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High scale mixing unification and large neutrino mixing angles
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Starting with the hypothesis that quark and lepton mixings are identical at or near the grand unified theory
scale, we show that the large solar and atmospheric neutrino mixing angles together with the small reactor
angleUe3 can be understood purely as a result of renormalization group evolution provided the three neutrinos
are quasidegenerate and have the sameCP parity. The mechanism is found to work if the common Majorana
mass for the neutrinos is larger than 0.1 eV, which falls right in the range reported recently and also in the
range which will be probed in planned experiments.

DOI: 10.1103/PhysRevD.69.053007 PACS number~s!: 14.60.Pq, 11.10.Hi, 11.30.Hv, 12.15.Lk
bin
o
l
te
i-
in
k

ed
ee
a
o
i

tm
Ka
o
ix

rd

ar
th
ng

gh
s
a
sa
s

eing

t the
d
te

d at
all

rge.
cts
m-
deed
at
T-

e

ted

r-
e-

ard
ric
w

uge
gs
the

ca-
h
for

fact
he
the

i-
I. INTRODUCTION

The idea that disparate physical parameters descri
forces and matter at low energies may unify at very sh
distances~or high mass scales! has been a very helpful too
in seeking a unified understanding of apparently unrela
phenomena@1#. In the context of supersymmetric grand un
fied theories, such an approach explains the weak mix
angle sin2uW and thereby the different strengths of the wea
electromagnetic, and strong forces. One of the key ingr
ents of the grand unified theories is the unification betw
quarks and leptons. One may therefore hope that, in a qu
lepton unified theory, the weak interaction properties
quarks and leptons parametrized by means of the flavor m
ing matrices will become identical at high energies.

On the experimental side, recent measurements on a
spheric and solar neutrino fluxes and those at K2K and
mLAND, which are a manifestation of the phenomena
neutrino oscillations, suggest that two of the neutrino m
ings, i.e., the mixings betweenne and nm and betweennm
andnt ~to be denoted byu12 andu23, respectively!, are large
@2–6# while the third mixing between thene and nt is
bounded to be very small by the CHOOZ and Palo Ve
reactor experiments, i.e., sin22u13,0.15 @7#. On the other
hand, it is now quite well established that all observed qu
mixing angles are very small. One may therefore ask whe
there is any trace of quark-lepton unification in the mixi
angles as we move to higher scales.

The first question in this connection is whether hi
scales have anything to do with neutrino masses or i
purely a weak scale phenomenon? One of the simplest w
to understand small neutrino masses is via the see
mechanism@8#, according to which the neutrino mixing i
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indeed a high scale phenomenon, the new high scale b
that of the right handed neutrino masses (MR) in an appro-
priate extension of the standard model. Present data pu
seesaw scaleMR very close to the conventional grand unifie
theory ~GUT! scales. It is therefore tempting to specula
whether quark and lepton mixing angles are indeed unifie
the GUT-seesaw scale. This would of course imply that
neutrino mixing angles at the high scaleMR are very small,
whereas at the weak scale two of them are known to be la
In this paper we show that simple radiative correction effe
embodied in the renormalization group evolution of para
eters from the seesaw scale to the weak scale can in
provide a complete understanding of all neutrino mixings
the weak scale, starting with very small mixings at the GU
seesaw scale.

The fact that renormalization group evolution from th
seesaw scale to the weak scale@9,10# can lead to drastic
changes in the magnitudes of the mixing angles was poin
out in several papers@9,11–16#, while enhancement of the
two-neutrino mixing angle was also observed in@10#. In par-
ticular, it was shown in@11# that this dependence on reno
malization group evolution can be exploited in simple se
saw extensions of the minimal supersymmetric stand
model~MSSM! to explain the large value of the atmosphe
mixing angle starting with a small mixing at the seesa
scale, provided two conditions are satisfied:~i! the two neu-
trino mass eigenstates have the sameCP parity and~ii ! they
are very nearly degenerate in mass. In general, in ga
models that attempt to explain the large neutrino mixin
@16#, one needs to make many assumptions to constrain
parameters. In contrast, this class of ‘‘radiative magnifi
tion’’ models @11,12,14# provide an alternative approac
which is relevant to understanding large neutrino mixings
the case of a quasidegenerate neutrino mass spectrum. In
the main content of radiative magnification models is t
quasidegeneracy assumption, and, since the value of
common Majorana massm0 for all neutrinos is required to
be in the sub-eV range (>0.1 eV), this assumption is exper
©2004 The American Physical Society07-1
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mentally testable in the ongoing and planned neutrino
double beta decay searches@17,18#.

