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Chiral symmetry breaking and pions in nonsupersymmetric gaugeÕgravity duals
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We study gravity duals of largeN nonsupersymmetric gauge theories with matter in the fundamental repre-
sentation by introducing a D7-brane probe into deformed AdS backgrounds. In particular, we consider a
D7-brane probe in both the AdS Schwarzschild black hole solution and in the background found by Constable
and Myers, which involves a nonconstant dilaton andS5 radius. Both these backgrounds exhibit confinement

of fundamental matter and a discrete glueball and meson spectrum. We numerically compute theC̄C conden-
sate and meson spectrum associated with these backgrounds. In the AdS–black-hole background, a quark-
bilinear condensate develops only at a nonzero quark mass. We speculate on the existence of a third order
phase transition at a critical quark mass where the D7 embedding undergoes a geometric transition. In the
Constable-Myers background, we find a chiral symmetry breaking condensate as well as the associated Gold-
stone boson in the limit of small quark mass. The existence of the condensate ensures that the D7-brane never
reaches the naked singularity at the origin of the deformed AdS space.

DOI: 10.1103/PhysRevD.69.066007 PACS number~s!: 11.25.Tq, 11.25.Wx, 11.30.Qc, 11.30.Rd
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I. INTRODUCTION

The discovery of the AdS conformal field theory~CFT!
correspondence@1–3# has led to promising new ideas fo
studying strong coupling phenomena in largeN gauge theo-
ries. Generalizations of the correspondence in which con
mal symmetry and supersymmetry are broken are potent
useful for describing realistic quantum field theories. In p
ticular, it is hoped that methods based on gauge-gravity
ality will eventually be applicable to QCD. The simplest ge
eralizations involve deforming AdS by the inclusion
relevant operators@4#. These geometries are asymptotica
AdS, with the deformations interpreted as renormalizat
group~RG! flow from a superconformal gauge theory in th
ultraviolet to a QCD-like theory in the infrared. Moreover
number of nonsupersymmetric ten-dimensional geomet
of this or related form have been found@5–9# and have been
shown to describe confining gauge dynamics. There h
been interesting calculations of the glueball spectrum
three- and four-dimensional QCD by solving classical sup
gravity equations in various deformed AdS geometries@10–
20#.

A difficulty with describing QCD in this way arises due t
the asymptotic freedom of QCD. The vanishing of the
Hooft coupling in the UV requires the dual geometry to
infinitely curved in the region corresponding to the UV.
this case classical supergravity is insufficient and one ne
to use full string theory. Formulating string theory in th
relevant backgrounds has thus far proven difficult. The ex
ing glueball calculations involve geometries with small cu
vature that return asymptotically to AdS~the field theory
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§Electronic address: zack@physik.hu-berlin.de
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returns to the strongly coupledN54 theory in the UV!, and
are in the same coupling regime as strong coupling lat
calculations far from the continuum limit. There is neverth
less optimism that the glueball calculations are fairly ac
rate, based on comparisons with lattice data@21–23#.

In this paper we shall discuss progress on a further pr
lem that must be solved to study QCD using gravity, nam
the inclusion of particles in the fundamental representat
of the gauge group, i.e. quarks. Since AdS geometries a
as near-horizon limits for coincident branes, the dual fi
theories have only adjoint matter. The same is true for de
mations of AdS. It turns out that fundamental representati
can be introduced by including appropriately embedd
probe branes. Examples of this@24–27# were found by em-
bedding a probe brane on an AdSd subspace of the full AdSD
geometry, whered,D and the boundary of AdSd is part of
the boundary of the AdSD . Such embeddings give rise to
dual field theory with ‘‘quarks’’ that are not free to move i
all spatial directions. These ‘‘defect’’ conformal field theorie
are interesting for a variety of reasons, for instance for loc
izing gravity @24# or for their mathematical properties@28#,
but are somewhat far from QCD.

In order to obtain fundamental fields in four space-tim
dimensions, Karch and Katz@29,30# consider a configuration
in which a D7-brane in AdS53S5 fills the AdS5 and wraps
an S3 inside S5. This configuration is dual to a four
dimensionalN52 Yang-Mills theory describing open string
in the presence of one D7-brane andN D3-branes sharing
three spatial directions. The degrees of freedom are thos
the N54 super-Yang-Mills theory, coupled to anN52 hy-
permultiplet with fields in the fundamental representation
SU(N). The latter arise from strings stretched between
D7 and D3 branes. When the D7 and D3 branes are s
rated, the fundamental matter becomes massive and the
description involves a probe D7 on which the induced me
is only asymptotically AdS53S3. In this case there is a dis
crete spectrum of mesons. This spectrum has been comp
©2004 The American Physical Society07-1



dS
rk
ira

es
n
v

th
a

th
u

ic
at
ry

t
C

su
Al
ly
ju
ym

it

a
y
th
u

th
f

he

u
s
th

ee
ic

di

n to
un-
ple
a

m-
ur-
ith
p of

that
n-

or

tion

thly

hird
ich

we

t
i-
de-
nd
-
the
sin-
this

a

ns
th

-
av-

wo
lu-
ng
not
-

ef.
to
eri-

ssi-
ark
as it
ote

is a
n
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~exactly! at large ’t Hooft coupling@31# using an approach
analogous to the glueball calculations in deformed A
backgrounds. The novel feature here is that the ‘‘qua
bound states are described by the scalar fields in the D
Born-Infeld action of the D7 brane probe.

In view of a gravity description of Yang-Mills theory with
confined quarks, it is natural to attempt to generalize th
calculations to probes of deformed AdS spaces. For insta
in Ref. @32#, a way to embed D7-branes in the Klebano
Strassler~KS! background@33# was found, following the
suggestion of Ref.@29#. Moreover in Ref.@32#, the spectrum
of mesons dual to fluctuations of the D7-brane probe in
KS geometry was calculated. The underlying theory is
N51 gauge theory with massive chiral superfields in
fundamental representation. Related work may also be fo
in Ref. @34#.

