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Precise prediction for the W-boson mass in the standard model
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The presently most accurate prediction for theW-boson mass in the standard model is obtained by combin-
ing the complete two-loop result with the known higher-order QCD and electroweak corrections. The numeri-
cal impact of the different contributions is analyzed in detail. A simple parametrization of the full result is
presented, which approximates the full result forMW to better than 0.5 MeV for 10 GeV<MH<1 TeV if the
other parameters are varied within their combined 2s region around their experimental central values. The
different sources of remaining theoretical uncertainties are investigated. Their effect on the prediction ofMW

is estimated to be about 4 MeV forMH&300 GeV.
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The relation between theW-boson massMW , theZ-boson
massMZ , the fine structure constanta, and the Fermi con-
stantGm ,

MW
2 S 12

MW
2

MZ
2 D 5

pa

&Gm

~11Dr !, ~1!

is of central importance for precision tests of the electrow
theory. Accordingly, a lot of effort has been devoted ov
more than two decades to accurately predict the quantityDr ,
which summarizes the radiative corrections, within the st
dard model~SM! and extensions of it.

The one-loop result@1# can be written as

Dr ~a!5Da2
cW

2

sW
2 Dr1Dr rem~MH!, ~2!

wherecW
2 5MW

2 /MZ
2, sW

2 512cW
2 . It involves large fermionic

contributions from the shift in the fine structure constant d
to light fermions,Da} logmf , and from the leading contri
bution to ther parameterDr. The latter is quadratically de
pendent on the top-quark massmt as a consequence of th
large mass splitting in the isospin doublet@2#. The remainder
part, Dr rem, contains in particular the dependence on
Higgs-boson mass,MH . Higher-order QCD corrections to
Dr are known atO(aas) @3# andO(aas

2) @4,5#.
Recently the full electroweak two-loop result forDr has

been completed. It consists of the fermionic contributi
@6–8#, which involves diagrams with one or two closed fe
mion loops, and the purely bosonic two-loop contributi
@9#.
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Beyond two-loop order the results for the pure fermio
loop corrections~i.e., contributions containingn fermion
loops atn-loop order! are known up to four-loop order@10#.
They contain in particular the leading contributions inDa
andDr. Most recently, results for the leading three-loop co
tributions ofO(Gm

3 mt
6) andO(Gm

2 asmt
4) have been obtained

for arbitrary values ofMH ~by means of expansions aroun
MH5mt and forMH@mt) @11#, generalizing a previous re
sult which was obtained in the limitMH50 @12#.

Equation ~1! is usually employed for predicting th
W-boson mass,

MW
2 5MZ

2H 1

2

1A1

4
2

pa

&GmMZ
2 @11Dr ~MW ,MZ ,MH ,mt ,...!#J ,

~3!

which is done by an iterative procedure sinceDr itself de-
pends onMW . Comparison of the prediction forMW within
the SM with the experimental value allows us to obtain
direct constraints on the Higgs-boson mass. These c
straints are affected both by the experimental error ofMW
and by the uncertainty of the theory prediction. The curr
experimental error of theW-boson mass isdMW

exp534 MeV
@13#. The accuracy in the measurement of theW-boson mass
is expected to improve to aboutdMW

expt,Tev/LHC515 MeV @14#
from the measurements at run II of the Fermilab Tevat
and the CERN Large Hadron Collider~LHC!, and to about
dMW

expt,LC57 MeV at a future linear collider~LC! running at
theWWthreshold@15#. The uncertainty of the theory predic
tion is caused by the experimental errors of the input para
eters, e.g.,mt , and by the uncertainty from unknown highe
order corrections. In the global SM fit to all data@16# the
©2004 The American Physical Society06-1
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TABLE I. The numerical values (3104) of the different contributions toDr specified in Eq.~1! are given for different values ofMH and
MW580.426 GeV~the W andZ masses have been transformed so as to correspond to the real part of the complex pole!. The other input
parameters are listed in Eq.~5!.

MH /GeV Dr (a) Dr (aas) Dr (aas
2) Dr ferm

(a2) Dr bos
(a2) Dr (Gm

2 asmt
4) Dr (Gm

3 mt
6)

100 283.41 35.89 7.23 28.56 0.64 21.27 20.16
200 307.35 35.89 7.23 30.02 0.35 22.11 20.09
300 323.27 35.89 7.23 31.10 0.23 22.77 20.03
600 353.01 35.89 7.23 32.68 0.05 24.10 20.09
1000 376.27 35.89 7.23 32.36 20.41 25.04 21.04
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highest sensitivity toMH arises from the predictions forMW
and the effective weak mixing angle at theZ-boson reso-
nance, sin2 ueff .