It is well known that the radiative magnification techniq
requires fine-tuning of initial neutrino mass eigenvalues
the seesaw scale@9,11–14#. The degree of fine-tuning neede
has been discussed at length by Casas, Espinosa, Ibarra
Navarro~CEIN! @14#, who also discussed the relevant ma
nification criteria in the two-flavor case. But in the thre
flavor case it has been shown that the existence of infra
stable quasifixed points in the relevant renormalization gr
equations~RGEs! leads to vanishing mixing matrix elemen
at low energies@13,14#. Thus, magnification for mixing
angles might be expected to occur in the three-flavor c
@19# only if RG evolution is stopped before reaching t
quasifixed point regime.

In this paper, we show that under the same conditions
radiative magnification as just outlined, if we start with t
hypothesis that at the seesaw scale the quark and neu
mixings are unified to a common set of values, i.e.,
known extrapolated values of the well known Cabibb
Kobayashi-Maskawa~CKM! angles, after renormalizatio
group evolution to the weak scale, we can obtain solar
atmospheric mixing angles that are in agreement with ob
vations without contradicting the CHOOZ–Palo Ver
bound onu13.

This result has two important implications:~i! it would
provide a very simple and testable way to understand
observed large neutrino mixings and~ii ! if confirmed by the
neutrinoless double beta decay experiments, it would prov
a strong hint of quark-lepton unification at high scales.

One may wonder why we are addressing the question
unification of the mixing angles for neutrinos with those
quarks and not the unification of neutrino masses with qu
masses. The answer is of course the well-known o
namely, neutrino masses have an origin~seesaw mechanism!
that distinguishes them from the quark masses, which a
from electroweak symmetry breaking. Furthermore, with
the seesaw mechanism neutrinos are Majorana fermi
whereas quarks are Dirac fermions. Thus, as far as
masses go, we have no reason to expect unification
quarks. In Sec. V, we take up the question of specific mod
where our scenario for neutrino masses and mixings is r
ized.

This paper is organized as follows. In Sec. II, we discu
the RGEs for the neutrinos in the mass basis. In Sec. III,
present the main result of our paper, i.e., the magnificatio
mixing angles at the weak scale. In Sec. IV, we discuss p
dictions of our approach for neutrinoless double beta de
and other processes. In Sec. V, we present a gauge m
where approximate mixing unification hypothesis is realiz
and in Sec. VI we present our conclusions.

II. RENORMALIZATION GROUP EQUATIONS FOR
MASSES AND MIXINGS

Our basic assumption is a seesaw type model which
lead to equal quark and lepton mixing angles at the see
scale as well as to a quasidegenerate neutrino spectrum
Sec. V, we present a model where at the seesaw scale
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neutrinos have this property. We then follow the ‘‘diagona
ize and run’’ procedure for the neutrino parameters and
the RGEs directly for the physical observables, namely,
mass eigenvaluesmi and the mixing anglesu i j ( i , j
51,2,3). We also assume the neutrino mass eigenstate
possess the sameCP and ignoreCP violating phases in the
mixing matrix. Also, for simplicity, we adopt the mass orde
ing among the quasidegenerate eigenstates to be of typm3
*m2*m1. The real 333 mixing matrix is parametrized as

U5F c13c12 c13s12 s13

2c23s122c12s13s23 c12c232s12s13s23 c13s23

s12s232c12s13c23 2c12s232c23s13s12 c13c23

G ,

~1!

where ci j 5cosuij and si j 5sinuij (i,j51,2,3). U diagonal-
izes the mass matrixM in the flavor basis withUTMU
5diag(m1 ,m2 ,m3). The RGEs for the mass eigenvalues c
be written as@13,14#

dmi

dt
522FtmiUt i

2 2miFu ~ i 51,2,3!. ~2!

For every sinuij5sij , the corresponding RGEs are

ds23

dt
52Ftc23

2~2s12Ut1D311c12Ut2D32!, ~3!

ds13

dt
52Ftc23c13

2~c12Ut1D311s12Ut2D32!,

~4!

ds12

dt
52Ftc12~c23s13s12Ut1D312c23s13c12Ut2D32

1Ut1Ut2D21!, ~5!

whereDi j 5(mi1mj )/(mi2mj ) and, for the MSSM,

Ft52ht
2/~16p2cos2b!,

Fu5S 1

16p2D S 6

5
g1

216g2
226

ht
2

sin2b
D , ~6!

but, for the SM,

Ft53ht
2/~32p2!,

Fu5~3g2
222l26ht

226hb
222ht

2!/~16p2!. ~7!

