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Multidimensional cosmological models:
Cosmological and astrophysical implications and constraints
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We investigate four-dimensional effective theories which are obtained by dimensional reduction of multidi-
mensional cosmological models with factorizable geometry and we consider the interaction between conformal
excitations of the internal space~geometrical moduli excitations! and Abelian gauge fields. It is assumed that
the internal space background can be stabilized by minima of an effective potential. The conformal excitations
over such a background have the form of massive scalar fields~gravitational excitons! propagating in the
external spacetime. We discuss cosmological and astrophysical implications of the interaction between gravex-
citons and four-dimensional photons as well as constraints arising on multidimensional models of the type
considered in our paper. In particular, we show that due to the experimental bounds on the variation of the
fine-structure constant, gravexcitons should decay before nucleosynthesis starts. For a successful nucleosyn-
thesis, the masses of the decaying gravexcitons should bem*104 GeV. Furthermore, we discuss the possible
contribution of gravexcitons to ultrahigh-energy cosmic rays. It is shown that, at energiesE;1020 eV, the
decay length of gravexcitons with massesm*104 GeV is very small, but that form&102 GeV it becomes
much larger than the Greisen-Zatsepin-Kuzmin cutoff distance. Finally, we investigate the possibility for
gravexciton-photon oscillations in strong magnetic fields of astrophysical objects. The corresponding estimates
indicate that even the high-magnetic-field strengthsB of magnetars~special types of pulsars withB.Bcritical

;4.431013 G) are not sufficient for an efficient and copious production of gravexcitons.

DOI: 10.1103/PhysRevD.69.044003 PACS number~s!: 04.50.1h, 11.25.Mj, 98.80.Jk
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I. INTRODUCTION

The multidimensionality of our Universe is one of th
most intriguing assumptions in modern physics. It is a na
ral ingredient of theories which unify different fundamen
interactions with gravity, such as string and M theory@1#.
The idea has received a great deal of renewed attention
the past few years within the ‘‘brane-world’’ description
the universe. In this approach, the SU(3)3SU(2)3U(1)
standard model~SM! fields, related to the usual four
dimensional physics, are localized on a three-dimensio
spacelike hypersurface~brane!, whereas the gravitationa
field propagates in the whole~bulk! spacetime. The geometr
can be factorizable, as in the standard Kaluza-Klein~KK !
approach, or nonfactorizable, as in M-theory-inspir
Randall-Sundrum~RS! scenarios@2#. For factorizable KK
geometries, the topology is the product

M5M03M13¯3Mn ~1!

of a nonwarped manifoldM0 , which constitutes the externa
spacetime, and compact manifoldsMi , i 51,...,n, as internal
spaces which are warped with functions depending on
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external coordinates. Factorizable models of this type will
the subject of the present consideration.1 For these models
the four-dimensional Planck scaleMPl(4) and the fundamen-
tal mass scaleM* (41D8) are connected by the relation

MPl~4!
2 ;VD8M* ~41D8!

21D8 , ~2!

whereVD85) i 51
n vol(Mi) denotes the volume of the com

pactifiedD85( i 51
n di extra dimensions@di5dim(Mi)#. Re-

lation ~2! is valid for models with factorizable geometry re
gardless of SM matter localized on branes; i.e., it is valid
KK scenarios as well as in brane-world scenarios. It refle
the fact that gravitons propagate in the whole multidime
sional bulkM. The gravity force law in the product manifol
M depends strongly on the considered length scale. Introd
ing the characteristic sizesbi of the internal factor spaces a
bi;vol(Mi)

1/di and denoting the largest size among t
bi as bl5maxbi and the smallest one bybs5minbi ,
it changes from r 22 at scales r .bl in an effectively
(d054)-dimensional spacetimeM0 to r 2(21D8) at scales
r ,bs , where all D5d01D8 dimensions of the complete
manifoldM contribute to the dilution of the effective gravit

19,
@

1In contrast, the nonfactorizable geometries of RS-type mod
consist of two or more patches of 5D anti–de Sitter space gl
together along branes~with one of them identified as our ‘‘world-
brane’’!. The four-dimensional spacetimes are then warped w
factors which depend on the extraD851 dimension.
©2004 The American Physical Society03-1
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force ~see, e.g., Refs.@3,4#!. Physically acceptable values fo
the compactification scalesbi range from the four-
dimensional quantum gravity scaleMPl(4)

21 ,bs up to the re-
cently established experimental boundbl,1021 cm ~see
Refs.@5,6#!.