In the present paper we combine the various pieces
are relevant for the prediction ofMW into a common result
and analyze the numerical impact of the different contrib
tions. Since in particular the electroweak two-loop resul
very lengthy and involves numerical integrations of two-lo
scalar integrals, it is not possible to present the full resul
a compact analytic form. We therefore provide a simple
rametrization of the full result which is easy to impleme
and should be accurate enough for practical applications.
discuss the sources of the remaining theoretical uncertain
and obtain an estimate for the uncertainty from unkno
higher-order corrections.

We incorporate the following contributions into the res
for Dr :

Dr 5Dr ~a!1Dr ~aas!1Dr ~aas
2
!1Dr ferm

~a2!1Dr bos
~a2!

1Dr ~Gm
2 asmt

4
!1Dr ~Gm

3 mt
6
!, ~4!

where Dr (a) is the one-loop result, Eq.~2!, Dr (aas) and

Dr (aas
2) are the two-loop@3# and three-loop@4,5# QCD cor-

rections, andDr ferm
(a2) @6–8# andDr bos

(a2) @9# are the fermionic
and purely bosonic electroweak two-loop corrections,

spectively. The contributionsDr (Gm
2 asmt

4) andDr (Gm
3 mt

6) have
been obtained from the leading three-loop contributions
Dr given in Ref.@11#.

We have not included the pure fermion-loop contributio
at three-loop and four-loop order obtained in Ref.@10# be-
cause their contribution turned out to be small as a con
quence of accidental numerical cancellations, with a net
fect of only about 1 MeV inMW ~using the real-pole
definition of the gauge-boson masses!. Since the result given
in Ref. @10# contains the leading contributions involvin
powers ofDa and Dr beyond two-loop order, we do no
make use of resummations ofDa and Dr as it was often
done in the literature in the past~see, e.g., Refs.@17#!. Ac-
cordingly, the quantityDr appears in Eq.~3! in fully ex-
panded form. This means, for instance, that we do not
clude theO(a3) term 3(Da)2Dr bos

(a) , which can be inferred
from the electric charge renormalization. It affects the p
diction for MW by about 1.5 MeV. This shift is, howeve
expected to partially cancel with the corresponding contri
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tions proportional to (Da)(Dr)Dr bos
(a) and (Dr)2Dr bos

(a) in an
analogous way as for the pure fermion-loop contributions

In Table I the numerical values of the different contrib
tions toDr are given forMW580.426 GeV@13#. The other
input parameters that we use in this paper are@13#

mt5174.3 GeV, mb54.7 GeV,

MZ591.1875 GeV, GZ52.4952 GeV,

a215137.03599976, Da50.05907,

as~MZ!50.119,

Gm51.1663731025 GeV22, ~5!

where Da[Da lept1Dahad
(5) , and Da lept50.0314977 @18#.

For Dahad
(5) we use the value given in Ref.@19#, Dahad

(5)

50.02757260.000359. The total width of theZ boson,GZ ,
appears as an input parameter since the experimental v
of MZ in Eq. ~5!, corresponding to a Breit-Wigner parametr
zation with running width, needs to be transformed in o
calculation into the mass parameter defined according to
real part of the complex pole, which corresponds to a Br
Wigner parametrization with a constant decay width, s
Ref. @7#. It is understood thatMW in this paper always refers
to the conventional definition according to a Breit-Wign
parametrization with running width. The change of para
etrization is achieved with the one loop QCD corrected va
of the W-boson width as described in Ref.@7#.

Table I shows that the two-loop QCD correctionDr (aas)

and the fermionic electroweak two-loop correctionDr ferm
(a2)

are of similar size. They both amount to about 10% of t
one-loop contributionDr (a), entering with the same sign
The most important correction beyond these contribution

the three-loop QCD correctionDr (aas
2), which leads to a

shift in MW of about211 MeV. For large values ofMH also

the contributionDr (Gm
2 asmt

4) becomes sizable. The purel

bosonic two-loop contributionDr bos
(a2) and the leading elec

troweak three-loop correctionDr (Gm
3 mt

6) give rise to shifts in
MW which are significantly smaller than the experimen
error envisaged for a future linear collider,dMW

exp,LC

57 MeV @15#.
SinceDr is evaluated in Table I for a fixed value ofMW ,

the contributionsDr (aas) and Dr (aas
2) are MH independent.
6-2
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In the iterative procedure for evaluatingMW according to Eq.
~3!, on the other hand, these contributions also becomeMH
dependent through theMH dependence of the insertedMW
value.

