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Gravitational lensing introduces the possibility of multigieacroscopit paths from an astrophysical neu-
trino source to a detector. Such a multiplicity of paths can allow for quantum mechanical interference to take
place that is qualitatively different from neutrino oscillations in flat space. After an illustrative example
clarifying some underappreciated subtleties of the phase calculation, we derive the form of the quantum
mechanical phase for a neutrino mass eigenstate propagating nonradially through a Schwarzschild metric. We
subsequently determine the form of the interference pattern seen at a detector. We show that the neutrino signal
from a supernova could exhibit the interference effects we diseassit lensed by an object in a suitable mass
range. We finally conclude, however, that—given current neutrino detector technology—the probability of such
lensing occurring for dneutrino-detectab)esupernova is tiny in the immediate future.
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I. INTRODUCTION lens. There are other situations where the GINI effect might,
in principle, also be evident. Reluctantly, however, we con-
Spacetime curvature allows, in general, for there to beclude that pragmatic considerations mean that GINI effects
more than one macroscopic path from a particle source to will be very difficult to see in these cases.
detector. This means that there is a quantum mechanical in-
terference phenomenon that may occur—at least in
principle—with gravitationally lensed, astrophysical neutri-
nos that is qualitatively different from “conventional” neu- Particle interferometry experiments enjoy a venerable lin-
trino oscillation. The possibility for this different type of in- eage and—apart from their intrinsic interest—have often
terference arises because—uwith, generically, each path frofound utility in the measurement of intrinsically small quan-
source to detector having a different length—a phase differtities. The idea that the effects gfavity—the epitome of
ence may develop at the detector due to affia¢h differ-  weakness as far as particle physics is concerned—on the
encds). This is to be contrasted with flat spacetime neutrinophase of particles might become manifest in interferometry
oscillations which arise because different mass eigenstatefates back to the seminal, theoretical work of Overhauser
generically have differenphasevelocities. One might ex- and Colella[1]. It was these researchers, themselves, to-
pect, in fact, gravitationally induced neutrino interferencegether with Wernef2], who were the first to experimentally
(GINI) to exhibit a phenomenology partially analogous toconfirm the effect they were predictirfiin what has come to
that produced by Young's double slit experiment, viz., regu-be labeled a COW experiment after the initials of these re-
lar patterns of maxima and minima across a detected energyearchers; see RdB] for a review.
spectrum. As we show below, for ultrarelativistic neutrinos, Another interesting idea involving gravitational effects on
each maximum and minimum at some particular energy isnterferometry of neutral particles—though, to the authors’
characterized by, respectively, enhancement and depletion &howledge, without yet having received experimental
all neutrino speciegnot relative depletion of one species confirmation—is the idea that gravitational microlensing of
with respect to another, which characterizes flat space nelight might realize ade factoYoung double slit arrangement.
trino oscillations. There is extensive literature devoted to this idsae Refs.
Below, we shall provide the theoretical underpinning to[4-12]), which has been labeled “femtolensing” because of
all the contentions made above. We also sketch a proof-othe natural angular scales involved for cosmologically distant
principle that this interference effect could actually be seersources and lensels’]. Femtolensing is somewhat more
in the neutrinos detected from a superngieena suitable closely analogous to the idea we pres@mieed, as we show
below, the analogy becomes exact in the massless neutrino
limit) than COW-type experiments. This is because in fem-
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interfere. Furthermore, while the interfering particles arenearly simultaneous detection of these neutrinos and the su-
relativistic in both the femtolensing and GINI cases, they argernova’s photon signal and from the time and energy spread
nonrelativistic in COW experiments. of the neutrino burst alone has been investigated in many
As far as sources go, light from GRBs has received parpapers as an empirical limit on the neutrino mass s(sde,
ticular attention in the context of femtolensif7,8. While  e.g., Refs[16,17] and Refs.[18—2( for reviews and the
we would, of course, also require astrophysical objects as theeminal references concerning this ifaad also as a probe
sources for a GINI “experiment,” the sources best able toof the equivalence principle over intergalactic distance scales
offer a chance for the detection of this effect are probably21-23. More speculatively but germane to this work, the
supernovae. A Galactic supernova would generate excelle@pparently bimodal distribution of SN 1987A neutrinos ob-
statistics in existing solafand otheyr neutrino detectors served by the then-operating Kamiokande solar neutrino ob-
(thousands of events—see bejovnd with a much larger, Servatory was given an explanation in terms of an interven-
generation of neutrino detectors on the drawing board—ing gravitational lengin the 5x 10° M mass rangef:24]).
some having as one of their chief design goals the detectiohurther, the idea that astrophysical neutrino “beams” might
of neutrinos from supernovae occurring almost anywhere ipe gravitationally focused by massive objects like the Sun
our Local Group—prospects for the detection of the effecthas been investigated and it has been found that such focus-
we predict can only improve with timjl3]. ing can amplify an intrinsic neutrino signal by many orders
By way of a pedagogical detour, please note the follow-0f magnitude(see[25] and[26] for more recent work
ing: we believe the “time-delay” nomenclature is misleading An early and important work treating thguantum me-
in the context of either femtolensing or GINI effects. It is chanical aspects of neutrino propagation through a curved
much better, we contend, to think in terms of path differ-metric is that of Brill and Wheelej27]. Their work is par-
encés). The idea of a well-defined time delay belongs toticularly important for its elucidation of the formalism that
classical physics. The time delay is—in the frame of someallows one to treatmasslessspinor fields under the influ-
observer—the time elapsed between the arrival of two sigence of gravitational effect§.e., the extension of the Dirac
nals. These should have their origins in the “sanfefacro- ~ equation to curved spacetije
scopid event at a source, but then travel down different clas- As presaged above, in this paper we shall be particularly
sical geodesics from source to detector. Now, from theconcerned with thephaseof neutrinos(more particularly,
viewpoint of quantum mechanics, there is a limit in which neutrino mass eigenstajea curved spacetime. The seminal
the classical description just given makes sense and is usefuyork treating the phase of quantum mechanical particles in
This limit is that in which the size of the wave packets de-curved spacetime is that of Stodolskgg]. In this work the
scribing the signaling particles is small in comparison to theauthor argued that the phase of@inlessparticle in an arbi-
affine path length differences between the different classicdrary metric is identical with the particle’s classical action
trajectories under consideration. This limit will usually be (divided by #). Later work conducted on neutrino oscilla-
satisfied in observationally interesting cases of gravitationalions in curved spacetimg29-31 has often—though not
lensing. But this limit mushot be satisfied if femtolensing or always[32,33—implicitly assumed the correctness of Stod-
GINI effects are to be observed. Indeed, we require the opelsky’s contention(that the phase is given by the classical
posite situation to pertain, viz., an affine path length differ-action for spinor fields as well and taken this as its starting
ence of the order of or smaller than the wave packet sizepoint. Somewhat ironically—as we set out in detail below—
This is required so that wave packets created in the sam@cent research¢84] have revealed that the equality of clas-
(microscopi¢ event can overlap at the detector—with inter- sical action and phase holds for spin half particles, it
ference effects being the result. In this sense, themetane  for spin zero or one particles, or, at least not in an unqualified
delay because the wave packets have to be overlapping at teense. In any case, that Stodolsky's contention holds for
detector position at the samebservey time, i.e., overlap spinors means a considerable simplification for our calcula-
must be satisfied at the spacetime location of the observatidions as we can avoid directly treating the covariant Dirac
event. Note further that, to paraphrase Dirac, eactequation.
photon—or neutrino—only interferes with itself. So it is the A full review of the literature(see[29—-41]) on neutrino
wave packet of the single particle that results from a singlgphase in the presence of gravity is beyond the scope of this
(microscopi¢ event—like the decay of an unstable parentwork. Suffice it to say that most work here to date has been
particle—that, in simple terms, splits to travel down all theconcerned with the calculation of neutrino phase in radial
classical geodesics from source to detector, only to interferpropagation of neutrinos through stationary, spherically sym-
when recombined there. The idea we are describing, thermetric, spacetimes. There is active controversy in this con-
does not require some weil@nd impossiblganalog of a text as to at what order in neutrino masm,z,(or m‘V‘) gravi-
“neutrino laser”; it works at the level of individual, particle tational corrections show up in the phd$6,33,35,36¢ The
wave packets. answer to this hangs critically on how energy and distance,
Another strand that will be peripherally drawn into this in particular, are definef36]. We shall have to treat such
paper is the behavior—at a classical level—of neutrinos in assues carefully, but all the subtleties of this debate need not
curved spacetime backgrouride., gravitational lensing of particularly concern us. This is because we pramarily
neutrinos treated as ultrarelativistic, classical partjcl€his  interested in gravity not for its effect on phgser se but for
topic became of immediate interest with the detection of neuits ability to generate multiple macroscopic paths from
trinos from SN 19874 14,15. Timing information from the source to detector. And it is what might actually be measured

063008-2



NEUTRINO INTERFEROMETRY IN CURVED SPACETIME PHYSICAL REVIEW B9, 063008 (2004

at the detector that concerns us. Detectors count the What has gone wrong when one’s analysis misses:the

neutrinos—registered in terms of flavor afldcal) energy—  term in the neutrino phase is that one has tried to simulta-

that interact within their volume. From these one can inferheously employ two incompatible notions: the fundamentally

interference patterns, but one does not, of course, have ayave or quantum mechanical idea of phase with the particle

direct experimental access to the phase differ@)ca point ~ notion of trajectory so that is given in terms oft or vice

that does sometimes seem to be forgdtten versa. Even in the' S|m_pl_er case of flat space qscnlatlons, the
In regard to interference phenomenology, note the followJntroduction(often implicitly) of the idea of a trajectory—or,

ing: whereas interference patterns with flat space neutringnore_partllfl:ularlly, 3 group yelocn_y—llntohthe Calcylatlt;)n of
oscillations take the form of variations in neutrino flavor N€UNNO phase leads to eren particular, the recurring bug-

ratios across energy, with GINI, because there will be Con_t.)ear that the conventional formula for the neutrino oscilla-

structive and destructive interference between the muItipI(I.\Ion Ien_gth is wrong by a factor of two: s¢d4]). In the
allowed routes, onéalso expects to see, in general, maxima calculations set out below, we show the reader how the error

and minima(distributed across energyn the counts ofall of introducing a traject(_)ry can be avoided. Furthermore, our
method allows calculations to be performed along the actual

irrespective of what measure of distance, say, we settle off!assical paths[not trajectories; i.e., we have(¢), say,

(though, of course, they may be undetectably small irrather thanr(t),¢(t)] of the neutrino mass eigenstates,
amplitude—but that is a separate issu€ put this in a rather than taking the approach of calculation along the null

different way, flat space neutrino oscillations modify the 9¢0desic employed in Reff29]. On the other hand, our ap-
relative abundances of neutrinos expressed as a function difach also circumvents the obligation to introduce extra

energy, whereas GINI effects can modigbsolute abun- phase shifts “by hand.” This artificial device becomes nec-
danceé. essary when one offsets either the emission times or posi-