RGEs of mixing angles in the three-flavor case have b
shown to possess infrared stable quasifixed points leadin
vanishing values of the mixing matrix elements@13,14#.
Thus, as in the two-flavor case@11,12,14#, the radiative mag-
7-2
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nification of two mixing angles, if at all feasible, could b
realizable only if RG evolution is stopped before reach
the quasifixed point regime.

Sincemi andmj are scale dependent, the initially chos
mass difference existing between them atm5MR is nar-
rowed down during the course of RG evolution as we
proach m5MSUSY. When the initially chosen fine-tune
mass difference betweenmi and mj tends to vanish,Di j

→`, and the corresponding term in the right hand s
~RHS! of Eqs. ~3!–~5! predominantly drives the RG evolu
tion for sinuij , which might become large or even approa
its maximal value anywhere betweenm5MSUSY and MR .
This causes large magnification to the mixing angle due
radiative effects. AlsoFt is enhanced by a factor;103 in the
large tanb region in the case of the MSSM as compared
the SM, where such effects do not exist. Then the stand
model evolution belowMSUSY causes negligible contributio
to the magnified mixings for two reasons:~i! absence of
tan2b effects, and~ii ! small range of RG evolution from
MSUSY to MZ . We chooseMSUSY51 TeV and tune the inpu
neutrino mass eigenvalues atMR in such a way that bilarge
neutrino mixings by radiative magnification are obtained
MSUSY51 TeV. It is to be noted that for a given value of th
seesaw scale, a different choice ofMSUSY would require
slightly different values of initially chosen mass eigenvalu
for the same set of mixing angle solutions. While mixin
angles almost remain constant belowMSUSY, the mass ei-
genvalues continue to decrease down toMZ in this method.

The mixing unification hypothesis implies that we set
neutrino mixings at the seesaw scale equal to the corresp
ing quark mixings, which in the Wolfenstein parametrizati
are dictated by the parameterl050.2. We then have, at th
seesaw scale,s12.l0 , s23.O(l0

2), ands13.O(l0
3). These

values get substantially magnified in the region arou
MSUSY. Using uD31u.uD32u!uD21u, we see from Eqs.~3!–
~5! that the dominant contribution to RG evolution ofs23(m)
is due to the term;l0

2FtD32. Similarly, the terms contrib-
uting to the evolution of s13(m) are ;l0

3FtD32 or
;l0

3FtD31. On the other hand, the evolution ofs12 is domi-
nated by the term;l0

5FtD21 where the large enhanceme
likely to be caused by the largeness inuD21u is damped out
due to the higher power ofl0

5. Since the mixing angles
change substantially only aroundMSUSY, such dominance in
RG evolution holds approximately at all other lower sca
below MR .

If the neutrino mixing angles are to be compatible w
experimental observations at low energies, we need at m
the magnification factors (sinu23/sinu23

0 ).20,
(sinu13/sinu13

0 )<60, and (sinu12/sinu12
0 ).4, where we

have used the experimental neutrino mixings foru i j @2–7#
and quark mixings foru i j

0 @20,21#. That the CHOOZ–Palo
Verde bound can tolerate a magnification factor as large
60 is crucial to achieve bilarge mixings by radiative mag
fication while keeping the magnified angleu13 at low ener-
gies well below the upper bound. This is of course beca
of the smallness ofl0

3, which is the starting value~order of
magnitude! of the reactor angle. One can also observe tha
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is the smallness of the reactor angle that provides the ‘‘h
den’’ signal for the unification.

III. BILARGE NEUTRINO MIXINGS BY RG EVOLUTION

Starting from known values of gauge couplings, mas
of quarks and charged leptons, and CKM mixings in t
quark sector at low energies, first we use the bottom-up
proach and all the relevant RGEs to obtain the correspond
quantities at higher scales withMR51011 GeV–2
31018 GeV. Assuming the neutrino mixing atm5MR to be
small and similar to quark mixing, we then expect the init
conditions atm5MR to be sinu23

0 .0.038, sinu13
0 .0.0025,

and sinu12
0 .0.22 @20,21#. Using these as input and the fine

tuned mass eigenvaluesmi
0 as unknown parameters at th

high scale, we then follow the top-down approach thou
Eqs.~2!–~5! and other standard RGEs. The unknown para
etersmi

0 are tuned in such a way that the solutions obtain
at low energies agree with mass squared differences and
mixing angles given by the experimental data within the 90
C.L. @2–7#:

Dm12
2 5~2 –50!31025 eV2,

Dm23
2 5~1.2–5!31023 eV2,

sinu2350.54–0.83, sinu1250.40–0.70,

sinu13<0.16. ~8!

