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Scalar dark matter from theory space
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The scalar dark matter candidate in a prototypical theory space little Higgs model is investigated. We review
all details of the model pertinent to a relic density calculation. We perform a thermal relic density calculation
including couplings to the gauge and Higgs sectors of the model. We find two regions of parameter space that
give acceptable dark matter abundances. The first region has a dark matter candidate with a massO(100 GeV),
the second region has a candidate with a mass greater thanO(500 GeV). The dark matter candidate in either
region is an admixture of anSU(2) triplet and anSU(2) singlet, thereby constituting a possible weakly
interacting massive particle.

DOI: 10.1103/PhysRevD.69.065022 PACS number~s!: 12.60.Fr, 95.30.Cq, 95.35.1d
o
igg

ba
k
i

ym
t

igg
t

d

pt
e

th
u
e
o
re
ci

tle
ak
a

els
fir
th
e
in
in
ug
LH
in

tly
s
ime
ass

i-

ri-
H
s.
els
with
on-
an
is

ery

to
ble
l,

er-
di-
ym-

der

ry
c

I. INTRODUCTION

The ‘‘little Higgs’’ models provide a new mechanism t
stabilize the weak scale wherein the standard model H
boson is a pseudo Goldstone boson@1–4#. The mass of the
Higgs boson is protected by approximate nonlinear glo
symmetries. Subsets of these global symmetries are bro
by couplings in the theory; however, this breaking occurs
such a way that any single coupling preserves sufficient s
metry to keep the Higgs boson massless. This ensures
there are no one-loop quadratic divergences to the H
boson mass and allows a two-loop separation between
weak scale and new physics. The properties of these mo
allow for some distinct phenomenological signatures@5,6#.

The dark matter problem is one that has long been o
mistically tied to the theory of weak interactions. At th
present time, it is not certain exactly what constitutes
dominant portion of the matter density in the Universe, b
its nonbaryonic nature is generally agreed upon. It happ
that a stable neutral particle with standard model weak c
plings and a weak scale mass gives roughly the cor
amount of thermal dark matter. Such an intriguing coin
dence should not be overlooked in any theory attempting
explain the breaking of electroweak symmetry. Since lit
Higgs ~LH! models offer a mechanism to stabilize the we
scale, it is natural to ask if LH models have anything to s
about the dark matter problem.

In this paper we investigate the possibility that LH mod
may explain the observed abundance of dark matter. We
review some general features of theory space LH models
are related to a dark matter analysis. Then we specializ
the case of theSO(5) theory space LH model contained
Ref. @7#. Next we perform a relic abundance calculation
cluding couplings of the dark matter candidate to the ga
and Higgs sectors of the model. We find that a specific
model allows proper dark matter abundances in two dist
interesting regions. First, the correct relic abundance
achieved when the dark matter candidate,N1, has mass
O(100 GeV). A mass ofO(100 GeV) is allowed for either a
0556-2821/2004/69~6!/065022~11!/$22.50 69 0650
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weakly coupled or a ‘‘superweakly’’ coupledN1. By super-
weak coupling we mean that it does not couple significan
to standard model~SM! weak vector bosons, it only couple
to the TeV scale vector bosons. A second preferred reg
exists where the dark matter candidate is heavy, with a m
greater thanO(500 GeV). The preferred couplings ofN1 in
this regime vary from weak@at mN1

of O(1 TeV)] to super-

weak @at mN1
of O(500 GeV)]. We discuss possible add

tional effects on the relic density calculation~beyond cou-
plings to the gauge and Higgs sectors! and find that they will
usually only strengthen our conclusions.

II. DARK MATTER CANDIDATES IN LITTLE HIGGS
MODELS

In terms of dark matter, LH models come in several va
eties. Some LH models, referred to as ‘‘theory space’’ L
models@1–3#, contain new possibly stable neutral particle
Many other LH models, especially nontheory space mod
@4#, have no potential dark matter candidates associated
the little Higgs mechanism. For those theories that do c
tain the possibility of new stable neutral particles, one c
place constraints on the LH model by requiring that th
particle supply all of the necessary dark matter. In the v
least, one must require that this particle not providemore
than the required dark matter. If it provides less, then
explain the remaining dark matter there must be other sta
particles from the ultraviolet completion to the LH mode
potentially similar to particles in Ref.@8#.

At this stage it is useful to state what specific charact
istics of LH models allow for a possible dark matter can
date and to compare these with models of broken supers
metry. In models of broken supersymmetry, it is usuallyR
parity that keeps the lightest supersymmetric particle~LSP!
stable. One way to define the charge of a given particle un
R parity is R5(21)2 j 13B1L. Here j is the spin of the par-
ticle, B is the baryon number of the particle, andL is the
lepton number of the particle. This results in every ordina
particle being even underR parity and every supersymmetri
©2004 The American Physical Society22-1
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partner being odd underR parity. If R parity is a conserved
quantity, the lightestR-odd particle must be stable. This st
bility is one of the crucial ingredients that allows the LSP
models of broken supersymmetry to be a possible dark m
ter candidate. Since the present number density of a the
dark matter candidate is determined by the evolution of
abundance on a cosmological time scale,any sizable viola-
tion of R parity will result in no observable present-day re
density. The other necessary ingredient for dark matter is
correct combination of mass and annihilation cross sectio
is an intriguing, and much-studied, coincidence that a sta
particle with a mass of the order of the weak scale and
nihilation rate dominated by weak processes gives a pre
thermal relic abundance in the correct range to explain
observed dark matter. In models of broken supersymme
the lightest neutralino and sneutrino have just these a
tional characteristics, on top of one of them frequently be
the LSP.

What characteristics of LH models might allow for th
right dark matter abundance? Are the requirements of sta
ity, weak-scale masses, and weak coupling accurate and
ficient to provide the correct relic density? We will find th
necessity of weak-scale masses and weak coupling to
model dependent. However, let us repeat that the issu
stability is generally not a model-dependent question. Si
cosmological time scales govern the annihilation~and pos-
sible decay! of a dark matter candidate, any such candid
with a lifetime shorter than the age of the Universe will ha
completely decayed by today, resulting in no relic abu
dance. Fortunately some LH models do contain symmet
that can protect the stability properties of some constitu
fields.

