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Starting with the hypothesis that quark and lepton mixings are identical at or near the grand unified theory
scale, we show that the large solar and atmospheric neutrino mixing angles together with the small reactor
angleU 3 can be understood purely as a result of renormalization group evolution provided the three neutrinos
are quasidegenerate and have the s@mRgarity. The mechanism is found to work if the common Majorana
mass for the neutrinos is larger than 0.1 eV, which falls right in the range reported recently and also in the
range which will be probed in planned experiments.
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[. INTRODUCTION indeed a high scale phenomenon, the new high scale being
that of the right handed neutrino massé4g) in an appro-

The idea that disparate physical parameters describingriate extension of the standard model. Present data put the
forces and matter at low energies may unify at very shorseesaw scalkl very close to the conventional grand unified
distancedor high mass scalg¢as been a very helpful tool theory (GUT) scales. It is therefore tempting to speculate
in seeking a unified understanding of apparently unrelatedvhether quark and lepton mixing angles are indeed unified at
phenomendl]. In the context of supersymmetric grand uni- the GUT-seesaw scale. This would of course imply that all
fied theories, such an approach explains the weak mixingeutrino mixing angles at the high scale; are very small,
angle siféy and thereby the different strengths of the weak,whereas at the weak scale two of them are known to be large.
electromagnetic, and strong forces. One of the key ingrediin this paper we show that simple radiative correction effects
ents of the grand unified theories is the unification betweemmbodied in the renormalization group evolution of param-
quarks and leptons. One may therefore hope that, in a quarleters from the seesaw scale to the weak scale can indeed
lepton unified theory, the weak interaction properties ofprovide a complete understanding of all neutrino mixings at
quarks and leptons parametrized by means of the flavor mixhe weak scale, starting with very small mixings at the GUT-
ing matrices will become identical at high energies. seesaw scale.

On the experimental side, recent measurements on atmo- The fact that renormalization group evolution from the
spheric and solar neutrino fluxes and those at K2K and Kaseesaw scale to the weak scf®10] can lead to drastic
mLAND, which are a manifestation of the phenomena ofchanges in the magnitudes of the mixing angles was pointed
neutrino oscillations, suggest that two of the neutrino mix-out in several papergd,11-16, while enhancement of the
ings, i.e., the mixings between, and v, and betweerv,  two-neutrino mixing angle was also observed10]. In par-
andv, (to be denoted by, and 6,3, respectively, are large ticular, it was shown if11] that this dependence on renor-
[2—6] while the third mixing between the, and v, is  malization group evolution can be exploited in simple see-
bounded to be very small by the CHOOZ and Palo Verdesaw extensions of the minimal supersymmetric standard
reactor experiments, i.e., $#9,3<0.15 [7]. On the other model(MSSM) to explain the large value of the atmospheric
hand, it is now quite well established that all observed quarknixing angle starting with a small mixing at the seesaw
mixing angles are very small. One may therefore ask whethescale, provided two conditions are satisfiéd:the two neu-
there is any trace of quark-lepton unification in the mixingtrino mass eigenstates have the sabieparity and(ii) they
angles as we move to higher scales. are very nearly degenerate in mass. In general, in gauge

The first question in this connection is whether highmodels that attempt to explain the large neutrino mixings
scales have anything to do with neutrino masses or is if16], one needs to make many assumptions to constrain the
purely a weak scale phenomenon? One of the simplest waysarameters. In contrast, this class of “radiative magnifica-
to understand small neutrino masses is via the seesation” models [11,12,14 provide an alternative approach
mechanism 8], according to which the neutrino mixing is which is relevant to understanding large neutrino mixings for

the case of a quasidegenerate neutrino mass spectrum. In fact
the main content of radiative magnification models is the