For models with internal spaces all of the same charac
istic size b, and the fundamental energy scale set
M* (41D8);1 TeV, this leads to ADD brane-world scenario
@3# with compactification scales defined from Eq.~2! as

b;VD8
1/D8;10~32/D8!217 cm. ~3!

In these scenarios, physically acceptable values are
strained by experiments@5,6# to D8>3 so that, e.g., forD8
53 one arrives at a submicrometer compactification sc
b;1025 mm of the internal space. The fixing ofM* (41D8)
at the scale 1–30 TeV near the electroweak~EW! scale
MEW;246 GeV@7# provides an elegant resolution of the h
erarchy problem. At the same time, a scale hierarchy
tweenb and 1 TeV21;10217 cm remains which only disap
pears in the limitD8→` whenb→1 TeV21;10217 cm.

In contrast to the 4D gravity force law, which is expe
mentally tested at length scales above 0.1 mm, the fo
dimensionality of the SM gauge interactions is tested do
to scales of aboutMEW

21; l EW;10216 cm. For models with
large extra dimensions, this requires a localization of the
fields on a world-brane. In general, this can be a high
dimensionalp-brane withp>3. The di5p23 longitudinal
dimensions of thisp-brane should then be compactified
sufficiently small scalesb, l EW @8#.

According to observational data, the extra-dimensio
space components should be static or nearly static at
from the time of primordial nucleosynthesis. Otherwise,
fundamental physical constants would vary~see, e.g.,
@9,10#!. Equation~2! shows, for example, that ifVD8 is a
dynamical function2 which varies with time, then the effec
tive four-dimensional gravitational constant will vary a
well. This means that, at the present evolutionary stage of
Universe, the compactification scale of the internal sp
should either be stabilized and trapped at the minimum
some effective potential, or it should vary sufficiently slow
@similar to the slowly varying cosmological constant in t
quintessence scenario@12# ~see also the reviews@13,14#!# so
that the variations of derived parameters, like the variation
the fine-structure constanta, would meet their observationa
bounds. In both cases, small fluctuations over stabilized

2It is clear that a dynamical behavior of the volume of the ex
dimensions allows for several different implications of Eq.~2!: ~i!
one can assumeM* (41D8);MEW as the fundamental relation an
keep it fixed for varyingMPl(4) @11#, ~ii ! the four-dimensional
Planck scale MPl(4) is the fundamental scale and th
multidimensional/electroweak scaleM* (41D8);MEW is varying
whenVD8 varies,~iii ! all three scalesMPl(4) , M* (41D8) , andMEW

are varying before nucleosynthesis and their present values ar
fined by string dynamical processes, and~iv! for fixed MPl(4) and
M* (41D8) , the relationM* (41D8);MEW is the result of an earlier
dynamics and not a fundamental one.
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slowly varying compactification scales~conformal scales/
geometrical moduli! are still possible.

The stabilization of extra dimensions~moduli stabiliza-
tion! in models with large extra dimensions~ADD models!
was the subject of numerous investigations~see, e.g., Refs
@11,15–18#!.3 In the corresponding considerations, the pro
uct topology of a (41D8)-dimensional bulk spacetime wa
constructed from Einstein spaces with scale~warp! factors
depending only on the coordinates of the external fo
dimensional factor space. As a consequence, the confo
excitations of the extra-dimensional space components h
the form of massive scalar fields living in the external~our!
spacetime. Within the framework of multidimensional co
mological models~MCM!, such excitations were investi
gated in @19–24#.4 In Ref. @19#, they were called gravita-
tional excitons. Later, since the ADD compactificatio
approach, these geometrical moduli excitations have b
known as radions@11,15#.

In the present paper, we study the interaction of grav
tional excitons with Abelian gauge fields, and in particu
with electromagnetic~EM! fields. A possible observation o
reactions in this interaction channel would be of great int
est because it could provide strong evidence for the existe
of extra dimensions. The corresponding interaction term
the four-dimensional effective theory has the form

DSEM;k0E
M0

d4xAug̃~0!ucFmnFmn, ~4!