One of the most important features of QCD dynam
though is chiral symmetry breaking by a quark condens
but since this is forbidden by unbroken supersymmet1

these constructions do not let us address this issue. In
present paper we attempt to come somewhat closer to Q
by considering the embedding of D7-branes in two non
persymmetric backgrounds that exhibit confinement.
though neither of these backgrounds corresponds exact
QCD since they contain more degrees of freedom than
gluons and quarks, we might nevertheless expect chiral s
metry breaking behavior. The quark massm and the quark
condensate expectation valuec are given by the UV
asymptotic behavior of the solutions to the supergrav
equations of motion in the standard holographic way~see
Ref. @35# for an example of this methodology!. In the
N52 supersymmetric scenario of Ref.@29# with a D7 probe
in standard AdS space, we show that there cannot be
regular solution that hascÞ0; the supersymmetric theor
does not allow a quark condensate. We then find that, for
deformed AdS backgrounds we consider, there are reg
solutions withcÞ0. The casecÞ0 with m50 corresponds
to spontaneous chiral symmetry breaking.

The first supergravity background we consider is
Schwarzschild black hole in AdS53S5. In the absence o
7-branes, this background is dual to strongly coupledN54
super-Yang-Mills theory at finite temperature and is in t
same universality class as three-dimensional pure QCD@5#.
Glueball spectra in this case were computed in Refs.@10,12#.
We introduce D7-branes into this background and comp
the quark condensate as a function of the bare quark mas
well as the meson spectrum. This background is dual to
finite temperature version of theN52 super-Yang-Mills
theory considered in Refs.@29,31#. The finite temperature
N52 theory is not in the same universality class as thr
dimensional QCD with light quarks since the antiperiod
boundary conditions for fermions in the Euclidean time

1A quark bilinearCC̃, whereC andC̃ are fermionic components

of chiral superfieldsQ5q1uC•••, Q̃5q̃1uC̃1•••, can be
written as a SUSY variation of another operator~it is an F term of

the composite operatorQ̃Q).
06600
’’
c-

e
ce
-

e
n
e
nd

s
e,
,
he
D
-
-
to
st

-

y

ny

e
lar

e

te
, as
e

-

-

rection give a nonzero mass to the quarks upon reductio
three dimensions, even if the hypermultiplet mass of the
derlyingN52 theory vanishes. In fact these quarks decou
if one takes the temperature to infinity in order to obtain
truly three-dimensional theory. Nevertheless at finite te
perature the geometry describes an interesting fo
dimensional strongly coupled gauge configuration w
quarks. The meson spectrum we obtain has a mass ga

order of the glueball mass. Furthermore we find that theC̄C
condensate vanishes for zero hypermultiplet mass, such
there is no spontaneous violation of parity in three dime
sions or chiral symmetry in four dimensions. However f
mÞ0 we find a condensatec which at first grows linearly
with m, and then shrinks back towards zero. Increasingm
further, the D7 embedding undergoes a geometric transi
at a critical massmc . At sufficiently largem@mc the con-
denstate is negligible and the spectrum matches smoo
with the one found in Ref.@31# for the N52 theory. We
speculate that the geometric transition corresponds to a t
order phase transition in the dual gauge theory, at wh
dc/dm is discontinuous.

The second nonsupersymmetric background which
consider was found by Constable and Myers@9#. This back-
ground is asymptotically AdS53S5 but has a nonconstan
dilaton andS5 radius. In the field theory an operator of d
mension 4 with zero R-charge has been introduced. This
formation does not give mass to the adjoint fermions a
scalars of the underlyingN54 theory but does leave a non
supersymmetric gauge background. Furthermore, unlike
AdS black-hole background, the geometry has a naked
gularity. Nevertheless, in a certain parameter range,
background gives an area law for the Wilson loop and
discrete spectrum of glueballs with a mass gap.

We obtain numerical solutions for the D7-brane equatio
of motion in the Constable-Myers background wi
asymptotic behavior determined by a quark massm and chi-
ral condensatec. We compute the condensatec as a function
of the quark massm subject to a regularity constraint. Re
markably, our results are not sensitive to the singular beh
ior of the metric in the IR. For a given mass there are t
regular solutions of which the physical, lowest action so
tion corresponds to the D7 brane ‘‘ending’’ before reachi
the curvature singularity. Of course the D7-brane does
really end; however theS3 about which it is wrapped con
tracts to zero size, similarly to the scenario discussed in R
@29#. In our case the screening of the singularity is related
the existence of the condensate. Furthermore we find num
cal evidence for a nonzero condensate in the limitm→0.
This corresponds to spontaneous breaking of theU(1) chiral
symmetry that is nonanomalous in the largeN limit @36# ~for
a review see Ref.@37#!.

We also compute the meson spectrum by studying cla
cal fluctuations about the D7-embedding. For zero qu
mass, the meson spectrum contains a massless mode,
must due to the spontaneous chiral symmetry breaking. N
that since the spontaneously broken axial symmetry isU(1)
for a single D7-brane, the associated Goldstone mode
close cousin of theh8 of QCD, which is a Goldstone boso
7-2
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CHIRAL SYMMETRY BREAKING AND PIONS IN . . . PHYSICAL REVIEW D69, 066007 ~2004!
in the largeN limit. In principle, stringy corrections to su
pergravity should give theh8 a mass. We briefly commen
on generalizations to the case of more than one flavor
equivalently, more than one D7-brane. Moreover we giv
holographic version of the Goldstone theorem.

The main message of this paper is that nonsupersym
ric gravity duals of gauge theories dynamically gener
quark condensates and can break chiral symmetries.
stress that the physical interpretation of naked singularitie
a delicate issue, for instance in the light of the analysis
Ref. @38#. This applies in particular to the discussion of lig
quarks and mesons. It is therefore an important part of
analysis that in the presence of a condensate the phy
solutions to the supergravity and Dirac-Born-Infeld equ
tions of motion never reach the singularity in the IR. O
course it would be interesting to understand this mechan
further and to see if it occurs in other supergravity ba
grounds as well.

The organization of this paper is follows. In Sec. II w
review some of the previous results from the study of
probes in the AdS/CFT correspondence. In Sec. III we c
sider D7-branes in the AdS Schwarzschild black hole ba
ground. In Sec. IV we study D7-brane probes in t
Constable-Myers background@9#. In Sec. V we conclude and
present some open problems.

II. ADS ÕCFT DUALITY FOR AN NÄ2 GAUGE THEORY
WITH FUNDAMENTAL MATTER

It was first observed in Ref.@29# that one can obtain a
holographic dual of a four-dimensional Yang-Mills theo
with fundamental matter by taking a near-horizon limit of
system of intersecting D3 and D7 branes. We first revi
some of the features of this duality, and then test numer
techniques that we will use later to study deformations
this duality.