Interestingly, of all the papers devoted to the topic of thetions of the different mass eigenstates with respect to each

gravititationally affected neutrino phase, to the authors©ther so thatthey arrive at the same spacetime (e 30]
knowledge, only ond29] has previously examined GINI, for an example Of_ this ) i

which, to reiterate, is the idea that neutringcillationsin the The plan of this paper is the following. In Sec. Ill we
presence of gravitational lensing—or, to be strict, gravita_descrlbe, for illustrative purposes, interference of neutrino

tional focusing—might present interesting phenomenologyP!@n€ waves propagating through flat space along both dif-

(This is the analog of the femtolensing described above thaErent(classical paths and having, in general, different phase
involved light) To examine this idea, the authors of RgI9] veloc'mes. Then in Sec. IV we deS(_:rlbe the caIcuIatlpn of thg
were obliged to develop a formalism to deal with nonradial€U{rin0 mass eigenstate phase in a Schwarzschild metric,
propagation of neutrinos around a lensing mass, and we sh&jprrecting an erroneous result that has existed in the litera-

adopt much of this formalism in the current work. Unfortu- ture for some time. We then set out, in Sec. V the calculation
nately, Ref[29] contains an incorrect result which it is one of the analog of the survival and oscillation probabilities in

of the major aims of this paper to point out. Moreover otherf1at space for neutrinos that have been gravitationally lensed

works which have considered the gravitationally affected?y & Point mass. Section VI describes some generic limiting

neutrino phase contain results—and commentary thereon12ctors to the size of the GINI effect. In Sec. VIl we

which, if not strictly incorrect, can be misleading if one does€*@mine—at a heuristic level—questions of coherence that
not realize the restricted nature of their tenability. In brief,¢an effect the visibility of the GINI effect for neutrinos from
most authors have failed to consider the possibility of mul-SUPenovae. We give a proof-of-principle that the effect
tiple paths. Any result which suggests the vanishing of a;hould be detectable. In _Sec. VIII we Qescrlbe some limita-
neutrino phase difference in the massless lfiséte, e.g., Eq. tions of our method—which stem particularly from the as-

(13) of Ref.[30] or Eq.(4.7) of [33]] should be interpreted sumption of exclusively classical paths—and set out im-
with extreme cautioi42]. provements to be made in further work. Finally, in an

Essentially, the incorrect result in Ré29], as alluded to Appendix, we set out a wave packet treatment of the neutrino

above, is then that the phase for a neutrino mass eigerjstatepeam splitter toy model treated in Sec. Ill in terms of plane

propagating nonradially through a Schwarzschild metric iSVaves: We derive _results her'e pertaining to thg an'alog of the
purely proportional to its massy;, squaredsee Eq/(58) of coherence length in conventional neutrino oscillations.

[29] and also Eq(25) of [40]]. This result is incorrect43]:

in the massless limit, the neutrino phase in curved spacetime
should reduce(modulo spin-dependent corrections which By way of an illustrative introduction to this topic we
vanish for radial trajectorig®7] and are negligible exceptin consider a toy model of interference effects that can arise
extreme, gravitational environmenit84]) to the result for when there are both multiple paths from a source to a detec-
photons. And the photon phase is not zéotherwise the tor, in the manner of Young's double slit experiment, and
interference fringes—in space or energy—predicted by thelifferent phase velocities for the propagating particles, in the
femtolensing literature would not be produgeelven though, manner of neutrino oscillations. Of course, interference re-
of course, the classical action is zero along null geodesicgyuires that our experimental apparatus be unable to distin-
Indeed, the photon phase is essentially proportional to erguish between the propagating particigst as we likewise
ergy. As we show below, furthermore, thisE term is the require for interference that the apparatus be unable to iden-
leading order term for the neutrino phase as well. tify whichpath any single particle has propagated dpwve

Ill. NEUTRINO BEAM SPLITTER
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FIG. 1. The geometry of either a double slit interference experiment or a two-image gravitational lens. The bold lines are the two neutrino
paths,+ and —, between the sourcd, and the observeB, and the geometry is defined both in terms of physical variablgs (g, b.
and s) and astronomical/lensing variableB{, Dg, Dys, - and B). Also included is the deflection angle,.(b), parametrized as a
function of the physical impact parameter. It is implicit in this diagram that the deflector is rotationally symmetric, and that the paths are thus
confined to the plane of the page defined by the source, deflector and observer.

therefore require the propagating and detected particles to bel, is the analog of Young's slit experiment in which the
different objects. In this context, let us consider, for the sakeslits are not equally illuminated[thus reducing the
of definiteness and relevancegedanken experimeirtvolv-  visibility—see Eq. (92—of the resulting interference
ing an imaginary(flat spacg neutrino beam splitter in the fringesg. The Schwarzschild lens scenario explored in Secs.
geometry illustrated in Fig. 1. We take it that the neutrinos’lV and V presents a situation analogous to this: light or neu-
paths can be approximated as two straight-line segmentsinos propagating down the two classical paths from source
along which momentum is constant in magnitude. We needo observer will not be, in general, equally magnified. Note
only treat, therefore, one spatial dimensigip;-dx=fp;dx  that we choose throughout this paper—unless otherwise
=pj[x|, where|x| is the total distance along the two line indicated—to work in units such tha@i=c=1#G. The
segments. We expect that the qualitative behavior of this demass eigenstates are assumed to be on mass pf(&})
vice shall illustrate many of the features expected to emerg&(Ejz— mjz) 2 The amplitude for a neutrino created as type
from interference of gravitationally lensed neutrinos. Noteq at the spacetime positioh to be detected as type at the
that for reasons of clarity we present only a plane wave treatspacetime positior, of the detection event is then
ment here, leaving a full wave packet calculation for an Ap-
pendix. We stress, however, that wave packet
considerations—which allow, in particular, for a proper treat- <Vﬁ| v AB)= NE \/EE Uy Z,—
ment of decoherence effects—are, in general, important and P '
must certainly be considered when one is dealing with neu-
trinos that have propagated over long distar(seg Sec. V)l

Let us write the ket associated with the neutrino flavor
eigenstatar that has(in a loose senggropagated from the
source spacetime positioh=(x,,t5) to detection position
B=(Xg,tg) as

xexd —idP(E;;Lp%, TAB)]. 2

Assuming a stationary source, we can get rid of the un-
wanted dependence on time by averaging ov&¥ in the
above to determine a time-averaged oscillation probability
analog at the detector positiorg [45—47. This maneuver
gives us that

lva:A,B>=N§ Wp; Uoj

[(plvaixa ¥l [ (gl A8
xexg —iPP(E;;Lp% TAB)]|v)), (1)

2 * *
whereTAB=tg—t,, L® is the distance from source position *[N| % m% UaUgiU sl
X, to detector positiorkg along one of a finite number of . AB AB
paths labeled by, BP(E,;LA%, TAB)=E T8~ p(Ej)LA®, xexpli[p;(E)Lp"— Pu(E)Lg T}
with p;(E;) denoting the momentum of mass eigenstate 3
with energyE;, and, finally,U is a unitary matrix relating
the neutrino flavor eigenstates to the neutrino mass eigewhere we haveE;=E,=E because of theS(E;—E,) that
states. We have included th;éTp factor to account for the arises from the integration over time.
fact that, in general, we should allow for a path-dependence We find, then, after a simple calculation that the oscilla-
to the amplitude, a situation where, for patpsand g, I,  tion probability analog becomes
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|<VB|V01;XA1XB>|2 from the path differengeis dependent on the mass of the
neutrino species involved. In other wordéy | v, ;Xa ,Xg)|?
1 . . will not, in general, factorize into a conditional probability
= E JEEK UajU g U sk multiplied by an interference envelope because the putative
2 Ils b : interference envelope is different for different mass eigen-
' states. As we show below, however, in the ultrarelativistic
x expl —iADRI], (4  limit, the cross ternthat mixes different path indices with
different mass eigenstate indigealways turns out to be
where the phase difference is given by small with respect to the other terms. In this limit, then,

o AR o AB factorization is a good approximation. .
myL, " —miLy We now consider two particular, illustrative cases of the
T) - ®  heutrino beamsplittegedanken experimefdr which we cal-

culate relevant phase differences and oscillation probability

Note that in Eq.(4) the normalization has been determinedanalogs.
by requiring that(v|v,:Xa,xg)|><1. The presence of the
< sign(as opposed to a simple equalitomes about as the A. Two-path neutrino beam splitter
interference between states propagating down different paths
can result in minima at which the total neutrino detection
probability is zero, in which case the usual unity normaliza-
tion is impossibleiso now|(v4| v, ;Xa,Xg)|? No longer has a
direct interpretation as a probabilityThis is qualitatively
different behavior from that seen in neutrino oscillations AL
where, given maximal mixing between, and v, an ex- LtELiT
periment might be conducted in a position where only neu-

trinos of typea, say, are to be found or, alteratively, only of g means that there are four phase difference types as la-
type B, but never in a position where none can be found inbeled by the path indices,qe{+,— !, viz.

ADRI=—E(LP-LA%)+

A particularly perspicuous example is given by the two-
path example of the above equations. For this we specify a
reference lengthl., to which the two paths, of lengtHs,

andL _, are related by

6

principle.