Theory space LH models allow for a geometrical descr
tion of the group and field content. Such a geometrical
scription can also be used to illustrate some of the sym
tries of the models. For instance, many theory space
models contain aZ4 symmetry that can interchange the no
linear s model fields among themselves. This symmetry
visualized in Ref.@2# as rotations of 90° on a square toru
though the symmetry exists in many theory space LH mod
without such a simple visualization. For instance, this sy
metry is contained in the model@7# we study in greater detai
later on in this paper. Because the lightest Higgs boso
contained in these nonlinears model fields, theZ4 symmetry
is broken once electroweak symmetry is broken by the
velopment of a Higgs vacuum expectation value~VEV!. In
the model we study in detail, the existence of the Higgs V
breaks this symmetry down toZ2. It is the existence of this
symmetry that allows theory space LH models to cont
interesting dark matter candidates.

Given the freedom contained in many LH models, it
possible that theZ4 and consequentZ2 symmetries be ap
proximate instead of exact. This is disastrous for the d
matter candidates we investigate, as has been expla
above. Therefore, our results apply only to models in wh
these symmetries can be made exact. From here on we m
the explicit assumption that at least theZ2 symmetry is exact.
As a result of our assumption, the lightest particle charg
under thisZ2 will be stable. In theory space LH models, th
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standard model fields, including the Higgs, are even un
this Z2. In addition, theory space LH models always conta
scalarsf andh, which are both odd under theZ2 symmetry.
Thus, the lightest of these two will be stable and will cons
tute the model’s only hope for a thermal dark matter can
date. Interestingly enough,f and h are uncolored and also
transform under the electroweakSU(2)W3U(1)Y as30 and
10, respectively. So only thef can be considered a weakl
interactive massive particle~WIMP!. Regardless, there ar
important similarities between particle characteristics t
exist in theory space LH models and characteristics that
low the LSP in broken supersymmetric theories to prov
roughly the correct amount of dark matter.

After electroweak symmetry breaking~EWSB!, f andh
decompose into

f→~f0,f6!, h→h0. ~1!

Typically thef0 andh0 mix after EWSB due to interaction
of the form hh†fh. We label the mass eigenstatesN1 and
N18 . Electrically charged particles cannot serve as dark m
ter so one must requiremf6.mN1

. Thef andh can either
have the masses generated completely radiatively or ha
tree-level mass from an ‘‘V plaquette’’ @9#. Schematically,
the mass matrix is of the form

LMass52
1

2
@mff

2 ~f0!21mhh
2 ~h0!222mfh

2 f0h0#

2mff
2 uf6u2 ~2!

with

mff
2 5mG

2 1mS
21mE

21mV
2 ,

mhh
2 5mS

21mE
21mV

2 ,

mfh
2 5mE

2 , ~3!

where mG
2 , mS

2 , mE
2 , and mV

2 are the masses from gaug
interactions, scalar interactions, electroweak symme
breaking, and possibly a tree-level mass from anV
plaquette. Becauseh is uncharged under the standard mod
gauge interactions, it does not receive a mass from this se
of the theory. The gauge contribution is typically the large
radiative contribution to the masses because

mG
2 .

3g2

8p2
mW8

2 logS L2

mW8
2 D , mS

2.
l

8p2
mf8

2 logS L2

mf8
2 D ,

mE
2.

1

4
lv2, ~4!

with mW8*1.8 TeV andmf8.1.5 TeV.1 Here f8 are the
heavy scalars needed to cancel the quadratic divergenc

1The constraints on the masses of these particles come from
cision electroweak constraints and limits on the breaking scaf
@7,10,11#.
2-2
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SCALAR DARK MATTER FROM THEORY SPACE PHYSICAL REVIEW D69, 065022 ~2004!
the Higgs quartic coupling andW8 are the heavy gaug
bosons needed to cancel the divergences coming from
standard model gauge bosons. The parameterl determines
the weight of the Higgs potential to be defined in Eq.~17!.
As usual,v is the magnitude of the two Higgs VEVs;v2

5v1
21v2

2 for the two Higgs doublet model we study in deta
in the next section. The cutoff of the theory isL;4p f
;10 TeV andg is the gauge coupling related to the Te
scale vector bosons. The mass matrix forf0 andh0 can be
diagonalized by an orthogonal transformation with a mixi
angle,qhf . If contributions fromV plaquettes are ignored
the lightest eigenvalue of the mass matrix is of ord
100 GeV. IncludingV plaquettes can lift the lightest eigen
value up into the TeV range.

Depending on the full model, there can be a symme
that interchangesf0↔h0 in the absence of gauge intera
tions. For theSO(5) model we study in the next section, th
symmetry just exchanges theSU(2)l andSU(2)r subgroups
of theSO(5). This symmetry guarantees that the scalar (mS

2)
and EWSB (mE

2) contributions betweenf0 and h0 exactly
cancel in the calculation of this mixing angle, now given

tan 2qhf5
2mE

2

mG
2

. ~5!

This angle becomes small whenmG
2 grows large. In this limit

the dark matter candidate becomes predominantlyh0-like
and does not have gauge interactions with the electrow
vector bosons. However,h0 does have gauge interaction
with the additional vector bosons of TeV-scale mass. It is
this reason we call this limit the ‘‘superweakly’’ interactin
limit. It is not uncommon to havemG

2 large enough to yield
cos2qhf.0.95.

A. The minimal moose

The smallest theory space LH model is called the ‘‘mi
mal moose’’@3#. The total global symmetry structure of th
theory is (GL3GR)4. This global symmetry structure is th
essential feature that protects the Higgs field from one-l
divergences. The theory contains four nonlinears model
(NlsM) fields Xi , i 51, . . . ,4. The presence of each
NlsM field breaks a globalGL3GR symmetry down to the
diagonal groupGD . Under global symmetry transformation
gL andgR , the NlsM fields transform as

Xi→gLiXigRi
† . ~6!