Consider a stack ofN D3-branes spanning the direction
1,2,3 and another stack ofNf D7-branes spanning the direc
tions 1,2,3,4,5,6,7. The low-energy dynamics of open stri
in this setting is described by aN52 super-Yang-Mills
theory. This theory contains the degrees of freedom of
N54 theory, namely anN52 vector multiplet and an
N52 adjoint hypermultiplet, as well asNf N52 hypermul-
tiplets in the fundamental representation ofSU(N). The
theory is conformal in the limitN→` with Nf fixed. There
is an SU(2)3U(1) R-symmetry. TheU(1) R-symmetry
acts as a chiral rotation on the ‘‘quarks,’’ which are the f
mionic components of theN52 hypermultiplet composed o
fundamental and antifundamental chiral superfieldsQ andQ̃.
This symmetry also acts as a phase rotation on the sc
component of one of the adjoint chiral superfields. When
D7-branes are separated from the D3-branes in the two
tually transverse directionsX8 and X9, the fieldsQ,Q̃ be-
come massive, explicitly breaking theU(1) R-symmetry and
conformal invariance. As shown in Ref.@29#, the N52
theory as well as its renormalization group flow have
elegant holographic description.

This holographic description is obtained as follows. In t
limit of large N at fixed but large ’t Hooft coupling
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l5g2N@1, the D3-branes may be replaced with their ne
horizon AdS53S5 geometry. Since the numberNf of D7-
branes is finite, their back-reaction on the geometry can
effectively ignored. For determining the D7 probe brane e
bedding in AdS53S5, let us consider the D3-brane metric
the form

ds25 f ~r !21/2~2dt21dxW2!1 f ~r !1/2dyW 2, ~1!

wherexW5(X1,X2,X3), yW5(X4,•••,X9), r 2[yW 2, and

f ~r !511
R4

r 4
. ~2!

As usual, the AdS53S5 geometry is obtained by droppin
the 1 in f (r ), which is suitable in the near-horizon regio
r /R!1.

For massless flavors, the D7 brane embedding in the
metric ~1! is given byy55y650 ~corresponding toX85X9

50). In the AdS53S5 geometry, the induced metric on th
D7-brane is AdS53S3. The D7-brane fills AdS5, while
wrapping a great three-sphere of theS5. The isometries of
the AdS53S5 metric that preserve the embedding corr
spond to the conformal group and R-symmetries of
N52 gauge theory. The conformal groupSO(2,4) is the
isometry group of AdS5, while the SU(2)3U(1)
R-symmetry corresponds to the rotations of theS3 insideS5

and rotations of they5,y6 coordinates.
The holographic description for massive flavors is fou

by considering the D7-brane embeddingy55X850,
y65X95m. In this case the D7-geometry is still AdS53S3

in ther→` region corresponding to the ultraviolet. Howev
as one decreasesr, the S3 of the induced geometry on th
D7-brane contracts to zero size atr 5m. This is possible
because theS3 is contractible within theS5 of the full ten-
dimensional geometry. The D7-brane ‘‘ends’’ at the value
r at which theS3 collapses, meaning that it does not fill all o
AdS5, but only a region outside a core of radiusr 5m. Note
that although the D7-brane ends atr 5m, the D7-geometry is
perfectly smooth, as is illustrated in Fig. 1. In the mass
case, the conformal andU(1) symmetries are broken, an
the D7 embedding is no longer invariant under the cor
sponding isometries.

FIG. 1. The D7 embedding in AdS53S5.
7-3
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A. Testing numerical methods

In the subsequent sections we will numerically comp
condensates and meson spectra in deformations of the
ity discussed above. Therefore we first test these nume
techniques against some exact results in the undefor
case.

It will be convenient to write the transversedyW 2 part of
the metric~1! in the following way:
un
o

e

to
r
s

s
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plo

c
th
e

a
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dyW 25dr21r2dV3
21dy5

21dy6
2 , ~3!

wheredV3
2 is a three-sphere metric. To study the implic

tions of the classical D7 probe dynamics for the dual fie
theory, we now evaluate the scalar contributions to the Dir
Born-Infeld ~DBI! action for the D7 brane in the AdS53S5

background. We work in static gauge where the world v
ume coordinates of the brane are identified with the spa
time coordinates byja;t,x1 ,x2 ,x3 ,y1 , . . . ,y4. The DBI
action is then
SD752T7E d8jA2det~P@Gab# !52T7E d8je3r3A11
gab

r21y5
21y6

2~]ay5]by51]ay6]by6!, ~4!
x-
so-

is
pin
a-

ons

by

S
s are
so-
wheregab is the induced metric on the D7 brane ande3 is
the determinant factor from the three-sphere. The gro
state configuration of the D7 brane is given by the solution
the Euler-Lagrange equation with dependence only on thr
variable. In this case the equations of motion become

d

dr F r3

A11~dy6 /dr!2

dy6

dr G50, ~5!

where we consider solutions withy550 only. Recall that the
U(1) R-symmetry corresponds to rotations in they5,y6

plane.
The equations of motion have asymptotic (r→`) solu-

tions of the form

y65m1
c

r2
. ~6!

The identification of these constants as field theory opera
requires a coordinate transformation because the scala
netic term is not of the usual canonical AdS form. Tran
forming to the coordinates of Ref.@29# in which the kinetic
term has canonical form, we see thatm has dimension 1 and
c has dimension 3. The scalars are then identified@35# with
the quark massmq and condensatêq̄q&, respectively, in
agreement with the usual AdS/CFT dictionary.

Note thaty6(r)5m is an exact solution of the equation
of motion, corresponding to the embedding@29# reviewed
above. On the other hand there should be something
behaved about the solutions with nonzeroc, since a quark
condensate is forbidden by supersymmetry. In Fig. 2 we
numerical solutions of the equations of motion~obtained by
a shooting technique usingMATHEMATICA ! for solutions with
nonzeroc, and find that they are divergent. The divergen
of these solutions is not, by itself, pathological because
variabley6 is just the location of the D7-brane. However th
AdS radiusr 25y6(r)21r2 is not monotonically increasing
as a function ofr for the divergent solutions. This means th
these solutions have no interpretation as a renormaliza
d
f

rs
ki-
-

ll-

t

e
e

t
n

group flow, or as a vacuum of the dual field theory. As e
pected, the mass only solution is the only well-behaved
lution.

The other exact result that we wish to test numerically
the meson spectrum. In order to find the states with zero s
on theS3, one looks for normalizable solutions of the equ
tions of motion of the form

y61 iy55m1d~r!eikx, M252k2 ~7!

where one linearizes in the small fluctuationd(r). The lin-
earized equation of motion is

]r
2d~r!1

3

r
]rd~r!1

M2

~r21m2!2
d~r!50. ~8!

