this statement using Eq.~2.9!.
Indeed, these diagrams have the superficial degree of d
gence equal to21 and hence converge@17#. Therefore the
according contributions to the electric charge must be fin
as it is also shown by Eqs.~3.11! and~3.17!. Here we find a
discrepancy with the corresponding results of Ref.@14#
where the massless neutrino charge is calculated and the
tributions of these two diagrams contain the ultraviolet div
gencies.

The next order over the neutrino mass parameterb of the
proper vertex diagrams’ contributions to the neutrino cha
can be obtained if one expands the integrands in Eqs.~3.7!–
~3.11!, keeps the terms proportional tob, and then carries ou
the integration. Taking into account that the functionsD and
Da also depend onb, we find that

(
i 51

6

q1
~ i !~a,a!50. ~3.18!

Thus, due to the fact that, as it is shown below in this s
tion, theg2Z self-energy contribution does not depend
07300
e

er-

e

on-
-

e

-

the neutrino mass, it follows that the neutrino charge te
proportional to the neutrino mass parameterb is zero.

Now let us turn to theg2Z self-energy contributions to
the neutrino electric charge. The corresponding Feynm
diagrams are depicted in Figs. 2~a!–~h!. Using Eq. ~2.18!,
which presents the decomposition of the functions)mn

( j ) (q),
as well as the explicit form of the functionsA( j )(a,q2) @Eqs.
~2.19!–~2.25!#, we find that

A~ j !~a,q250!50.

Therefore only the terms proportional toB( j )(a,0) are re-
sponsible for the neutrino electric charge in theg2Z self-
energy Feynman diagrams and we have

Q~g2Z!~a!5(
j 57

14

Q~ j !~a!52
g

4MZ
2 cosuW

(
j 57

14

B~ j !~a,0!.

For each of the contributionsQ( j )(a) ( j 57,...,14) from Eq.
~3.6! we obtain

Q~7!~a!5
eGF

4p2&
MW

2 cos2 uWH vF31
3

4
a~11a!G

212
5a

8
2

5a2

8
2

3a3

4

ln a

~12a!J , ~3.19!

Q~8!~a!5
eGF

4p2&
MW

2 sin2 uWH v
31a

4
2

51a

8

2
a

2 S 11
a

2 D ln a

~12a!J , ~3.20!

Q~9!~a!5
eGF

4p2&
MW

2 ~cos2 uW2sin2 uW!

3
1

2
$2va1a2a ln a%, ~3.21!

Q~10!~a!5
eGF

4p2&
MW

2 cos2 uWH 2
3

4
v~31a2!

1
3

8
1

5a2

8
2

3

4
a2 ln aJ , ~3.22!

Q~11!1~12!~a!5
eGF

4p2&
MW

2 cos2 uW

1

2

3$2va1a2a ln a%, ~3.23!

Q~13!~a!5
eGF

4p2&
MW

2 @sin2 uW2cos2 uW#
1

2

3$2va1a2a ln a%, ~3.24!

Q~14!~a!50. ~3.25!
1-12
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ELECTRIC CHARGE AND MAGNETIC MOMENT OF A . . . PHYSICAL REVIEW D69, 073001 ~2004!
It is worthwhile to mention that each of the contributio
Q( j )(a) turns out to be independent on the neutrino (mn)
and charged lepton (m,) masses. There is also no depe
dence on the massesmf of the virtual fermions that circulate
in the g2Z self-energy diagrams because of the proper
of theg-matrix algebra specified in Appendix B. The depe
dence on the gauge-fixing parameteraZ also cancels ou
within each of the contributions. Note that prior to the int
grations in Eqs.~2.11!–~2.17! being carried out theaZ de-
pendence drops out of each of the electric form factor c
tributions to the vertex function at arbitrary momentu
transferq2.

Finally, for the sum of allg2Z self-energy contributions
to the neutrino electric charge we have

Q~g2Z!~a!5
eGF

4p2&
MW

2 H 31a

4
v2

51a

8

2
a ln a

2~12a! S 11
a

2 D J . ~3.26!

Some remarks should be made with respect to the diver
parts in Eqs.~3.13!–~3.16! and ~3.26!. The sum of all the
coefficients inv terms is zero, i.e., the electric charge of
massive neutrino vanishes for every number of dimensi
N. The same property of the electric charge of a mass
neutrino was determined in Ref.@9#.