In some models there is also an exactZ4 discrete symmetry
that interchanges the NlsM fields. It is theZ4 symmetry that
will result in a stable dark matter candidate.

Only a subgroup of the entire global symmetry group
gauged. InsideGR

4 , SU(2)3U(1) is gauged while inside
GL

4 , a group G is gauged that also contains anSU(2)
3U(1) subgroup. The four NlsM fields break this extended
gauge symmetry down to the diagonalSU(2)W3U(1)Y .
The NlsM fields transform undergaugetransformations as
bifundamentals:
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Xi→gGXigSU(2)3U(1)
† . ~7!

In terms of the vocabulary of moose diagrams, this setup
‘‘two-site–four-link’’ model with each ‘‘site’’ being a gauge
group@G andSU(2)3U(1), respectively# and each ‘‘link’’
being a NlsM field. Since each link is charged under th
gauge groups living at both sites, a geometrical picture
be drawn of the model as two dots connected by four lin
This model is closely related to the 232 toroidal moose of
Ref. @1#, which is a four-site model and is also easy to vis
alize. One views the 232 toroidal moose as four dots, th
corners of a square, connected by link fields to make
structure of a toroid. The minimal moose is related to the
32 toroidal moose through orbifolding by a translatio
along each of the diagonals of the 232 toroidal moose.

The gauge symmetries explicitly break the global symm
tries. The breaking of theGL

4 global symmetry is accom
plished by only theG gauge transformations. Similarly, th
breaking of theGR

4 global symmetry comes only from th
SU(2)3U(1) gauge transformations. Since the gauge str
ture of the model is known, one can write down the kine
terms in the Lagrangian:

LK5
1

2 (
i

f 2Tr DmXiD
mXi

† , ~8!

wheref is the pion decay constant of the NlsM. The Dm are
the covariant derivatives, to be defined more explicitly b
low.

Up until this point we have kept the gauge groupG un-
specified. We have done this because the minimal moos
in some sense, modular. Many general properties are d
mined irrespective of which group is chosen, as long asG
containsSU(2)3U(1). However, each group offers differ
ent predictions for TeV-scale physics. As a result, so
choices lead to tension with measurements of precision e
troweak observables. For instance, in the original minim
moose@3#, G was chosen to beSU(3). Thetheory resulting
from this choice can be significantly constrained by precis
electroweak physics@10#. In Ref. @7# it was shown that
SO(5) @or equivalentlySp(4)] has acustodialSU(2) sym-
metry that allows a simple limit where precision electrowe
constraints are rather easily satisfied. There are several o
groups that would work equally well such asSU(4) or
SO(7), but wechoose here to only pursue theSO(5) model
described in Ref.@7#. This group has the added bonus th
there is a symmetry in the gaugeless limit that interchan
f0 andh0 so that Eq.~5! is valid. Another important moti-
vation forSO(5) is that the approximateZ4 symmetry that is
phenomenologically necessary to prevent unacceptably l
triplet VEVs can and will be lifted to an exact symmetry an
will ensure the stability of the dark matter candidate.

Even though theSO(5) model is relatively unconstraine
by precision electroweak physics, some constraints fr
such considerations do exist. The most important com
from the breaking of custodialSU(2) by electroweak sym-
metry breaking VEVs. This breaking of custodialSU(2)
places a limit of 700 GeV on the NlsM breaking scale,f.
2-3
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The custodialSU(2) violation is proportional to sin 2b,
where tanb5v2 /v1 is the ratio of the VEVs of the two
Higgs boson present in the model~see below!. To suppress
this effect, it is preferred forb to be relatively small. In the
Z4 symmetric limit that we are pursuing to find dark matt
there are no issues of triplet VEVs because there are
trilinear couplings between the Higgs doublets and
SU(2)W triplets. The effects upon the obliqueS and T pa-
rameters from the newZ4 symmetric top sector would nee
to be calculated in this model. However, it should be poss
to make the effects small without significantly altering t
limits. In addition to the mildness of precision electrowe
constraints, another benefit of this model is that it has a r
tively minimal set of particles.

Let us explicitly summarize some details about the sy
metries and symmetry breaking in the model we are inve
gating. TheSO(5) minimal moose defined in Ref.@7# has
the expected site group structureG3G85SO(5)3@SU(2)
3U(1)#. The @SO(5)#8 global symmetry is broken by th
SO(5)3@SU(2)3U(1)# gauge interactions. The aforeme
tioned custodialSU(2) is approximate and comes abo
from the gauging ofSU(2)r in addition to the secondar
SU(2)l , both from theSO(5). Thus, there exists a complet
set ofSO(5) vector bosons withSU(2)l3SU(2)r represen-
tations Wl;(3l ,1r), Wr;(1l,3r), V;(2l ,2r). Due to the
embedding ofU(1)Y inside the fullSO(5), theWr bosons
split into Wr ,6 and Wr ,3. Wr ,3 is the field responsible fo
cancelling the quadratic divergence of theU(1)Y gauge bo-
son. If it is assumed that theSO(5) gauge coupling is large
the standard modelW and B are mainly composed of th
@SU(2)3U(1)# gauge bosons. The heavier orthogonal co
binations, W8 and B8 are thus mainly composed of th
SO(5) gauge bosons. The NlsM fields Xi break SO(5)
3@SU(2)3U(1)# down to the standard modelSU(2)W
3U(1)Y , thereby givingW8 and B8 masses in the TeV
range. At scale of theW8 mass, the entireZ4 symmetry is
still intact. As the energy scale is lowered, the standard Hi
mechanism breaks electroweak symmetry and the H
VEVs breakZ4→Z2. However, as previously mentioned, th
Z2 is sufficient to preserve the stability of the lightest eige
state of the (h,f) system.