This was solved exactly in Ref.@31#, where it was shown
that the solutions can be written as hypergeometric functi

d~r!5
A

~r211!n11
F~2n21,2n;2,2r2! ~9!

with A a constant. The exact mass spectrum is then given

FIG. 2. Numerical solutions of the equations of motion in Ad
space showing that in the presence of a condensate the solution
divergent asymptotically. The regular solution is the mass-only
lution.
7-4
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M52mA~n11!~n12!, n50,1,2, . . . . ~10!

We are interested in whether we can reproduce this re
numerically, via a shooting technique. The equation of m
tion can be solved numerically subject to boundary con
tions d(r);c/r2 at larger indicating that the meson is
quark bilinear of dimension 3 in the UV. Solutions of th
equation must be regular at allr so the allowedM2 solutions
can be found by tuning to these regular forms. The re
~10! is easily reproduced to 2 significant figures. We show
example of the method in action in Fig. 3.

III. THE ADS-SCHWARZSCHILD SOLUTION

A. The background

We now move on to study quark condensates and me
in a nonsupersymmetric deformation of the AdS/CFT cor
spondence and study the AdS-Schwarzschild black hole
lution. This geometry is dual to theN54 gauge theory a
finite temperature@5#, which is in the same universality clas
as pure three-dimensional QCD.

The Euclidean AdS-Schwarzschild solution is given by

ds25K~r !d t21
dr2

K~r !
1r 2dxi

21dV5
2 , ~11!

where

K~r !5r 22
b4

r 2
. ~12!

This space-time is smooth and complete ift is periodic with
periodpb. Note that theS1 parametrized byt collapses at
r 5b. The fact that the geometry ‘‘ends’’ atr 5b is respon-
sible for the existence of an area law for the Wilson loop a
a mass gap in the dual field theory~see Ref.@5#!. The period
of t is equivalent to the temperature in the dualN54 gauge
theory. The parameterb sets the scale of the deformation a
for convenience in the numerical work below we shall se
equal to 1. At finite temperature, the fermions have antip
odic boundary conditions in the Euclidean time direction a
become massive upon dimensional reduction to three dim

FIG. 3. Numerical solutions of the meson equation of motion
different values ofM showing the identification of the first boun
state mass. The exact regular solution is plotted between the
numerical flows.
06600
lt
-
i-

lt
n

ns
-
o-

d

t
i-
d
n-

sions. The adjoint scalars also become massive at one l
Thus in the high-temperature limit, the adjoint fermions a
scalars decouple, leaving pure three-dimensional QCD.

We now introduce a D7-brane into this backgroun
which corresponds to the addition of matter in the fundam
tal representation. The dual gauge theory is theN52 gauge
theory of Karch and Katz at finite temperature. Note that
fermions in the fundamental representation also have ant
riodic boundary conditions in the Euclidean time directio
Thus these also decouple in the high-temperature limit, as
the fundamental scalars that get masses at one loop, lea
pure QCD3 as before. Thus in this particular case we are
interested in the high-temperature limit, but only the regi
accessible to supergravity and Dirac-Born-Infeld theory. A
though the dual field theory cannot be viewed as a thr
dimensional gauge theory with light quarks, it is neverthel
a four-dimensional nonsupersymmetric gauge theory w
confined degrees of freedom in the fundamental represe
tion. This provides an interesting, if exotic, setting to com
pute quark condensates and meson spectra using Dirac-B
Infeld theory. The Constable-Myers background that we w
consider later turns out to have more realistic properties.

B. Embedding of a D7 brane

To embed a D7 brane in the AdS black-hole backgroun
is useful to recast the metric~11! to a form with an explicit
flat 6-plane. To this end, we change variables fromr to w,
such that

dw

w
[

rdr

~r 42b4!1/2
, ~13!

which is solved by

2w25r 21Ar 42b4. ~14!

The metric is then

ds25S w21
b4

4w2D dxW21
~4w42b4!2

4w2~4w41b4!
dt2

1
1

w2 S (i 51

6

dwi
2D , ~15!

where( idwi
25dw21w2dV5

2 , which for reasons of conve
nience will also be written asdr21r2dV3

21dw5
21dw6

2

wheredV3
2 is the unit three-sphere metric. The AdS bla

hole geometry asymptotically approaches AdS53S5 at large
w. Here the background becomes supersymmetric, and
D7 embedding should approach that discussed in Ref.@29#.
The asymptotic solution has the formw65m,w550, where
m should be interpreted as a bare quark mass. To take
deformation into account, we will consider a more gene
ansatz for the embedding of the formw65w6(r),w550,

r

o

7-5
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BABINGTON et al. PHYSICAL REVIEW D 69, 066007 ~2004!
with the functionw6(r) to be determined numerically. Th
DBI action for the orthogonal directionsw5 ,w6 is

SD752m7E d8je3G~r,w5 ,w6!

3S 11
gab

~r21w5
21w6

2!
]aw5]bw5

1
gab

~r21w5
21w6

2!
]aw6]bw6D 1/2

, ~16!

where the determinant of the metric is given by

G~r,w5 ,w6!

5A gttgxx
3 r6

~r21w5
21w6

2!4

5r3
~4~r21w5

21w6
2!21b4!~4~r21w5

21w6
2!22b4!

16~r21w5
21w6

2!4 .

~17!

With the ansatzw550 andw65w6(r), the equation of mo-
tion becomes

d

dr FG~r,w6!A 1

11~dw6 /dr!2

dw6

dr G
2A11S dw6

dr D 2 b8r3w6

2~r21w6
2!5 50. ~18!

The solutions of this equation determine the induced me
on the D7 brane which is given by

ds25S w̃21
b4

4w̃2D dxW21
~4w̃42b4!2

4w̃2~4w̃41b4!
dt2

1
11~]rw6!2

w̃2
dr21

r2

w̃2
dV3

2 , ~19!

with w̃25r21w6
2(r). The D7 brane metric becomes AdS5

3S3 for r@b,m.