whereF denotes the EM field strength tensor, and the m
sive scalar fieldk0c,1 describes small scale factor~warp
factor! excitations ~gravexcitons! of the extra-dimensiona
space components. The interaction term~4! follows from a
KK-like dimensional reduction scheme, where the scale f
tors, their excitationsc, and the EM field strengthF are
considered in a zero-mode approximation. As a result, t
will only depend on the coordinates of the external spacet
M0 . In this scheme, the extra-dimensional space compon
should be compactified at scalesbi, l EW. ~In a brane-world
context, one could interpret such a setup as a rough appr
mation of ap-brane endowed with an internal warped pro
uct structure where three dimensions and the time are re
sented byM0 , the remainingp-3 longitudinal dimensions are
mimicked by extra-dimensional warped factor spacesM1
3¯3Mn , and where any gravity contributions of the larg
transverse extra dimensions are neglected.! Furthermore, it is
assumed that the scale factors are stabilized and froze
one of the minima of an effective potential withc as fluc-
tuations over this minimum. The main goal of our pap
consists in the investigation of interaction~4! and its cosmo-
logical and astrophysical implications.

de-

3In most of these papers, the moduli stabilization was conside
without regard to the energy-momentum localized on the brane
brane matter contribution was taken into account, e.g., in@17#.

4See also Ref.@25#, where a decoupling of scale factor excitatio
and inflaton was observed for a special solution subset of the
stein equations.
3-2
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The paper is structured as follows. In Sec. II, we expl
the general setup of our model and give a basic descrip
of gravitational excitons from extra dimensions. A consid
ation of the interaction between gravitational excitons a
four-dimensional photons is presented in Sec. III. It is f
lowed by a discussion of cosmological and astrophysical
plications of this interaction~Sec. IV!. Due to the Planck-
scale suppressionk0;1/MPl(4) and a decay rateG
;m3/MPl(4)

2 , gravitational excitons with massm are WIMPs
~weakly interacting massive particles@26#! similar to other
moduli fields, Polonyi fields@27–31#, and scalarons@32#. We
investigate gravexcitons from a cosmological perspective
taking into account experimental bounds on the variation
the fine-structure constanta. Additionally, we discuss in this
section a possible gravexciton contribution to ultrahig
energy cosmic rays ~UHECR! as well as possible
gravexciton-photon oscillations in strong magnetic fields
magnetars. The main results are summarized in the Con
sion section.

II. GRAVITATIONAL EXCITONS

In this section, we present a sketchy outline of the bas
of gravitational excitons from extra dimensions. A more d
tailed description can be found, e.g., in our paper@19#.

Let us consider a multidimensional spacetime manifoldM
with warped product topology~1! and metric

g5gMN~X!dXM
^ dXN5g~0!1(

i 51

n

e2b i ~x!g~ i !, ~5!

where x are some coordinates of the (D054)-dimensional
manifold M0 and

g~0!5gmn
~0!~x!dxm

^ dxn. ~6!

Let further the internal factor manifoldsMi be
di-dimensional warped Einstein spaces with warp fact
eb i (x) and metricsg( i )5gmini

( i ) (yi) dyi
mi ^ dyi

ni, i.e.,

Rmini
@g~ i !#5l igmini

~ i ! , mi ,ni51,...,di , ~7!

and

R@g~ i !#5l idi[Ri;kbi
22 ~8!

with k50,61. bi is the characteristic size of the Einste
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space Mi @modulo the dimensionless warp factorai
[exp(bi)], i.e., bi is the effective scale factor of the spac
Mi with metric g( i ) and corresponding volume5

Vdi
[E

Mi

ddiyAug~ i !u;bi
di, i 51,...,n, ~9!

whereVdi
has dimensions cmdi. Without loss of generality,

we set the compactification scales of the internal space
the present time atb i50→ai51 (i 51,...,n). This means
that at the present time the total volume of the internal spa
is completely defined by the characteristic scale factorsbi ,

VD8[)
i 51

n E
Mi

ddiyAug~ i !u;)
i 51

n

bi
di. ~10!

With total dimension D5D01D85D01( i 51
n di , kD

2

58p/M
* (41D8)
21D8 a D-dimensional gravitational constant,L a

D-dimensional bare cosmological constant, andSYGH the
standard York-Gibbons-Hawking boundary term, we co
sider an action of the form

S5
1

2kD
2 E

M
dDXAugu$R@g#22L%1Sm1SYGH . ~11!

Here the actionSm corresponds to possible matter fields, e.
gauge fields and scalar fields.6 In some models, these matte
fields can be considered phenomenologically as a per
fluid with energy densityr and corresponding equation o
state@20,21,34,35#. This provides, for example, an efficien
way to take into account the Casimir effect@36#, Freund-
Rubin monopoles@24,37,38#, or other hypothetical potential
@20,39#. All these cases can be described by an additio
potential term

Sm52E
M

dDXAugur~x!. ~12!