On the other hand the behavior explained above— SmiL+AL/2
involving interference minima and maxima—is obviously (i) ACDJ-T=+JT
analogous to what one would expect in a double slit experi-
ment or similar. In fact, we shall show below that the phe- ST2L—AL/2
nomenology of neutrino interference—when there is more (i) Ad; =+ ik
than one path from source to detector—is a convolution of Ik 2E

the two types of interference outlined above. This means

that, in general, one cannot simply recists| v, ;Xa ,Xg)|? - mj2+ m? 5mj2kL
in terms of a conditional probability, separating out the over- (i) A®} " =—E| 1— 5 5E
all interference patterfwith its nulls, etc) from the condi- 4E

tional probability that anyletectecheutrino has certain prop- _— )
erties. To understand this point, imagine setting all mixing . s mj + my omy L
angles to zero so that the mass eigenstates and weak eigen- (iv) Ady =+E| 1~ 4E2 2E

states are identical. The point now is that the interference 7)
patterns for the various detected weak/mass eigenstates are
still different: the phase differendavhich now stems purely In this case, then, Ed4) becomes

Smi AL
+l_exp —I——=—

1 Sma L SmZ AL
(vl Vo i Xa  XB)| 2= > UajUE'UBkUZkeX%_i X ) |+<3><F<+iL
L+l +2J101- K i 2E 4E 4AE

} . (8

This is an interesting result. It shows that the interferenceexpected from Young's slit type experimgnif we now fur-
factorizes into a conventional, flat space oscillation term andher particularize to the case where=1_, this envelope
an interference “envelope” in curly bracketas might be term becomes

1_
4E?2

2 2
m; +mk)

+2 I+I_coa{E
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SMAAL m?+mg AL, =L,—-L_
co +cog E| 1—-
4E 4E? ‘attel o o 208 "
= orarg |0 0= rAHBS( +—b_)| (1D
2 2
2 cosE 1- M AL cod E 1 Mk AL (99 and the average path length is
2E?) 2 2%) 2 |
5> o 2rg
L=(ra+rg) 1+4 b% +b% — - s(by+b_)|;.
which obviously reduces to the expected photon interference Fals fatTs (12)

term «co< in the massless limit. Latdgin Sec. \j we shall
see that this sort of factorization property also arises, under a
different set of assumptions, with gravitational lensing of C. Schwarzschild slit geometry

astrophysical neutrinos. In a laboratory-based double slit experiment the two slit

positions can be chosen arbitrarily, but in the case of gravi-

B. Double slit experiment geometry tational lensing the impact parameters of the beams are de-

) ) ) ) termined by a combination deflector and source parameters
Having considered a hypothetical neutrino plane wavggec. |\). Given the Schwarzschild metric around a point-
beam-splitter(Sec. Il A), it is now possible to combine the mass(Sec. IV B, the assumption of small deflection angles

rigorous, if simplistic, results derived above with heuristicyjies that the source position and impact parameters are
arguments to investigate a more realistic double slit neutringg|aied bycf. Eq. (75)]

interference experiment. The choice of a double slit experi-
ment is particularly relevant not only because of its links - 5
with more familiar interference phenomena, but also because b —bZ=Ab%{ =
a point-mass gravitational lens admits t¢ggnifican} paths
from source to observer. Thus the results obtained in this Applying this result in the more general context of the
section should provide a useful guide to the qualitative be'double slit experiment, Eq13) can be rewritten as
havior of GINI in curved spacetime considered in Sec. IV. ’
The relevant geometry is illustrated in Fig. 1, showing the A
two classical paths« and—) from source to detector, with AL, _=L,—L_=— u(bi —b?). (14
the important introduction of a more physically motivated set A'B
of lengths than the reference length,used previously. The i i
entire experiment is taken to be planar, with the coordinateimilarly, the mass-length expression that appears in, e.g.,
system origin on the line defined by the two slitghis is an  £d- (5) can be simplified to
arbitrary decision at present, but will coincide with the posi- ) )
tion of the deflector in Sec. IYVThe slits are defined by their MjL+—mL_
positions,b, andb_ (which will correspond to image posi-
tions in Sec. IV B; the source position is given by both its ) 22 22
radial coordinater », and its perpendicular offseg, the ob- =(ratrg)| omj — TArB(mj bi —mibZ)|. (15
server position is defined by its radial coordinatg, alone.
There are several other plausible ways in which this geom- Substituting these expressions in E§) then gives the

etry could be defined, but all derived results become equivaﬁhase difference between mass eigenstatesl k traveling
lent under the assumption thab.|<rxg ., as applied yown paths+ and— as

throughout. Note also that the observer and source are inter-

s
ratrg

s(b,—b_). (13)

changeable. Ab2 Smz2
As discussed in Sec. lll, all flat-space interference phe- Aq;ﬁ(*erE(rAHB);JF —Jk(fAHB)
nomena can be treated in terms of path lengths. The lengths 2rarg 2E

of the two paths illustrated in Fig. 1 are
ra+rg (Mbi —mgb?)

—(r2 2\1/2 2_ 2 __e\271/2 —
Lo=(rg+b3)"*+[r3- "+ (b ~9)?] T v (16)
) 2rg This expression includes contributions from both different
=(ratrg)| 1+ orar ( = oy Sb+) , phase velocities and different path lengths, and can be under-
A'B A B

(10) stood further by considering the special cases in wtiigh
different mass neutrinos travel down the same pattii pthe
same mass eigenstate travels down different paths.

where, in most cased,_ andb, are of opposite sign, and (i) From Eq.(5) for the general case of the phase differ-

the second line explicitly utilizes the fact th|$xt|<r{A,B}. ence between theamenass eigenstate propagating along

The path difference is thus differentpaths we find
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2

Pa— m;

simplest case in which gravitational lensing is possible
(Lp—Ly) (17)  Here we shall follow the development laid out[i29] and
[32] but, importantly, we shall also employ the prescription

so that if we further particularize, as above, to paths passin@et out in Sec. Il that allows for the removal of time from

through slits ab, andb_ we find consideration in the oscillation “probability” by integration
over T=tg—t, where A=(rn,tp) and B=(rg,tg) are the
mj2 (ra+ry)Ab% _ emission and detection events respectiyéb]. Note that we
AD[ " =|E— 26| 2, (18 are assuming the semiclassical limit in which gravity is not
a

quantized and its effects can be described completely by a

Notice in the above the similarity to the phase difference fomenflat metricg,,#7,,. . _
an ordinary Youngs double slit type experiment using pho- The procedure we follow is to start with the generaliza-

tons, namely, tion of the equation for a mass eigenstate’s phase in flat
spacetime to curved spacetime first arrived at by Stodolsky
A®PI=—Ev(Ly—Lg) (28]:
—om %
=_< = E)(Lp—Lq% (19 »(BA)= [ ol @)

where v is the (phase velocity of the interfering particle Where

(which we assume to be relativistidVe shall see below that

the analog of this phase—essentially proportional to energy

X path difference—has been missed in the existing literature

on neutrino oscillations in curved space. This has led to an _ ) )

incomplete result suggesting that the phase difference vans the canonically conjugate momentum to the coordinéte

ishes in the massless limit even when there is more than orféctually, as pointed out by Alsingt al. in Ref.[34], Stod-

path from source to detector. olsky’s expression for the phase is missing in general, small
(i) Again for the general case, for the phase diﬁerencé;orrt_action terms that' arise from quantum mechanigal modi-

betweendifferent mass eigenstates propagating along thé‘lcatlons to the c_:lassmal action. 'Thesg vary according to the

samepath (i.e., the analog of the usual phase difference enSPin of the particle under consideration. Completely fortu-

countered in neutrino oscillation experimem“Ne find from |tOUS|y, the would-be correction terms are |dent|ca“y zZero in

® dx”
p,u :mkg,uvgv (22)

Eq. (5) the case of spin half particles instatic metric (whereas for
particles with, e.g., spin zero or one they are nongsoothe

5m12ka Stodolsky expression happens to be exact for the Schwarzs-

Adji=+ 2E ) child metric and many other cases of interest. Note in pass-

ing that this restriction to a static metric means that this
bi technology cannot—as it stands—treat, e.g., particle phases
ral_b) (200 in a cosmological context.
We now introduce the metric of the Schwarzschild space-
wherex e {p,q}. time. This may be written in radial coordinates/
It is worth keeping the above expressions in mind when= (t.,r,9,¢), as
considering the results for the neutrino phase difference in _ ) a2 2z 2 )
curved spacetime presented in Sec. IV E. As will be seen, the ds?=B(r)dt*=B(r) 'dr’—r?d9?—r?sir9de?,

2

omiy
= E(La-f— Lb) 1+

results obtained in this more complex physical situation are (23
analogous to those derived above, e.g., compare(E). where
with Eq. (58) and Eq.(20) with Eq. (59).
M
IV. THE PHASE OF A NEUTRINO MASS EIGENSTATE IN B(r)E(l— ; ) (24)

CURVED SPACETIME

A neutrino beam Sp”tter is in the realm of fantasy_ and G is the Newtonian constant arM is the mass of the

except for the interesting case of gravitational lensing of neusource of the gravitational field, i.e., the lensing mass. Given
trinos: a gravitational field can bring to focus diverging neu-the isotropy of the gravitational field, the motion of the neu-
trino beams, and therefore provide for mu]tirﬁdassica] trino mass eigenstate will be confined to a plane which we
paths from a source to a detector. In the remainder of thi§ake to be the equatorial oné= /2 andd9=0.
paper we explore whether any interesting, quantum mechani- The relevant components of the canonical momentum,
cal interference effects can arise in this sort of situation. ~Ed. (22), are ther[29]

We shall be concerned below, therefore, with deriving an
expression for the neutrino oscillation phase in curved space- (K= m B(r) ﬂ (25)
time, in particular a Schwarzschild metfihis providing the P k ds’
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5 dr So we have, in particular, that the local energy is given by
pr=—mB7r) 4. (26 [32]
and EL°9(r)=|gul "Ex=B(r) . (31)
d A. Calculating the phase difference
p®= _mr2-2 27) : -
® K ds” Given the above definitions, we now have that
These are all interrelated through the mass-shell condition _[®
9 CI)}’(B,A)—f pWaxt
[29], A
B
mi=g*"p{?p = fA[Ejdt—pj<r>drp—de¢pJ, (32
1 (pk)? -
= —(p®)2—B(r)(p¥)2— £ (28  where we have implicitly defineg;(r)=—p{”. Note that
B(r) r? we have explicitly introduced the path indpxvhich allows

) ) ) for the possibility of multiple paths from source to detector.
Given that the components of the metric are independerigain, however, the integration oveis independent of the
of the coordinates and ¢, the momenta associated with path as the end points of this integration are defined by the
these quantitiep® and pgpk), shall be conserved along the emission event and detection events. In fact, as discussed
classical geodesic traced out by. We define these con- above,E; is conserved over classical paths, so that if mass
stants of motion ag,=p{¥ andJ,=—p{ . These two are, eigenstatej is assumed to travel down such a path, we can
respectively, the energy and angular momentum seen by aralculate the phase it accumulated after leaving the source to
observer at —« for thekth mass eigenstat¢29]. They are  be
not identical with the energy and angular momentum that

p
would be measured far, at some definite, finite position dP(B,A)= JtBE,dt_ frB pi(r)+J. d_"D) dr
In general, however, one may relate these quantities using ) ta tal Ndr i P
the transformation law that relates a local reference frame do| P
it _ . i ¢
{x*}={t,r,9,¢} to the frame{x*}={t,r,9,¢} [48]: :Ej(tB_tA)_ﬁA{pj(r)Jri W)ldrp'
Y a o 7 j
X*=Lox*,  g,,=Lilln, (29 33
where thel_;‘j’s are the coefficients of the transformation be- Of course, the quantity that governs the oscillation phenom-
tween the two bases: enology is the phase differenaletbﬁjq where, generically,

interference can be between different mass eigenstates and/or

LE=\/|gn|, Li=\/|g”|, L%=\/|gM|, Li=\/|gw|. different paths(cf. discussion in Sec. I}l As things stand
(30 this quantity would be parametrized in terms of bo#ndr:

g 's d(,D p B
ADR(rg,tg,ra,ta)=(Ej—Ep)(tg—ta) — r p;(r)+J; ar drp— r Pr(r)+Jg
A i A

de\d

k

We therefore follow the prescription set out id5] to rid  detection processan pick up the same energy component
ourselves of the unwanted time parameter: we assume a st@r different massive neutrinoésee Refs[45,50). If the
tionary source and integrate the interference term, exgnergy spread of the wave packets is small there is a sup-
[—iA(I)qu], over the unknown emission tintg (or, equiva-  pression factor that, formally, can only be calculated only
lently, the transmission tim&=tg—t,). This results in a with a wave packet treatmef¢f. Sec. Il), but can also be
very usefuld(E;—Ey). assessed at the heuristic level. Sec. V).