Now we can complete investigation of the neutrino cha
in the zeroth order of the expansion over the neutrino m
parameterb summing together the contributions from th
proper vertices given by Eqs.~3.12!–~3.17!,

Q~prop. vert.!~a,0,a!5
eGF

4p2&
MW

2 (
i 51

6

q0
~ i !~a,a!,

~3.27!

andQ(g2Z)(a) given by Eq.~3.26!.
As a result we obtain that the neutrino electric charge

the zeroth order in the neutrino mass vanishes for ev
gauge in agreement with the final results of Refs.@9,14#,
where the calculations of the neutrino electric charge h
been performed in the limit of vanishing neutrino mass.

B. Neutrino electric charge in the ’t Hooft–Feynman gauge

Within the ’t Hooft–Feynman gauge it is possible to sho
explicitly that at the one-loop level the neutrino elect
charge is zero for an arbitrary mass of neutrino. The gau
fixing parametera51 in this gauge. Summing up the con
tributions of all relevant diagrams@Eqs. ~3.7!–~3.11! and
~3.26!# we receive the exact expression for the neutr
charge at arbitrary values of the charged lepton and neut
mass parametersa andb, while a51:
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Q~a,b,a51!5
eGF

4p2&
MW

2 H 1

2 E0

1

dz$a@2~a12!

1z~a14!#1ab~211z1z22z3!

12bz2~122z!1b2z2~12z!%
1

D

1E
0

1

dz~124z!ln D

1
a1b

2 S 1

2
1E

0

1

dz~122z!ln D D J .

~3.28!

To analyze Eq.~3.28! we use the formulas

E
0

1

dz ln D5211E
0

1

dz~a2bz2!
1

D
,

E
0

1

dz zln D52
1

4
1

1

2 E0

1

dz z~a2bz2!
1

D
,

~3.29!

that can be proven by means of partial integration. Substi
ing Eq. ~3.29! into Eq. ~3.28! we obtain that the neutrino
electric charge vanishes for arbitrary neutrino mass in
considered gauge.

C. Neutrino charge radius

Using the closed expressions for the contributions to
neutrino electric form factor obtained above in this section
is possible also to derive the neutrino charge radius.
counting for the next-to-leading term in theq2 expansion of
the contributions in Eqs.~3.1!–~3.5! and ~3.6!,

f Q~q2!5 f Q~0!1q2
d fQ

dq2 ~0!1¯ ,

one can obtain the value of the massive neutrino charge
dius as

^r n
2&526

d fQ

dq2 ~0!

and study its dependencies on the gauge and mass pa
eters. Here we should like to note that the problem of
massless neutrino charge radius has been discussed in
in Refs.@18,19#.

IV. NEUTRINO MAGNETIC MOMENT

According to the general decomposition of the neutri
electromagnetic vertex functionLm(q) given by Eq.~2.2!,
the neutrino dipole magnetic form factorf M(q2) is the coef-
ficient in the term proportional toismnqn. In this section we
first determinef M(q2) and then calculate atq250 the neu-
trino magnetic moment accounting for the two mass para
1-13
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M. DVORNIKOV AND A. STUDENIKIN PHYSICAL REVIEW D 69, 073001 ~2004!
eters ~a and b! and for the gauge-fixing parameter~a! as
well,

m~a,b,a!5 f M~q250!. ~4.1!

Note that the Feynman diagrams in Figs. 2~a!–~h! do not
contribute to the neutrino magnetic moment. Thus the to
one-loop value for the neutrino magnetic moment is given

m~a,b,a!5(
i 51

6

m~ i !~a,b,a!, ~4.2!

wherem ( i )(a,b,a) are the contributions to the magnetic m
ment from the corresponding diagrams shown in Figs. 1~a!–
~f!.