5The volume is well defined for positive curvature spac
(k511). For compact negative and zero curvature spa
(k521,0), i.e., compact hyperbolic spaces~CHSs! Mi5Hdi/G i

and toriTj5Rdj /G j , we interpret this volume as the scaled volum
of the corresponding fundamental domain~‘‘elementary cell’’! Vdi

;bi
di3VFD( i ) ~see, e.g.,@33# and references therein!. HereHdi, Rdj

are hyperbolic and flat universal covering spaces, andG i , G j are
appropriate discrete groups of isometries. Furthermore, we ass
for the scale factors of the metricsg i;bi ĝ

i , with ĝ i scaled in such
a way thatVFD( i );O(1). Thus, the volumeVdi

is mainly defined
by bi .

6Here the actionSm is treated as an action component of mat
fields in a standard KK scenario. In an ADD-like large-scale co
pactification scenario, such an ansatz can be used in the case
the energy momentum localized on the brane can be ignore
comparison with the energy momentum of the matter in the b
~see, e.g., Refs.@22–24#!. Then Sm can provide an approximate
description of the bulk matter components.
3-3
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For some specific classes of models, e.g., for those des
ing the Casimir effect or Freund-Rubin monopoles, the
ergy densityr depends on the external coordinates o
through the scale factorsai(x)5eb i (x) ( i 51,...,n) of the in-
ternal factor spacesMi . Obviously, the functional depen
dence on these scale factors is highly model-depend
Throughout the present section, we will not specify this d
pendence, using instead the general expression~12!. An ex-
plicit consideration of matter fields is left for Secs. I
and IV.

After dimensional reduction and conformal transform
tion

gmn
~0!5V2g̃mn

~0! , ~13!

V5expS 2
1

D022 (
i 51

n

dib
i D ~14!

from the intermediate Brans-Dicke frame to the final E
stein frame, action~11! reads@19,40#

S@ g̃~0!,b#5
1

2k0
2 E

M0

dD0xAug̃~0!u$R̃@ g̃~0!#

2Ḡi j g̃
~0!mn]mb i]nb j22Ueff%, ~15!

where

k0
25kD

2 /VD858p/MPl
2 ⇒ MPl

2 5VD8M* ~41D8!

~21D8!
~16!

is the D0-dimensional gravitational constant~hereafter,MPl
[MPl(4)), and formula~16! reproduces Eq.~2!. The tensor
components of the midisuperspace metric~target space met
ric on RT

n) Ḡi j ( i , j 51,...,n), its inverse metricḠi j , and the
effective potential are given as

Ḡi j 5did i j 1
1

D022
didj , Ḡi j 5

d i j

di
1

1

22D
, ~17!

and

Ueff~b!5S )
i 51

n

edib
i D 22/~D022!

3F2
1

2 (
i 51

n

Rie
22b i

1L1kD
2 rG . ~18!

We recall thatr depends on the scale factors of the int
nal spaces: r5r(b1,...,bn). Thus, action~15! describes a
self-gravitatings model with flat target space (RT

n ,Ḡ) ~17!
and self-interaction potential~18!. Accordingly, the internal
spaces can stabilize if the effective potential~18! has at least
one minimum with respect to the scale factorsb i . Because
the conformal transformation~13! was performed only with
respect to the external metricg(0), the stability of the internal
space configurations does not depend on the concrete ch
of the frame~Einstein or Brans-Dicke!.
04400
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In the following, we consider models with a consta
scale factor background which is localized in a minimum
the effective potentialUeff . The values of the scale factors i
this minimum are rescaled in such a way that at the pres
time it holds thatbW 50, ]Ueff /]biubW5050. In general, the ef-
fective potentialUeff can have more than one minimum s
that transitions between these minima should be poss
For simplicity, we leave effects related to such transitions
of the scope of our present investigation. Instead, we w
concentrate on small scale factor fluctuationsb i,1 in the
vicinity of one minimum only. The action functional~15! can
then be rewritten in terms of decoupled normal mod
k0c i,1 ~for details, we refer to@19–21#!,

S@ g̃~0!,c#

5
1

2k0
2 E

M0

dD0xAug̃~0!u$R̃@ g̃~0!#22Leff%

1(
i 51

n
1

2 E
M0

dD0xAug̃~0!u$2g̃~0!mnc ,m
i c ,n

i 2mi
2c ic i%,

~19!

where Leff[Ueff(bW50) plays the role of aD0-dimensional
effective cosmological constant. The normal modes and t
masses squaredmi

2 are obtained by a simultaneous diagon
ization of thes-model metric~17! and the Hessian

]2Ueff

]b i]bkU
bW 50

. ~20!