Note here that though the energies of different mass Let us see how all the above works in practice.
eigenstates are differefd9]—so that thes(E,— E;) arising
from the time integration would seem to imply no
interference—in fact, in a correct treatment, massive neutri-
nos are described by wave packets, not plane waves as here.We consider first the simple case of radial propagation, in
This means that, though the average energies of differerwhich case there is a single classical path from source to
mass eigenstate wave packets are, in general, different, eadhtector. Along this path, the angular momentum vanishes
massive neutrino wave packet has an energy spread and thed we have

B. Radial propagation
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AD(rp,tg,ra,ta) =(E;—Ep)(tg—ta) the flat space case to which E@0) clearly reduces in the
limit of a vanishing lensing ma$snd thatE, does not rep-
s _ resent a locally detected energy. Followif2g], however,
f [pi(r)=pilr)]ar. (35 we can convert the phase difference so that it appears in
terms of these parameters. The proper distance is given by
We can determing;(r) — pi(r) from the mass-shell relation, [cf. Eq. (30)]
Eq. (28) [29],

'
0 E dr (42)
p(r)= +—¢E2 B(r)mZ, (36) pror™

B(r)
. . . r
where the+ sign refers to neutrinos propagating outwards ~rg—Ia+GM In-—2 (43)
from the gravitational well and the sign refers to neutrinos F'a

propagating inwards. We can further simplify this relation by _ . _
employing the binomial expansion which, as in the flat spac&vhere in the second line we have assumed the weak field

case, holds for relativistic particles, limit holds. This demonstrates that, in a gravitational field,
X the length relevant to the calculation of phadegi—r,|, is
> > my actually shorter than the distances experienced by the propa-
VE—B(r)m=Ey B(r)Z_Ek (37 gating particlesL . Substituting Eqs(31) and (42) into

Eq. (40) we determine thacf. [29])
whereE, is the energy at infinity for a neutrino mass eigen-

state in the massless linjsee[29] for a detailed account of Amjszprop 1 rge 1
the region of applicability of Eq(37)]. We therefore have A®j(rg.ra)= SE000) 1-GM|—In———/I.
that 0 (I’B) prop A B
L 5 2 (44)
pi(r)_pk(r):iB(r) (Ei_Ek)“_L(ZEj 2E ) (38) C. Nonradial propagation

We turn now to the more interesting case presented by
nonradial propagation. Here there will be, generically, more
rs dr than one path for the mass eigenstates to take from source to
Adbjk(rB,tB,rA,tA)z(Ej—Ek)[(tB—tA)Ij W} detector and we have the possibility, therefore, of interfer-
A ence between particles on these different paths.

The phase difference then becomes

m?2 2 The phase difference we must calculate is given by Eq.
Y )|FB Al (390  (34). To proceed with this calculation we must determine a
2E; 2E value for
Given the oscillation “probability” shall be, following our de\P
previously established procedufef. Sec. Ill), integrated pj(r)+J; dr)
overT=tg—t,, therelevantphase difference can be seen to
be
Firstly recall that); is constant along the classical path taken
5mj2k by v;. Now, using the facfsee[52], Eq. (101.9] that
Adj(rg,ra)= o [rg—ral
m K - =
=2, Ire=ral (40) ar/ R
re\/ Ef—| m’+ —|B(r)
r

where E,=E;j=E, and E, is the energy at infinity for a
massless particle and, as in flat space, the following relation
holds[29]: b

2
(41) B(r) E2b2 m?
ZEO) r2\/1- —| m’+ S
E2

2
To digress a little, note that the result presented in (Ef), J Ei
arrived at previously29,30,32,5], must be interpreted with (45
some care: in Eq40) one must keep in mind that the radial
distancgrg—r,| is acoordinate distanceand not the proper and, given that from the mass-shell relation we heee Eq.
distance the various mass eigenstates experipnazEpt in  (49) of [29]]

Ey=Eo+0
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b2 infinity is given in terms ofy;’s energy at infinity,E;, the
o . : .
B(r)p;(r)== 1—B(r)—2 impact parameter along the path being considebgd,and
r

vj’s velocity at infinity, 0" [29],

B(r)(1-b¥/r?) m? IP=Ejbpo}”
X1l ——], (46)
1-B(r)by/r? 2E? m2
i
. _ =Ejby| 1- —|. (48)
whereb,, is the impact parameter for pagh one may deter- 2E;
mine that
A\ P E. We can further evaluate Ed47) by replacing the path-
p(r)+JP _¢ ~ ! dependent impact parametdr,, with the minimal radial
! oar J. b2 coordinate for the same pattf,. The relation between these
B(r) 1—B(r)—p two is found by noting that at the position of closest ap-
r2 proach the rate of change of the coordinateith respect to

the angle¢ vanisheq29]. For the massive cag&q. (45)],

2 this implies that

p
, l+[1—ZB(r)]r—2

m; 2
_ m: 2GM
= TN ey
' 2
"l1-B(n = b2 — 2 (49)
r? B(r§)

In the above we have also employed the fact that the anguld&mploying Eq.(49), taking the weak field limit, and also
momentum of mass eigenstaietraveling along pattp) at  expanding toO(mjzlEjz) we find that

o4\ P r 2r —3r§ m’ r rp
py(N)+IP| —| =+E| —=—=1+GM F— ~GM . (50
dr/, Vr2—(r§)? 2= (rD(r+rb) | Ei[Jr2—(rh)? Vr2=(r2(r+rh)

With this result in hand, we can complete the calculation of (B88), the phase accumulated by mass eigenstate in nonradial
propagation from spacetime positigh=(r,,t5) to B=(rg,tg), where eithem, or rg is the minimal radial coordinate
encountered over the journdye., the path is either nonradially inwards outwards but not boph After an elementary

integration we find that
re+\rg—(rf)? rg—rp ra=rg
—— | +GM
Fat \Vra—(rp)? rg+rh ratrh

ra—(rg

2 Py 2 2 Py 2 r r r r

where the upper signs pertaindf is positive (outward propagationand the lower ifdr is negative.

®P(B,A)=E;(ts—ta) TE;| Vra—(rB)>—rZ—(rB)>+2GMIn

: (51

m;
+—
2E;

D. Neutrino lensing

Finally let us consider the case of gravitational lensing of neutrinos. In this case the neutrinos propagate nonradially along
classical paths labeled by indgx from radial positionr, inwards to a path-dependent minimal radial coordindteand
outwards again to a detector situated at radial coordingteAs presaged above, in this situation there will (a¢ least
potentially interference not only between different mass eigenstates propagating down the same classical path, but also
between mass eigenstates propagating down different ppthsdq, say. Taking into account the sign of the momentum
along these two legs, we find, following the developments above, that the relevant phase is given by

5 5 At Vra—(rf)? ra=rb
Vri—(r§)2+2GMIn| ———— | +GM +(ra—rg)
rat+rl

o

. ra—rd
ra—(r§)>=GM I +(ra—rp) |, (52
ATTg
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where f ,—rg) mean add another term of the same form butWe can now find the phase difference, which allows for in-

with r 5 replaced withrg . terference between different paths and/or different mass
Before proceeding any further with the calculation, it be-eigenstates, by the usual integration oVeso that we have

hooves us here to establish the plausibility of E8p) by  E,=E;=E,):

showing its relation to results known from some simpler

cases. In thav—0 limit this equation becomes b

2
AbZ,  4GM b,
bq

+ In
2rplg ratrg

A(I)jpkq(rB vrA)2 + Ey(rA+rB)

2

m.

J
<I>JP<B,A)2E,-<tB—tA)—EJ-< 1——2)[«%—08)2 Sm2,
2EJ +f(rA+rB)

2GM
ra+rs

1—

(1)), 53 (b o [ M0 D2

2E,

(57)

. . I 21 a1
Now refer back to Fig. 1, and take the coordinate origin on AB

the diagram to denote the position of a lensing point mass. In

the massless case, the two classical paths reduce to the singibere Abj,=b>—b?Z and, in our notationA®R¥(rg) de-
“undeflected” path denoted by the dashed line in the dia-notes the phase difference between mass eigenptasel-
gram. Denote the minimal radial coordinate along this pathing down pathp and mass eigenstate traveling down path
by ro (which intersects the dashed line at right angles q[54]. Equation(57) is one of the major results of this paper.
Clearly, then, the geometrical length of the path from sourcéNote that the presence of theE, term in this equation—
to detector isyra—r2+r3—r2. Now, given we know that missed in Ref[29]—ensures that the phase difference be-
in flat space the phase of mass eigendtaitegiven by Eq. haves properly in the massless liffiie., doesiotvanish. In

(21) with Minkowski metric, viz., passing, also note that the above equation satisfies the dis-
crete symmetry of swapping andA, as it should: the same
®;=E;(tg—ta)— ;- (Xg—Xn), (54) result must be obtained for the phase differefioea static

spacetimgif we swap the positions of source and observer.
Also recall that, excluding the case of perfect alignment
of source, lens, and observer, there are only two possible
classical paths from source to observer for the Schwarzschild
m? case. These we label by (this path having an impact pa-
O;=Ej(tg—ta) — Ej( 1- —12) (Nra—ro+rg—ro). rameter somewhat greater than the impact parameter for an
2E;| undeflected rayand — (this path having an impact param-
(55 eter on the “opposite” side of the lens to the undeflected
] ) . ray). We require, therefore, thatqe{+,—} and in the par-
With Eg. (55 we have then independently established thejcylar case in which we are considering interference be-

plausibility of Eq.(53), once one takes into account the fact tyeen the same mass eigenstates propagating down different
that, in the massless lens case, all classical paths converge gaths, Eq(57) becomes

the same undeflected paths mentioned aboyeso that in
this limit r§=rd=r, Vp,q.

then, for theM —0 case illustrated in Fig. 1 this becomes

The other limit of interest is to takey—0in Eq.(52. I\ g~y 1y 4B (1, 4r0) Ab% N 4GM 0 b, )
doing this—and then setting the temporal and spatial contri- ! 2rpfg ratrg |bo
butions to the phase equal as appropriate for a null 2 )
geodesic—we find that we have rederived the Shapiro time - ﬂ(r Tr )Ab+, (58)
delay[see, e.g., Eq8.7.4 of Ref.[53]]. 2E," A B 2rarg”

Continuing with our main calculation, we can rewrite Eq.
(52) in terms ofb, by inverting Eq.(49). If we also expand

. Alternatively, in the case of different mass eigenstates trav-
to O(b3/r5..4). we find that A 9

eling down the same pattie., “ordinary” neutrino oscilla-

tions, but in curved spageEq. (57) becomes
2

b
dDJP(B,A):EJ-(tB—tA)—Ej(rA-i—rB)[1— P

2rprg 5mj2k
ADRP(rg T )=~ (TatTs)
4r al g v
+ +In >
fatte % b2 2GM
2 x| 1 P _ (59

b  2GM
1___
2rpfg ratrg

C2rAlg Tatrg)

i
+ _2Ej (ratreg)
(56) Note that Eqs(57), (58), and(59) give us that
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difference in the language of standard gravitational lensing
theory(despite the fact that the particles being lensed are not
photons.