For numerical solutions we have chosen the same valu
MSUSY51 TeV in every case ofMR investigated here. Ou
model described in Sec. V is consistent with quasidegene
mass eigenvalues over a wider range of the seesaw s
MR51011 GeV–1015 GeV. However, in view of the phe
nomenological importance of the results, we have explo
the RG evolution to bilarge mixings including higher scal
up to the reduced Planck scale (231018 GeV). In Table I we
present fine-tuned input mass eigenvalues at the seesaw
MR51013 GeV and our solutions atMZ in the large
tanb (555) region where we have chosenMSUSY51 TeV.

The solutions clearly exhibit radiative magnification
both the mixing anglesu23 andu12 for a wide range of input
values ofmi

0 . We find that, although enhancement due to R
evolution occurs in thene-nt sector also, sinu13 remains well
within the CHOOZ–Palo Verde bound@7#.

In Table II we present three sets of fine-tuned initial ma
eigenvalues and our solutions for three different high sc
values,MR51011,1015, and 231018 GeV. We find that, for
the same value of tanb555 andMSUSY51 TeV, the lowest
possible mass eigenvalue atMZ decreases slowly with in-
crease of the seesaw scale. For example, the lowest m
eigenvalues atm5MZ are 0.27 eV, 0.22 eV, 0.209 eV, an
0.17 eV for MR51011 GeV, 1013 GeV, 1015 GeV, and 2
31018 GeV, respectively.

A magnification formula has been derived by CEIN@14#
for the product of the mixing matrix elements,
7-3
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TABLE I. Radiative magnification to bilarge mixings at low energies for tanb555, MSUSY51 TeV, and
input values of sinu23

0 50.038, sinu13
0 50.0025, and sinu12

0 50.22 at the seesaw scaleMR51013 GeV.

m1
0 (eV) 0.3682 0.5170 0.6168 0.7160 0.8160

m2
0 (eV) 0.3700 0.5200 0.6200 0.7200 0.8200

m3
0 (eV) 0.4210 0.5910 0.7050 0.8190 0.9330

m1 (eV) 0.2201 0.3107 0.3719 0.4317 0.4920
m2 (eV) 0.2223 0.3122 0.3723 0.4324 0.4926
m3 (eV) 0.2244 0.3152 0.3759 0.4366 0.4973
Dm12

2 (eV2) 1.231024 3.031024 3.531024 6.031024 5.931024

Dm23
2 (eV2) 1.031023 1.831023 2.631023 3.631023 4.631023

sinu23 0.667 0.708 0.690 0.677 0.668
sinu13 0.090 0.104 0.097 0.096 0.090
sinu12 0.606 0.520 0.604 0.486 0.606
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Ut iUt j~m!

Ut iUt j~MR!

.F11
ht

2

32p2cos2b
Di j ~MR!ln

MR

m
G21

. ~9!

Using the values given in Tables I and II, we find that t
magnification obtained from the formula matches reasona
well with our estimations for mixing between the second a
third generations (i , j 52,3).

Our result on the approximate unification of quark a
neutrino mixings at the high scaleMR51013 GeV is exhib-
ited in Fig. 1, where we present the RG evolution of the si
of the three neutrino mixing angles starting fromMR
51013 GeV down toMZ for one set of input masses given
Table I: m1

050.2983 eV, m2
050.2997 eV, and m3

0

50.3383 eV. The flatness of the curves belowMSUSY is due
to the negligible renormalization effect from the SM, whic
evades the approach to the quasifixed points. The co
sponding low energy solutions arem150.2201 eV, m2

50.2223 eV, m350.2244 eV, Dm12
2 51.631024 eV2,

Dm23
2 51.031023 eV2, sinu2350.667, sinu1350.09, and

sinu1250.606. The almost horizontal lines in the figure re

TABLE II. Same as Table I but for higher and lower sees
scales.

MR(GeV) 1011 1015 231018

m1
0 (eV) 0.4083 0.3970 0.5150

m2
0 (eV) 0.4100 0.400 0.5200

m3
0 (eV) 0.4510 0.4730 0.668

m1 (eV) 0.2723 0.2093 0.1714
m2 (eV) 0.2726 0.2098 0.1718
m3 (eV) 0.2745 0.2124 0.1750
Dm12

2 (eV2) 1.631024 2.031024 1.3631024

Dm23
2 (eV2) 1.031023 1.131023 1.131023

sinu23 0.711 0.682 0.684
sinu13 0.103 0.098 0.094
sinu12 0.571 0.463 0.422
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resent the sines of the CKM mixings, sinuij
q @20,21#. Unifi-

cation of the neutrino mixings with the corresponding qua
mixings is clearly demonstrated at the high scale.

