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Precise prediction for the W-boson mass in the standard model
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The presently most accurate prediction for Weéboson mass in the standard model is obtained by combin-
ing the complete two-loop result with the known higher-order QCD and electroweak corrections. The numeri-
cal impact of the different contributions is analyzed in detail. A simple parametrization of the full result is
presented, which approximates the full result Kby, to better than 0.5 MeV for 10 Ge¥M =<1 TeV if the
other parameters are varied within their combinedr2gion around their experimental central values. The
different sources of remaining theoretical uncertainties are investigated. Their effect on the predibfign of
is estimated to be about 4 MeV fod ;=300 GeV.
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The relation between thé&/-boson mas#ly, theZ-boson Beyond two-loop order the results for the pure fermion-
massM, the fine structure constaat and the Fermi con- loop corrections(i.e., contributions containingn fermion
stantG,,, loops atn-loop ordej are known up to four-loop ord¢f0].
They contain in particular the leading contributions A
M\zN Ta andAp. Most recently, results for the leading three-loop con-
M| 1 Wzl (1+Ar), (1) tributions ofO(G>my) andO(G% asmy) have been obtained
z] V26, for arbitrary values oMy (by means of expansions around

My =m and forMy>m,) [11], generalizing a previous re-
sult which was obtained in the limM =0 [12].
Equation (1) is usually employed for predicting the

is of central importance for precision tests of the electrowea
theory. Accordingly, a lot of effort has been devoted over
more than two decades to accurately predict the quatity W

which summarizes the radiative corrections, within the stan- boson mass,
dard model(SM) and extensions of it.
The one-loop resultl] can be written as 1
2 _ g2
2 Iv'W_ MZ E

C
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wherec?,=M3/M3, s3,=1—cZ,. Itinvolves large fermionic 4 v2G M3

contributions from the shift in the fine structure constant due

to li : - - )

o light fermions,A aclogmy, and from the leading contri-

bution to thep parameter\p. The latter is quadratically de-

pendent on the top-quark mass as a consequence of the which is done by an iterative procedure sinke itself de-

large mass splitting in the isospin doul2i. The remainder pends orM,,. Comparison of the prediction fdvl,y within

part, Ar,.m, cONtains in particular the dependence on thethe SM with the experimental value allows us to obtain in-

Higgs-boson massMl,. Higher-order QCD corrections to direct constraints on the Higgs-boson mass. These con-

Ar are known aO(aay) [3] andO(aa?) [4,5] straints are affected both by the experimental erroMgf

Recently the full electroweak two-loop result fAr has and by the uncertainty of the theory prediction. The current

been completed. It consists of the fermionic contributionexperimental error of th#V-boson mass i$M;"=34 MeV

[6—8], which involves diagrams with one or two closed fer- [13]. The accuracy in the measurement of Wdoson mass

mion loops, and the purely bosonic two-loop contributionis expected to improve to abodM &P ™®HC= 15 MeV[14]

[9]. from the measurements at run Il of the Fermilab Tevatron
and the CERN Large Hadron CollidétHC), and to about
SMEPLLC=7 MeV at a future linear collidefL.C) running at

*Email address: awramik@ifh.de the WWthreshold 15]. The uncertainty of the theory predic-
"Email address: czakon@ifh.de tion is caused by the experimental errors of the input param-
*Email address: afreitas@fnal.gov eters, e.g.m;, and by the uncertainty from unknown higher-
SEmail address: Georg.Weiglein@durham.ac.uk order corrections. In the global SM fit to all dafta6] the
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TABLE I. The numerical valuesX 10%) of the different contributions tar specified in Eq(1) are given for different values dofl ,; and
My =80.426 GeV(the W and Z masses have been transformed so as to correspond to the real part of the complekhpotgher input
parameters are listed in E(p).