In the special case of only one internal space (n51), this
procedure reduces to a simple rescaling

b152k0A D022

d1~D22!
c1 ~21!

and

m1
25

D022

d1~D22!

]2Ueff

]~b1!2U
b150

. ~22!

Summarizing this section, we conclude that conform
zero-mode excitations of the internal factor spacesMi have
the form of massive scalar fields developing on the ba
ground of the external spacetimeM0 . In analogy with exci-
tons in solid-state physics~excitations of the electronic sub
system of a crystal!, we called these conformal excitations
the internal spaces gravitational excitons@19#. Later, since
Refs.@11,15#, these particles have been known as radion

III. ABELIAN GAUGE FIELDS

In this section, we study the interaction of gravitation
excitons with Abelian gauge fields, and in particular with t
standard electromagnetic field ofU(1)EM symmetry. Strictly
speaking, the photon will not exist as a separate gauge bo
at temperatures higher than the electroweak scaleMEW
;246 GeV, where the full electroweak SU(2)3U(1) model
should be considered. Nevertheless, our results should re
duce the correct coupling term between the gravexciton s
3-4
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tor and the EM gauge field sector of the theory. In the n
section, we will use this coupling term for estimating t
strength of cosmological and astrophysical effects relate
the corresponding interaction channel.

In order to derive the concrete form of the coupling te
in the dimensionally reduced, four-dimensional effecti
theory, we start from the simplified toy model ansatz

SEM52
1

2 E
M

dDXAuguFMNFMN, ~23!

where the gauge field is assumed Abelian also in the hig
dimensional setup. Additionally, we work in the zero-mo
approximation for these fields, i.e., we keep only the z
modes of the harmonic expansion in mass eigenstates o
higher-dimensional fields7 @42,43#. In this case, the Abelian
vector potential depends only on the external coordina
AM5AM(x) (M51,...,D), and the corresponding nonze
components of the field strength tensor areFmn5]mAn

2]nAm (m,n51,...,D0) and Fmmi
5]mAmi

2]mi
Am5]mAmi

(mi51,...,di ; i 51,...,n).
Dimensional reduction of the gauge field action~23!

yields

SEM52
1

2 E
M0

dD0xAug~0!u)
i 51

n

edib
iH FmnFmn12g~0!mn

3(
i 51

n

e22b i ~x!ḡ~ i !mini]mAmi
]nAniJ , ~24!

where we introduced the metric integral

ḡ~ i !mini
ª

1

Vdi

E
Mi

ddiyAug~ i !ug~ i !mini~yi ! ~25!

and included the factorAVD8 into AM for convenience:
AVD8AM→AM . Due to this redefinition, the field strengt
tensor Fmn acquires the usual dimensionality cm2D0/2 ~in
geometrical units\5c51). In Eq. ~24!, we assumedFmn

5g(0)mkg(0)ndFkd .
It is easily seen that theAmi

components play the role o

scalar fields in theD0-dimensional spacetime. In what fo
lows, we will not investigate the dynamics of these field
Instead, we will concentrate on the interaction betwe
gravexcitons and the 2-form field strengthF5dA, A
5Amdxm which is described by the first term of the actio
functional~24!. The corresponding truncated action~without
Ami

terms! will be denoted byS̄EM .

The exact field strength 2-formF5dA with components
Fmn is invariant under gauge transformationsA°Af5A

7The excitation of Kaluza-Klein modes of Abelian gauge fiel
was considered, e.g., in Ref.@41#.
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1df, F f5dA1d2f 5dA5F, with f (x) any smooth and
single-valued function. Accordingly,S̄EM is gauge-invariant
too @see Eq.~24!#.

The action functional~24! is written in a Brans-Dicke
frame. For passing by the conformal transformation~13!,
~14! to the Einstein frame, we choose an ansatz

A5VkÃ ~26!

for the vector potential and introduce the auxiliary fie
strengthF̄ by the relation

F5dA5d~VkÃ!5VkF̄,

F̄5d~ ln Vk!∧Ã1dÃ. ~27!

The conformally transformed effective action then reads

S̄EM52
1

2 E
M0

dD0xAuḡ~0!u$V2~k21!F̄mnF̄mn%, ~28!

where the external space indices are raised and lowere
the metricg̃(0). With F̃5dÃ, we have in Eq.~28! explicitly

F̄mnF̄mn5F̃mnF̃mn22F̃mn@Ãm]n~ ln Vk!2Ãn]m~ ln Vk!#

12$g̃~0!mk]m~ ln Vk!]k~ ln Vk!ÃnÃn

2@Ãm]m~ ln Vk!#2%. ~29!