*Electronic address: rmohapat@physics.umd.edu quasidegeneracy assumption, and, since the value of the
"Electronic address: mparida@sancharnet.in common Majorana mags, for all neutrinos is required to
*Electronic address: graj@imsc.res.in be in the sub-eV rangex0.1 eV), this assumption is experi-
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mentally testable in the ongoing and planned neutrinolesseutrinos have this property. We then follow the “diagonal-
double beta decay searchd¥,1§. ize and run” procedure for the neutrino parameters and use
It is well known that the radiative magnification technique the RGEs directly for the physical observables, namely, the
requires fine-tuning of initial neutrino mass eigenvalues atnass eigenvaluesm; and the mixing anglesé;; (i,]
the seesaw scal8,11-14. The degree of fine-tuning needed =1,2,3). We also assume the neutrino mass eigenstates to
has been discussed at length by Casas, Espinosa, Ibarra, ggabsess the san@P and ignoreCP violating phases in the
Navarro(CEIN) [14], who also discussed the relevant mag-mixing matrix. Also, for simplicity, we adopt the mass order-
nification criteria in the two-flavor case. But in the three-ing among the quasidegenerate eigenstates to be ofntype
flavor case it has been shown that the existence of infrareetm,=m;,. The real 3<3 mixing matrix is parametrized as
stable quasifixed points in the relevant renormalization group
equationdRGES leads to vanishing mixing matrix elements
at low energies[13,14. Thus, magnification for mixing C13C12 C13S12 S13
angles might be expected to occur in the three-flavor case, , | _ _ _
[19] only if RG evolution is stopped before reaching the | 235127 G115 Caxlas™S1S1s%23  CisSas ),
quasifixed point regime. S128237 C12513C23  — C12S237 C23513512  C13C23
In this paper, we show that under the same conditions for (1)
radiative magnification as just outlined, if we start with the ) . i
hypothesis that at the seesaw scale the quark and neutrifg'€re Cij=cosé; and s;=sin; (i,j=1,2,3). U .dla%onal-
mixings are unified to a common set of values, i.e., thd?€S the mass matriM in the flavor basis withU MU
known extrapolated values of the well known Cabibbo-=diag{mi,m;,ms). The RGEs for the mass eigenvalues can
Kobayashi-MaskawaCKM) angles, after renormalization P€ Written ag13,14
group evolution to the weak scale, we can obtain solar and
atmospheric mixing angles that are in agreement with obser- dm, 5 .
vations without contradicting the CHOOZ-Palo Verde ar - 2Fmui—mF,  (i=123. (2
bound oné,5.
This result has two important implication§) it would ¢
provide a very simple and testable way to understand the
observed large neutrino mixings afid) if confirmed by the

or every sing;=s;, the corresponding RGEs are

neutrinoless double beta decay experiments, it would provide dsys 2

a strong hint of quark-lepton unification at high scales. Tt - P (81U aDart ¢V 2Ds), ©
One may wonder why we are addressing the question of

unification of the mixing angles for neutrinos with those of ds;3 )

quarks and not the unification of neutrino masses with quark gt P G213 (C1aU 1 Dart $1U D30,

masses. The answer is of course the well-known one, @)

namely, neutrino masses have an origieesaw mechanigm

that distinguishes them from the quark masses, which arise dse

from electroweak symmetry breaking. Furthermore, within ——=—F ,C15(C23815512U 1D 31— C23815C12U 2D 30
the seesaw mechanism neutrinos are Majorana fermions, dt
whereas quarks are Dirac fermions. Thus, as far as the +U U D), (5)

masses go, we have no reason to expect unification with

quarks. In Sec. V, we take up the question of specific model§nereD;; = (m; +m;)/(m;—m;) and, for the MSSM,
where our scenario for neutrino masses and mixings is real- ) ! )

ized. _ . . F,=—h?/(167°cop),
This paper is organized as follows. In Sec. Il, we discuss
the RGEs for the neutrinos in the mass basis. In Sec. I, we 2
. X o 1 6 h
present the main result of our paper, i.e., the magnification of Fo= —g2+6g2—6 6)
mixing angles at the weak scale. In Sec. IV, we discuss pre- “l1emr2)\ 57 TV Tsig)”

dictions of our approach for neutrinoless double beta decay
and other processes. In Sec. V, we present a gauge modalt, for the SM,
where approximate mixing unification hypothesis is realized

and in Sec. VI we present our conclusions. FT:3h§/(327-rZ),

II. RENORMALIZATION GROUP EQUATIONS FOR

_ 2 2 2 2 2
MASSES AND MIXINGS Fu=(395— 2\ —6h{—6h;—2h?)/(1677). @

Our basic assumption is a seesaw type model which wilRGEs of mixing angles in the three-flavor case have been
lead to equal quark and lepton mixing angles at the seesashown to possess infrared stable quasifixed points leading to
scale as well as to a quasidegenerate neutrino spectrum. W@anishing values of the mixing matrix elements3,14].

Sec. V, we present a model where at the seesaw scale tA&us, as in the two-flavor cag#l,12,14, the radiative mag-
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nification of two mixing angles, if at all feasible, could be is the smallness of the reactor angle that provides the “hid-
realizable only if RG evolution is stopped before reachingden” signal for the unification.
the quasifixed point regime.