In the case ofSO(5) the covariant derivative acting o
the NlsM fields is

DmXi5]mXi2 ig5XiT
[mn]W5,m

[mn]

1 i ~g2Tl ,aWm
l ,a1g1Tr ,3Wm

r ,3!Xi . ~9!

In this definition,W5,m
[mn] are the gauge bosons of the gro

SO(5), Wm
l ,a are theSU(2) gauge bosons, andWm

r ,3 is the
U(1) gauge boson. Expanding the NlsM fields aroundXi
51, one finds that the kinetic term contains mass terms
the TeV-scale vector bosons with

mW8
2

5
8g2f 2

sin22u
, mB8

2
5

8g8 2f 2

sin22u8
. ~10!

The mixing anglesu andu8 are defined as
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tanu5
g2

g5
, tanu85

g1

g5
. ~11!

At low energy the minimal moose has the same physics
any toroidal theory space@1,2#. At tree level, two orthogona
combinations of pseudo Goldstone boson multiplets
massless. In terms of the linearized modesXi5exp(ixi /f), we
take the massless combinations to bex12x3 and x22x4.
Continuing to follow the conventions of Ref.@3#, these mass-
less fields can be parametrized as

X15X3
†[e2i (x1y)/ f , ~12!

X25X4
†[e2i (x2y)/ f . ~13!

So in terms of the massless modes, there are
NlsM fields, X5exp(ix/f) andY5exp(iy/f), called the little
Higgs fields, that transform as adjoints under the diago
global SO(5) symmetry. The low-energy Lagrangian
terms of these fields is

LLE5
f 2

4
TruD̂mXu21

f 2

4
TruD̂mYu21l f 4Tr XYX†Y†.

~14!

The covariant derivative,D̂, acting onX andY, only contains
the standard modelSU(2)W3U(1)Y gauge fields.X and Y
also have interactions with the TeV-scaleW8 andB8 vector
bosons, but these have not been included in Eq.~14!. For
dark matter calculations, the most important interactions
given by Eq.~14! and

LW8Int5 ig cot 2u~Tr Wm8 X†D̂mX1Tr Wm8 Y†D̂mY!

1H.c.1••• ~15!

LB8Int5 ig8cot 2u8~Tr Bm8 X†D̂mX1Tr Bm8 Y†D̂mY!

1H.c.1•••, ~16!

where interactions involving more than one heavy vector
son have been suppressed. The gauge mixing anglesu and
u8 have been given in Eq.~11!. Bounds from nonoblique
precision electroweak corrections require bothu andu8 to be
small @10,11,7,12,13#. For simplicity we take the couplings
of X andY to W8 andB8 to be identical to the couplings to
the standard modelW andB.

The potential in Eq.~14!, when expanded in terms of th
linearized modes to leading order, is

V~x,y!5l Tr@x,y#2. ~17!

The linearized fields,x andy, are adjoints under the unbro
ken global GD . Under the electroweak SU(2)W
3U(1)Y,GD , the linearized fields decompose into seve
representations. These representations includef and h,
which are in the30 and 10 representations ofSU(2)W
3U(1)Y , respectively. The decomposition also containsh,
which is in the21Õ2 representation and is identified as th
2-4
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SCALAR DARK MATTER FROM THEORY SPACE PHYSICAL REVIEW D69, 065022 ~2004!
standard model Higgs field. There can be additional ma
fields as well, but those are unimportant for our present
cussion.

The discreteZ4 symmetry of the low energy theory in Eq
~14! takes

X→Y, Y→X†. ~18!

In Ref. @2# this symmetry is understood as 90° rotations o
square torus. It is possible to lift this symmetry to the ent
high energy theory and also to make the symmetry exac
is done in Ref.@2#. In many models there will be a transfo
mation that takesX→VXV and leaves theh and f fields
invariant but rotates the Higgs fields byeip. For instance,
such a transformation can take the form ofV5diag(21,
21,1) for G5SU(3) @2# or V5diag(21,21,21,21,1) for
our choice ofG5SO(5) @7#. For the model of Ref.@7#, this
is just the Z2 symmetry from theSU(2)l subgroup of
SO(5), different from theZ4 symmetry of Eq.~18!. After
electroweak symmetry breaking the discreteZ43Z2 structure
breaks, leaving only an exactZ2 symmetry:

X→VX†V, Y→VY†V. ~19!

Under this symmetry, the standard model fermions a
Higgs bosons are even, whilef→2f and h→2h. This
symmetry will leave the lightest triplet or singlet scal
stable and can result in dark matter. It is important to n
that to have a viable dark matter candidate it is neces
both that theZ2 be exact and that the dark matter candid
be the lightest field transforming under thisZ2. Generally the
stable scalars inX do not mix significantly with the stable
scalars inY. This is because mixing is only generated at lo
level through higher-order interactions with the Higgs bos
and the top quark. Each little Higgs field,X andY, contains a
neutralh and a neutralf, so there are four electrically neu
tral mass eigenstates that come fromhx,y and fx,y . The
interactions of theX andY fields are the same at tree level,
the minimal moose has two almost identical copies of
neutralh and f fields. Thus we typically have two nearl
degenerate scalarsN1 andN2 and the two heavier admixture
N18 and N28 . Since N1 and N2 are nearly degenerate, th
evolution of their relic abundances are intertwined. Ev
though the heavier of the two~assumed to beN2 for simplic-
ity! will decay into the lighter one quickly~compared to the
time scale involved in relic abundance evolution!, both play
important roles in the correct determination of the final da
matter density. When we perform the relic density analy
we take this complication into account.

It is also possible to deform the minimal moose by add
V plaquettes. At low energies these deformations resul
terms being added to Eq.~14!, of the form

LVPlaq5k f 4Tr VXVX1k f 4Tr VYVY1H.c. ~20!

These operators give tree-level masses for the scalarsh and
f while leaving the Higgs field massless. They can be m
to be symmetric under the fullZ43Z2 high-energy discrete
global symmetry. Furthermore, these deformations allow
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to lift the masses for thef ’s andh ’s from the weak scale to
the TeV scale without affecting naturalness.