The evolution of mass eigenvalues corresponding to m
ings given in Fig. 1 is shown in Fig. 2 forMR51013 GeV. In
contrast to sines of mixing angles that have negligible R
corrections below the SUSY scale, the mass eigenvalues
found to decrease until the lowest scaleMZ . The rate of
decrease of the third eigenvalue is the highest, but the r
of decrease of the first and second eigenvalues are sim
The initially fine-tuned mass splittings chosen at the see
scale are narrowed down to match the experimental value
low energies due to cancellations caused by RG-gener
splittings. At the same time, radiative magnification occurs
match the experimentally observed bilarge mixing and
CHOOZ–Palo Verde bound. When the seesaw scale is
reduced Planck scale,MR5231018 GeV, with fine-tuned

FIG. 1. Evolution of small quarklike mixings at the seesaw sc
to bilarge neutrino mixings at low energies for the seesaw sc
MR51013 GeV with tanb555, MSUSY51 TeV, and mass eigen
values and mixing angles given in the first column of Table I. T
solid, long-dashed, and short-dashed lines represent sinu23, sinu13,
and sinu12, respectively, as defined in the text. The evolution of t
sines of quark mixing angles, sinuqij(i,j51,2,3), is presented by the
almost horizontal lines.
7-4
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input mass eigenvalues given in Table II, the lowest poss
quasidegenerate mass eigenvalue at low energies is fou
be 0.17 eV. For other values ofMR presented in Table II the
evolutions are similar to Figs. 1 and 2. It is quite clear th
radiative magnification to bilarge mixings is possible ove
wide range of choices ofMR and correspondingly fine-tune
input mass eigenvalues at the seesaw scale.

We have noted that this radiative magnification mec
nism of bilarge neutrino mixing leading to unification o
quark mixings with the corresponding neutrino mixings a
works when RG evolution of the Wolfenstein parameterA is
taken into account@21#. As a result of such RG evolution, th
extrapolated high scale values of the CKM matrix eleme
Vub , Vcb , Vtd , and Vts @21# and the corresponding inpu
values at the high scale are reduced by 6%–12% over
range of the seesaw scale investigated in this paper. S
larly, the mechanism also works with changes in the sup
symmetry~SUSY! scale or few percent change in the inp
neutrino mass eigenvalues when more substantial thres
effects on the CKM elements observed in@22# are included.
Such details, including threshold effects on CKM mixin
and neutrino masses, will be reported elsewhere.

We have found that even if we chooseMSUSY5MZ this
mechanism of achieving bilarge neutrino mixing works f
all values ofMR investigated here but with different sets
fine-tuned input mass eigenvalues. In this case the mix
angle solutions are energy scale dependent for all value
m>MZ . However, the problem of fine-tuning in the inp
neutrino mass eigenvalues necessary at the seesaw sc
obtain the desirable RG solutions at low energies is not
solved by choosing different values ofMSUSY. We have also
noted that the radiative magnification mechanism leading
bilarge mixings works more easily if we start with sinu13

0

50.0, which could be relevant to certain neutrino mass t
tures. In this case the CHOOZ–Palo Verde bound is alw
protected.

FIG. 2. Evolution of neutrino masses from the seesaw sc
MR51013 GeV corresponding to tanb555, MSUSY51 TeV, and
initial valuesm1

050.3682 eV,m2
050.37 eV, andm3

050.4210 eV,
leading to the low scale eigenvaluesm150.2201 eV, m2

0

50.2223 eV, andm3
050.2244 eV atMZ and bilarge mixings as

shown in Fig. 1 and Table I.
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It is worth reemphasizing that since we determine th
input parameters~the three mass eigenvalues at high scale! to
fit five experimentally known numbers as output paramet
it is a overdetermined problem and there may be no solut
So there is a possibility of not being able to obtain corr
mixing angles at the weak scale. But we have found that
possible, thus showing that there is perhaps an elemen
truth in the unification hypothesis. It is also significant th
the scale of 0.16–0.65 eV comes out as the range of allo
mass eigenvalues although such a scale was not put in a
a priori.