Sincemi and mJ are scale dependent, the |n|t|a”y chosen IIl. BILARGE NEUTRINO MIXINGS BY RG EVOLUTION
mass difference existing between themat Mgy is nar-
rowed down during the course of RG evolution as we ap- Starting from known values of gauge couplings, masses
proach u=Mg,sy. When the initially chosen fine-tuned ©f quarks and charged leptons, and CKM mixings in the

mass difference betweem; and m; tends to vanishD;; quark sector at low energies, first we use the bottom-up ap-
—%, and the corresponding term in the right hand sideproach and all the relevant RGEs to obtain the corresponding

-y . . _ l
(RHY of Egs. (3)—(5) predominantly drives the RG evolu- quantities at higher scales withMg= 10" GeV-2

8 - - - . _
tion for sin#; , which might become large or even approach>< 10 GeV.. A§sum|ng the ”.e‘%t””o mixing at=Mg to t.)e. .
small and similar to quark mixing, we then expect the initial

its maximal value anywhere bewe@n=Msysy and Me. (o0 qiions aty =My to be singdy~0.038, sin,~0.0025,
This causes large magnification to the mixing angle due to ing? . . :
radiative effects. Alsd , is enhanced by a facter 10° in the and sinfy;~0.22[20,21]. Using these as input and the fine-

: 0
large tang region in the case of the MSSM as compared t tu_ned mass eigenvalues; as unknown parameters at the

. h scale, we then follow the top-down approach though
the SM, where such effects do not exist. Then the standar 19 ! P PP 9
model evolution belowM 5,5y causes negligible contribution gs.(2)—(5) and other standard RGEs. The unknown param-

to the magnified mixings for two reasond) absence of etersm; are tuned in such a way that the solutions obtained

tar’B effects, and(ii) small range of RG evolution from at low energies agree with mass squared differences and the

. iXi I i h i I ithin th %
M susy 10 M. We chooséMsus,=1 TeV and tune the input ?im[ng%g es given by the experimental data within the 90%

neutrino mass eigenvalues Mt in such a way that bilarge
neutrino mixings by radiative magnification are obtained at
Mgusy=1 TeV. Itis to be noted that for a given value of the
seesaw scale, a different choice Mfsysy would require

AmZ,=(2-50x10"° eV?,

slightly different values of initially chosen mass eigenvalues Am3;=(1.2-5 %103 eV?,
for the same set of mixing angle solutions. While mixing
angles almost remain constant belddg sy, the mass ei- sinf,3=0.54-0.83, sim;,=0.40—-0.70,

genvalues continue to decrease dowrMg in this method.
The mixing unification hypothesis implies that we set all
neutrino mixings at the seesaw scale equal to the correspond-

ing quark mixings, which in the Wolfenstein parametrization . ,
are dictated by the parameteg=0.2. We then have, at the For numerical solutions we have chosen the same value of

Msusy=1 TeV in every case oMy investigated here. Our
d’nodel described in Sec. V is consistent with quasidegenerate
mass eigenvalues over a wider range of the seesaw scale:
Mgr=10" GeV-1G3° GeV. However, in view of the phe-
nomenological importance of the results, we have explored
the RG evolution to bilarge mixings including higher scales

Sin 6;5<0.16. (8)

seesaw scales; ;=\ g, S,3=0(\3), ands;3=0(\3). These
values get substantially magnified in the region aroun
Msysy. Using |Dsj|=|D3)<|D,s|, we see from Eqs(3)—
(5) that the dominant contribution to RG evolutions§( )

is due to the termv)\ﬁFTD32. Similarly, the terms contrib-

. . 3
ut|n3g to the evolution of syy(p) are ~AgF.Ds Of up to the reduced Planck scaleX20' GeV). In Table | we
~AgF,Da;. Onthe ot5her hand, the evolution sf; is domi- present fine-tuned input mass eigenvalues at the seesaw scale
nated by the term~\gF D5, where the large enhancement Mg=103GeV and our solutions aM, in the large
likely to be caused by the largeness|Dy;| is damped out tan8 (=55) region where we have chosbhs sy=1 TeV.
due to the higher power okg. Since the mixing angles  The solutions clearly exhibit radiative magnification of
change substantially only arouiisysy, such dominance in - poth the mixing angle#,; and 6;, for a wide range of input
RG evolution holds approximately at all other lower scalesyajyes ofm?. We find that, although enhancement due to RG