We treat the neutrino magnetic moment in a similar w
as we have analyzed the neutrino electric charge. Using
~2.5!–~2.9! for each of the contributions to the neutrino ma
netic moment we receive

m~1!~a,b,a!5
eGF

4p2&
mnH E

0

1

dz z~12z2!
1

D

2
1

2 E0

1

dz~12z!3~a2bz!F 1

Da
2

1

DG
2

1

2 E0

1

dz~12z!~123z!@ ln Da2 ln D#J ,

~4.3!

m~2!~a,b,a!5
eGF

4p2&
mn

1

2 E
0

1

dz~12z!

3@23az1az212a2bz~12z!#
1

Da
,

~4.4!

m~3!~a,b,a!5
eGF

4p2&
mn

1

2 E
0

1

dz z@23az

1az212a2bz~12z!#
1

Da
, ~4.5!

m~4!~a,b,a!5
eGF

4p2&
mnH 1

2 E0

1

dz z2~112z!
1

D

1
b

2 E0

1

dzE
0

z

dy~12z!2@z~12z!22y#

3F 1

Da1y~12a!
2

1

DG
1

1

2 E0

1

dzE
0

z

dz~2219z24z226y!

3$ ln@Da1y~12a!#2 ln D%J , ~4.6!
07300
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m~5!1~6!~a,b,a!

5
eGF

4p2&
mnH E

0

1

dzE
0

z

dyy
1

Da1y~12a!

1
1

2 E0

1

dzE
0

z

dy~12z!2~a2bz!

3F 1

Da1y~12a!
2

1

Da
G1

1

2 E0

1

dzE
0

z

dy

3~223z!$ ln@Da1y~12a!#2 ln Da%J . ~4.7!

It should be noted that these formulas exactly account
dependencies on the neutrino and charged lepton mass
rameters~a andb! and the gauge-fixing parameter~a!.

To proceed further with the analytical calculations we e
pand the contributions to the neutrino magnetic mom
@Eqs. ~4.3!–~4.7!# over the neutrino mass parameterb and
consider the first two terms. Then from Eq.~4.2! we obtain

m~a,b,a!5
eGF

4p2&
mn(

i 51

6

$m̄0
~ i !~a,a!

1bm̄1
~ i !~a,a!1O~b2!%. ~4.8!

For each of the coefficientsm̄0
( i )(a,a) we have found the

exact expressions in terms of algebraic functions, howe
they are again rather cumbersome. Therefore let us cons
more compact expressions form̄0

( i )(a,a) that can be obtained
in expansion over the charged lepton mass parametera. Thus
accounting for the terms up to the second order ina we
derive for the coefficientsm̄0

( i )(a,a)

m̄0
~1!~a,a!5

2

3
1

1023a16 lna26 lna

6a
a1O~a2!, ~4.9!

m̄0
~2!~a,a!52

513 lna23 lna

3a
a1O~a2!, ~4.10!

m̄0
~3!~a,a!5

5a

12a
1O~a2!, ~4.11!

m̄0
~4!~a,a!5

227a23a ln a15a2

6~12a!2

2
9212a1 ln a15a ln a13a2

12~12a!2 a1O~a2!,

~4.12!
1-14
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ELECTRIC CHARGE AND MAGNETIC MOMENT OF A . . . PHYSICAL REVIEW D69, 073001 ~2004!
m̄0
~5!1~6!~a,a!5

12a1a ln a

2~12a!2

2
5216a2a ln a111a225a2 ln a

12a~12a!2 a

1O~a2!. ~4.13!

Equations~4.9!–~4.13! together with Eq.~4.8! yield a value
of the magnetic moment in the limitb→0 that corresponds
to the case of a light neutrino. We may compare o
m̄0

( i )(a,a) calculations with the results of Ref.@14#. Our
results for the contributionsm0

(4)(a,a), m0
(5)(a,a), and

m0
(6)(a,a) disagree with those of the above-cited paper. T

Feynman diagrams corresponding to the contributioni
55,6 contain the unphysical charged scalar boson. This
son contributions should disappear in the unitary gauge w
the gauge parametera5`. Thus the contributions to the
magnetic moment from these two diagrams must vanish
the limit a→`. This is exactly what we get from Eq.~4.13!.
However, the similar expression from Ref.@14# does not de-
pend on the gauge parameter at all. An argument in favo
our results can be also obtained if one considers the valu
the neutrino magnetic moment within the unitary gauge.
deed, it is easy to show that using the results of Ref.@14# it
is not possible to get the right value for the neutrino ma
netic moment within this gauge. In the unitary gauge, o
the diagrams shown in Figs. 1~a! and ~d! contribute to the
neutrino magnetic moment. The results for these two con
butions, that can be obtained using the corresponding for
las presented in Ref.@14#, are

m0
~1!5

eGF

4p2&
mnH 2

3
2

a

2
1O~a2!J , ~4.14!

m0
~4!5

eGF

4p2&
mnH 7

12
1O~a2!J . ~4.15!