My /GeV Ar(® Ar(@ad Ar(aad) Af%?] Aréﬁ? Ar(Gagmd) Ar(©md)
100 283.41 35.89 7.23 28.56 0.64 —-1.27 —-0.16
200 307.35 35.89 7.23 30.02 0.35 —-2.11 —0.09
300 323.27 35.89 7.23 31.10 0.23 —2.77 —0.03
600 353.01 35.89 7.23 32.68 0.05 —-4.10 —0.09
1000 376.27 35.89 7.23 32.36 —-0.41 —-5.04 —-1.04

highest sensitiyity tM ari;e; from the predictions fddy,  tions proportional to Aa)(AP)foé)s and (Ap)ZArffg)S in an

and the effective weak mixing angle at t#eboson reso-  analogous way as for the pure fermion-loop contributions.

nance, sifify. In Table | the numerical values of the different contribu-
In the present paper we combine the various pieces thafons toAr are given forM,=80.426 GeV[13]. The other

are relevant for the prediction 1,y into a common result jnput parameters that we use in this paper[48J
and analyze the numerical impact of the different contribu-

tions. Since in particular the electroweak two-loop result is m,=174.3 GeV, m,=4.7 GeV,

very lengthy and involves numerical integrations of two-loop

scalar integrals, it is not possible to present the full result in Mz=91.1875 GeV, I';=2.4952 GeV,
a compact analytic form. We therefore provide a simple pa- -

rametrization of the full result which is easy to implement a”'=137.03599976, Aa=0.05907,

and should be accurate enough for practical applications. We

discuss the sources of the remaining theoretical uncertainties ag(Mz)=0.119,

and obtain an estimate for the uncertainty from unknown _ s 5

higher-order corrections. G,=1.1663%10"> GeV )
We incorporate the following contributions into the result

for Ar- where Aa=Aajgpt Aalsy, and Aaqje,—0.0314977[18].

For Aal®), we use the value given in Refl9], Aol

A v(@) (e (wad) (a?) (a?) =0.027572 0.0_00359. The total vyidth of thé bos_on,l“z,
Ar=Art+Artes + Artes)+ Arggm + Arpog appears as an input parameter since the experimental value
of My in Eq.(5), corresponding to a Breit-Wigner parametri-
zation with running width, needs to be transformed in our
calculation into the mass parameter defined according to the
where Ar(® is the one-loop result, Eq2), Ar(**9 and real part of the complex pole, which corresponds to a Breit-
Ar@@d are the two-loog 3] and three-loof4,5] QCD cor- ~ Wigner parametrization with a constant decay width, see
rections, andAr{e?) [6—8] and Ar{e?) [9] are the fermionic  Ref: L7]. It is understood thaMy in this paper always refers
and purely bosonic electroweak two-loop corrections, rel0 the conventional definition according to a Breit-Wigner

. o (G2 ad) (G3md) param_etn_zauon_wnh running width. The change of param-

spectively. The contributionar =™ and Art=«"™’ have  etrization is achieved with the one loop QCD corrected value
been obtained from the leading three-loop contributions tQyf the \W-boson width as described in RéT).

Ap given in Ref.[11]. _ . Table | shows that the two-loop QCD correctidm(*2s)

We have not included the pure fermion-loop contributions - e (a?)
at three-loop and four-loop order obtained in Ref0] be- and the fermionic electroweak two-loop correctidm;g,;,

. . . imi i 0,
cause their contribution turned out to be small as a conse?r® Of similar size. The;(/a)both amount to about 10% of the
quence of accidental numerical cancellations, with a net efon€-100p contributionAr'®, entering with the same sign.
fect of only about 1 MeV inM,, (using the real-pole The most important correction beyond these contributions is
. 2 .

definition of the gauge-boson maspeince the result given the three-loop QCD correctionr(**s), which leads to a
in Ref. [10] contains the leading contributions involving shift in My of about—211 IZ/IeV. For large values d¥1 also
DOVl"(GVS OfACfY and Ap beyondmtwo-lgoAp order, we d? not the contributionAr(G.%s™) becomes sizable. The purely
make use of resummations an as it was often - - a? -
done in the literature in the pag.tee eg Refd17]). Ac- bosonic two-loop contrlbutlomrégs)aand the leading elec-
cordingly, the quantityAr appears in Eq(3) in fully ex-  troweak three-loop correctioar ¢.™ give rise to shifts in
panded form. This means, for instance, that we do not inMw Which are significantly smaller than the experimental

. . . LC
clude theO(a?) term 3(Aa)?Ar{), which can be inferred €0 envisaged for a future linear collidegM °

from the electric charge renormalization. It affects the pre—:7 MeV [15].

diction for M, by about 1.5 MeV. This shift is, however, ~ SiNnCeAr is evaluated in Table |2for a fixed value bfyy,

expected to partially cancel with the corresponding contributhe contributionsAr(*#9 and Ar(®2s) are M,; independent.