belowMg. o _ _evolution occurs in the.-v,. sector also, sif;; remains well

If the neutrino mixing angles are to be compatible withyithin the CHOOZ—Palo Verde bourfd].
experimental observations at low energies, we need at most | Taple || we present three sets of fine-tuned initial mass
the  magnification  factors  (sifba/sinth)=20,  eigenvalues and our solutions for three different high scale
(sinfi3/sinth) <60, and (sirdy,/sineh)=4, where we values,Mg=10"10' and 2x 10! GeV. We find that, for
have used the experimental neutrino mixings #gr[2—-7]  the same value of tg8=55 andM gysy=1 TeV, the lowest
and quark mixings forg] [20,21]. That the CHOOZ—Palo possible mass eigenvalue ktt, decreases slowly with in-
Verde bound can tolerate a magnification factor as large asrease of the seesaw scale. For example, the lowest mass
60 is crucial to achieve bilarge mixings by radiative magni-eigenvalues aj.=M, are 0.27 eV, 0.22 eV, 0.209 eV, and
fication while keeping the magnified angle; at low ener-  0.17 eV for Mg=10" GeV, 10°GeV, 13° GeV, and 2
gies well below the upper bound. This is of course because 10'® GeV, respectively.
of the smallness ok3, which is the starting valuéorder of A magnification formula has been derived by CHIN||
magnitude of the reactor angle. One can also observe that ifor the product of the mixing matrix elements,
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TABLE I. Radiative magnification to bilarge mixings at low energies forfan55, Mgy sy=1 TeV, and
input values of sir,=0.038, sing};=0.0025, and simf,=0.22 at the seesaw scaiéz=10"> GeV.

m‘f (eV) 0.3682 0.5170 0.6168 0.7160 0.8160
mg (eV) 0.3700 0.5200 0.6200 0.7200 0.8200
mg (eV) 0.4210 0.5910 0.7050 0.8190 0.9330
m, (eV) 0.2201 0.3107 0.3719 0.4317 0.4920
m, (eV) 0.2223 0.3122 0.3723 0.4324 0.4926
m; (eV) 0.2244 0.3152 0.3759 0.4366 0.4973
AmZ, (eV?) 1.2x1074 3.0x1074 3.5x10°4 6.0x1074 5.9x1074
AmZ; (eV?) 1.0x10°3 1.8x10°8 2.6x107° 3.6x10°3 4.6x10°3
Sin 6y 0.667 0.708 0.690 0.677 0.668
Sin 63 0.090 0.104 0.097 0.096 0.090
Sin 6y, 0.606 0.520 0.604 0.486 0.606
UU(w) resent the sines of the CKM mixings, 5331[20,2]]. Unifi-
m= m cgtpn of_ the neutrino mixings with the C(_)rrespondmg quark
AR mixings is clearly demonstrated at the high scale.
f Mg -t The evolution of mass eigenvalues corresponding to mix-
=1+ mDij(MR)|n7 : (9 ings given in Fig. 1 is shown in Fig. 2 folg=10" GeV. In

contrast to sines of mixing angles that have negligible RG
corrections below the SUSY scale, the mass eigenvalues are

Using the values given in Tables | and I, we find that thefound to decrease until the lowest scale;. The rate of

magnification obtained from the formula matches reasonablglecrease of the third eigenvalue is the highest, but the rates

well with our estimations for mixing between the second andPf decrease of the first and second eigenvalues are similar.
third generationsi(j=2,3). The initially fine-tuned mass splittings chosen at the seesaw

Our result on the approximate unification of quark andscale are narrowed down to match the experimental values at
neutrino mixings at the high scaMz=10' GeV is exhib- low energies due to cancellations caused by RG-generated
ited in Fig. 1, where we present the RG evolution of the sinesplittings. At the same time, radiative magnification occurs to
of the three neutrino mixing angles starting froMg  match the experimentally observed bilarge mixing and the
=103 GeV down toM, for one set of input masses given in CHOOZ—-Palo Verde bound. When the seesaw scale is the