The sum of the leading terms in Eqs.~4.14! and~4.15! differs
from the well-known result for the neutrino magnetic m
ment calculation~see, for example, Ref.@5#!:

m5
3eGFmn

8p2&
.

This fact points out that the contributions of the three d
grams shown in Figs. 1~d!–~f! are calculated in Ref.@14#
with incorrect gauge-fixing parametera dependence. Ou
calculation shows that to the leading order inmn each of
these three contributions of the diagrams in Figs. 1~d!–~f! are
gauge-fixing parameter dependent. Note that calculat
performed in Ref.@14# provide the correct results only withi
the ’t Hooft–Feynman gauge.

Let us now consider the value of the neutrino magne
moment in the ‘‘zeroth’’ order in the expansion over the ne
trino mass parameterb taking into account all the contribu
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tions. The sum of the coefficients~4.9!–~4.13! is found to be
independent on the gauge parametera. The straightforward
calculation of the neutrino magnetic moment in the limitb
→0 yields

m0~a,a!5
eGF

4p2&
mn

3

4~12a!3 ~227a16a2

22a2 ln a2a3! ~4.16!

that is in agreement with Ref.@14#.
Considering the next order over the neutrino mass par

eterb contribution to the magnetic moment, we find out th
the sum of the corresponding contributions of Eqs.~4.3!–
~4.7! to the coefficientm̄1(a,a) is given by

m̄1~a,a!5(
i 51

6

m̄1
~ i !~a,a!

5
1

12~12a!5 ~5226a16a ln a236a2260a2 ln a

158a3218a3 ln a2a4!. ~4.17!

Thus we explicitly show by Eqs.~4.16! and~4.17! that in the
one-loop level and to the second order in the expansion o
the neutrino mass parameterb the neutrino magnetic momen
is a gauge-independent quantity.

The obtained Eqs.~4.3!–~4.7! also enable us to conside
the magnetic moment of a rather heavy neutrino since
mass parametersa andb are arbitrary in these equations. L
the neutrino massmn be much greater than the charged le
ton massm, ~this case amounts tob@a). Approaching the
limit a→0 in Eqs.~4.16!–~4.17!, while keepingb constant,
for the neutrino magnetic moment we receive

m5
3eGF

8p2&
mnH 11

5

18
b1¯J . ~4.18!

The recent LEP data require that the number of light n
trinos coupled to theZ boson is exactly 3. Any additiona
neutrinos must be heavier than 80 GeV~see, e.g., Ref.@15#!.
Using our formulas Eqs.~4.3!–~4.7! for a massive Dirac neu
trino magnetic moment we can also examine the case
very heavy neutrino. Let us consider the case of the neut
mass being even greater than theW boson mass. To examin
this situation we should fix the gauge parametera in Eqs.
~4.3!–~4.7! for simplicity of the computations. In what fol
lows we seta51 that corresponds to the ’t Hooft–Feynma
gauge. Thus for the sum of all the contributions to the m
netic moment we obtain the expression
1-15
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m̄5d,E
0

1

dz
1

D2~122dW13d,!
1

2 E0

1

dz z
1

D

1~112dW1d,!
1

2 E0

1

dz z2
1

D ,

D5z22z~12dW1d,!1d, , ~4.19!

where we redefined our mass parameters and introduce
two new quantities:dW51/b5(MW /mn)2 and d,5a/b
5(m, /mn)2. The case of the super heavy neutrino cor
sponds to the values of the new mass parameters in the r
d,!dW!1.

One can prove by means of the direct calculation that

lim
dW→0

dWIn50,

and

lim
d,→0

d,In50, n50,..., 2, ~4.20!

where

In5E
0

1

dzzn
1

D . ~4.21!