+ ArGhas) . oI @
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In the iterative procedure for evaluatiiy, according to Eq.
(3), on the other hand, these contributions also bechye
dependent through thel,, dependence of the insertéd,,
value.

The result forMy based on Eq43), (4) can be approxi-
mated by the following simple parametrizatigee Ref[20]
for an earlier parametrization &fl,y),

Mw=M9,—c;dH—c,dH?+cgdH*+cy(dh— 1) — csdar
+cgdt—c,dt?— cgdHdt+cgdhdt—c;das+cq4dZ,
(6)

where
My My |2
OIH_'”(loo Ge\)’ OIh_(loo Ge\) !
dt=|— i 1
=11723 Gey ¥
dz= Mz 4y _ Aa 1
~91.1875 GeV ' % 0.05907
_as(MZ)
=119 @

and the coefficient 3\,, Cq,...,C11 take the following val-
ues:

MS\,=80.3799 GeV, ¢,=0.05429 GeV,
c,=0.008939 GeV, c3=0.0000890 GeV,
c,=0.000161 GeV, c5=1.070 GeV,
ce=0.5256 GeV, c,=0.0678 GeV,
cg=0.00179 GeV, cy=0.0000659 GeV,

C10:0.0737 GeV, 011:114.9 GeV. (8)
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TABLE Il. Shifts in My, caused by varyin/1, by 100 GeV and
the other input parameters by round their experimental central
values[13]. The first column shows the full result fad,,, while
the second column is based on the simple parametrization of Egs.
(6)—(8). The shifts 6M,y are relative to the valueM
=80.3799 GeV which is the result fon ;=100 GeV and the cen-
tral values of the other input parameters as specified in(&q.

My My
(full resul)/MeV  [Egs.(6)—(8)]/MeV
M, =100 GeV -41.3 —41.4
om=5.1 GeV 31.0 31.0
SMz=2.1 MeV 2.6 2.6
S(Aaf2)=0.00036 -6.5 -6.5
Sag(Mz)=0.0027 -1.7 -1.7

The parametrization of Eq€6)—(8) yields a good ap-
proximation of the full result foMy even for values oM
much smaller than the experimental 95% C.L. lower bound
on the Higgs-boson masM ,=114.4 GeV[21]. If one re-
stricts to the regioM >100 GeV, a slight readjustment of
the coefficients in Eq(8) yields an even more accurate pa-
rametrization of the full result. If Eq¥6), (7) are used to-
gether with the following values of the coefficients:

MY,=80.3800 GeV, c;=0.05253 GeV,
¢,=0.010345 GeV, c;=0.001021 GeV,
c,=—0.000070 GeV, c5=1.077 GeV,
c¢=0.5270 GeV, c;=0.0698 GeV,

cg=0.004055 GeV, cy=0.000110 GeV,

The parametrization given in Eq&)—(8) approximates the
full result for My to better than 0.5 MeV over the whole
range of 10 Ge¥«My=<1 TeV if all other experimental in-
put values vary within their combined2egion around their  the full result forM, is approximated to better than 0.2 MeV
central values given in Eq7). over the range of 100 Ge¥My <1 TeV if all other experi-