Table I m?=0.2983 eV, my=0.2997 eV, and m reduced Planck scalez=2x 10" GeV, with fine-tuned
=0.3383 eV. The flatness of the curves belwl sy is due
to the negligible renormalization effect from the SM, which 07 : : : : :
evades the approach to the quasifixed points. The corre- gggﬁ _______ E
sponding low energy solutions are;=0.2201 eV, m, 06 F sinfy -o---- 3
=0.2223 eV, m;=0.2244 eV, Am>,=16x10"*eV? A
AmZ,=1.0x1073 eV, sin6,;=0.667, sidy3=0.09, and 05 | s
sin #;,=0.606. The almost horizontal lines in the figure rep- oa b F
<
TABLE Il. Same as Table | but for higher and lower seesaw " o —
scales. E
02 F 3
Mg(GeV) 101 101 2x10'8
m? (eV) 0.4083 0.3970 0.5150 01g e
mJ (eV) 0.4100 0.400 0.5200 . , ez - : 3
mg (eV) 0.4510 0.4730 0.668 0 5 10 15 20 25 30
m, (eV) 0.2723 0.2093 0.1714 t=lnp
m, (eV) 02726 0.2098 0.1718 FIG. 1. Evolution of small quarklike mixings at the seesaw scale
e geV) ) 0'274§4 0'21%‘}1 017?2 to bilarge neutrino mixings at low energies for the seesaw scale
Ami, (eV) 1.6x10 2.0x10 1.36x10 Mg= 10" GeV with tan8=55, Mg sy=1 TeV, and mass eigen-
Am3; (eV?) 1.0x10°° 1.1x10°° 1.1x10°° values and mixing angles given in the first column of Table I. The
Sin 6,5 0.711 0.682 0.684 solid, long-dashed, and short-dashed lines represeg$siisin 6,5,
Sin 63 0.103 0.098 0.094 and sinfdy,, respectively, as defined in the text. The evolution of the
sind;, 0.571 0.463 0.422 sines of quark mixing angles, sig;(i,j=1,2,3), is presented by the
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042 - - - - - It is worth reemphasizing that since we determine three
04 F my —ooeo input parameteré&he three mass eigenvalues at high scile

fit five experimentally known numbers as output parameters
it is a overdetermined problem and there may be no solution.
So there is a possibility of not being able to obtain correct
mixing angles at the weak scale. But we have found that it is
possible, thus showing that there is perhaps an element of
truth in the unification hypothesis. It is also significant that
the scale of 0.16—0.65 eV comes out as the range of allowed
mass eigenvalues although such a scale was not put in at all
a priori.

Finally, we change one of the input masses by 5% to see
how much the final mixing angle predictions change. Out of
three initial masses given in the second column in Table |

t=Int when, for examplemf is decreased by 5% while keeping
other input values unchanged, the predicted angl#@.gire-

FIG. 2. Evolution of nc_eutrino masses from the seesaw scalgnains unchanged, sij; increases to 0.14, but sih, de-
Mg=10" GeV corresponding to 136=55, Msysy=1 TeV, and  greases to 0.2 at the low scalk, . Similarly, although the
initial valuesm, =0.3682 eV, m;=0.37 eV, andm;=0.4210 eV, agiction on Am2, does not change significantihm?Z,
lfad'ng to the l%\'! scale e'genvaluem1:.0'2201 ?\./' m2 changes to % 10 3 eV?, upsetting the solar neutrino data at
=0.2223 eV, andnz=0.2244 eV atM; and bilarge mixings as | : This ai id bout the extent of fine-
shown in Fig. 1 and Table I. ow energies. This gives an idea about the extent of fine

tuning needed to obtain the desired solutions.

038 F

0.36 F

034 F

g 032F
03 F

028 F

026 F

024 F

0.22

input mass eigenvalues given in Table I, the lowest possible
guasidegenerate mass eigenvalue at low energies is found tolV. PREDICTIONS FOR BETA DECAY, DOUBLE BETA
be 0.17 eV. For other values M presented in Table Il the DECAY, U, AND WMAP

evolutions are similar to Figs. 1 and 2. It is quite clear that

radiative magnification to bilarge mixings is possible over afica:fiaorz Lecir;ﬂ)éstiietr?%i&?]”;g ?c]:n\iﬁgf/}g?%igllgtirr:"x'nrgclg']sges
wide range of choices d¥lg and correspondingly fine-tuned yp gnh 'ep 9p

input mass eigenvalues at the seesaw scale. like p—ey andr— py has been investigatgds]. We dis-