C. Karch-Katz solutions versus condensate solutions

Before computing the explicit D7-brane solutions, we
mark that there are several possibilities for the topology
the D7-brane embedding, which we illustrate in Fig. 4. T
UV asymptotic~large r) solution, where the geometry re
turns to AdS53S5, is of the form

w6~r!;m1
c

r2
. ~20!
06600
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The parametersm and c have the interpretation as a qua
mass and bilinear quark condensate respectively, as
cussed below Eq.~6!. These parameters can be taken as
boundary conditions for the second order differential eq
tion ~18!, which we solve using a numerical shooting tec
nique. Of course the physical solutions should not have
bitrary m and c. The condition that we use to identif
physical solutions is that the D7-brane embedding sho
have an interpretation as a RG flow. This implies for instan
that if one slices the D7-brane geometry at a fixed value
r 2, or equivalently at a fixed value ofw6

21r2, one should
obtain at most one copy of the geometryR43S3. In other
words, r 25r21w6(r)2 should be a monotonically increas
ing function ofr. This is certainly not the case for diverge
solutions. Such solutions are not in correspondence wit
vacuum of the dual gauge theory and are discarded.

There are then two possible forms of regular solutio
The geometry in which the D7-brane is embedded has
boundary topologyR33S13S5, which contains the D7-
brane boundaryR33S13S3. Recall that theS3 is contract-
ible within S5. Furthermore theS1 is contractible within the
bulk geometry and shrinks to zero as one approaches
horizon r 5b. The D7-brane may either ‘‘end’’ at somer
.b if the S3 collapses, or it may continue all the way to th
horizon where theS1 collapses but theS3 has finite size. In
other words, the D7-topology may be eitherR33B43S1 or
R33S33B2. The former is the type found in Ref.@29#. As
one might expect, this topology occurs when the quark m
m is sufficiently large compared tob. In this case, theS3 of

FIG. 4. Different possibilities for solutions of the D7-bran
equations of motion. The semicircles are lines of constantr, which
should be interpreted as a scale in the dual Yang-Mills theory.
curves of typeA,B have an interpretations as an RG flow, while t
curveC does not.
7-6
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CHIRAL SYMMETRY BREAKING AND PIONS IN . . . PHYSICAL REVIEW D69, 066007 ~2004!
the D7-brane contracts to zero size in the asymptotic reg
where the deformation of AdS53S5 is negligible. We shall
find the other topology for sufficiently smallm.

For any chosen value ofm, we find only a discrete choice
of c that gives a regular solution that can be interpreted a
RG flow. In Fig. 5 we show sample numerical flows used
identify a regular solution.

For the regular solutions the D7-brane either ends at
horizon,

w6
21r25

1

2
b2, ~21!

at which theS1 collapses, or ends at a point outside t
horizon,

r50, w6
2>

1

2
b2, ~22!

at which theS3 collapses@see~19!#. Both types of solutions
are illustrated in Fig. 6 for several choices ofm. We choose
units such thatb51. We refer to solutions with collapsin
S3 as Karch-Katz solutions, and solutions with collapsingS1

as ‘‘condensate’’ solutions, for reasons that will become
parent shortly. Note that the boundary between the Kar
Katz and condensate solutions is at a critical value of
massm5mcrit such thatw6(r50)5A1/2b. In this case both
the S1 andS3 collapse simultaneously. Numerically, we fin
mcrit'0.92.

There is an exact solution of the equation of moti
w650 that is regular and corresponds tom5c50. Thus

FIG. 5. An example~for m50.6) of the different flow behaviors
around the regular~physical! solution.

FIG. 6. Two classes of regular solutions in the AdS black h
background.
06600
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there is no condensate when the quarks are massless~from
the four-dimensional point of view!. This should not be dis-
appointing, since the theory is not in the same universa
class as QCD3 with light quarks. The quarks obtain a ma
of order of the temperature that will tend to suppress
formation of a condensate. For nonzerom we obtain the
solutions numerically. The dependence of the condensat
the mass is illustrated in Fig. 7. We find that asm increases,
the condensatec initially increases and then decreases aga
At sufficiently largem, the condensate becomes negligib
which is to be expected as the D7-brane ends in the reg
where the deformation of AdS space is small. Recall t
there is no condensate in the Yang-Mills theory with unb
ken N52 supersymmetry described by D7-branes in un
formed AdS space.

Since the D7-brane topology changes as one crossesmcrit ,
one might expect a phase transition to occur at this poi2

Looking at Fig. 7, there does not appear to be any disco
nuity in c(m) at m5mcrit . It is still possible that there is a
third order transition at this point, corresponding to a disco
tinuity in the slopedc/dm. Of course the numerical result
must be refined significantly to find evidence for such a tr
sition.

D. Meson spectrum

The meson spectrum can be found by solving the line
ized equations of motion for small fluctuations about t
D7-embeddings found above. Let us consider the fluct
tions of the variablew5 about the embedding, which ha
w550. We take

w55 f ~r!sin~k•xW !. ~23!

The linearized~in w5) equation of motion is

2For m.mcrit there is the interesting possibility of introducing a
even spin structure on theS1 of the D7-brane, since thisS1 is no
longer contractible on the D7. If this is a sensible~i.e. stable! back-
ground, it would correspond to a different field theory, in which t
fundamental fermions are periodic onS1 and do not have a Kaluza
Klein mass. We have not analyzed this possibility.

e

FIG. 7. A plot of the parameterc vs m for the regular solutions
in the AdS Schwarzschild background. The linear fit between po
is just to guide the eye.
7-7
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d

dr
FG~r,w6!A 1

11~dw6 /dr
D 2

d f~r!

dr

1G~r,w6!A 1

11~dw6 /dr
2S 4

4~r21w6
2!21b4D

3M2f ~r!2A11S dw6

dr
D 2 b8r3f ~r!

2~r21w6
2!5

50.

~24!

whereM25kW2. The allowed values ofkW2 are determined by
requiring the solution to be normalizable and regular. N
that if the U(1) symmetry, which rotatesw5 and w6, were
spontaneously broken by an embedding of the asympt
form w6;c/r2 with nonzeroc, there would be a massles
state in the spectrum associated withw5 fluctuations. This is
not the case in the present setting, since the condensa
only nonzero for nonzero quark massm. Instead we find a
mass gap in the meson spectrum. We have computed
meson spectrum by solving~24! by a numerical shooting
techique. As in the Karch-Katz geometry, we seek regu
solutions forw5 that are asymptotically of the formc/r2 in
the presence of the backgroundw6 solution. The results for
the meson masses are plotted in Fig. 8. Of course the m
mass gap here can be largely attributed to the Kaluza-K
masses of the constituent quarks, which are of the same o
as the temperature (T;p in units with b51).