Finally, we change one of the input masses by 5% to
how much the final mixing angle predictions change. Out
three initial masses given in the second column in Tabl
when, for example,m1

0 is decreased by 5% while keepin
other input values unchanged, the predicted angle sinu23 re-
mains unchanged, sinu13 increases to 0.14, but sinu12 de-
creases to 0.2 at the low scaleMZ . Similarly, although the
prediction on Dm23

2 does not change significantly,Dm12
2

changes to 931023 eV2, upsetting the solar neutrino data
low energies. This gives an idea about the extent of fi
tuning needed to obtain the desired solutions.

IV. PREDICTIONS FOR BETA DECAY, DOUBLE BETA
DECAY, Ue3, AND WMAP

Very recently the possibility of verifying our mixing uni
fication hypothesis through lepton-flavor violating proces
like m→eg andt→mg has been investigated@23#. We dis-
cuss here other possible experimental tests of the spe
mechanism of radiative magnification.

Double beta and tritium beta decays.Our RG solutions
are consistent with experimental data onDm21

2 , Dm32
2 , and

the mixing angles, if the input mass eigenvalues forMR
51011–231018 GeV are in the range 0.35 eV–1.0 eV.

This corresponds to the low energy limits 0.16 e
,mi(MZ),0.65 eV. Then, our choice of phases leads to
prediction

u^Mee&u5us imiUei
2 u50.16 eV–0.65 eV. ~10!

Recent searches for neutrinoless double beta decay hav
tained the upper limitu^Mee&u,(0.33–1.35) eV@17,18#. The
range in Eq.~10! overlaps the one reported in@18# and the
ones that will be covered in@24#. Thus a clear and testabl
prediction of the bilarge radiative magnification mechani
is that neutrinoless double beta decay should be observe
the next round of experiments.

Further, our low-energy limit on the quasidegenera
mi(MZ) can be directly measured in tritium beta decay e
periments. Although the present experimental bound on
mass is,2.2 eV, mass values as low as 0.35 eV can
reached by the KATRIN experiment@25#.

Prediction for Ue3. Starting from the allowed range o
high scale input values of the CKM mixing angle withVub

.Ue3
0 .0.0025–0.004, the RG evolutions predict enhan

ment of sinu13 at low energies,

le
7-5
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Ue35sinu1350.08–0.10. ~11!

Although this prediction is well below the present expe
mental upper bound@7#, it is accessible to several planne
long-baseline neutrino experiments in the future, such as
NUMI-off-axis or JHF proposal.

Wilkinson Microwave Anisotropy Probe constraints
neutrino masses.Recently the Wilkinson Microwave Anisot
ropy Probe~WMAP! observations have provided very inte
esting constraints on the sum of neutrino masses@26,27#. The
analysis depends on a number of cosmological parame
such asH0, the bias parameterb(k), and Vm from SN-Ia
observations, etc. Depending on what values one choose
the ‘‘priors,’’ the constraint on the sum of all neutrino mass
varies from 2.1 eV to 0.7 eV. Since we are proposing that
neutrino masses are degenerate, each individual mass
have an upper limit of 0.23 eV to 0.7 eV. Thus the radiat
magnification hypothesis is consistent with WMAP obser
tions @26# and also with the combined analysis of WMA
12dFGRS data@27#.

We have found that with tanb555 and due to RG effect
alone the lowest allowed value of the neutrino mass eig
value atMZ decreases slowly with increase in the sees
scale. We obtain the lower bound to be 0.27 eV–0.16 eV
MR51011–231018 GeV.

V. DEGENERATE NEUTRINOS FROM TYPE II SEESAW
AND A MODEL FOR APPROXIMATE MIXING

UNIFICATION

In this section, we address the question of how a qu
degenerate neutrino spectrum can arise within a gauge m
that employs the seesaw mechanism for understanding
trino masses@28#.

To begin the discussion, let us present the different for
of the seesaw mechanism that provide a natural way to
derstand the small neutrino masses. Following the literat
we will call the two types of seesaw mechanism type I a
type II. In the type I seesaw mechanism the neutrino m
matrix is given by the formula@8#

M n52MD~ f vR!21MD
T , ~12!

wheref is the Majorana Yukawa coupling of the RH neut
nos,vR is theB2L symmetry breaking scale, andMD is the
Dirac neutrino mass matrix. In models where informati
about theB2L symmetry is not given explicitly,f vR is re-
placed by the mass matrix of the right handed neutri
MR5 f vR . Since one expects the pattern ofMD to be similar
to the quark and lepton mass matrices, one expects th
genvalues ofMR to be hierarchical and mixing angles to b
small. Equation~12! then tells us that the neutrino masses
hierarchical. Clearly, in such models the radiative magnifi
tion of mixing angles does not occur via renormalizati
group evolution, as is clear from Eqs.~3!–~5! in the previous
section.