We have noted that this radiative magnification mecha CUsS here other possible experimental tests of the specific

nism of bilarge neutrino mixing leading to unification of mechanism of rad|at|vg_ magnification. :
guark mixings with the corresponding neutrino mixings also D°“b"? beta a_md trmur_n beta decay@“g RG SZOIUt'OnS
works when RG evolution of the Wolfenstein parametés ~ 2'© consistent with e_xperlrr_]ental data@mﬂ’ Ams,, and
taken into accourf21]. As a result of such RG evolution, the 1€ mixing ar:ggles, if the input mass eigenvalues Mg
extrapolated high scale values of the CKM matrix elements 10"-2x10'° GeV are in the range 0.35 eV—1.0 eV.
Vi, Veps Vig, and Vi [21] and the corresponding input This corresponds to the Iow- energy limits 0.16 eV
values at the high scale are reduced by 6%—12% over the Mi(Mz)<0.65 eV. Then, our choice of phases leads to the
range of the seesaw scale investigated in this paper. Simprediction
larly, the mechanism also works with changes in the super-
symmetry(SUSY) scale or few percent change in the input (M e)|=|o-m<U2-|=0.16 eV—0.65 eV. (10)
neutrino mass eigenvalues when more substantial threshold € HTe
effects on the CKM elements observed #2] are included.
Such details, including threshold effects on CKM mixings Recent searches for neutrinoless double beta decay have ob-
and neutrino masses, will be reported elsewhere. tained the upper limi{M¢¢)|<(0.33-1.35) e\[17,18. The

We have found that even if we choobks,sy=M this  range in Eq.(10) overlaps the one reported ji8] and the
mechanism of achieving bilarge neutrino mixing works for ones that will be covered if24]. Thus a clear and testable
all values ofMg investigated here but with different sets of prediction of the bilarge radiative magnification mechanism
fine-tuned input mass eigenvalues. In this case the mixings that neutrinoless double beta decay should be observed in
angle solutions are energy scale dependent for all values dfie next round of experiments.
u=M . However, the problem of fine-tuning in the input  Further, our low-energy limit on the quasidegenerate
neutrino mass eigenvalues necessary at the seesaw scalem@M ) can be directly measured in tritium beta decay ex-
obtain the desirable RG solutions at low energies is not reperiments. Although the present experimental bound on the
solved by choosing different values fgysy. We have also mass is<2.2 eV, mass values as low as 0.35 eV can be
noted that the radiative magnification mechanism leading toeached by the KATRIN experimefi25].
bilarge mixings works more easily if we start with sﬁfﬁ Prediction for U,;. Starting from the allowed range of
=0.0, which could be relevant to certain neutrino mass texhigh scale input values of the CKM mixing angle wih,
tures. In this case the CHOOZ—Palo Verde bound is always-U2=0.0025-0.004, the RG evolutions predict enhance-
protected. ment of sind;5 at low energies,
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Uez=sin6;3=0.08-0.10. (12) fermions, such as in models where one extends the standard
model by adding a right handed neutrino and mass terms for
Although this prediction is well below the present experi-the RH neutrinos. Things undergo a drastic change, however,
mental upper boundi7], it is accessible to several planned in models that have asymptotic parity invariance. In such
long-baseline neutrino experiments in the future, such as thgodels there are always Higgs fields that are parity partners
NUMI-off-axis or JHF proposal. of the RH Higgs fields which give mass to the RH neutrinos.
Wilkinson Microwave Anisotropy Probe constraints onThys there are operators which give direct mass to the left
neutrino masseskecently the Wilkinson Microwave Anisot-  panded neutrinos at the same time as the right handed neu-
ropy Prob&{WMAP) observations have provided very inter- yinqos get mass. It turns out also that the direct neutrino mass
esting constraints on the sum of neutrino ma$2627. The term is seesaw suppressed, i.e., asthscale goes to infin-

analysis depends on a number of cosmological parameter& this contribution, like the right handed neutrino contribu-

such asl-_|0, the bias parameteb(k), and )y, from SN-la tion, vanishes. This direct mass contribution leads to a modi-
observations, etc. Depending on what values one chooses fﬁr tion of th w formula to the following for I
the “priors,” the constraint on the sum of all neutrino masses cation of the seesa.1 ormula to the following foltype
varies from 2.1 eV to 0.7 eV. Since we are proposing that theeesaw formulg29)):

neutrino masses are degenerate, each individual mass will
have an upper limit of 0.23 eV to 0.7 eV. Thus the radiative
magnification hypothesis is consistent with WMAP observa-
tions [26] and also with the combined analysis of WMAP
+2dFGRS dat§27].

We have found that with tafi="55 and due to RG effects Examples of models where the type Il seesaw formula arises
alone the lowest allowed value of the neutrino mass eigenare left-right symmetric models @Q(10) models with ei-
value atM, decreases slowly with increase in the seesawtherB—L=2 triplet Higgs fields oB—L=1 doublet Higgs
scale. We obtain the lower bound to be 0.27 eV-0.16 eV fofields breaking thé8—L symmetry. Below we give an ex-
Mg=10"-2x 10" GeV. ample of a model with triplet Higgs fields. It is important to

note that the renormalization group equations hold for both
the type | and type Il seesaw formulas.