The result forMW based on Eqs.~3!, ~4! can be approxi-
mated by the following simple parametrization~see Ref.@20#
for an earlier parametrization ofMW),

MW5MW
0 2c1dH2c2dH21c3dH41c4~dh21!2c5da

1c6dt2c7dt22c8dHdt1c9dhdt2c10das1c11dZ,

~6!

where

dH5 lnS MH

100 GeVD , dh5S MH

100 GeVD
2

,

dt5S mt

174.3 GeVD
2

21,

dZ5
MZ

91.1875 GeV
21, da5

Da

0.05907
21,

das5
as~MZ!

0.119
21, ~7!

and the coefficientsMW
0 , c1 ,...,c11 take the following val-

ues:

MW
0 580.3799 GeV, c150.05429 GeV,

c250.008939 GeV, c350.0000890 GeV,

c450.000161 GeV, c551.070 GeV,

c650.5256 GeV, c750.0678 GeV,

c850.00179 GeV, c950.0000659 GeV,

c1050.0737 GeV, c115114.9 GeV. ~8!

The parametrization given in Eqs.~6!–~8! approximates the
full result for MW to better than 0.5 MeV over the whol
range of 10 GeV<MH<1 TeV if all other experimental in-
put values vary within their combined 2s region around their
central values given in Eq.~7!.

In Table II the full result forMW and the parametrization
of Eqs. ~6!–~8! are compared with each other. The tab
shows the shifts in MW @relative to the value MW
580.3799 GeV, which is the result forMH5100 GeV and
the central values of the other input parameters as spec
in Eq. ~5!# induced by varyingMH by 100 GeV and the othe
input parameters by 1s around their experimental centra
values@13#. In the example of Table II, where only one p
rameter has been varied in each row and all others have
kept at their central values, the maximum deviation betw
the full result forMW and the parametrization of Eqs.~6!–~8!
is below 0.1 MeV.
05300
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The parametrization of Eqs.~6!–~8! yields a good ap-
proximation of the full result forMW even for values ofMH
much smaller than the experimental 95% C.L. lower bou
on the Higgs-boson mass,MH5114.4 GeV@21#. If one re-
stricts to the regionMH.100 GeV, a slight readjustment o
the coefficients in Eq.~8! yields an even more accurate p
rametrization of the full result. If Eqs.~6!, ~7! are used to-
gether with the following values of the coefficients:

MW
0 580.3800 GeV, c150.05253 GeV,

c250.010345 GeV, c350.001021 GeV,

c4520.000070 GeV, c551.077 GeV,

c650.5270 GeV, c750.0698 GeV,

c850.004055 GeV, c950.000110 GeV,

c1050.0716 GeV, c115115.0 GeV, ~9!

the full result forMW is approximated to better than 0.2 Me
over the range of 100 GeV<MH<1 TeV if all other experi-
mental input values vary within their combined 2s region
around their central values given in Eq.~7!.

From Table II one can read off the parametric theoreti
uncertainties in the prediction forMW being caused by the
experimental errors of the input parameters. The domin
parametric uncertainty at present~besides the dependence o
MH) is induced by the experimental error of the top-qua
mass. It is almost as large as the current experimental e
of theW-boson mass,dMW

expt534 MeV @13#. The uncertainty
caused by the experimental error ofmt will remain the domi-
nant source of theoretical uncertainty in the prediction
MW even at the LHC, where the error onmt will be reduced

TABLE II. Shifts in MW caused by varyingMH by 100 GeV and
the other input parameters by 1s around their experimental centra
values@13#. The first column shows the full result forMW , while
the second column is based on the simple parametrization of
~6!–~8!. The shifts dMW are relative to the valueMW

580.3799 GeV which is the result forMH5100 GeV and the cen-
tral values of the other input parameters as specified in Eq.~5!.

dMW

~full result!/MeV
dMW

@Eqs.~6!–~8!#/MeV

dMH5100 GeV 241.3 241.4
dmt55.1 GeV 31.0 31.0
dMZ52.1 MeV 2.6 2.6

d(Dahad
(5))50.00036 26.5 26.5

das(MZ)50.0027 21.7 21.7
6-3
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to dmt51 – 2 GeV@22#. A further improvement of the para
metric uncertainty ofMW will require the precise measure
ment ofmt at a future linear collider@23#, where an accuracy
of aboutdmt50.1 GeV will be achievable@15#.