In Table 1l the full result forM,, and the parametrization mental input values vary within their combinedr 2egion
of Egs. (6)—(8) are compared with each other. The tablearound their central values given in Eg).
shows the shifts inM,y, [relative to the valueM,y From Table 1l one can read off the parametric theoretical
=80.3799 GeV, which is the result fovi,=100 GeV and uncertainties in the prediction fdvl,, being caused by the
the central values of the other input parameters as specifiegkperimental errors of the input parameters. The dominant
in Eq. (5)] induced by varyindVl; by 100 GeV and the other parametric uncertainty at presebesides the dependence on
input parameters by d around their experimental central My) is induced by the experimental error of the top-quark
values[13]. In the example of Table Il, where only one pa- mass. It is almost as large as the current experimental error
rameter has been varied in each row and all others have beefithe W-boson masssM S\’,‘pt=34 MeV [13]. The uncertainty
kept at their central values, the maximum deviation betweecaused by the experimental errorrof will remain the domi-
the full result forM,, and the parametrization of Eq$)—(8)  nant source of theoretical uncertainty in the prediction for
is below 0.1 MeV. M even at the LHC, where the error am will be reduced

C10=0.0716 GeV, c;;=115.0 GeV, (9)
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to Sm;=1-2 GeV[22]. A further improvement of the para- 805¢
metric uncertainty oM,y will require the precise measure-
ment ofm, at a future linear collidef23], where an accuracy

of aboutém;=0.1 GeV will be achievablgl5].

We now turn to the second source of theoretical uncertain-
ties in the prediction foMy,, namely the uncertainties from
unknown higher-order corrections. Different approaches
have been used in the literature for estimating the possible
size of uncalculated higher-order correcti¢is24—24. The
“traditional Blue Band method” is based on the fact that the
results of calculations employing different renormalization 200 w00 Go VG]OO 800 1000
schemes or different prescriptions for including nonleading f
contributions in resummed or expanded form differ from FIG. 1. Prediction forM,y in the SM as a function oM for
each other by higher-order corrections. The deviations bem,=174.3-5.1 GeV. The current experimental valugy S
tween the results of different codes in which the same cor=80.426+0.034 GeV[13], and the experimental 95% C.L. lower
rections have been organized in a somewhat different wapound on the Higgs-boson madd,,=114.4 GeV[21], are also
are used in this method as a measure for the size of unknowndicated.
higher-order correctiong24]. In applying this method it is
not easy to quantify how big the variety of different “op- We therefore assign an uncertainty of about 3 MeV to the
tions” and different codes should be in order to obtain arémaining theoretical uncertainties &(a’as) (for My
reasonable estimate of the higher-order uncertainties. As th§390 GeV). )
method cannot account for genuine effects of irreducible (i) The unknown electrgw%ak three-loop correctiofise
higher-order corrections, it may lead to an underestimate dfumerical effect of thé(G,,m;) contribution was found to
the theoretical uncertainties if at an uncalculated order a nef€ Small[11], shifting My, by less than 0.3 MeV foMy,
source of potentially large corrections appears, e.g., a certaii 500 G€V. This shift is significantly smaller than the esti-
enhancement factor. mate in Ref.[26]. The pure fermion-loop corrections at

In Ref.[26] a different prescription has been proposed, ing]brgﬁt_lioﬁ/leo\r/d?n:h\ilgﬁrehgc\)/tljg\(/jermirfi/%ﬁl:\L/(v)e] dtc;nsggc:\élé"’mg)l/ U
which for each type of unknown corrections the relevant en-_" " T ’ o
hancement factors are identified and the remaining Coeﬁi[nencal cancellation. It thus does not seem to be Jus'_tlfled to

. g . . . assume that all other electroweak three-loop corrections are
cient arising from the actual loop integrals is set to unity. In

) ) X ompletely negligible. In Ref[7] it was pointed out that
Ref. [7] higher-order QCD corrections have been estimatede,, ametrizing thev-boson width, which enters the predic-

in two different ways, from the renormalization scale depen-. i ; i
dence(in particular, taking into account the effect of switch- -:EIr?Q p]:(r)(;dl\i/lc\{\i/oi[ ftgiﬁt\vflvg;os&:ivf IM?\?MV\/IE?CJEY? ?g fg];fnzngt Zn
ing from the on-shell to thé/S definition of the top-quark effect of O(«?). In order to take into account uncertainties
mas$ and from assuming that, for instance, the ratio of theof this kind[see also the discussion below E4)] we assign
O(a*a;) andO(a?) corrections is of the same size as thean uncertainty of 1-2 MeV to the unknown corrections at
ratio of theO(aag) andO(«) corrections. O(ad).