ADRI(rg,ra)=AdR(rg,ra) +ADPR(rg,ra)
2

om? Ab
Kratre)=—22 (60
A'B

_ZE,, (ra

+O 2r A

1. The lens equation
This correction term will be small with respect to other terms  The classically allowed neutrino paths in the presence of a
(given our assumptions of ultrarelativistic neutrinos and undeflector can be derived by reconsidering the geometry
deflected impact parameters small with respect to the overahown in Fig. 1. Under the assumption t'ﬁa’&|<f{A gy, the

distances between source-lens and lens-obseimeact, the  source offsets, can be related to the impact parameteihy
third term of Eq.(57) can be expected to be suppressed withthe lens equation,

respect to the first term b§(m?/ Eﬁ) and with respect to the

second term byO[b?/(rarg)]. The consequence of this is s
that the phase may be written s= —_bFraab), (65
A B
A@f’quACI)jk—l-A(qu, (61

where a(b) is the deflection angle of the lens as a function
of impact parameter.

It is standard practice to reexpress the lens equation in
) terms of angular variables. This entails replacing the source

satisfying what we label “separability,” where

2
Abg,
—+
2ral'g

4GM
ratrg

E offset and impact parameters with angles the sky of the

bq observer and radial coordinates with line-of-sight distances.
These conversions are summarized graphically in Fig. 1,
which leads to the following replacements;é\—>(D§s
+5%)12=D,, whereDg, is the distance from deflector to

source;rg— Dy, whereDy is the distance from observer to

ADPI=E (rp+rp) In

m? b3,
- Z—EI)(fAHB)ZrArB (62

and

2

SMG b>  2GM
Abj= S (ratrs)

1— (63

2rarg  ratrg

> by, (64)

with N, the number of neutrino mass eigenstates bigg,
the number of classical paths from source to detetan in
the case of the Schwarzschild mefrié¢vhat Eq.(61) says in

deflector; andr ,+rg—Dg, whereDy is the distance from
observer to source. The notation employed for the distance
measures is suggestive of these being the angular diameter
distances used to relate angles and lengths in an evolving
cosmological model, and they fulfill an analogous role here.
It is most important to note, however, that they are not true
angular diameter distances and the following results are only
quantitatively valid on scales sufficiently small that the ex-
pansion of the Universe can be ignor@dg., the Milky Way
or the Local Group These results will be extended to an
evolving cosmology if55].

The above caveats notwithstanding, the angular position
(relative to the deflectorof an image with impact parameter
b is now simply

words is that the phase difference that develops between
source and detector is due to two effects that can be consid- b b
ered separately(i) a phase difference—independent of 0= —=—, (66)
which the mass eigenstate is under consideration—that de- s Daq
velops because of the different lengths of the paths involved - ] )
and (ii) the phase difference that develops because the dit"d the position of the source can be given in terms of an
ferent mass eigenstates travel with different phase velocitieginobservable angular paramefe@s
This situation is analogous to two runners who run along two
very similar—though not identical—paths, with similar— s s 6
though not identical—velocities: to first order, the difference p= ratrg D¢’ (67)
in the finishing times between the two depends on terms
proportional to the difference in lengths of the two coursesinserting these definitions into E¢65), the lens equation
AL, and the difference in the runners’ velocitiesy, but  pecomes
not, by definition, on termscALAv.
Dds

E. Phase difference in terms of conventional lensing B=0+ D—a(Dd 0). (68)

parameters s

To facilitate interpretation of the above results in an as-The positioris) of the images formed by a source in a given
trophysical context—and, eventually, to introduce an evolv-position can then be found for a given choice of deflector
ing cosmological model—it is useful to reexpress the phasenodel.
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2. The Schwarzschild lens Having found a relationship between the angular position of

In a Schwarzschild metric, the total angular deflection of & N€utrino source and its images, the expression for the phase
particle of massn impinging on a point-mass! with unde- difference given in Eq(57) can be recast in a form contain-

flected impact parametéris (see, e.g.[56]) iqg only line-of-sight d'istanceg'and angular variables. This
yields the Schwarzschild-specific result that

{b) 4GM 1 + 1) (69) DD.[A6? 6
Fged D)= = 7 5 2 pq dYs|2Y%q 2 P

U Aq)]k EV Dds 2 0E|n Hq
wherev,, is the particle’s speed at an infinite distance from Sm2 D
the mass and it has been assumed B¥@2GM=Rg, the + lsz(l_ _d9é>
deflector's Schwarzschild radius. For an ultrarelativistic par- 2E, Das
ticle, this becomes 2,2 2.2

B i DyDs My o, —mi 65 76
AGM m2 2EV DdS 2
ae(b)=— T | (70
2E The second term in this equation is simply the phase differ-

ence that develops between mass eigenstatedk traveling
along the same path for distanDg, with a small correction
for the presence of the deflector. The first term encodes the
Path difference along the trajectoripsand g, with separate
contributions from the geometrical effect A 62.) and the
reduced coordinate velocity close to the deflector
AGM [ In(|6,/6q))]. The final cross term is the leading order con-
@jign(P) = — 5 (71)  tribution from different eigenstates traveling down different
paths. From the discussion in the previous section, this term

Previously we have been rigorous in taking the classicalVill P& small in general. _
paths of massive particles from source to observer but, as Given that interference effects can only ever be important

will be seen below, this assumption is entirely self-consistentVNen the detector cannot resolve different image positions
when dealing with weak-field gravitational effects and ul-(i-€, it cannot know down which path the neutrino has trav-
trarelativistic particles. Note also that a corollary of this ap-€/€d, having the phase difference in terms @f and 6, is
proximation is that the different mass eigenstates are adlot as useful as expressing it as a function of (dwegulay
sumed to travel down identical pathshereas in reality the SOUrce positions. _ _ _
heavier eigenstates will fall marginally deeper into the de- _ FOr the Schwarzschild lens the conversion frérto 3 is
flector’s potential well given in Eq.(72), and substituting this into Eq(76) then

Applying the above deflection law to E¢8) gives the 9ives (for mass eigenstat¢ down path+ and mass eigen-
point-mass lens equation as state k down path—)

whereE is its coordinate energfequal to the energy mea-
sured at an infinte distance from the mass

For astrophysical neutrinos, howeven?/(2E%)<1 and
so it is an excellent approximation to assume they trave
along classical photon paths, for which

2
B=0— % (72) L DyDs| BVB?+4062 5 B+ B2+ 462
9’ Ad; ~=E, 5 5 + 0gln —
where
Smi Dy
D, g Dl 1 D—eé
fe=\/4GM 5o (73 v ds
d=s 1 DDs1
is the Einstein radius of the lens. This is the angular radius of 2E Dys Z[gmik(ﬂ +260p)
the circular image that would be formed in the case of per- ’
fect source-deflector-observer alignmefie., 8=0) and +(ij+ mi)lgw/32+49é]. (77

thus depends on distance factors as well as the lens mass.

Solving the lens equation then gives the image positions asrhys the phase difference is expressed in terms of essentially
1 independent astronomical variables: the line-of-sight dis-
~ _(B++/p2 2 tances between observer, deflector and source, the mass of
b= 2 (B=NB"+408). (74 the deflectoencoded uniquely iz once the distances have
been chosenand the perpendicular source offsgt,
This also implies the useful Schwarzschild-specific result Most of the important results obtained towards the end of
that Sec. IV D can be recast similarly in terms of standard lensing
s ) variables, either in terms of the unobservable image positions
05— 0~ =A67 _=p(6,—06_). (79 or the source position. Assuming separabilityee Sec.
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IV D), for instance, the contribution to thed due to path V. THE OSCILLATION “PROBABILITY”

difference effects alonEq. (62)] can be written as With the above results, we can now calculate the analog,

2 — 2 in curved space, of the flat-space neutrino oscillation prob-
ADPI~E DaDs A‘gp‘hr,92|n Gl || m DqDs 405 ability:
" Dgs | 2 B o, 2E, Dgs 2 '
[(vplve, Dl [ dTl(ulvaiABE @D
which for p=+ andg=— becomes
so that we can write
.. _ DD BVB*+467
ADT =E, Do 5 |<vﬁ|va,DS>|2=|N|2% \/|p|q% U, Uk U g%,
) ( B+ B2+ 462 )] Xex —iAPRI(Dy)], (82)
gn| | ——— .
_ Ja2 2 wherel , andl ; account for the fact that different paths may
BB +46E be differentially n;agnified by a lens. We remind the reader
m? DD, B /—32+49§ N 21:;.|<”TF|VWDS)| is no longer strictly a probability—see
" 2E, Dy 2 ' (79) In the case that the “separability” defined by E&1) is

o o _ satisfied, if, for the moment, we are interested only in deter-
S|m|Ir?1rIy, the contrlbutlon due solely to the different phasemining the(energy spacing of the interference maxima and
velocities of two mass eigenstates traveling down the samginima, we need only consider a plane-wave-like calculation

path[Eqg. (63)] can be expressed as (and can therefore set to one side the coherence length ef-
5 5 fects and so on that emerge from a wave packet calcu)ation
AD.,~ %D [1_ a—E(,B2+402)} (80) So, following considerations similar to those that lead to Eq.
k2, 7S 8 B (A14) in the Appendix we can calculate that

((vplv2.D) 2=|N|2{N,m4 23 Fl,,lqcos(wf*)}

AD;
. jk
X S|r12(—2

P
Sap—4 Re{ = UajUZJ-UZkUBk + > Sln(A(Djk)“}, (83

J

where N, is again the number of classical paths from |<v,3|va,Ds>|2 factorizes into an interference pattern and a
source to detectaftwo in the case of a Schwarzschild met- conditional probability. This is a repeat of the behavior seen
ric), I=2,l,/Nyan, and the normalization|N|? is again in Sec. Il A.