Thus we have seen that, while the thermal gauge ba
ground allows a quark condensate when it does not spo
neously break any symmetries, there is no chiral~parity!
symmetry breaking at zero quark mass. The meson spec
reflects this by having a mass gap—the fermions have
induced mass from the presence of finite temperature. In
subsequent discussion we will consider another backgro
that admits light constituent quarks and has properties m
closer to QCD.

FIG. 8. A plot of thew5 meson mass vsm in the AdS Schwarzs-
child background. The linear fit between points is just to guide
eye.
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IV. THE CONSTABLE-MYERS DEFORMATION

A. The background

We consider the nonsupersymmetric deformed AdS
ometry originally constructed in Ref.@9#. This geometry cor-
responds to theN54 super-Yang-Mills theory deformed b
the presence of a vacuum expectation value for an R-sin
operator with dimension four~such as trFmnFmn). The su-
pergravity background has a dilaton andS5 volume factor
depending on the radial direction. In a certain parame
range, this background implies an area law for the Wils
loop and a mass gap in the glueball spectrum. Whether
geometry, which has a naked singularity, actually descri
the stable nonsupersymmetric vacuum of a field theory is
well understood@9#. This is not so important from our poin
of view though since the geometry is a well defined grav
description of a nonsupersymmetric gauge configuration.
can just ask about the behavior of quarks in that backgrou

The geometry inEinstein frameis given by

ds25H21/2S 11
2b4

r 4 D d/4

dx4
21H1/2S 11

2b4

r 4 D (22d)/4

3
r 2

~11b4/r 4!1/2F r 6

~r 41b4!2dr21dV5
2G , ~25!

where

H5S 11
2b4

r 4 D d

21 ~26!

and with the dilaton and four-form given by

e2f5e2f0S 11
2b4

r 4 D D

, C(4)52
1

4
H21dt`dx`dy`dz.

~27!

The parameterb corresponds to the vacuum expectati
value ~vev! of the dimension 4 operator. The parametersD
andd are constrained by

D21d2510. ~28!

Asymptotically the AdS curvature is given byL452db4, so
it makes sense to set~with L51)

d5
1

2b4 . ~29!

b is the only free parameter in the geometry and its va
sets the scale of the conformal symmetry and supersymm
breaking. We will again numerically set it equal to 1 belo

To embed a D7 brane in this background it will again
convenient to recast the metric in a form containing an
plicit flat 6-plane. To this end, we change variables fromr to
w, such that

dw

w
[

r 2d~r 2!

2~r 41b4!
, ~30!

which is solved by

e

7-8
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CHIRAL SYMMETRY BREAKING AND PIONS IN . . . PHYSICAL REVIEW D69, 066007 ~2004!
ln~w/w0!45 ln~r 41b4! ~31!

or

~w/w0!45r 41b4. ~32!

So for the case ofb50 we should set the integration con
stantw051. The full metric is now

ds25H21/2S w41b4

w42b4D d/4

dx4
2

1H1/2S w41b4

w42b4D (22d)/4w42b4

w4 (
i 51

6

dwi
2 , ~33!

where

H5S w41b4

w42b4D d

21 ~34!

and the dilaton and four-form become

e2f5e2f0S w41b4

w42b4D D

, C(4)52
1

4
H21dt`dx`dy`dz.

~35!

We now consider the D7 brane-action in the static ga
with world-volume coordinates identified with the fou
Minkowski coordinates—denoted byx4—and with w1,2,3,4.
The transverse fluctuations are parametrized byw5 andw6.
It is again convenient to define a coordinater such that
( i 51

4 dwi
25dr21r2dV3

2 . The DBI action in Einstein frame

SD752T7E d8jefA2det~P@Gab# ! ~36!

can then be written as

SD752T7E d8je3efG~r,w5 ,w6!

3~11gabg55]aw5]bw51gabg66]aw6]bw6!1/2,

~37!

where

G~r,w5 ,w6!

5r3
@~r21w5

21w6
2!21b4#@~r21w5

21w6
2!22b4#

~r21w5
21w6

2!4 .

~38!

We again look for classical solutions to the equations of m
tion of the formw65w6(r),w550, that define the ground
state. They satisfy

d

dr F efG~r,w6!

A11~]rw6!2
~]rw6!G

2A11~]rw6!2
d

dw6
@efG~r,w6!#50. ~39!
06600
e

-

The last term in the above is a ‘‘potential’’-like term that
evaluated to be

d

dw6
@efG~r,w6!#5

4b4r3w6

~r21w6
2!5S ~r21w6

2!21b4

~r21w6
2!22b4D D/2

3@2b42D~r21w6
2!2#. ~40!

We now consider numerical solutions with the asympto
behaviorw6;m1c/r2, and find the physical solutions b
imposing a regularity constraint as discussed in the prec
ing section. Note that unlike the Euclidean AdS black ho
the Constable-Myers background has a naked singularit
r 50 or r21w6

25b2. Thus there are two possibilities for
solution with an interpretation as an RG flow, which are
follows. Either the D7-brane terminates at a value ofr away
from the naked singularity via a collapse of theS3, or the
D7-brane goes all the way to the singularity. In the latter c
we would have little control over the physics without a bet
understanding of string theory in such highly curved ba
grounds. Different possibilities for solutions of the D7-bra
equations of motion are illustrated in Fig. 9.

Fortunately something remarkable happens. For posi
values ofm we find that there is a discrete regular soluti
for each value of the mass that terminates atw>1.3 before
reaching the singularity atw51. Some of these regular so
lutions are plotted in Fig. 10. Form50, the solution

FIG. 9. Different possibilities for solutions of the D7-bran
equations of motion. The semicircles are lines of constantr, which
should be interpreted as a scale in the dual Yang-Mills theory.
‘‘upper’’ curve cannot be interpreted as an RG flow. The oth
curves have an RG flow interpretation; however, the infrared~small
r! region of the ‘‘lower’’ curve is outside the range of validity o
DBI/supergravity.
7-9
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BABINGTON et al. PHYSICAL REVIEW D 69, 066007 ~2004!
w650 is exact, which naively seems to indicate the abse
of a chiral condensate (c50). However, this solution
reaches the singularity, and therefore cannot be trusted
the other hand for a very small but nonzero mass, the reg
solutions require a nonvanishingc and terminate before
reaching the singularity. The numerical evidence~see Fig.
10! suggests that there is a nonzero condensate in the
m→0. In other words the geometry spontaneously bre
the U~1! chiral symmetry. We plotc as a function ofm in
Fig. 11. This seems to be analogous to the situation in fi
theory, in which the path integralformally gives no sponta-
neous symmetry breaking, which is found only in the lim
that a small explicit symmetry breaking parameter is taken
zero.