In order to fix the conformal weightk of the vector po-
tential in Eq. ~26!, we require the effective external fiel
strength tensorF̄mn in Eq. ~28! to be gauge-invariant, i.e., to
be invariant underÃ°Ãf5Ã1d f . From Eq.~27!, we have
for this transformation

F̄°F̄ f5dÃ1d2f 1d~ ln Vk!∧~Ã1d f !

5F̄1d~ ln Vk!∧d f ~30!

so that for nontrivialVÞ1 the gauge invarianceF̄5F̄ f is
only achieved for zero conformal weightk50. The same
result follows also directly from the gauge invariance of t
field strength tensorF in Eq. ~24! and the ansatz~26!: One
checks immediately thatF̄ is invariant under a transforma
tion Ã°Ǎ5Ã1V2kd f , which only for k50 is a gauge
transformation.

This means that in order to preserve the gauge invaria
of the action functional, when passing from the Brans-Dic
frame to the Einstein frame, we have to keep the vec
potential unchanged, i.e., we have to fix the conform
weight atk50. As a result, we arrive at the action function

S̄EM52
1

2 E
M0

dD0xAug̃~0!u$e@2/~D022!#(n51
n dib

i ~x!FmnFmn%

~31!

with dilatonic coupling of the Abelian gauge fields to th
gravitational excitons.
3-5
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For completeness, we note that fork51, according to
Eqs.~28! and~29!, we obtain a theory with a pure free actio
term F̃mnF̃mn without any prefactor (V2(k21)51) but with
explicitly destroyed gauge invariance. The corresponding
fective action reads

S̄EM52
1

2 E
M0

dD0xAug̃~0!u$F̃mnF̃mn24F̃mnÃ[m]n]~ ln V!

12@ g̃~0!mk]m~ ln V!]k~ ln V!ÃnÃn

2~Ãm]m ln V!2#%. ~32!

Obviously, the localization of the scale factorsb i at their
present valuesb i50 results inV[1. Then, both approache
~31! and ~32! coincide with each other. However, the pre
ence of small scale factor fluctuations above this backgro
will restore the dilatonic coupling of Eq.~31! ~see also the
next section!.

IV. GRAVITATIONAL EXCITONS
AND THEIR COSMOLOGICAL

AND ASTROPHYSICAL IMPLICATIONS

In this section, we discuss some cosmological and as
physical implications related to the possible existence
gravitational excitons. We suppose that the scale factor b
ground of the internal spaces is localized in one of
minima of the effective potential~see Sec. II! and that
gravexcitons are present as small fluctuations above
static background. Our analysis is based on the dilatonic c
pling ~31! which describes the interaction between gravex
tons and zero-mode photons.8 Hereafter, we treat these KK
zero-mode photons as our usual SM matter photons. In
ticular, the vector potentialAm(x) of the previous section
corresponds to our 4D photons. In the following, we consi
the simplest example—the interaction between gravitatio
excitons and photons in a system with only one inter
space (n51) with its scale factorb1 localized in one of the
minima of the effective potential~18!. We rescale the size o
the corresponding factor space in such a way that the b
ground component takes the valueb150 at the present time

FIG. 1. Planck-scale suppressed gravexciton decay
c→2g.

8Brane-world models with on-brane dilatonic coupling terms ha
been considered, e.g., in Refs.@44,45#. In a rough approximation
the results of the present section will also hold for these mode
04400
f-

d

o-
f
k-
e

is
u-
i-

r-

r
al
l

k-

Then, for small scale factor fluctuationsb1,1, action~19!
together with Eq.~31! reads

S5
1

2k0
2 E

M0

dD0xAug̃~0!u$R̃@ g̃~0!#22Leff%

1
1

2 E
M0

dD0xAug̃~0!u$2g̃~0!mnc ,mc ,n2mc
2cc%

2
1

2 E
M0

dD0xAug̃~0!u H FmnFmn

22A d1

~D022!~D22!
k0cFmnFmnJ 1¯ . ~33!

We used the notations of Eq.~19!, mcªm1 , and relation
~21! betweenb1 and the rescaled fluctuational compone
c[c1. As mentioned above, k0

258p/MPl
2 is the

D0-dimensional~usuallyD054) gravitational constant. The
last term describes the interaction between gravitational
citons and photons. In the lowest-order tree-level approxim
tion, this term corresponds to the vertex of Fig. 1 and
scribes the decay of a gravitational exciton into two photo
The probability of this decay is easily estimated as9

G;S 1

MPl
D 2

mc
35S mc

MPl
D 3 1

tPl
!mc , ~34!

which results in a lifetimet of the gravitational excitons with
respect to this decay channel of

t5
1

G
;S MPl

mc
D 3

tPl . ~35!