It is important to remember that the mass matrix of t
(h,f) system is dominated by contributions from gauge
teractions, and this frequently results in a lightest eigens
that is mainlyh-like. Due to this strong dominance in dete
mining the mass eigenstates, the gauge interactions also
a dominant influence on the relic abundance, as will
clearly shown in the next section. For concreteness, we
plicitly give the part of thef covariant derivative containing
fx,y

0 :

D̂mfx,y

.
1

A2
S ]mfx,y

0 igWm
2 fx,y

0 2gWm
1 fx,y

0

igWm
2 fx,y

0 1gWm
1 fx,y

0 2]mfx,y
0 D .

~21!

The charged and neutralf fields also have interaction
with the heavy vector bosons through interactions deriv
from Eq. ~16!:

LW8Int5 ig cot 2u~Tr Wm8 fx
†D̂mfx1Tr Wm8 fy

†D̂mfy!

1H.c.1••• ~22!

LB8Int5 ig8cot 2u8~Tr Bm8 fx
†D̂mfx1Tr Bm8 fy

†D̂mfy!

1H.c.1•••. ~23!

We have left thef in its SU(2) triplet form in Eqs.~22!
and ~23!, but decomposition intof6 and f0 follows using
the standard operations. One can easily find the interact
involving f0 by realizing that the neutral field comes on
from the a53 part of f5faTa where Ta are theSU(2)
generators defined in the Appendix of Ref.@7#.

The h0 has no direct gauge interactions except for ter
like g82h0h0Bm8 B8m. These terms do not contribute to a
extent that suppresses the relic density into the cosmol
cally preferred range.

After the gauge interactions, the most important inter
tions come from the quartic potential. To determine the qu
tic potential, one must define the VEVs for the lineariz
modesx andy that contain the Higgs bosons. The directio
of these VEVs are

^x&5
v cosb cos~j/2!

A2
Tv02

v cosb sin~j/2!

A2
Tv3,

^y&5
v sinb cos~j/2!

A2
Tv01

v sinb sin~j/2!

A2
Tv3,

~24!

where we are again using the generators in the Appendi
Ref. @7#. The quartic potential cannot stabilize EWSB wh
j50,p because this is precisely where@x,y#50. In Ref.@7#
the anglej was taken to bep/2 to simplify the analysis, but
2-5
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it is possible that a symmetry can enforce this. In this pa
we use this limit as a simplifying assumption.

Below we give the interaction potential for the (h,f)
system that we use in part to compute the annihilation rat
the next section. This interaction potential can be deriv
directly from Eq.~17!. Theh0 is the usual lightest Higgs,H0

is the heavyCP-even Higgs andA0 is the CP-odd Higgs.
Theh02H0 mixing angle,a, is typically close tob with this
Higgs potential although our results are generally insensi
to this. Choosinga5b the potential is

V5
lv
8

h0@cos2b~fx
02hx

0!21sin2b~fy
02hy

0!2#

1
lv
4

sin 2bH0@~fx
02hx

0!21~fy
02hy

0!2#

1
lv
4

A0hx
0hy

0 . ~25!

As can be seen in the above equation, it is only interacti
with the CP-odd Higgs boson that allow theN1 and N2
eigenstates to coannihilate.2 Other than these interactions, th
cosmological development of their relic densities is indep
dent.

On the surface, the physical Higgs sector of this mo
resembles that in the minimal supersymmetric stand
model~MSSM!. However, one notable exception is the co
pling of b quarks to the lightest Higgs boson. In the MSS
the coupling of the lightest Higgs boson tob has a fixed
tanb dependence. In the minimal moose, there is a freed
as to whether the lightest Higgs boson couples tob quarks
proportional to tanb or proportional to cotb. This can have
a non-negligible effect on the relic density. In the analy
below, we choose the coupling to be proportional to tanb,
but we indicate how the allowed LH parameter space wo
change had we chosen the coupling to be proportiona
cotb.

III. CALCULATION OF RELIC ABUNDANCES

Now we will use the general properties of the possible
dark matter candidate to calculate its relic abundance.
will include all of the interactions listed in the precedin
section. These would be expected to be the dominant co
butions. Subdominant contributions might be expected fr
interactions with other heavy states in the theory. We w
find that a proper relic density generally prefersN1 to have a
larger mass than estimated in the literature on LH mod
though the notable exception exists of a superweak eig
state.

We start here by assuming thatN1,2 have some masse

2Here we use the termcoannihilationto refer to interactions be
tween twodifferent particle species in the thermal bath, such
N1N2→X. When we speak of standardannihilation, we mean in-
teractions between two particles of thesame species, such as
N1N1→X.
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and can annihilate, as mentioned before, throu
a mixture of weak and superweak gauge bosons and also
Higgs bosons.3 We have given these interactions explicitly
Eqs.~14!, ~21!, ~22!, ~23!, and~25!. From this we can calcu-
late a thermally averaged cross section^sv&. The thermally
averaged cross section is used in the evolution equation
the number density ofN1, the Boltzmann equation:

dn

dt
523Hn2^sv&@n22~neq!2#. ~26!

The Boltzmann equation shows that universal expans
always dilutes the number density of a particle species,
also that annihilations only become important once the p
ticle species has diverted from equilibrium with the rest
the Universe. One would naturally expect this departure fr
thermal equilibrium to happen once the temperature of
Universe has dropped below the mass of the particleT
,mN1

. Once the particle has decoupled from the surrou
ing thermal bath, the number density is still being diluted
the Hubble expansion. This expansion eventually shuts
the annihilation once the expansion rate, set byH, dominates
over the annihilation rate, set byG5n^sv&. After this event
occurs, called ‘‘freeze-out,’’ the number density of the pa
ticle species is essentially frozen except for further diluti
from the Hubble expansion. Thus, one of the most import
calculations to be done to determine a relic density is
calculation of the temperature at which freeze-out occu
TF . This temperature is determined iteratively through
dimensionless inversexF5mN1

/TF :

xF5 lnS 0.038gmPlmN1
^sv&

Ag* xF
D . ~27!