We can study this phenomenon further in the deep in
red, in particular in view of gaining further understanding
the behavior of the solutions shown in Fig. 10. Consider~39!
as r→0 with w6Þ0—the dilaton becomesr independent
whilst G;r3. Thus the potential term vanishes asr3 whilst
the derivative piece contains a term that behaves liker2]rw6
and dominates. Clearly there is a solution wherew6 is just a
constant. This is the regular behavior we are numeric
tuning to. It is now easy to find the flows in reverse
setting the infrared constant value ofw6 and numerically
solving out to the UV. This method ensures that the flow
always regular. We have checked that the asymptotic va
of the condensate as a function of mass match our prev
computation at the level of a percent, showing that the
merics are under control.

FIG. 10. Regular solutions in the Constable-Myers backgrou

FIG. 11. A plot of the condensate parameterc vs quark massm
for the regular solutions of the equation of motion in the Constab
Myers background.
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We now realize though that there are infrared solutio
wherew6(r50),1.3. These flows lie close to the singula
ity at w6(r50)51, which we had hoped to exclude. Sol
ing these flows numerically we find that they flow to neg
tive masses in the ultraviolet. We show these flows in F
12. Since there is aw6→2w6 symmetry of the solution
though this means there is a second regular flow for e
positive mass which in the infrared flows to negative valu
also shown in Fig. 12. The flows that begin closer to t
singularity in the infrared flow out to larger masses in t
ultraviolet. This strongly suggests these flows are not ph
cal. When the quarks have a large mass, relative to the s
of the deformation, we do not expect the infrared dynam
to have a large influence on the physics. Thus the flo
shown in Fig. 10 that match onto the Karch-Katz type so
tion for large mass are the expected physical solutions.
find some analytic support for this conjecture we have c
culated the action of two of the solutions for each ma
value. The action is formally infinite if we let the flow cove
the whole space. To see the difference in action we h
calculated the contribution for 0,r,3, only, which covers
the infrared part of the solution~varying the upper limit does
not change the conclusions!. We plot the action of the two
solutions versus the quark mass in Fig. 13, from which it c

.

-

FIG. 12. Regular D7 embedding solutions in the Constab
Myers geometry that lie close to the singularity in the infra-red.

FIG. 13. A plot of action vs mass for the two regular D7 em
bedding solutions in the Constable-Myers geometry. The higher
tion solutions correspond to the flows that end atuw6u,1.3.
7-10
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CHIRAL SYMMETRY BREAKING AND PIONS IN . . . PHYSICAL REVIEW D69, 066007 ~2004!
be seen that the action for the solution lying closer to
singularity is larger. Therefore the corresponding solution
not relevant for the physics.

In a certain sense, the condensate screens the probe
ics from the naked singularity. In the limit of small explic
symmetry breaking parameterm, any solution~or vacuum!
that did not break theU(1) symmetry would havew6→0 for
all r. If this were the case, the solution would reach t
singularity ~see Fig. 9!. The screening of the singularity i
reminiscent of the enhanc¸on @39# found in N52 gravity
duals—an important part of that analysis was understand
that the singularity of the geometry was screened from
physics of a D3 brane probe that led to an understandin
how the singularity could be removed. It is possible we
seeing hints of something similar, if more complicated, he
although at this stage we cannot see how to remove the
gular behavior.

B. Large N Goldstone boson„h8…

Since there is chiral symmetry breaking via a condens
in the m→0 limit, we also expect there to be a Goldsto
boson in the meson spectrum. Such a Goldstone mode
exist as a solution to the DBI equation of motion, as t
following holographic version of the Goldstone theore
shows. Assume a D7-embedding withw550 andw6;c/r2

asymptotically. A smallU(1) rotation exp(ie) of w51 iw6

generates a solution that is a normalizable small fluctua
about this background, withw6 unchanged@to order (e2)]
andw55ec/r2. Thus a small fluctuation withw6 unchanged
and w55e(c/r2)sin(k•x) is a normalizable solution of the
linearized equations of motion providedk250. In other
words there must be a Goldstone boson associated withw5

fluctuations. Note that if the embedding were asymptotica
w6;m1c(m)/r2 for nonzerom, a U(1) rotation of w5

1 iw6 would still generate another solution. However, th
solution is no longer anormalizablesmall fluctuation about
the original embedding—asymptotically the mass will a
quire a different phase moving us to a different theory. Th
if the mass is kept fixed asymptotically one does not fin
massless particle in the spectrum, which reflects the exp
symmetry breaking by the quark massm.

Note that theU(1) chiral symmetry is nonanomalou
only in the limit N→`. The Goldstone boson discusse
above is analogous to theh8 in QCD, which becomes a
Goldstone boson in the largeN limit @36#. Its masslessness i
this setting should not be a surprise, since the regime
validity of supergravity corresponds to largeN in the dual
field theory. We expect that finiteN stringy effects will give
the h8 a nonzero mass.

In the solutions discussed wherew6 has a background
value, fluctuations inw5 should contain the Goldstone mod
Let us turn to the numerical study of these fluctuations in
background of thew6 solutions we have obtained above. T
linearized equation of motion for small fluctuations of t
form w55 f (r)sin(k•x), with x the four Minkowski coordi-
nates, is
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d

dr F efG~r,w6!

A11~]rw6!2
]r f ~r!G

1M2
efG~r,w6!

A11~]rw6!2
HS ~r21w6

2!21b4

~r21w6
2!22b4D (12d)/2

3
~r21w6

2!22b4

~r21w6
2!2

f ~r!

2A11~]rw6!2
4b4r3

~r21w6
2!5S ~r21w6

2!21b4

~r21w6
2!22b4D D/2

3@2b42D~r21w6
2!2# f ~r!50. ~41!

The meson mass as a function of quark mass for the reg
solutions for w5 are plotted in Fig. 14. The meson ma
indeed falls to zero as the quark mass is taken to zero
viding further evidence of chiral symmetry breaking.

At small m, the mass associated with thew5 fluctuations
scales likeAm. This is consistent with field theory expecta
tions. A well known field theory argument for this scaling
as follows. The low-energy effective Lagrangian depends
a field h8 where exp(ih8/f) parametrizes the vacuum man
fold and transforms by a phase under chiralU(1) rotations.
A quark mass term transforms by the same phase underU(1)
rotations, and thus breaks theU(1) explicitly. A chiral La-
grangian consistent with this breaking has a te
m3Re@mexp(ih8/f)# wherem is some parameter with dimen
sions of mass. For realm, expanding this term to quadrati
order gives a mass term (m3/ f 2)mh82. It would be very
interesting to demonstrate this scaling withm analytically in
the DBI/supergravity setting, along with other low-ener
‘‘theorems.’’