The type I seesaw formula is generic to models which
not have any connection between the left and right han
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fermions, such as in models where one extends the stan
model by adding a right handed neutrino and mass terms
the RH neutrinos. Things undergo a drastic change, howe
in models that have asymptotic parity invariance. In su
models there are always Higgs fields that are parity partn
of the RH Higgs fields which give mass to the RH neutrino
Thus there are operators which give direct mass to the
handed neutrinos at the same time as the right handed
trinos get mass. It turns out also that the direct neutrino m
term is seesaw suppressed, i.e., as thevR scale goes to infin-
ity, this contribution, like the right handed neutrino contrib
tion, vanishes. This direct mass contribution leads to a mo
fication of the seesaw formula to the following form~type II
seesaw formula@29#!:

M5 f vL2MD~ f vR!21MD
T . ~13!

Examples of models where the type II seesaw formula ar
are left-right symmetric models orSO(10) models with ei-
therB2L52 triplet Higgs fields orB2L51 doublet Higgs
fields breaking theB2L symmetry. Below we give an ex
ample of a model with triplet Higgs fields. It is important t
note that the renormalization group equations hold for b
the type I and type II seesaw formulas.

The Yukawa coupling matrixf in Eq. ~13! that contributes
to the first term in the seesaw formula, like the right hand
neutrino mass matrix, depends on high scale physics an
therefore unconstrained by standard model results. We c
therefore choosef to be close to the unit matrix. In this cas
quark-lepton unification requires that the lepton mixi
angles be very close to the quark mixing angles, but
neutrino mass spectrum, dominated by the first term in
~13! in combination with the second term, can easily lead
a quasidegenerate spectrum of Majorana neutrinos as we
approximate mixing unification. In such schemes, radiat
magnification works to provide an understanding of the la
neutrino mixings. The question is whether there is some
derlying symmetry of the theory for which one can wri
down a natural gauge model wheref 51f 0 as well as the
near unification of quark and lepton mixings. Below we pr
vide an example of this kind of model. An important point
that the renormalization group equations hold for this type
seesaw formula as long as we assume that theSU(2)L triplet
Higgs field whose vacuum expectation value~VEV! is re-
sponsible for the first term in Eq.~13! is heavier than the
seesaw scale. This is true in models realizing the type
seesaw.

We consider a nonsupersymmetricSU(2)L3SU(2)R
3SU(4)PS gauge model with anS4 global symmetry@30#.
Before describing the model, a few words aboutS4 symme-
try may be helpful. This is a non-Abelian discrete symme
group with 24 elements and has the irreducible represe
tions3,38,2,18,1. We will assign fundamental fermions to th
3 dimensional representation ofS4 and the Higgs fieldsfa
and B2L52 triplet fields to representations ofS4 as fol-
lows:
7-6
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Fields S4 rep.

CL,R~2,1,4!1~1,2,4̄! 3

f0~2,2,1! 1

f1,2~2,2,1! 2

f1,2,38 ~2,2,1! 3

DL,R~3,1,10!1~1,3,1̄0! 1

C5S u1 u2 u3 n

d1 d2 d3 eD .

Let us now write down theS4 invariant Yukawa couplings:

LY5 f 0S (
a

cL,a
T CL,aDL1L↔RD 1h0f0S (

a
c̄L,aCR,aD

1h2@~ c̄L,3CR,21c̄L,2CR,3!f11~ c̄L,3CR,31c̄L,2CR,2

22c̄L,1CR,1!f2#1h3@~ c̄L,1CR,31c̄L,3CR,1f18

1~ c̄L,2CR,11c̄L,1CR,2!f281~ c̄L,3CR,32c̄L,2CR,2!f38#

1H.c. ~14!

To get the desired form of the seesaw formula, first note
^DL

0&5vL[vwk
2 /vR , DR

05vR , the bidoublet VEVs are of the
form

^f i&5S k i 0

0 k i8
D ,

and f 0 is the identity matrix.
One can break theS4 symmetry softly so that all thef ’s

have different VEVs. Also note that thehi ’s can be complex.
Thus sixf ’s with independent VEVs give us 12 paramete
which are enough to fit the quark mixings and will predict
lepton mixings equal to quark mixings at the GUT scale.
the GUT scale, this would predictmb5mt andms5mm . For
theb quark, this is the well-knownb-t unification. Using the
Particle Data Group~PDG! values formb,s , we can run it up
to the GUT scale to getmb(MR).0.98–1.10 GeV, wherea
the corresponding value ofmt;1.18. However, we have fo
ms(MR).0.03 GeV if we use the PDG values. This is abo
three times smaller than the muon mass at the seesaw
@20#. So we have to add some terms that break quark-lep
symmetry.