Here g is the number of degrees of freedom for the da
matter candidate,mPl is the Planck mass, andg* is the num-
ber of effective relativistic degrees of freedom at the time
freeze-out of the dark matter particle. For weakly interact
cold dark matter candidates, one normally findsxF.20.
Having determined̂ sv& and xF , the most important for-
mula we need is

Vdmh25
1.073109 GeV21

g
*
1/2mPlJ~xF!

, ~28!

whereJ(xF)5*xF

` ^sv&x22dx.

In many supersymmetric theories, one findsmdm
.100 GeV. Recall that in supersymmetric theories, many
the annihilation channels of neutralinos are suppressed
velocity factor of (124mdm

2 /s) because the initial state pa
ticles are fermions. Heres is the squared center-of-mass e
ergy. This suppression is even more severe in neutral

3We remind the reader that we also include coannihilation effe
sinceN2 is assumed to be degenerate in mass withN1. These ef-
fects are explained in more detail in Sec. III.
2-6
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SCALAR DARK MATTER FROM THEORY SPACE PHYSICAL REVIEW D69, 065022 ~2004!
because they are Majorana fermions, but the effect exist
some annihilation channels of Dirac fermions as well. B
cause the dark matter candidates are often scalars in th
space LH models, this suppression factor is absent. Th
fore, the annihilation is more efficient and higher masses
required to achieve the correct relic density than in mod
involving neutralino dark matter. This absence of veloc
suppression is also important in other models with sca
dark matter candidates@14–21# such as inelastic sneutrin
dark matter@22#. The heavier required masses can clearly
seen in Fig. 1 where contours of constant relic density
plotted in the (cos2qhf ,mN1

) plane. Here cos2qhf is the mix-
ing parameter defined in the discussion leading up to Eq.~5!.
It is the mixing parameter that determines the admixture
weak and superweak strength with whichN1 can annihilate.
In this and following plots, the light shaded~green! regions
are cosmologically preferred with 0.094<Vdmh2<0.129
@23#. The dark shaded~red! regions are cosmologically ex
cluded, having a relic densityVdmh2>0.129. In Figs. 1 and
2 we have chosen tanb50.4, a moderate value that is st
allowed by precision electroweak constraints@7#. We have
also fixed the lightest Higgs mass to bemh05136 GeV, the
heavy Higgs masses to bemH05mH65mA5500 GeV, and
the heavy superweak gauge boson masses to bemW85mB8
51800 GeV. Furthermore, here we take the Higgs boso
couple to theb quark proportional to tanb. As mentioned
previously, this is an arbitrary choice. We explain belo
what happens if this choice is instead changed to cotb.

In Fig. 1 we can see that requiring the LH model to su
ply all required dark matter allowsmN1

;100 GeV for any

value of cos2qhf , thus signaling a robust weak-scale da
matter candidate. However, it is important to note th
cos2qhf>0.8 is required to havemN1

not be constrained to

FIG. 1. Relic density contours for LH models. The preferr
relic density regions are displayed for tanb50.4. The light shaded
~green! region illustrates a preferred value of 0.094<Vdmh2

<0.129 and the dark shaded~red! regions are regions where dar
matter is overproduced,Vdmh2>0.129.
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lie on mh0/26d or mW , whered is roughly 3 GeV. This
behavior will be explained in the next paragraph. Betwe
mW and mh0, a preferred region exists with the aforeme
tioned cos2qhf>0.8. Abovemh0, annihilation to anhh final
state again reduces the relic density beyond relevancy. O
abovemh0, one must go beyondmN1

;500 GeV in order to
find cosmologically preferred regions. Why are mass
around 400 GeV required abovemh0 for a general mixed
N1,2? The single most important influence causing this ch
acteristic is the aforementioned lack of suppression in
thermally averaged cross section, due toN1,2 being scalar.

First, belowmW , there are no efficient annihilation chan
nels to depleteN1 except for resonant annihilation throug
the lightest Higgs boson. As this resonance is approac

FIG. 2. Relic density contours for LH models. This figure is t
same as Fig. 1 but magnified to show the finer detail in the lo
mass region. The top plot also focuses in on the region with la
cos2qhf .
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from either above or below, the annihilation cross sect
rises rapidly until the dark matter constraint is satisfied fo
brief range inmN1

. This situation is different from othe

paradigms such as supersymmetry becauseN1 has no direct
coupling to the neutral gauge bosons, so there can be
s-channel annihilation throughZ or g. Second, oncemN1

.mW , efficient annihilation occurs toW1W2. Such signifi-
cant annihilation depresses the relic density below prefe
values except for the high-cos2qhf region. It is this high-
cos2qhf region where theN1 is primarily anSU(2) singlet,
so it cannot annihilate effectively toW1W2. AbovemW , the
preferred region gradually starts to prefer lower values
cos2qhf as mN1

increases. This is becauseVDMh2

;m/^sv&, so in order to keepVDMh2 constant for a higher
mass, the thermally averaged annihilation cross section m
also increase. This trend continues untilmN1

5mh0.

As was mentioned above, a region below 200 GeV ex
with the right relic abundance. This region is below thet t̄
and h0h0 production thresholds, so annihilation is not e
tremely efficient barring resonances. We display this lo
mN1

region in greater detail in the bottom plot of Fig.