We now turn to the second source of theoretical uncert
ties in the prediction forMW , namely the uncertainties from
unknown higher-order corrections. Different approach
have been used in the literature for estimating the poss
size of uncalculated higher-order corrections@7,24–26#. The
‘‘traditional Blue Band method’’ is based on the fact that t
results of calculations employing different renormalizati
schemes or different prescriptions for including nonlead
contributions in resummed or expanded form differ fro
each other by higher-order corrections. The deviations
tween the results of different codes in which the same c
rections have been organized in a somewhat different
are used in this method as a measure for the size of unkn
higher-order corrections@24#. In applying this method it is
not easy to quantify how big the variety of different ‘‘op
tions’’ and different codes should be in order to obtain
reasonable estimate of the higher-order uncertainties. As
method cannot account for genuine effects of irreduci
higher-order corrections, it may lead to an underestimate
the theoretical uncertainties if at an uncalculated order a
source of potentially large corrections appears, e.g., a ce
enhancement factor.

In Ref. @26# a different prescription has been proposed,
which for each type of unknown corrections the relevant
hancement factors are identified and the remaining co
cient arising from the actual loop integrals is set to unity.
Ref. @7# higher-order QCD corrections have been estima
in two different ways, from the renormalization scale depe
dence~in particular, taking into account the effect of switc
ing from the on-shell to theMS definition of the top-quark
mass! and from assuming that, for instance, the ratio of
O(a2as) and O(a2) corrections is of the same size as t
ratio of theO(aas) andO(a) corrections.

Several of the corrections whose possible size had b
estimated in Refs.@7,25,26# have meanwhile been calculate
@9,11#, and it turned out that the estimates agreed reason
well with the actual size of the corrections. This adds con
dence to applying the same kind of methods also for
estimate of the remaining higher-order uncertainties.

There are three sources of remaining uncertainties in
prediction forMW from unknown higher-order corrections

~i! The corrections at O(a2as) beyond the known contri
bution of O(Gm

2 asmt
4). The numerical effect of the

O(Gm
2 asmt

4) correction was found to be up to 5 MeV inMW

for a light Higgs-boson mass,MH&300 GeV@11#. This con-
tribution represents the leading term in an expansion for
ymptotically large values ofmt . In the calculation of the
electroweak two-loop corrections it was found that the f
mally next-to-leading order term ofO(Gm

2 mt
2MZ

2) has ap-
proximately the same numerical effect as the formally le
ing term ofO(Gm

2 mt
4) @27#. It can therefore be expected th

the formally next-to-leading order term ofO(Gm
2 asmt

2MZ
2)

also may be of similar size as the leadingO(Gm
2 asmt

4) term.
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We therefore assign an uncertainty of about 3 MeV to
remaining theoretical uncertainties atO(a2as) ~for MH
&300 GeV).

~ii ! The unknown electroweak three-loop corrections. The
numerical effect of theO(Gm

3 mt
6) contribution was found to

be small@11#, shifting MW by less than 0.3 MeV forMH
&300 GeV. This shift is significantly smaller than the es
mate in Ref. @26#. The pure fermion-loop corrections a
three-loop order were found in Ref.@10# to shift MW by
about 1 MeV, which, however, involved an accidental n
merical cancellation. It thus does not seem to be justified
assume that all other electroweak three-loop corrections
completely negligible. In Ref.@7# it was pointed out that
reparametrizing theW-boson width, which enters the predic
tion for MW at the two-loop level, byGm instead ofa shifts
the prediction forMW by about 1 MeV, which is formally an
effect of O(a3). In order to take into account uncertaintie
of this kind @see also the discussion below Eq.~4!# we assign
an uncertainty of 1–2 MeV to the unknown corrections
O(a3).

~iii ! The four-loop QCD corrections of O(aas
3). The pos-

sible effect of the leading term ofO(Gmas
3mt

2) was esti-
mated in Ref.@26# to be about 1.3 MeV. Employing the
known results at lower order ofas and assuming a geometri
progression yields a slightly larger result. We thus assign
uncertainty of 1–2 MeV for theO(aas

3) corrections.
Adding the above estimates for the different kinds of u

known higher-order corrections in quadrature, we find as
timate of the remaining theoretical uncertainties from u
known higher-order corrections

dMW
theo'4 MeV. ~10!