Using Eqs.~4.20! and ~4.21!, we find that the functionm̄ in
Eq. ~4.19! is equal to1

2 that corresponding to the magnet
moment,

m5
eGF

8p2&
mn . ~4.22!

Equation~4.22! presents the magnetic moment of a hea
neutrino with the mass much greater than theW boson mass.

At the end of this section let us compare the calculation
the neutrino magnetic moment in the unitary andRj gauges.
The calculations performed within these gauges, as it
mentioned in Ref.@20#, are formally equivalent, i.e., the tw
Feynman amplitudes become equal if we approach the l
a→` prior to corresponding loop integrals being carri
out. The diagrams involving unphysical scalar bosons m
disappear in the unitary gauge. Therefore in such diagr
the limit a→` and the integration over virtual momen
must be commuting procedures. We directly verified t
statement for the particular case of the calculation of
massive neutrino magnetic moment. Indeed, on the bas
07300
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either exact formulas~4.3!–~4.7! or the expansions given b
Eqs. ~4.9!–~4.13!, we find out that the contributions of th
diagrams depicted in Figs. 1~b!, ~c!, ~e!, and ~f!, which in-
volve the scalar boson, vanish in the limita→`.

Neutrino magnetic form factor at nonzero momentum transfer

In this subsection we study the neutrino magnetic fo
factor at nonzero momentum transfer in arbitraryRj gauge
as well as for arbitrary charged lepton and neutrino m
parameters~a andb!. Theg2Z self-energy diagrams show
in Figs. 2~a!–~h! also do not contribute to the magnetic for
factor at q2Þ0. Therefore the total one-loop value for th
neutrino magnetic form factor is given by

f M~q2!5
eGF

4p2&
mn(

i 51

6

f̄ M
~ i !~q2!,

where f̄ M
( i )(q2) are the contributions to the magnetic mome

from the corresponding diagrams shown in Figs. 1~a!–~f!.
For the coefficientsf̄ M

( i )(q2) we have

f̄ M
~1!~q2!5E

0

1

dzE
0

z

dy~223z1z2!
1

D1

2
1

2 E0

1

dzE
0

z

dy@az22bz2~12z!

2ty~z2y!~22z!#F 1

D1~a!
2

1

D1
G

1
1

2 E0

1

dzE
0

z

dy~223z!@ ln D1~a!2 ln D1#,

~4.23!

f̄ M
~2!~q2!5

1

2 E0

1

dzE
0

z

dyz@a1az2b~12z!#
1

D1~a!
,

~4.24!

f̄ M
~3!~q2!5

1

2 E0

1

dzE
0

z

dy

3@2a23az1az22bz~12z!#
1

D2~a!
,

~4.25!
1-16
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f̄ M
~4!~q2!5

1

2 E0

1

dzE
0

z

dy z~112z!
1

D2
1

1

2 E0

1

dzE
0

z

dy$b~12z!2@z~12z!22y#2ty~z2y!~2y23z1z2!22ty%

3F 1

D2~a!1y~12a!
2

1

D2
G1

1

2 E0

1

dzE
0

z

dy~2219z24z226y!$ ln@D2~a!1y~12a!#2 ln D2%

2
t

4 E0

1

dzE
0

z

dy@bz~123z1z21z3!2ty~z2y!~22z2z2!#F 1

D2
1

1

D2~a!
2

2

D2~a!1y~12a!G
1

t

8 E0

1

dzE
0

z

dy~8213z13z2!$ ln D21 ln D2~a!22 ln@D2~a!1y~12a!#%, ~4.26!
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f̄ M
~5!1~6!~q2!5E

0

1

dzE
0

z

dyy
1

D2~a!1y~12a!

1
1

2 E0

1

dzE
0

z

dy@~a2bz!~12z!21ty~z2y!

3~12z!#F 1

D2~a!1y~12a!
2

1

D2~a!G
1

1

2 E0

1

dzE
0

z

dy~223z!$ ln@D2~a!

1y~12a!#2 ln D2~a!%, ~4.27!

where

D1~a!5a1~a2a!z2bz~12z!1ty~z2y!,

D15D1~a51!