For comparison it is interesting to studyw6 fluctuations as
well, which we expect to have a mass gap. Analytically l
earizing thew6 equation of motion is straightforward but th
result is unrevealingly messy. Since we must eventua
solve the equation numerically, we can use a simple num

FIG. 14. A plot of thew5 andw6 meson mass vs quark massm
associated with the fluctuations about the regular solutions of
equation of motion for the Constable-Myers flow. The Goldsto
mass is also plotted vsAm with a linear fit.
7-11
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BABINGTON et al. PHYSICAL REVIEW D 69, 066007 ~2004!
cal trick to obtain the solutions. We solve Eq.~39! for w6

above but writew65w6
01dw6(r ), where numerically we

enforce dw6 to be very small relative to the backgroun
configurationw6

0. With this ansatz we retain the field equ
tion in its nonlinear form, but it is numerically equivalent
standard linearization. We must also add a term to the l
hand side of~39! that takes into account thex dependence o
dw6. This dependence takes the same form as that in
linearized w5 equation~41!, i.e. dw65h(r)sin(k•x). The
extra term to be added to~39! is

DV5M2
efG~r,w6!

A11~]rw6!2
HS ~r21w6

2!21b4

~r21w6
2!22b4D (12d)/2

3
~r21w6

2!22b4

~r21w6
2!2 dw6 . ~42!

The numerical solutions for thew6 fluctuations are plotted in
Fig. 14. Thew6 fluctuations have a mass gap, as expec
since they are transverse to the vacuum manifold.

C. Pions

Thus far we have found a particle in the spectrum tha
analogous to theh8 in the largeN limit of QCD where it
becomes a Goldstone boson. In order to obtain true pions
must have a non-Abelian flavor symmetry. Unfortunately
the background that we consider, takingNf.1 D7-branes
does not give rise to aU(Nf)L3U(Nf)R chiral symmetry.
Instead one gets only diagonalU(Nf) times an axialU(1).
The reason is that the theory contains a couplingc̃ iXc i ,
where i is a flavor index andX is an adjoint scalar withou
any flavor indices. The coupling toX explicitly breaks the
U(Nf)L3U(Nf)R chiral symmetry to the diagonal subgrou
but preserves an axialU(1) which acts as

c i→eiuc i , c̃ i→eiuc̃ i , X→e22iuX. ~43!

Thus ac̃ ic i condensate will only give rise to one Goldsto
boson, even ifNf.1. If X were massive, there would be a
approximateU(Nf)L3U(Nf)R symmetry at low energies
but this is not the case in the Constable-Myers backgrou

Note thatNf.1 coincident D7-branes may be embedd
in the same way as a single D7-brane. In this case there
Nf independent solutions to the linearized equations of m
tion for small fluctuations about this embedding, correspo
ing to fluctuations of the diagonal entries in a diagon
Nf3Nf matrix. These fluctuations would naively give rise
at leastNf Goldstone bosons, rather than one. These e
states will not remain massless though since the interac
with the scalar fields that breaks the symmetry will induc
mass.

Nevertheless we can still make a rough comparison
tween ourh8 and QCD pions. In a two-flavor largeN QCD
model where the quarks are degenerate one would ex
four degenerate Goldstone bosons. AsN is decreased, instan
ton effects will enter to raise theh8 mass. However, since w
are at largeN, the mass formula for our Goldstone boson
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that applicable to the pions. It is therefore amusing to co
pare the Goldstone mass we predict to that of the QCD p
There is considerable uncertainty in matching the strong c
pling scale of our theory to that of QCD. In QCD the bare
or down quark mass is roughly 0.01L and the pion mass o
order 0.5L ~it is of course hard to know precisely what valu
one should pick forL). The comparison to our theory is
little hard to make but if we assume thatL.b51, then for
this quark mass we findmp.0.25L. The gravity dual is
correctly predicting the pion mass at the level of a factor
two. Of course we cannot expect a perfect match given
additional degrees of freedom in the deformedN54 theory
relative to real QCD.

V. CONCLUSIONS AND OPEN QUESTIONS

We have studied two nonsupersymmetric gravity ba
grounds with embedded D7-brane probes, correspondin
Yang-Mills theories with confined fundamental matter. T
AdS Schwarzschild black-hole background, which in t
presence of the probe describes anN52 Yang-Mills theory
at finite temperature, exhibits interesting behavior such a
bilinear quark condensate and a geometric transition, wh
may correspond to a third order transition in the gau
theory. The D7-brane embedding into the Constable-My
background is more QCD-like, showing a chiral condens
at small quark mass as well as the accompanying pion~or
large Nh8).

In the Constable-Myers background with a D7-bran
there is a spontaneously brokenU(1) axial symmetry. A
closer approximation to~large N) QCD would require a
spontaneously brokenU(Nf)L3U(Nf)R chiral symmetry
with Nf52 or Nf53. Unfortunately, simply adding D7
branes does not accomplish this in the Constable-My
background. Assuming that one were able to find a ba
ground with the full chiral symmetry, it would be very inte
esting to obtain a holographic interpretation of low-ener
current algebra theorems and make predictions for chi
Lagrangian parameters based on the non-Abelian Di
Born-Infeld action. One challenge would be to obtain su
terms as the Wess-Zumino-Witten term,*d5x tr(SdS†)5.
Note that this term requires an auxiliary fifth dimensio
which appears naturally in the holographic context.

It is clearly important to look at more physical geom
etries. We chose these backgrounds because they are pa
larly simple; theS5 is left invariant and hence embedding th
D7 is straightforward and the RG flow depends only on
radial direction. More complicated geometries, such as
Yang-Mills* geometry@8#, that include mass terms for th
adjoint scalars and fermions ofN54, have extra dependenc
on the angles of theS5 and the resulting equations of motio
are much less tractable.

In conclusion the results presented here represent ano
success for the AdS/CFT correspondence. The results
gest that gravity duals of nonsupersymmetric gauge theo
may induce chiral symmetry breaking if light quarks are
troduced, just as is observed in QCD. This opens up
possibility of studying the light meson sector of QCD usi
these new techinques.
7-12
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