This estimate holds for a relatively light Higgs boson,MH
&300 GeV. For a heavy Higgs boson, i.e.,MH close to the
TeV scale, the remaining theoretical uncertainty is sign
cantly larger.

In Fig. 1 we have updated the comparison between
theory prediction forMW within the SM and the experimen
tal value, using the currently most accurate theory predict

FIG. 1. Prediction forMW in the SM as a function ofMH for
mt5174.365.1 GeV. The current experimental value,MW

expt

580.42660.034 GeV@13#, and the experimental 95% C.L. lowe
bound on the Higgs-boson mass,MH5114.4 GeV@21#, are also
indicated.
6-4
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PRECISE PREDICTION FOR THEW-BOSON MASS IN . . . PHYSICAL REVIEW D69, 053006 ~2004!
based on Eqs.~3! and~4! and the most up-to-date experime
tal data@13#. For the theoretical uncertainty the estimate
Eq. ~10! and the parametric uncertainties corresponding
1s variations of the input parameters~see Table II! have
been used. As discussed above, at present the theoretica
certainty is dominated by the effect of the experimental er
of the top-quark mass.

Figure 1 confirms the well-known preference for a lig
Higgs-boson mass within the SM. If the 95% exclusi
bound from the direct search for the SM Higgs is taken i
account@21#, the 1s bands corresponding to the theory pr
diction and the experimental result forMW show only a mar-
ginal overlap.

In summary, we have presented the currently most ac
rate prediction forMW in the standard model. We have di
cussed the relative importance of the complete one-loop
two-loop contributions as well as the known corrections
yond two-loop order. We have summarized the present st
of the theoretical uncertainties ofMW from the experimenta
errors of the input parameters, and we have obtained an
timate for the remaining theoretical uncertainties from u
known higher-order corrections. In the region of Higg
boson mass values preferred by the electroweak preci
data,MH&300 GeV, the uncertainty from unknown highe
order corrections amounts to about 4 MeV. This is mu
smaller than the present experimental error ofMW and even
below the envisaged future experimental error at the n
ys

tt.

s.

tt.

s.

s
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generation of colliders. Having reached this level of theor
ical precision ofMW is important, however, for the precisio
test of the electroweak theory, in particular in view of th
fact that MW can be used as an input for calculating t
effective weak mixing angle at theZ resonance, sin2 ueff .

We have, furthermore, presented a simple parametriza
of the full result containing all relevant corrections, whic
should be sufficiently accurate for practical applications
approximates the full result forMW to better than 0.5 MeV
over the whole range of 10 GeV<MH<1 TeV if all other
experimental input values vary within their combined 2s re-
gion around their experimental central values. In view of t
experimental exclusion bound on the Higgs-boson mass
MH.114.4 GeV it will normally be sufficient to restrict to
the smaller range of 100 GeV<MH<1 TeV. For this case
we provide a simple parametrization which approximates
full result for MW even within 0.2 MeV.

ACKNOWLEDGMENTS

This work was supported in part by TMR, EC Contrac
No. HPRN-CT-2002-00311~EURIDICE! and HPRN-CT-
2000-00149~Physics at Colliders!, and the KBN Grants
2P03B01025 and 5P03B09320. M.A., M.C., and A.F. wou
like to thank the Institute for Particle Physics Phenomen
ogy of the University of Durham for its warm hospitalit
during the period when part of this work was completed.
l.

T.

nce,

t

.
r

cle

l-
/

nce,

s.

ett.

ett.
@1# A. Sirlin, Phys. Rev. D22, 971 ~1980!; W. J. Marciano and A.
Sirlin, ibid. 22, 2695~1980!; 31, 213~E! ~1985!.

@2# M. J. Veltman, Nucl. Phys.B123, 89 ~1977!.
@3# A. Djouadi and C. Verzegnassi, Phys. Lett. B195, 265~1987!;

A. Djouadi, Nuovo Cimento A100, 357 ~1988!; B. A. Kniehl,
Nucl. Phys.B347, 86 ~1990!; F. Halzen and B. A. Kniehl,ibid.
B353, 567 ~1991!; B. A. Kniehl and A. Sirlin,ibid. B371, 141
~1992!; B. A. Kniehl and A. Sirlin, Phys. Rev. D47, 883
~1993!; A. Djouadi and P. Gambino,ibid. 49, 3499~1994!; 53,
4111~E! ~1994!.

@4# L. Avdeev, J. Fleischer, S. Mikhailov, and O. Tarasov, Ph
Lett. B 336, 560~1994!; 349, 597~E! ~1994!; K. G. Chetyrkin,
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