M=fv, —Mp(fog) MJ. (13

V. DEGENERATE NEUTRINOS FROM TYPE Il SEESAW The Yukawa coupling matrikin Eqg. (13) that contributes
AND A MODEL FOR APPROXIMATE MIXING to the first term in the seesaw formula, like the right handed
UNIFICATION neutrino mass matrix, depends on high scale physics and is

_ ) . therefore unconstrained by standard model results. We could
In this section, we address the question of how a quasiqerefore chooséto be close to the unit matrix. In this case,

degenerate neutrino spectrum can arise within a gauge mOd&bark-lepton unification requires that the lepton mixing
that employs the seesaw mechanism for understanding NeYngles be very close to the quark mixing angles, but the
trino masse$28]. _ _ neutrino mass spectrum, dominated by the first term in Eq.
To begin the discussion, let us present the different formgq 3) iy combination with the second term, can easily lead to
of the seesaw mechanism that provide a natural way t0 uny quasidegenerate spectrum of Majorana neutrinos as well as
derstand the small neutrino masses. Following the "teraturedpproximate mixing unification. In such schemes, radiative
we will call the two types of seesaw mechanism type | andpagnification works to provide an understanding of the large
type II. In the type | seesaw mechanism the neutrino masgeytrino mixings. The question is whether there is some un-

matrix is given by the formulg8] derlying symmetry of the theory for which one can write
down a natural gauge model whefe=1f, as well as the
M,=—Mp(fog) *M], (12)  near unification of quark and lepton mixings. Below we pro-

vide an example of this kind of model. An important point is

wheref is the Majorana Yukawa coupling of the RH neutri- that the renormalization group equations hold for this type Il
nos,vg is theB—L symmetry breaking scale, aMp is the  seesaw formula as long as we assume thaStig?), triplet
Dirac neutrino mass matrix. In models where informationHiggs field whose vacuum expectation valQ£V) is re-
about theB—L symmetry is not given explicitlyfvy is re-  sponsible for the first term in Eq13) is heavier than the
placed by the mass matrix of the right handed neutrinoseesaw scale. This is true in models realizing the type Il
Mgr=fvr. Since one expects the pattern\df, to be similar  seesaw.
to the quark and lepton mass matrices, one expects the ei- We consider a nonsupersymmetri8U(2) X SU(2)r
genvalues oMg to be hierarchical and mixing angles to be X SU(4)ps gauge model with ais, global symmetry[30].
small. Equatior(12) then tells us that the neutrino masses areBefore describing the model, a few words ab8ytsymme-
hierarchical. Clearly, in such models the radiative magnificatry may be helpful. This is a non-Abelian discrete symmetry
tion of mixing angles does not occur via renormalizationgroup with 24 elements and has the irreducible representa-
group evolution, as is clear from Eq8)—(5) in the previous tions3,3,2,1',1. We will assign fundamental fermions to the
section. 3 dimensional representation &, and the Higgs fieldss,

The type | seesaw formula is generic to models which daand B—L =2 triplet fields to representations &, as fol-
not have any connection between the left and right handetbws:
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Fields S, rep. to the difference betweems andm,, and not affect the off

diagonal elements that are responsible for mixings. Since the

Y r(21.4+(1,2,4 3 mixing angles vary roughly aM,/(Mass—M,,), they do

$0(2,2,1) 1 not deviate too much from the symmetric valuesnce
M5o<M33).
$142.2.1) 2 As far asm, andmy go, we can again add nonrenormal-
$1242,2,1) 3 izable Yukawa couplings such as WzAARe type terms,
AL r(3,1,10+(1,3,10) 1 which will modify only the first generation masses since

their magnitude is of ordes3/M3, lower compared to the
(Ul U, Us ,,) renormalizable terms. Again this contribution, being a purely
V= . diagonal contribution, will change the mixing angles only
di dy ds e slightly. Therefore, we can get a model of the type we are
considering with degenerate neutrinos and with quark and
neutrino mixing angles approximately equal at the seesaw
scale. This model can easily be supersymmetrized and all our
o conclusions go through.
+ ho¢o( > l//L,a‘I’R,a) Coming to the neutrino sector, we will first show how the
a type Il seesaw emerges in this model. The complete Higgs
Fhol (¢ 3Wrot 1 2V R3) b1+ (P sV R3T Y 2V R2 il;(kzi J(_I(T)t.e\;tc(c:): ZIhZI)S ijzelsz; t(zlez(s;ge{?ydrzrz:(tgz (JIj.SG S