Similar to Polonyi particles in spontaneously broken sup
gravity @27,28#, scalarons in the (R1R2) fourth-order theory
of gravity @32#, or moduli fields in the hidden sector of su
persymmetry~SUSY! @29–31#, gravitational excitons are
WIMPs ~weakly interacting massive particles@26#! because
their coupling to the observable matter is suppressed by p
ers of the Planck scale.

A. Light gravexcitons

We first consider light excitons with massesmc
<10221MPl;1022 GeV;20me ~where me is the electron
mass!. Their lifetimet is greater than the age of the univer
t>1019 sec.tuniv;1018 sec. From this estimate it follows
that they can be considered as dark matter~DM!. The type of
the DM depends on the masses of the particles which c
stitute it. It is hot formDM<50– 100 eV, warm for 100 eV
<mDM<10 keV, and cold formDM>10– 50 keV.

Concerning the gravexciton decay processes, we note
there exists a characteristic timetD within the evolution of
the Universe when these processes are most effic
@see, e.g., Eq.~43! below#. The time can be estimated a
H(tD);G ⇒ tD;t, whereH5ȧ/a is the Hubble constant,a
is the scale factor of the external space in the Einstein fra
and dots denote derivatives with respect to the synchron

9Exact calculations giveG5@2d1 /(d112)# (mc
3/MPl

2 ).

e

3-6



ns
y
s
e
im
a

tin
e

e

e

of

s
l.

cal

e.
the
xci-
f the
ng

l-
e-

ith
ag-

y-

t

e

r

e
qu

on

s
e

th

n
n-
th

tte
r

sit

rd

d

m
e

f
ito
ti

n-
e of

less
r
e,

MULTIDIMENSIONAL COSMOLOGICAL MODELS: . . . PHYSICAL REVIEW D 69, 044003 ~2004!
time t in the Einstein frame. It is clear that for gravexcito
with massesmc!1022 GeV, we can neglect their deca
during the evolution of the Universe because for the
masses the characteristic timetD is much greater than the ag
of our Universe. Such gravexcitons up to the present t
undergo coherent oscillations according to the approxim
equation

c̈13Hċ1mc
2c50, ~36!

and did not convert into radiation with subsequent rehea
of the Universe.10 Assuming that at the present time th
gravexciton energy densityrc is less than or similar to the
critical densityrc&rc , we obtain an upper bound for th
gravexciton masses

mc&A 3

8p
HeqS MPl

c in
D 4

;10256MPlS MPl

c in
D 4

~37!

10Strictly speaking, the decayG of gravexcitons as well as thei
production due to interaction with other matter~with high-
temperature radiation at the radiation-dominated~RD! stage, in par-
ticular! have to be taken into account here, too. The latter proc
can be described by a source term on the rhs of the effective e
tion of motion

c̈1~3H1G!ċ1mc
2c5Im ,

whereI m is proportional either to the trace of the EMT of matter
the world-brane~in brane-world scenarios@17#!, or to the energy
density of matter in our 4D Universe~in the Kaluza-Klein approach
@9,21,34,46#!. The behavior of the source termI m is defined not
only by the redshifting EMT of matter but also by gravexciton
interactions with it, e.g., by gravexciton decay into radiation as w
as by reactions of the type gravexciton1g→everything. The ther-
mal production and balance of gravexcitons is described by
Boltzmann equation for their number densitync ,

dnc

dt
13Hnc52^sv&nc~nc2nc~eq!!2G~nc2nc~eq!!,

where^sv&;MPl
2 is the typical cross section of these reactions a

G is given by Eq.~34!. nc(eq) denotes the gravexciton number de
sity in thermal equilibrium~the subscript is not to be confused wi
that of the characteristic time of matter/radiation equality!. How-
ever, due to extremely weak interaction of gravexcitons with ma
it is very difficult for them to reach the thermal equilibrium. Fo
particles which never dominate the Universe,c usually starts to
oscillate whennc!nc(eq) and, as was shown in@47#, the contribu-
tion of thermally produced gravexcitons to the total energy den
is negligible. Thus, in this case the source term~that effectively
reflects the efficiency of interaction between gravexcitons and o
nary matter! does not play any important role in Eq.~36!. On the
other hand, in scenarios where gravexcitons dominate the early
namics of the Universe, their number density can initially benc