511~a21!z2bz~12z!1ty~z2y!,

D2~a!5a1~a2a!z2bz~12z!1ty~z2y!,

D25D2~a51!5a1~12a!z2bz~12z!1ty~z2y!,

and t52q2/MW
2 .

We discuss below the large positivet behavior of the in-
tegrals in the expressions of the proper vertices’ contri
tions to f M(q2). For example, let us consider the followin
integral att→1`:

J~ t !5tE
0

z

dy
y

D2~a!
5E

0

z

dy
y

~y2y2!~y12y!
,

~4.28!

where

y15z1
D

zt
1¯ , y252

Da

zt
1¯ . ~4.29!

Performing the integrations we readily find that

J~ t !→ ln t2 ln D. ~4.30!
07300
-

In Eq. ~4.30! we dropped the terms like 1/t and (lnt)/t which
are negligible for large positivet. The remaining integrals are
evaluated in a similar way. Finally, we find that

f̄ M~ t !5(
i 51

6

f̄ M
~ i !~ t !→0, if t→1`.

The behavior of the magnetic form factor at large negat
q2, described above, is consistent with the general Weinb
theorem @21#. However, the case of the massive neutri
magnetic form factor has never been discussed previous

It should be noted that in derivation of Eqs.~4.28!–~4.30!
we assumed thata,`. Therefore our result thatf̄ M(t)→0
at t→1` is valid in any gauge except the unitary one. T
value of f̄ M(t→1`) may not be equal to zero if we at firs
seta5` and then approach the limitt→1`. The analysis
of the large negativeq2 behavior of magnetic form facto
within the Weinberg-Salam model in the unitary gauge
given, for instance, in Ref.@20#.

Using the explicit formulas for the massive neutrino ma
netic form factor for arbitrary gauge parametera @Eqs.
~4.23!–~4.27!# we present in Fig. 3 the behavior of the fun

FIG. 3. The massive neutrino magnetic form factor vers
squared transverse momentum in different gauges. The dashed
corresponds toa5100, the solid line to the ’t Hooft–Feynma
gauge (a51), and the dash-dotted line toa50.1.
1-17
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tion f̄ M(t) for different gauges and a wide range oft: 0
<t<531024. It can be seen that the magnetic form fac
becomes gauge independent att50 that amounts to the cas
of the on-shell photon. The valuef M(t50) is equal to the
neutrino magnetic moment, and Fig. 3 shows gauge inde
dence of this quantity in agreement with our exact calcu
tions performed above.

V. CONCLUSION

We have considered the massive neutrino electric cha
and magnetic moment within the context of the stand
model supplied with the SU~2!-singlet right-handed neutrino
in generalRj gauge. Using the dimensional-regularizati
scheme, we have calculated the one-loop contributions to
neutrino electromagnetic vertex function taking exactly in
account the neutrino mass. We have presented the resu
our calculations of different contributions to the neutri
electric charge and magnetic moment as the closed inte
expressions. It has allowed us to determine the dependen
of these contributions on the neutrino and correspond
charged lepton masses as well as on the gauge-fixing pa
eters. The integral expressions for the neutrino elec
charge and magnetic moment obtained in this work con
at most two definite integrals which, in principle, can
performed and expressed in terms of elementary functio
However, the results are quite cumbersome and therefore
have presented them as the expansion over the neutrino
parameterb. For several diagrams, which contribute to t
neutrino charge and magnetic moment and which have b
calculated in Ref.@14# with mistakes, we have found th
correct results.

We have found the general expressions for the contr
tions to neutrino electric form factor. These formulas ha
been derived in generalRj gauge and at arbitrary value o
q2. We have shown that the electric charge of a mass
neutrino is a gauge independent and vanishing paramet
the first two orders of the expansion over the neutrino m
parameterb. In the particular choice of the ’t Hooft–
Feynman gauge we have also demonstrated that the neu
charge is zero in all orders of expansion overb, i.e., for an
arbitrary mass of neutrino. In the previously published wo
devoted to the calculation of the neutrino electric charge
case of the massless neutrino was studied within the Geo
Glashow ~see Ref.@20#! and Weinberg-Salam~see Refs.
@6–9#! models. However, it is clear that the massless part
must be electrically neutral. There is no doubt that the m
sive neutrino electric charge must be also zero, howeve
has not been yet shown how it actually happens for co
sponding Feynman diagrams.