Below mW , there are no efficient annihilation channels
depleteN1 except for resonant annihilation through the ligh
est Higgs boson. As this resonance is approached from e
above or below, the annihilation cross section rises rap
until the dark matter constraint is satisfied for a brief range
mN1

. This situation is different from other paradigms such

supersymmetry becauseN1 has no direct coupling to the
neutral gauge bosons, so there can be nos-channel annihila-
tion throughZ or g. This can be seen from the explicit ex
pression for the covariant derivative, Eq.~21!. Second, once
mN1

.mW , efficient annihilation occurs toW1W2. Such
significant annihilation depresses the relic density below p
ferred values except for the high-cos2qhf region. It is this
high-cos2qhf region where theN1 is primarily an SU(2)
singlet, so it cannot annihilate effectively toW1W2. Above
mW , the preferred region gradually starts to move towa
lower values of cos2qhf as mN1

increases. This is becaus

VDMh2;m/^sv&, so in order to keepVDMh2 constant for a
higher mass, the thermally averaged annihilation cross
tion must also increase. The trend continues untilmN1

5mh0. Finally, at mh0, the h0h0 production threshold is
crossed and the relic density is uniformly reduced below
relevant level. If one can imagine this parameter space ab
of the thresholds and resonances, a general trend tow
heavier masses at lower cosqhf is apparent ifmN1

.mW .
This continues for the entire parameter space and is du
the strong cosqhf dependence in the couplings ofN1,2 to the
standard modelW6.

Between 200 and 400 GeV in Fig. 1 a region is visible
without a significant relic density. This is due primarily
efficient annihilation intot t̄ andh0h0 final states. Preferred
regions arise again above 400 GeV and move towards
weak end of the mixed region~low cos2qhf) by 800 GeV.
This region between 400 and 800 GeV is dominated by
nihilations toW1W2, so the cosqhf dependence comes d
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rectly from mixing angle effects on the gauge couplings
N1,2. The main additional structure in this region is the slig
kink at 500 GeV, which is due to the production thresho
for heavy Higgs final states. The region above 1000 GeV
excluded experimentally because annihilation is not effici
enough to reduce the relic density appropriately. It is poss
that UV completions to this model may provide addition
annihilation channels. However, the mass of the dark ma
particle eventually becomes limited by partial-wave unitar
considerations and one has a difficult time avoiding the
per dark matter bound for a weakly coupled thermal relic
mass above 2 TeV@24,25#.

How sensitive are these regions of parameter space to
assumptions we have made? The most robust regions ar
superweak area betweenmN1

.80 GeV andmN1
.140 GeV

and the sliver of parameter space belowmh0/2, shown in
detail in the bottom plot in Fig. 2. If one assumes that theb
quark couples proportional to cotb instead of tanb, then the
entire region betweenmh0/2 and mW becomes completely
depleted of relevant dark matter, but the region betwe
mN1

.80 GeV andmN1
.140 GeV remains unscathed an

the cos2qhf-independent sliver belowmh0/2 remains, but
drops down to around 50 GeV. Additionally, if one takes
very small value for tanb, say around 0.1, then the preferre
band in the region between 400 GeV and 1000 GeV in Fig
gets pushed up to values between 1700 GeV and 2000 G
though the existence of the band is robust. So, regardles
the assumptions that are made, regions with an accept
relic density exist belowmh0/2 and between 80 and 140 Ge
for large values of cos2qhf and also above 900 GeV for an
value of cos2qhf .

Dark matter direct detection limits depend on the mass
the relic particle. Direct detection experiments are desig
to best detect particles roughly in themN1

580–140 GeV
range.4 In this model, a mass in this range requires a h
value of cos2qhf . To achieve this, it requires a large gau
contribution to thef mass which translates into heavier s
perweak vector bosons. This is the limit that precision el
troweak observables prefer@7#. A study of direct and indirect
detection prospects is beyond the scope of this paper, b
the subject of current ongoing work@26#.

Since gauge contributions dominate the mass matrix@Eq.
~3!# for the neutral (h,f) system, Eq.~5! implies that large
cos2qhf happens easily. To investigate this region in mo
detail, we have focused on large cos2qhf in the top plot in
Fig. 2. Taking this plot to represent the ‘‘natural’’ portion o
the full parameter space, we can see that over half of
region~the part with darker shading/red coloring! is ruled out

4Direct detection possibilities for the superweakly coupled d
matter candidate are suppressed compared to typical supersym
ric candidates for two important reasons. First, there are no in
mediate colored states that couple the candidate to nuclear m
Second, there are no couplings betweenN1,2 and the neutral weak
vector bosons. Thus, nuclear scattering will occur dominan
throughs-channel Higgs bosons, which is suppressed by Yuka
couplings.
2-8
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SCALAR DARK MATTER FROM THEORY SPACE PHYSICAL REVIEW D69, 065022 ~2004!
on cosmological grounds. Most of the rest of the parame
space has a relic density too low to be cosmologically
evant. The regions with acceptable relic density can
grouped into two categories. The first region occurs betw
400 GeV and 900 GeV and is due mainly to final sta
W1W2, t t̄ , andh0h0. This region does not require any tigh
relationship betweenN1,2 and another particle. The secon
category is the low-mN1

region belowmN1
5200 GeV. If, for

example, we take cos2qhf50.95 and review Fig. 2, we find
that the dark matter candidate must take very specific m
values:mN1

5mh0/26d,mW ,mh0, or 400650 GeV. Again,

d is a small number around 3 GeV. While it is possible f
cos2qhf to be large without being around 0.95, the predict
power of such a scenario in terms of dark matter is intrig
ing.

In summary, we find that LH models with a general mix
N1 state do not provide enough relic density to explain d
matter unless either additionalV plaquettes are included t
lift mN1

, or mN1
is chosen to have very specific value

namelymW or mh0/263 GeV. However, we do find that th
most likely scenario, that of a superweakly interactingN1
with mN1

;100 GeV, is able to provide for the correct rel
density, although the preferred region is quite narrow.

A. Other possible effects

At this point it is natural to inquire about other contrib
tions to the relic density calculations that might change
results. As we will describe, additional effects will likel
only further reduce the available parameter space. Pos
contributions fall into one of three categories: additional a
nihilation channels, coannihilation channels, and entro
generation afterN1 freeze-out. We will discuss each of the
in turn.

There are almost certainly other ways that twoN1 par-
ticles can annihilate. These new channels may come f
other loop-suppressed operators, or possibly from opera
that appear in other specific models. Whenever new ann
lation channels are allowed, one expects the thermally a
aged cross section to be increased. This will further supp
the relic density ofN1. We have already seen this in Figs.
and 2 when the resonant annihilation and particle produc
thresholds were crossed.