Several of the corrections whose possible size had been jii) The four-loop QCD corrections of @a?). The pos-

estimated in Refd.7,25,2 have meanwhile been calculated gjpje effect of the leading term @(Guagmtz) was esti-

[9,11], and it turned out that the estimates agreed reasonabl5ied in Ref.[26] to be about 1.3 MeV. Employing the
well with the actual size of the corrections. This adds confi,on results at lower order of, and assuming a geometric
dence to applying the same kind of methods also for any,gression yields a slightly larger result. We thus assign an
estimate of the remaining higher-order uncertainties. uncertainty of 1—2 MeV for th©(aa?) corrections

There are three sources of remaining uncertainties in the Adding the above estimates for tﬁe different kiﬁds of un-

preQ|(:Tt_|r?n forMV\{.from ;Jnknzownbhlghe(rj-%delr( correctlor;s.. known higher-order corrections in quadrature, we find as es-
(i) The corrections at Qu"er5) beyond the known contri- timate of the remaining theoretical uncertainties from un-

: 2 4 i

but|02n of4 QGMasmt). The numerical effect of the 5wn higher-order corrections

O(Gj,asm;) correction was found to be up to 5 MeV My

for a light Higgs-boson mas#/ ;=300 GeV[11]. This con- SMIeo~4 MeV. (10)

tribution represents the leading term in an expansion for as-

ymptotically large values ofm;. In the calculation of the This estimate holds for a relatively light Higgs bosony,

electroweak two-loop corrections it was found that the for-< 300 Gev. For a heavy Higgs boson, i.bl,, close to the
; 2 2n g2 : O SR OO

mally next-to-leading order term db(G,m;Mz) has ap-  Tev scale, the remaining theoretical uncertainty is signifi-

proximately the same numerical effect as the formally leadzantly larger.

ing term of O(G2my;) [27]. It can therefore be expected that  n"Fig. 1 we have updated the comparison between the

the formally next-to-leading order term @(G%asm{M3)  theory prediction foM,, within the SM and the experimen-

also may be of similar size as the IeadmgGiaSmf) term.  tal value, using the currently most accurate theory prediction

M, W [GeV}
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based on Eq€3) and(4) and the most up-to-date experimen-
tal data[13]. For the theoretical uncertainty the estimate of

PHYSICAL REVIEW D69, 053006 (2004

generation of colliders. Having reached this level of theoret-
ical precision ofM,, is important, however, for the precision

Eqg. (10) and the parametric uncertainties corresponding tdest of the electroweak theory, in particular in view of the

1o variations of the input parametefsee Table ) have

fact that M,y can be used as an input for calculating the

been used. As discussed above, at present the theoretical wffective weak mixing angle at th2 resonance, Sfrf,.

certainty is dominated by the effect of the experimental error

of the top-quark mass.
Figure 1 confirms the well-known preference for a light
Higgs-boson mass within the SM. If the 95% exclusion

We have, furthermore, presented a simple parametrization
of the full result containing all relevant corrections, which
should be sufficiently accurate for practical applications. It
approximates the full result fav,, to better than 0.5 MeV

bound from the direct search for the SM Higgs is taken intoover the whole range of 10 Ge¥My=<1 TeV if all other

account{21], the 1o bands corresponding to the theory pre-
diction and the experimental result fdt,, show only a mar-
ginal overlap.

experimental input values vary within their combined 2-
gion around their experimental central values. In view of the
experimental exclusion bound on the Higgs-boson mass of

In summary, we have presented the currently most accum ,>114.4 GeV it will normally be sufficient to restrict to

rate prediction foiM,, in the standard model. We have dis-

the smaller range of 100 GevM =<1 TeV. For this case

cussed the relative importance of the complete one-loop an@le provide a simple parametrization which approximates the
two-loop contributions as well as the known corrections be{ull result for My, even within 0.2 MeV.
yond two-loop order. We have summarized the present status

of the theoretical uncertainties &, from the experimental
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