There are other reasons to prove by the direct calculat
that the value of the massive neutrino electric charge is z
For example, this problem is important in consideration
the neutrino spin oscillations. In the series of our works@22–
25# we have elaborated the quasiclassical approach for
description of the neutrino spin oscillations in arbitrary e
ternal electromagnetic field. An essential point in these st
ies has been the zero charge of the massive neutrino. In
paper we have substantiated this assumption.
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From the obtained closed two-integral expression for
massive neutrino electric form factor it is also possible
derive the neutrino charge radius.

The structure of the massive neutrino electromagnetic v
tex function has been examined in this work. We have
rectly verified the decomposition of the neutrino vertex fun
tion. It has been found out that the value of the additio
form factor f 5(q2), which is proportional to thegmg5 ma-
trix, at q250 is zero in the first two orders of the expansio
over the neutrino mass parameterb and for arbitrary gauge
parametera. The vanishing of the additional form facto
f 5(q2) in the particular gauge (aZ5` and aW51) but for
the arbitrary charged leptona and neutrinob mass param-
eters as well as for arbitraryq2 has also been demonstrate
Such direct calculations have never been carried out bef

For each of the diagrams contributing to the neutri
magnetic moment, we have obtained the expressions
counting for the leading~zeroth! and next-to-leading~first!
orders in the neutrino mass parameterb with the gauge de-
pendence shown explicitly. Each of the contributions is fin
and the sum of all contributions turns out to be gauge in
pendent. Our calculations also enable us to get the neut
magnetic moment in the following ranges of the neutrin
charged lepton, andW boson masses:mn!m,!MW , m,

!mn!MW , andm,!MW!mn , which span almost all the
cases presently discussed within different theoretical mod
We have also presented the general formulas for the mas
neutrino magnetic form factor at arbitraryq2.

As for the behavior of the neutrino magnetic form fact
at q2Þ0, we have found that the functionf M(q2) essentially
depends on the gauge fixing parametera at q2Þ0. The mag-
netic form factor may depend on the gauge parameter aq2

Þ0 since it is not a measurable property of a particle a
therefore may not be invariant under the gauge group tra
formations. The consideration of the gauge parameter de
dence of the neutrino magnetic form factor as well as
asymptotic behavior at large negativeq2 in the limit b→0
within the Weinberg-Salam model is presented in Ref.@20#.
The transition magnetic moment of the Dirac neutrin
coupled with the light fermionf (mf'mn) and with the light
scalar bosonf (mf!mn2mf) through the Yukawa interac
tion n̄ f f is discussed in Ref.@26#. The transition magnetic
moment dependence onq2 is also considered there. Th
analysis of the neutrino magnetic moment is presented
Ref. @27# for various versions of the left-right symmetri
models. The results of our massive neutrino magnetic m
ment calculations can be applied to the treatment of the m
netic moment~including the transitional magnetic momen!
within the left-right symmetric model.

Although we have not studied the neutrino anapole fo
factor in this paper, this particular problem~which we dis-
cuss in Ref.@28#! is also important since, for instance, th
anapole moment~the value of the anapole form factor atq2

50) is the only static electromagnetic property of a Ma
rana neutrino~see, for instance, Refs.@4,29#!. It should be
noted that even a massless particle can possess the an
moment, unlike the magnetic moment. Some recent pa
are worth mentioning in this respect~see Refs.@16,30#, and
references therein!. However, the investigation of the neu
1-18
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trino anapole moment faces serious difficulties such as
observability and gauge dependence.
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APPENDIX A: FEYNMAN RULES

In this appendix we present the full list of the Feynm
rules @31# necessary for the calculation of the massive n
trino electromagnetic vertex. In theRj gauge the propagator
for the vector bosonsW andZ, an unphysical charged scala
bosonx, as well as charged ghostsc and c̄ are presented in
the following form:

Dmn
~W!~k!5

1

k22MW
2 1 i«

Fgmn2~12a!
kmkn

k22aMW
2 1 i«

G ,

Dmn
~Z!~k!5

1

k22MZ
21 i«

Fgmn2~12aZ!
kmkn

k22aZMZ
21 i«

G ,

D ~x!~k!5
1

aMW
2 2k22 i«

,

FIG. 4. ~a!, ~b! Vector boson triplex vertices.