given (cf. Sec. Il) by requiring that2ﬁ|(vﬁ|va,DS>|2s1, One should also note that in the particular case of the
ie., Schwarzschild lens under consideration in the last section,
the two (assuming nonperfect alignmentlassical paths
max{(v,,B|v,,B)}=1. (84)  from source to detector, denoted by the subscriptand
—, experience magnifications given hgee Eq.(2.24 of
This means that Ref. [56]]
1 1 B B2+ 462
IN|?= : (85) le=— + *2 (86)
4\ B2+ 4062 B
Noacd +2pq2<p Tl B+ 4be
This gives us that
Equation (83) establishes the contention made above that
interference effects that emerge with gravitationally lensed 1 8
neutrinos are a combination of Young’s double slit type in- IN|2= = . (87
p Lo+ l_+2\1, - \B2+462
terferencethe| ... cos@®PY .. .] envelope terthand flat + + E
space oscillationthe (5,5— . . .) term]. Further, assuming

the separability requirement is satisfied, we can see howquation(83) then becomes
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S{B2+2641+2 cogAD )]}

|<Vﬁ| Vo 1DS>|22 5. .2
B*+468

X

i
+§ SiN(A®j,)

AdD;
. jk
S|r12(—2

I—

with A"~ andA®;, given by Eqs(79) and(80) respectivelywhere, again, care should be taken not to conftises a label
on the neutrino flavor wittB as the source angular positjon
Another result of interest is that for theagnification B which is defined to be the ratio of the flux of neutrinos of type

B actually receivedfrom the source a¥ and given the lensing mass is where jttis the flux of neutrinos of the same type
that would be received with the lens absémit with the source in the same positipn

S.5—4R U, U%U* U
B e[j,k<j i~ Bj ™ ak™ Bk

F(Ds.E,) > [(vlva.Do)linX Pa
/*Lvﬁ: ' (89)
F(DS,E,,)E <V,8|Va ’DS>|ﬁ0 tlens< Pa

where F(Dg,E,) denotes the flux of neutrinos of all types that would be received, at an energy ahd factoring in
geometrical effects, in the absence of the lens. Aispdenotes the probability that a neutrino generated by the source under
consideration is of type:. Now, for the Schwarzschild lens, assuming mass degeneracy, the path difference and phase velocity
contributions to|(vﬁ|uc,,Ds>|2 factorize into an interference pattern and a conditional probability, as mentioned [dbmve

(83)]. This has the effect that the magnification is independent of the neutrino flavor under consideration,

> INPL 142311 cogAD* 7)]P(a— B)gaX Py

o

Poy= =[l.+1_+2Vl,1_cogAd" )]
> INI2P(@’ = B)garX Por

!

a

1
=————{(B>+262[1+cogAD )]}, (90)

BB+ 402

whereP(a— B)qaq, the flat space neutrino oscillation prob- analog—v4|v, ,Ds)|>—which determines the form of the
ability, is given by oscillation pattern seen at a detector, and magnification fac-
tor, all for the Schwarzschild lens. We now turn briefly to the

R question of the phenomenological consequences of all these
Pla— B)ta=| dap— 4R k2< UajUlgiU el i theoretical developments. We shall deal with the issues pre-
LS sented here at greater length in another wWé. There are
AD. i a number of factors which broadly determine the visibility of
x| sire| =2 |+ = sin(Ad ;) |- (91)  GINI effects[57]: _ _
2 2 ! (i) Suitability of potentially lensed sourceBhe first con-

o ] _sideration must be, what qualifies as a suitable source? We
The result for the magnification is as expected given what isequire sources that produce a neutrino signal that might be

known about the photon cagsee Eq(9) of Ref. [4]]. both gravitationally lensed and of sufficient intensity.
Finally for this section, we determine, for future refer- (i) Geometrical optics limit.Because our theoretical
ence, the fringevisibility, (), evaluation for the neutrino phase difference has been per-
_ formed within the geometrical optics lim{tvhere only the
MT;X - MT; 2,9% classical paths from source to detector need be considered in
VB)= i min= 7 o3 (92)  determining the form of the interference patemve require
My, +'“V5 B+20g that this limit holds in the experimental situation under con-

sideration. This translates to the requirement that the de Bro-
V. PHENOMENOLOGY: HEURISTIC CONSIDERATIONS glie wavelength of the neutrino mass eigenstates in not larger
than the Schwarzschild radius of the Idtise latter quantity
Above we have presented the calculation of the phase argktting the scale of the path difference: see bglow
the consequent phase difference, oscillation probability4,6,11,58.
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(iii) Detector energy resolutiorEven if there exists an / D<Dgys
interference pattern to be mapped out—and sufficient events I souree< \/ 4GM . (95
to achieve this—a separate question is whether the smearing d
of this pattern caused by the finite energy resolution of an¥=quation (95) is not a sufficient condition to guarantee a
real neutrino detector is so large as to completely wash it oubygintiike source, however; as energy—and, therefore, phase
_(iv) Just-so condition for lensing masoints(ii) and(iii)  3ong any particular path—increases, there will come a point
imply a range for a “just-right” lensing masgiven the en- \yhere (while the lens-induced path difference might still
ergy scale of the neutrinos is already)senot too large and  generate the greatest component of the phase difference for
not too small—inside which GINI effects may become evi- ey trinos from all parts of the lenshe phase difference for
dent. This can be roughly determined by the following con-petrinos emerging from one part of the source will be no-
siderations: for a(point mas$ lensing system to produce (iceaply different from that for neutrinos generated from a
images of similar brightnes¢so that interference effects jtferent part of the source. At this point the interference

might be seep we require that source to be sufficiently well hattern will, again, become smeared out. That this dugts

aligned with the line from the observer through the 16rs,  ,-cur bounds the energy,

B=6g). Granted this, the scale of the path difference is then

set by the Schwarzschild radigsee, e.g.[56], p. 240, 2D Dys
s—. (96)

=

Dyr2

source
cm, (93

Rs=2GM=3x10 12 L : : I
s ( (vii) Finite detector size effectduch of the discussion im-

mediately above carries through, all things being equal, to
of the lens(and—very broadly—can be considered as inde_c_onsiderations s_,temming from finite detector size. Expli(_:itly,
pendent of the distance to the detett@nce one has settled finite detector size effects can tend to wash away the inter-
on a generic astrophysical source which emits neutrinos ifer€nce pattern because the path differefateny particular

some characteristic energy range, the lensing mass range§§€"9y Will be nonconstant across the volume of the detec-
determined. This is because we require tor. One must determine whether this is a significant effect.

(viii ) Finite lens size effect§Ve have calculated the neu-
trino phase difference in a Schwarzschild metric, i.e., assum-
ing the lens to be effectively pointlike. This assumption will

hold, at least roughly, if the Einstein radius of the lensing

at an energy either within or not too far below that detectablesysten{ 0c , as defined in Eq(73)] is larger than the scale of
by the particular detector technology under considerationy,, physigél dimension of the lens.

(see Sec. VI C beloywWe label this constraint on the lensing (ix) Source-lens-alignment probabilitin order to see in-

mass range the just-so condition. terference fringes we require that tisibility [defined in Eq.

_(v) Wave packet spreading and decoherert&e analogy (go)] pe sufficiently good. This requires a sufficient degree of
with the considerations set out in Sec. Ill, we expect that th%lignment between source, lens, and deteter, a smallY
full expression for the oscillation probability analog include oy " one can then ask ’given' the lensing mass scale as

exponential decay f:_:lctors that account for coherence Ioss.e etermined by pointiv) above, and the expected distance to
fects. These essentially factor in the interference attenuatioq) source(of the chosen, generic typenow likely is it that
which occurs when the different neutrino wave packets, raViere s a lens within a certain distance of the line from the

eling with different group velocities and/or along paths of ¢ rce to the detector?
different affine length, overlap significantly less thqn COM- () Time scale of lens crossingurther to the point im-
pletely at the detector. See Sec. VI A for more detail on thisyegiately above, one must consider over what time scale the

issue. e eff derivation of the oh lens will cross the “beam” from source to detector and,
.ﬁ(w) F'n'tﬁ source size e ect@ur erivation of the phase therefore, how temporally stable—and, indeed, how long-
difference has assumed a stationary point so(aod detec- lasting—any interference pattern will be.

tor). Of course, this is at variance with Heisenberg uncer- iy |ntrinsic source spectrumin order to confidently
tainty requirements. But more significantly, any reacro- jqendify interference effects one must be able to rule out the
scopmsoy_rce(the region giving birth to all t_he heutrinos th"’.‘t ossibility of the intrinsic spectrum of the source mimicking
are identified as having come from a particular astrophysicahese effects. Moreover, even given a well-understood source

objecy will be of finite—indeed macroscopic—size. This snectrym, a separate question is whether there is a measur-

can, like detector energy resolution issues, tend t0 wWasfye neytrino flux over a sufficient energy extent that a num-
away the interference pattern because the path difference |3, of interference fringes might be seen at a detector.
now different for the various neutrinos that come from dif-

ferent parts of the “same” object. More concisely, an effec-
tive source angular extent of the order of—or larger than—
the angular extent of the Einstein radius means that the We only attempt a heuristic treatment h¢s&]. Ignoring
visibility of the interference fringes is reducdd]. If the  detector effect¢see below, coherence requires that there be
source size is denoted by, then this translates to the a significant overlap between mass eigenstates at a detector.
requirement that As explained in the Appendix, the various mass eigenstates

10 Y Mg

E,XRs~1 (94)

A. More detail on decoherence effects in curved spacetime

063008-16



NEUTRINO INTERFEROMETRY IN CURVED SPACETIME PHYSICAL REVIEW B9, 063008 (2004

may have traveled with both different group velocities and oy=Yter  With  teg=min{tcoision 7} (102
along different paths. Let us take a source located on a

source plane aDg and neutrino mass eigenstates with anwhere we have explicitly introduced a Lorentz boogt,to
effective width of o,. Then, by analogy with the second allow for any bulk motion of the source with respect to the
exponential damping term in EGA14) of the Appendix and detector frame. This factor can, of course, be large for astro-
given the scale of the path difference is givenRy, inter-  physical sources.

ference between mass eigenstateaveling down one mac-

roscopic path through a Schwarzschild spacetime latite C. Determining energy ranges for GINI phenomenology
other roughly requires . :
ghly req There are two energy ranges that must be considered in
| 6ma | 2 our analysis:
Rs¥ Jzk Dy 5805. (97 (i) Extrinsic energy rangeForgetting GINI effects for the
E, moment, one energy range—which we label extrinsic—is de-

limited by the minimum and maximum energids,,;,, and
Here the upper sign refers to the case when the lighter mags__ at which the generic source under consideration can be
eigenstate traverses the longer path, the heavier along tR@en in neutrinos by a particular detector technology. These
shorter path, and the lower sign refers to the opposite casgniting energies are determined by either detector or intrin-
(there are now four broad cases depending on this sign anglc source spectrum consideratiofvghichever is the more

the relative sizes oRs and 2/2a,). severg. The extrinsic energy range is defined by
Note that if we wish to consider interference between dif-
ferent mass eigenstates traveling down saenepath—i.e., Emin=E,=Emax: (103
the direct analog of flat space neutrino oscillations—we take
Rs—0 in Eq.(97) so that we require (i) Intrinsic energy range that is given by the following con-
siderations: the lower bound on this range is given by the
2E2 critical energy,E;, at which the pertinent phase difference
D= —2”2\/50,(, (98) is equal to ondbelow this value our treatment of the phase
|5mjk| breaks dowi The scale of this energy is given by requiring
(then the equality in the above is satisfied Og=L g, hC
wherelL ., is the coherence lengthwhereas if we wish to Ecrit= Re’ (104

consider interference between the same mass eigenstate t-

raveling down different paths, then from E§7) we require  Note that the relation is not exact because the right-hand side

22 (RHS does not account for the effect of the source align-

Rs=2v20y. (99 ment parametely, on the phase difference. The upper bound

. . . on this rangeE,,ashowe 1S determined by the energy at which
Below we §hall determine some plau3|ble numbers t0 pUt IYetecior energy resolution issues mean that one interference
thes_e relationsfor a number .Of dlfferent heutrino sourc)es_ fringe can no longer be resolved from another. Washout oc-
put flrfst we recall some considerations behind the determlnaELlrs generically because, although interference fringes are
tion of o distributed at equal energy intervals, the absolute uncertainty
o . in neutrino energy determined by a detector can be expected
B. Determining the size of the wave packet to be an increasing function of energy.