To cure thems-mm problem, we invoke higher dimen
sional terms and add a new Higgs multipletS(1,1,15) that
transforms as~1,1,15! underG224. Also let us assume tha
S(1,1,15) transforms like a3 dimensional representation o
S4 with only ^S3&Þ0. The higher dimensional operators th
involve S have the form (f0 /M )@(c̄L,1CR,31c̄L,3CR,1S1

1(c̄L,2CR,11c̄L,1CR,2)S21(c̄L,3CR,32c̄L,2CR,2)S3#.
SinceS(1,1,15) has a VEV that breaks onlySU(4)C sym-
metry, it gives different masses to quarks and leptons.
^S3&/M.1023, this has the right order of magnitude to lea
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to the difference betweenms andmm and not affect the off
diagonal elements that are responsible for mixings. Since
mixing angles vary roughly asM23/(M332M22), they do
not deviate too much from the symmetric values~since
M22!M33).

As far asme andmd go, we can again add nonrenorma
izable Yukawa couplings such asC̄LCRDR

†DRf type terms,
which will modify only the first generation masses sin
their magnitude is of ordervR

2/M P,
2 lower compared to the

renormalizable terms. Again this contribution, being a pur
diagonal contribution, will change the mixing angles on
slightly. Therefore, we can get a model of the type we
considering with degenerate neutrinos and with quark
neutrino mixing angles approximately equal at the sees
scale. This model can easily be supersymmetrized and al
conclusions go through.

Coming to the neutrino sector, we will first show how th
type II seesaw emerges in this model. The complete Hi
field content of this model for the supersymmetric case
C(2,1,4); Cc(1,2,4̄), f0(2,2,1), f1,2(2,2,1),f1,2,38 (2,2,1),

D(3,1,10)% D̄(3,1,1̄0), and Dc(1,3,1̄0)% D̄c(1,3,10)
as shown in the table in this section. In addition we add
Higgs field transforming asV(3,3,1).

The Higgs part of the superpotential can be written as

W85lV~DDc1DDc1Tr f0
21••• !, ~15!

where the ellipsis denotes theS4 singlet bilinears involving
the otherf fields. Clearly, when we setFV50 to maintain
supersymmetry down to the weak scale, we find that^D0&
Þ0. This leads to the type II seesaw, which is the corn
stone of our discussion.

The gauge groupSU(2)L3SU(2)R3SU(4)PS (5G224)
is a subgroup of a number of GUTs likeSO(10), SO(18),
and E6, etc. It also contains subgroups likeSU(2)L
3SU(2)R3U(1)B2L3SU(3)C(5G2213) and the standard
model. Thus the model worked out in this section withS4
3G224 is equivalent to a number of underlying high sca
models such asS43SO(10), S43SO(18), S43E6, etc. It
also suggests the possibility of havingS43G2213 as an ap-
proximate symmetry for quasidegeneracy.

In the absence of such symmetries as discussed in
section where a non-Abelian discrete symmetryS4 occurs
along with the gauge symmetryG224, high scale unification
of quark and neutrino mixings with quasidegenerate neu
nos but with hierachial quark masses would have been a
dental. But the type II seesaw mechanism in the presenc
S43G224 and its spontaneous breaking guarantees quas
generate neutrinos with almost equal mixings in the qu
and lepton sectors at the high scale, while the model fits
the masses and mixings at low energies.

VI. CONCLUSION

In summary, we have shown that in the MSSM the h
pothesis of quark-lepton mixing unification at the sees
scale seems to generate the correct observed mixing pa
for neutrinos, i.e., the two large mixings needed forne-nm
7-7
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and nm-nt and small mixing forUe3 at low energies. A
quasidegenerate neutrino spectrum with a common mas
neutrinos>0.1 eV is a testable prediction of the model. A
important new result of our analysis is that, although mag
fication occurs for theUe3 parameter, it remains small due
the fact thatVub is very small. The prediction forUe3 also
provides another test of the model.

Throughout this paper we have treated all phases~Majo-
rana and Dirac! as vanishingly small in the Maki-Nakagawa
Sakata~MNS! matrix. It would be interesting to investigat
S-

p,

a,

s

.
t.

uc

a,

s.
I

.

io,

05300
for

i-

the effect of phases@31# and threshold effects on the impl
cations of our mixing unification hypothesis.
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