=2y 1 Vr1) o]+ hs[ (Y Wrat ¥ sVR1b] A(3,1,10pA(3,1,10), and  A°(1,3,10)®A°(1,3,10)

_ _ _ _ as shown in the table in this section. In addition we add a
(P VRt Y1V R2) Pot (U 3V R3— ¥ 2V R ) D3] Higgs field transforming a6)(3,3,1).
The Higgs part of the superpotential can be written as

Let us now write down thé&, invariant Yukawa couplings:

EY: fo( ; IJI-Lr,a\I,L,aAL—i_ L—R

+H.c. (14)
To get the desired form of the seesaw formula, first note that W' =NQ(AA+AASHTY ¢5+ ) (19
(AD=v, =v2,/ug, Ad=vg, the bidoublet VEVs are of the o , N , ,
form where the ellipsis denotes tI& singlet bilinears involving
the other¢ fields. Clearly, when we sdét,=0 to maintain
ki O supersymmetry down to the weak scale, we find tast)
<¢i>=< 0 ,>, #0. This leads to the type Il seesaw, which is the corner-
i stone of our discussion.

The gauge grouBU(2) X SU(2)gX SU(4)ps (=G24
is a subgroup of a number of GUTs likeO(10), SO(18),
and Eg, etc. It also contains subgroups lik8U(2),
XSU(2)gXU(1)g_ L XSU(3)c(=Gys19 and the standard
model. Thus the model worked out in this section wg&h
X G,y4 IS equivalent to a number of underlying high scale
models such a§, X SO(10), S;X SO(18), S, X Eg, etc. It
also suggests the possibility of havigg X G,,13as an ap-
proximate symmetry for quasidegeneracy.

In the absence of such symmetries as discussed in this
section where a non-Abelian discrete symmeSy occurs
along with the gauge symmet(y,,,, high scale unification
f quark and neutrino mixings with quasidegenerate neutri-
&s but with hierachial quark masses would have been acci-
ental. But the type Il seesaw mechanism in the presence of
Sy X Gy, and its spontaneous breaking guarantees quaside-
generate neutrinos with almost equal mixings in the quark
and lepton sectors at the high scale, while the model fits all
the masses and mixings at low energies.

andf, is the identity matrix.

One can break th&, symmetry softly so that all the)’s
have different VEVs. Also note that thg’s can be complex.
Thus six¢’s with independent VEVs give us 12 parameters,
which are enough to fit the quark mixings and will predict all
lepton mixings equal to quark mixings at the GUT scale. At
the GUT scale, this would prediot,=m_andmgs=m, . For
theb quark, this is the well-knowb-7 unification. Using the
Particle Data GroupPDG) values form,, ¢, we can run it up
to the GUT scale to gan,(Mg)=0.98-1.10 GeV, whereas
the corresponding value ofi,~1.18. However, we have for
mg(MRg)=0.03 GeV if we use the PDG values. This is about
three times smaller than the muon mass at the seesaw sc%
[20]. So we have to add some terms that break quark—leptoa
symmetry.

To cure themg-m, problem, we invoke higher dimen-
sional terms and add a new Higgs multip¥¢1,1,15) that
transforms ag1,1,19 under G,,,. Also let us assume that
3,(1,1,15) transforms like & dimensional representation of
S, with only (X 3) # 0. The higher dimensional operators that
involve % have the form éso/M)[(JLylllfRstrELs\IfR,lEl VI CONCLUSION
(YL 2V Rr1t YL VR Z o+ (Y 3V R~ YL 2V R 23] In summary, we have shown that in the MSSM the hy-
Since>(1,1,15) has a VEV that breaks onBU(4)c sym-  pothesis of quark-lepton mixing unification at the seesaw
metry, it gives different masses to quarks and leptons. Foscale seems to generate the correct observed mixing pattern
(33)/M=10"3, this has the right order of magnitude to lead for neutrinos, i.e., the two large mixings needed fQrv,
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and v,-v, and small mixing forUg at low energies. A the effect of phaseg31] and threshold effects on the impli-
quasidegenerate neutrino spectrum with a common mass féations of our mixing unification hypothesis.
neutrinos=0.1 eV is a testable prediction of the model. An
important new result of our analysis is that, although magni-
fication occurs for thé&J .5 parameter, it remains small due to
the fact thatV,, is very small. The prediction fod.; also
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