At a heuristic level—adequate to the order of magnitude
calculations we will make—the neutrino wave packet size VII. SUITABLE SOURCE-LENS-DETECTOR
(in position spackis given by the sized, of the region to CONFIGURATIONS FOR GINI

which the neutrino parent particle is localizggD—62: . .
P P KiD-62 We can think of four scenarios for source-lens-detector

oy=d. (1000  configurations thaimight exhibit GINI effects (there may
well be more:
In turn, d is related td ., the effective time available for the (i) Sun-moon-solar neutrino detectgr.e., in a solar
coherent emission, by the parent of a neutrino wave train, eclipse.
(ii) Cosmological neutrino source—intervening lensing
d=tgg. (103 object—large scale water/icee@nkov neutrino detector or
airshower array.
In free space the coherent emission time corresponds to the (iii) Artificial neutrino beam on one side of Earth aimed
decay time of the parent particle, but if the parent particle through the center of Earth to a detector on the opposite side
is in a dense and hot medium and undergoing collisions wittof the planet.
its neighbors on a time scalysion, Smaller thanr, then (iv) Galactic(i.e., Milky Way) core collapse supernova
ter=tcotision [63,64]. This effect corresponds to the collision (types I, Ib and Ig—intervening lensing object—solar neu-
or pressure broadening of atomic spectral lines. In summaryfino detector.
we shall take Unfortunately, scenario)—(iii) fail one or more of the
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heuristic tests we have set out above and we must, reluéde do not, therefore, expect any significant damping of the
tantly, dismiss them. Scenaritr), however, holds out some interference amplitude by decoherence due to path difference
promise and it is to this that we now briefly tugsee[55] for effects.
more detail on all the scenarios mentiopettiough we alert There is, however, also decoherence due to group velocity
the reader from the beginning that scenario is unlikely to belifference to be considered, i.e., the direct analog of deco-
realizedat presentbecause of the low probability of super- herence effects for conventional neutrino oscillations. The
novae at(neutrinojdetectable distances being lensed by ob-inequality to be satisfied is given by E®8), the RHS of
jects in a suitable mass range. which translates te-3x 10'3 cm for 10 MeV neutrino$70]
much smaller than the fiducial scale Bf, ~3X 10?2 cm.
A. Core collapse supernovae as sources for GINI observation Ve can expect, therefore, to be beyond the flat space coher-
) ence length. This means that the neutrino signal will be char-
1. Core collapse supernovae as neutrino sources: general  acterized by flavor ratios that are constant acr@seasur-
considerations able energy. For supernova neutrinos, then, if a suitable lens
Let us take the characteristic scale of the distance to were present, GINI would cause patterns of maxima and
galactic core collapse supernova to be 10-%kBc Minima across energy in the detected neutrino spectra. Fur-
X 107? cm, the approximate distance to the galactic center. Ahermore, the positions, in energy, of these maxima and
core collapse SN observed today at the fiducial 10 kpc wouldninima would be essentially the same for all neutrino fla-
produce around Toand 1§ events in SuperKamiokande and Vors. Interference effects would be, in principle, directly evi-
the Sudbury Neutrino Observatory, respectivg]. Over ~ dent even in neutral current interaction data. On the other
the medium term, prospects for SN neutrino detection majand, we would not expect a noticeable change in the ratios
become even better than at present with the construction dfetween different neutrino species across energy. In other
the next generation of 1 Mt underground, wateeréhkoy ~ Words, for supernova neutrinos, given a suitable lens, it is

detector§66—68. For a supernova at 10 kpa 1 Mtdevice  Possible to see interference effects due to path difference
should detect)(10°) events[68]. effects but not due to phase velocity differenge., flat

space oscillationeffects.
2. Natural scale for lensing mass required for GINI effects with

SN neutrinos 4. Finite source effects with supernova neutrinos
Writing Given a scale for the neutrinosphergy, of ~10 km
=10° cm, a calculation shows that the point source condi-
A®PT"~E,Rg tion, Eq. (95), fails at the lower end of the phenomenologi-

cally interesting lensing mass rangssuming Qs=Dy.
(105 Furthermore, from Eq(96) we find that in order that the

phase uncertainty introduced by the finite size of the super-

nova neutrino source not be too large, we require that the
we can determine that tremallestlensing mass that might neutrino energy be less thanl MeV, a condition that, with
produce a phenomenological effgtihat we can treat using 10 MeV neutrinos, we fail to meet by an order of magnitude,
our formalism) is, very roughly, 10" M=3x10' g. This  again assuming R.=D4. We hasten to add, however, that
is in the cometary mass range. A more detailed calculatiove do not believe that either of these two is necessarily fatal.
[55] demonstrates—for  the  specific case  of A numerical study is needed here, and this may well estab-
SuperKamiokande—a sensitivity to the GINI effect with |ish that GINI effects are visible even when the crude,

E M
~ /.
=1.5x 10" (10 Mev)( Mo

lensing masses in the range heuristic inequalities above are violatgdl], and moreover
18 16 that Dys=D4 need not holdover the galactic scales we are
10 Me=Mjens=10 ™ Mg . (106 considering. Further, we might havb <> 10 kpc(at the cost

. . . . . of a reduced event rateln either case, point source condi-
This range is both conservative and fairly sensitive to the[ions could easily be satisfied.

SuperK energy thresholds and energy resolution.

. 5. Finite lens size effects
3. Coherence of supernova neutrinos

For a lens in the mass range determined above, and both
%ource and lens at galactic length scales, the Einstein length
M

scale is
Bl
——— || =— || =——]| km
10 Mg/ \Ds/15 kpc

oN=10"° cm. (107

. . . Dd QE: 3 \/

This is to be contrasted with the scale of the affine path

difference for the lensing mass range under consideration (109

[Eq. (106)] which is supplied by the range of the Schwarzs-

child radius, viz, On the other hand, for a lens with a density-ef gm cni't,
the scale of the dimensions of the lensing obj&cis given

3x10 ¥ cm=Rg=3x10 ! cm. (109 by

A neutrino wave packet leaving the neutrinosphere of
nascent neutron star will have a sifi,69

063008-18



NEUTRINO INTERFEROMETRY IN CURVED SPACETIME PHYSICAL REVIEW B9, 063008 (2004

=0 M
107 Mg

meaning that the classical paths pass very close to the object,
and, in some cases, one path might actually pass inside the gegjges treating the potential phenomenological effects of
object. Given the order of magnitude nature of the calculagn at greater length in another woll65], there are, of
tions we have performed here, however, this fact will notcoyrse, a number of directions in which our theoretical treat-
significantly impinge on the observability of the effect we ment will be extended. Some issues we intend to deal with
predict. Certainly the neutrinos will not interact significantly ¢, ther in another publicatiof55] include the following.
with the material of the lens. Of course, if the lensing object (i) From consideration of interference of lensgotons
is a black.hole, taking the lens to be a point source is Un;n 5 Schwarzschild metritsee Eq(7.9) of [56] and also see
problematic. Eq. (9) of [4]], Eq.(88) is actually subtly in error: there is an
o _ extra— /2 phase shift missing from the argument of the cos
6. Finite detector size effects term (in other words, the interference envelope should actu-
A quick calculation showg55] that finite detector size/ ally go as B>+ 20%[1+ sin(A®*7)], generating a central
position resolution effects never become insurmountableninimum forY=0). This is present in the case of light—and

13 GINI effects will haveto be taken into account in the inter-
km, (110  pretation of any such data obtained.

VIII. EXTENSION OF THEORETICAL RESULTS

over the whole range of possible lens positions. will also be present in the case of neutrinos—because of the
opposite parities of the two images produced by a Schwarzs-
7. Crossing time scales for supernova neutrinos child lens (i.e., the images-were they able to be

distinguished—would be flipped with respect to each other
move across the Einstein ring in a time scale~of s[7]. [76]). The reason why our treatment h{?‘? failed to pick this
Given, then, that we expect a detectable neutrino signal wil?Xtra phase shift up 1S .that we have aruﬂmglly restricted the
be received from a SN over a period of around 10 s interP@ths under consideration to only the classical ones. In other
ference fringes will shift over the time of observation, but yvord_s, we have assumed the geometrlcal optics I|m_|t which
not so quickly that they cannot be observed is strictly only valid for phase differences of order unity and