FIG. 5. ~a! Vector boson quadruple vertex.
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D ~c!~k!5D ~ c̄!~k!5
1

aMW
2 2k22 i«

.

The fermion propagator has the standard form

S~k!5
k”1mn

mn
22k22 i«

,

wheren denotes the type of a fermion.
All vertices can be divided into several classes. We

pend below the corresponding graphs and Feynman rule
each of these classes~Figs. 4–11!.

All the momenta of particles associated with vertices
taken to flow in.Qi ,I represent electromagnetic charges

FIG. 6. ~a!–~e! One vector boson and two fermions vertices.

FIG. 7. ~a! and ~b!: One vector boson and two scalar boso
vertices.
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the fieldsc i ,I in the units ofe. c i ,I representing the thre
generations of leptons and quarks correspond to usual ‘‘
~all types of neutrinos as well asu, c, and t quarks;
I 351 1

2 ) and ‘‘down’’ ~all types of leptons as well asd, s,
andb quarks;I 352 1

2 ) components of an isodoublet, respe
tively; I 3 is the third component of the isospin.

The arrow on a line indicates the direction of the flow
a certain quantum number: the charge forW6, x6, the fer-
mion number forc, the ghost number forc, c̄. The symbol%
or * at the charged ghost lines stands for the sign of
charge carried by the arrow.

APPENDIX B: FEYNMAN INTEGRALS

In our calculation of Feynman integrals over virtual m
menta we use the dimensional-regularization scheme
the following natural properties ofg-matrix algebra:

$gm ,g5%50, $gm ,gn%52gmn , gmngmn5N,

whereN5422« is the number of dimensions.
The dimensional regularization of the loop integrals in t

Euclidian space is performed in the following way:

1

~2p!4 E d4k→
1

~2p!N E dNk

[
l2«

~2p!N E
V~N!

dVE
0

`

kN21dk,

FIG. 9. ~a! and~b!: One scalar boson and two fermions vertice

FIG. 8. ~a!–~d! Two vector bosons and one scalar boson ve
ces.
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whereV(N)52pN/2/G(N/2) is the area of a unit sphere inN
dimensions. The dependence of an arbitrary positive par
eter l, which has the mass dimensionality, is introduced
provide the total dimensionality of an integral. The gene
technique for calculation of various loop integrals in the
mensional regularization scheme can be found, for exam
in Ref. @32#. It should be, however, rather helpful to includ
here some of the typical loop integrals which one encoun
while calculating the electromagnetic vertex function,

FL
~0!5

i

p2 E dNk
1

~k21X!L

52S l2i 2

p
D « G~L221«!

G~L !

1

XL221«
,

F1
~0!5XF1

«
2 lnS 2

pX

l2 D 2C11G ,

F2
~0!52

1

«
1 lnS 2

pX

l2 D 1C,

F3
~0!52

1

2X
, F4

~0!52
1

6X2 ,

.

FIG. 10. ~a!–~d! One vector boson and two charged ghosts v
tices.

FIG. 11. ~a! Two vector bosons and two scalar bosons vertex.

-
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F5
~0!52

1

12X3 ,

FL
~1!5

i

p2 E dNk
k2

~k21X!L

5S l2i 2

p
D « G~L231«!

G~L !

«22

XL231«
,

F2
~1!52XF1

«
2 lnS 2

pX

l2 D 2C1
1

2
G ,

F3
~1!52

1

«
1 lnS 2

pX

l2 D 1C1
1

2
,

F4
~1!52

1

3X
, F5

~1!52
1

12X2 ,
s.

v

. D

,

07300
FL
~2!5

i

p2 E dNk
~k2!2

~k21X!L

52S l2i 2

p
D « G~L241«!

G~L !

~«22!~«23!

XL241«
,

F3
~2!53XF1

«
2 lnS 2

pX

l2 D 2C1
1

6
G ,

F4
~2!52

1

«
1 lnS 2

pX

l2 D 1C1
5

6
,

F5
~2!52

1

4X
,

whereC'0.577 215 7 is the Euler constant.
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