As mentioned previously, it is also possible for the ma
of f1

1 ~the lighter offx
1 andfy

1) to be degenerate with th
mass ofN1 to within 5–10%. Such a scenario can occ
when the mass contributions coming from theV plaquettes
dominate the mass matrices. While this situation is unlik
for light N1’s, it is not unnatural for heavyN1’s, whose
masses can be prinicipally determined byV plaquettes.
When this degeneracy happens, the two particles freeze
of equilibrium at about the same time, and the interactions
f1

1 can significantly affect the resulting relic density ofN1

@27,28#. We can make the normal assumption thatf1
1 decays

into N1 on a time scale much shorter than the Hubble exp
sion time scale. Thus, instead of treating the evolution of
number densityni of each species separately, we can evo
the total number densityn5nN1

1nf
1
1. To do this, we need
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to approximate the thermally averaged cross section as

^sv&5(
i , j

s i j

ni
eq

neq

nj
eq

neq
, ~29!

where theeq superscript denotes values at equilibrium ani
andj denote particle species to be summed over (N1 andf1

1

for this example!. From this formula we can see that ju
adding a coannihilator with equal annihilation cross sectio
to the original particle has little effect on the relic density.
fact, this is the case for our analysis already. We have
cluded the fact thathx and hy ~as well asfx

0 and fy
0) are

very nearly degenerate in mass and can coannihilate. In o
for coannihilation to have a significant effect on the re
density, it is necessary for some of the coannihilation ch
nels to dominate over the normal annihilation channels. T
happens in minimal supergravity~MSUGRA! when the
lightest neutralino can coannihilate with the lightest st
@29,30# or stop@31#. It is also possible to have coannihilatio
with another neutralino@32# both in MSUGRA in the ‘‘focus
point’’ region @33# and also in RSUGRA~a string-inspired
extension of MSUGRA! @34# and string-derived models@35#.
In LH models, the net effect is expected to be qualitative
similar to supersymmetric models. Including coannihilati
effects, like including additional annihilation channels, w
reduce the relic density.

It is also possible that significant entropy can be genera
between the freeze-out temperature ofN1 and the presen
temperature. When the relic density is calculated, the qu
tity that is evolved is the number density per comoving v
ume. This is computed by dividing the number density by
entropy density:YN1

5nN1
/s. In making this redefinition, it

is assumed that entropy is neither added to nor removed f
the system under study. However, such an assumption a
the entropy need not hold. If entropy is added to or tak
away from the Universe, then the number density per
moving volume will not obey the simple standard evolutio
In terms of an existing relic density, the net effect will be
multiply a particle’s relic density by a factor of roughl
Sold /Snew. Sold is the entropy per comoving volume befo
the entropy change occurred andSnew is the entropy per
comoving volume after the change in entropy occurred. T
end result is again a reduction in the relic density for the c
of entropy generation.5 In some sense this generic reductio
in relic density is good because it also reduces the amoun
parameter space that is excluded on cosmological grou
~whereVdmh2.0.129). However, it also results in a redu
tion in the amount of cosmologically preferred parame
space~where 0.094&Vdmh2&0.129). Thus, only the region
with Vdmh2&0.094 are enlarged. Such regions do not sup
enough relic density from theN1,2 particles, so one migh
have to appeal to dark matter candidates outside of the
model to meet current dark matter density measurement

5It is possible, however, to have both entropy production and r
density increase through the decay of a heavy modulus@36,37#.
2-9
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IV. CONCLUSION

We have investigated the possibility of having a dark m
ter candidate arise from a little Higgs model. We found
gions of parameter space that satisfy the relic density
quirement 0.094&Vdmh2&0.129. These regions require
dark matter candidate that either has a mass between rou
mh0/2 andmh0 or has a mass above 400 GeV. The low-ma
parameter space additionally requires the candidate to h
either superweak coupling or very specific masses ofmh0/2
63 GeV ormW . This is somewhat different from the stan
dard dark matter scenario in theories involving broken sup
symmetry and stems from the LH dark matter candidate
ing a scalar and also not having any direct couplings to
neutral vector bosons. We discussed additional possible
tributions to the relic density calculation of the dark mat
candidate. We found that the additional contributions ten
to result in an even lower relic abundance.

The standard estimate for dark matter shows that w
couplings and massesO(10 GeV)2O(1 TeV) result in the
right order of magnitude for the dark matter abundance. T
numerology indicates that dark matter might be related
electroweak symmetry breaking or the physics stabilizing
weak scale. In this note we have shown that it seems pos
to accommodate sufficient dark matter for theory space m
els with exact discrete symmetries. If this had not been
case either by overdepletion or by a breaking of the disc
symmetry, then there would still be the usual dark ma
problem. Through standard calculations using partial-w
unitarity it is possible to put an upper limit of 550 TeV o
B
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the mass of the dark matter particle@24#. By using a more
refined calculation assuming weak coupling, the limit can
brought down to about 1.8 TeV@25#. If there is insufficient
dark matter from such theory space models and if the d
matter is related to the weak scale, then it must come fr
physics in the ultraviolet and the particles must have mas
roughlyO( f ) or less if they are weakly coupled. However,
should also be noted that it is possible that dark matter
originate from axions or also a sector unconnected to
standard model except through gravity.

In conclusion, we have found viable dark matter in a p
totypical LH model. Requiring the correct relic densi
forces the LH model to one of three regions. First,N1,2 can
have masses ofmh0/263 GeV ormW , resulting in resonant
and threshold annihilation, respectively. Second, it is p
sible to have a superweakN1,2 with cos2qhf;1 ~where the
gauge contributions dominate in theh-f mass matrix!.
Lastly, the LH model can have largeV plaquettes to increas
mN1,2

. However, both theextremesuperweak regime and

very large contributions fromV plaquettes appear to ove
close the Universe.
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