larger. A more complete treatment using the techniques of
physical optics—involving integration ovetl paths through
the lens planéeach such path being uniquely specified by its
The above paragraphs detail the conditions that a sourcémpact paramete—would recover this phasgand, in fact,
deflector-observer alignment must satisfy in order for GINIdemonstrate that the full expressions for the oscillation prob-
to be measured, but implicit at all stages is that such ambility and magnification involve confluent hypergeometric
alignment has occurred. Unfortunately the chance of a suitfunctions that only reduce to trigonometric functions in the
able deflector lying sufficiently close to the line-of-sight to alarge phase limit: cf. Eq(7.11) of Ref.[56] or Eq.(6) of [4]].
source in the Local Group is not high. Moreover, a more complete treatment would also demon-
The Galaxy’s rotation curve places a strict upper boundstrate that the singularity 88=0 for Eq. (90) is not a real
on the total mass in its hal@.g.,[72]), which then implies a  effect.
maximum possible alignment probability to, say, the Magel- (ii) So far we have assumed a static metric. But the GINI
lanic Clouds. Even if the halo consisted only of point-massegffect, as noted, requires neutrinos from astrophysical
of suitable size, the simple calculation made by Paczynsksources that would probably need to be located at extraga-
[73] implies that the lensing optical depti—essentially lactic or even cosmological distances for a decent chance
equal to the probability that any single source is lensed at ¢hat lensing occufthough it should be stressed that current
given time—is ~10 6. This result has been corroborated detector technologies would not allow detection of neutrinos
experimentally by monitoring stars in both the galactic cenfrom supernovae beyond out Galaxy and its satelliGs)
ter and the Large Magellanic Cloud for period variations:and the introduction of cosmology into the formalism devel-
both the MACHO([74] and OGLE[75] groups have found oped here would require the treatment of a nonstatic metric
=3x10"%. It is important, then, to note that even if the [77,78. We note in passing that were GINI effects ever seen
halo is dominated by point-masses Mf=10"1" M suit-  in neutrinos from cosmological sources, these effects would
able for GINI, the alignment probability to any neutrino provide for a test of quantum mechanics over the very long-
sources sufficiently close to be detected at all is onll0 . est scales. We speculate, then, that GINI could be sensitive to
In the future, however, as detector technology improves, ithe effects of spacetime foaof., say[79]). In principle, we
may be possible to observe neutrinos from cosmologicallalso expect that a GINI pattern in cosmologically sourced
distant sources at effective distances of up to Gpc. The lensieutrinos could be interrogated to determine the value of the
ing optical depth is thus increased, both because a giveHubble constant K [80,81. Observation(or nonobserva-
mass can act as a more efficient lens and because the chartios) of GINI effects would also constitute @e factoprobe
of alignment increases proportionally with source distance. Aof the distribution of dark matter objects within a certain
simple calculation of these effects.g.,[56]) implies that  well-defined(and interestingmass rangé7].
optical depths of close to unity are plausible; thus when neu- (iii) The Schwarzschild lens is an ideal case never pre-
trinos are detected from cosmologically distant sourcesgisely encountered in nature. For the realistic situation we

If the lens has a transverse velocity=30 km s 2, it will

8. Lensing probability
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may need to account for shefd@], multiple lensing masses, signal from a supernovarovideda suitably lensed super-
etc. Treating these effects may very well demonstrate that theova event occurs. Current—and probably even next-
just-so mass range is considerably larger than the estimatgeneration—neutrino detector technologies would seem to
given by Eq.(106) [8]. In any case, it is fairly easy to un- mean, however, that the probability of such lensing occurring
derstand, at least at the heuristic level, how more generdbr a neutrino-detectable supernova is small. Still, for astro-
lenses might be treated: considering, say, &) it can be  physical neutrinos originating at cosmological distances, the
seen that almost all the contributions to the phase differenciensing probability approaches 1 and some day the technol-
are essentially geometrical. The only expression which conegy to detect large numbers of these from single sources may
tains information on the mass distribution of the deflector isbecome available. We have mapped out a program for further
the logarithmic term. This suggests that it may be possible teesearch in this field.
modify our results to arbitrary weak deflectors simply by In summary, the material presented in this paper serves as
inserting the appropriate lens potenti@nd replacing a a proof-of-principle that the GINI effect is both real—in a
Schwarzschild-specific result fdr62 ). theoretical sense—and, what is more, could lead, one day, to
(iv) In Sec. VI we added into the mix coherence lossinteresting phenomenological consequences for supernova
considerations. Formally, these can only arise in a full waveneutrinos.
packet treatment which we have not attempted for the curved
spacetime case. We remind the reader, however, that our re-

sults for phase and phase-difference will continue to hold in ACKNOWLEDGMENT
any more detailed calculation because these are independent _ ) )
of wave packet considerations. R.M.C. would like to sincerely thank Paul Alsing, Jesse

(v) Our treatment of effects due to the finite nature of anyCarisson, Tim Garoni, Matt Garbutt, Sasha Ignatiev, Bruce
real source is very much at a heuristic level. FurthermoreMcKellar, Andrew Melatos, Keith Nugent, Alicia Oshlack,

finite detector effects can also be important, as has been ré&avid Paganin, Andrew Peele, Ray Protheroe, Georg Raffelt,
marked. In this regard, note, in passing, that logically con/Rob Scholten, Cath Trott, Rachel Webster, and Stuart Wyithe
nected to this concern is the consideration that the observer enlightening discussions. He also thanks Nicole Bell and
tion of GINI effects with two—or, preferably, more—widely John Beacom for a useful correspondence. Finally, he par-
separated detectors holds out some interesting possibilitidicularly thanks German Kaerman, Ray Volkas, and Ran-
[7]. One would expect here that the interference patterns seéldll Wayth, who all devoted considerable time to setting this
by different detectors would be, in general, displaced in enauthor straight on a number of subtle issues. D.J.M. is sup-
ergy with respect to each other. The degree of this displace?orted by PPARC.

ment will be related to the lensing mass and the geometry. So

the displacement could probably be used to better constrain

relevant parameters than observation with a single detectoAPPENDIX: WAVE PACKET TREATMENT OF NEUTRINO
Moreover, observation of fringes with more than one neu- BEAM SPLITTER

trino detector would certainly lend credence to the idea that

these have their origins in GINI. In this appendix we set forth a fullGaussiah wave

packet treatment of the neutrino beam spligedanken ex-
periment(treated in terms of plane waves in Sec).INote
IX. CONCLUSION that the results we derive for the exponential damping terms

) o [in the equation for the oscillation probability analog—see
In this paper we have explicitly calculated the phase for gz, (A14)] serve as a heuristic justification of the treatment

neutrino mass eigenstate propagating through curved spacgf decoherence we present in Sec. VI.

sion in hand, we have shown how a novel interferencesiate, that has propagated from the source spacetime posi-
effect—gravitationally induced  neutrino interference tion A= (x,,t,) to detection positioB= (Xg,tg) as

(GINI)>—may show up for gravitationally lensed, astrophysi-

cal neutrinos. These interference effects lead to a neutrino

transition phenomenology qualitatively different from flat

space neutrino oscillations. We have shown, further, that a |v,,B)=N>, \I, X, U,
i

result extant in the literaturg29] for the phase difference P

with gravitational lensing must be in error. We have also

derived the form of this phase difference when it is given in Xf dE exq—i@f(E;LAB,TAB)]Aj(EH i),
terms of conventional lensing parameters. We have derived

the analog of the neutrino oscillation probability in flat space (A2)

for the Schwarzschild metric. This quantity controls the phe-

nomenology at a detector, in particular the pattern of maxima

and minima(across energyfor neutrino wave packets which where the various quantities are as explained in Sec. Ill. The
have propagated from source to detector along multiplemplitude for a neutrino created as typdo be detected as
paths. We have adduced heuristic arguments that establityipe B8 at the spacetime positioB, of the detection event is
that this interference pattern could be seen in the neutrinthen
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_ 2E2—2E(E +E,) + (E2+E2
(valva:ABY=N 1,2 U, U%, A(E)AL (E) ext| — (E; . (Ef+E0 |
(A5)
xf dEA(E) exd —idP(E;L®, TAB)].
Now defining the peak momentum of mass eigensjatéa
(A2) = (E?~m?)2 we can write
P; j—m
Again, we can get rid of the unwanted dependence on time

by averaging ove”® in the above to determine a time- Pj(B)=p;+Ap;(E), (AG)
averaged oscillation probabilitgnalog at the detector posi-

. e h
tion xg [45—47. This gives us that where
Ap;(E)=p;(E)—p;
[(vplvaixa Xl [ Tl A B —
— 2 2 =2 2
= VE =mj—= VEj—m;
~E— J _E 4+ L
=E oE E;+ ZEJ-
xf dEA;(E)AY (E)
_ m?
x expli[pj(E)Lp°— pu(E)Lg°11, =(E-E)|1- =] (A7)
(A3) ’
where one integral over energy has disappeared because I(E)rTanoylng the group velocity of mass eigenstafeviz.
the (E—E’") that arises from the integration over time. = 2
Assuming a Gaussian form for the wave packets leads to _— = _VE-m  mp

] ]

_E.\?
Ao exr{ _(E-E) . (Ad)

4(o)?

p[ (E-E;)?
=exg——— —
40'E

whereE; is the peak or average energy of mass eigengtate Pj(E)=p;+(E—Ej)v;. (A9)
and we employ the very good approximatif8?] that the

wave packet spread is the same for different mass eigee find, then, after a simple calculation that the oscillation
states. This gives us that probability analog becomes

we determine thaApj(E)z(E—Ej)vj [83], so that

1 _ E—E,
(vl vaiXa Xp)|?=——— % NP % Uaju;juﬁkugkexp{ —I{(ijg‘Bﬂ—vkL'gB)]T_(ijgB_ pkLQB)”

el
rs

(E;—Ey)?
xex;{ —o2l K ey

s 507 (AL0)

F{ B (UjLSB_ UkLQB)Z

Note that in the above calculation, though we have beeronsiderations following fronGi) source localization andi)
employing the group velocity, this does not—and should nothe requirement for overlap of wave packets at the detector’s
be seen to—enter into the phase in any fundamental wagosition. Observe that the second damping term accounts for
[44]. Indeed, the phase can be calculated entirely with planan interesting possibility: having a heavie—and slower—
waves(see Sec. Il and, therefore, totally without reference mass eigenstate travel down the shorter path and the lighter
to wave packet notions like group velocity—though the ex-mass eigenstate down the longer path will tend to restore
ponential damping factors above critically depend on thesecoherence.
Note also that, again, the normalization has been determined As a further particularization of the expression for neu-
by requiring tha(v | Vo Xa Xg)|?<1. trino oscillation “probability” with an imaginary beamsplit-
The two damping factors in E@4) can be traced back to ter, we take the expressions for the energies, momenta, and
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velocities of the various wave functions given in terms ofwhere ¢ is a dimensionless parameter of order unity deter-

expansions around the energy in massless liEyt, viz. mined by kinematical consideratiof44]. The group veloc-
ity will then be
2

E=E +(1—§)ﬂ (A11) P m?

e 2E,’ b= ==1——. (A13)
E 2E2
_ 2
=Eq— {5, A12

Pi=Fo 52Eo (A12) Employing the above, we find

1 — ,
|<V,3| Va;XA'XB>|2: - E Iplq % Ua]UE]U,BkUzk exq—lA@qu]

> g ™

rs

AU 1(LAB-LA® 1 miLhB-—miLA®)\? "~
X —_— —_— _—_—
TR 21025, [T 2l T 2e 2 20, ’ (Al4)
where the phase difference is given by
2 2 21 AB 2) AB
m+m miL, - —mL

PO— _ ] k AB_ | AB i—p k—q

Adfy E0+§—4E0 )(Lp LgH)+ —ZEO ) (A15)

Note that we can take the plane wave limit of the above equation by séttin@ and o,— . This allows us to recover
Eq. (4).
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