@nc(eq) and it will decrease until it reaches its thermal equilibriu
at nc(eq) . In such a scenario, the initial amplitude can be assum
as c in;MPl . Then the number density ofg quanta will beng

;T3!nc , so thatnc;e2Gta23. Therefore, thermal production o
gravexcitons may be neglected. The scenario when gravexc
have enough time to decay into radiation with subsequent rehea
of the Universe is considered below, in Sec. IV B.
04400
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if mc.10256MPl , so that the oscillations began at th
radiation-dominated~RD! stage11 ~the consistency condition
is c in&MPl). Similarly, we obtain for all massesmc
,10256MPl ~then the oscillations started at the beginning
the matter-dominated~MD! stage! the bound

c in&MPl ~38!

Herec in denotes the amplitude of the initial field oscillation
of c above the minimum position of the effective potentia
Usually, it is assumed thatc in;O(MPl), although it depends
on the form ofUeff and can be considerably less thanMPl .
Particles with massesmc;10233 eV;10261MPl are of spe-
cial interest because viaLeff;mc

2 @19–22# they are related to
the recently observed value of the effective cosmologi
constant ~dark energy! Leff;102123LPl(4);10257 cm22.
These ultralight particles have a period of oscillationst
;1/mc;1018 sec which is of order of the Universe ag
Thus, for these particles a splitting of the scale factor of
internal space into a background component and grave
tons makes no sense. A more adequate interpretation o
scale factor dynamics would be in terms of a slowly varyi
background in the sense of a quintessence scenario@12,13#.

Another very strong restriction on light gravexcitons fo
lows from experiments on the time variation of the fin
structure constanta. It is well known~see, e.g.,@49#! that the
interaction between a scalar fieldw[k0c and an electro-
magnetic fieldF of the form f (w)F2 results in a variation of
the fine-structure constanta,

UȧaU5U ḟ

f
U. ~39!

~The dot denotes differentiation with respect to time.! This
relation has its origin in the observation that a theory w
L5 f (w)F2 can be interpreted as a theory of an electrom
netic field in a dielectric medium with permittivityed
5 f (w) and permeabilitym5 f 21(w). On the other hand, it is
equivalent to a field theory in vacuum withL5F̃2 @an analog
of F̃ in our Eq. ~32!# and a variable electric chargee
5 f 21/2(w)e0 . Thus, the fine-structure constant is also a d
namical function,a5e2/(\c)5e0

2/( f \c).
Let w0 denote the value ofw for a stable configuration a

the present time, andw2w05k0h5h/M̄Pl,1 ~here, M̄Pl

ªMPl /A8p) be small fluctuations in its vicinity. Then th

ss
a-

’
ll

e

d

r,

y

i-

y-

d

ns
ng

11In Eq. ~37!, Heq denotes the Hubble parameter at that evolutio
ary stage when the energy densities of matter and radiation ar
the same order~matter/radiation equality!. Using the WMAP data
for theLCDM model@48#, we obtainHeq;10256MPl . Because the
field oscillations start when the Hubble parameter becomes
than the mass of the particles (H&m), particles with masses greate
or less thanHeq start to oscillate at the RD stage or at the MD stag
respectively.
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interaction term of the Lagrangian readsg(h/M̄Pl)F
2, where

gªd f /dwuw0
. In our case, we havew050, and f (w) andg

are defined by Eqs.~31! and ~33! as

f ~w!52 1
2 e22A@d1 /~D022!~D22!#w

⇒g 5A d1

~D022!~D22!
. ~40!

The experimental bounds on the time variation ofa have
been considerably refined during recent years~see, e.g.,@50–
54# and references therein!. Different experiments give dif-
ferent bounds onuȧ/au ~see Table II in @54#!, from
&10212 yr21 ~following from the data analysis of the ob
served cosmic microwave background@50#! to &10217 yr21

~following from the Oklo experiment@55#!. Estimates on pri-
mordial nucleosynthesis requireuDa/au&1024 at a redshift
of order z5109– 1010 @56#, i.e., uȧ/au&10214 yr21. The
WMAP data analysis@57# gives upper bounds on the varia
tion of a during the time from reionization/recombinatio
(z;1100) until today: uDa/au&(231022) – (631022),
i.e., uȧ/au&(2310212) – (6310212 yr21). In all these esti-
mates,ȧ5Da/Dt is the average rate of change ofa during
the time intervalDt ~corresponding to a redshiftz!. For our
calculations, we use the estimateuȧ/au&10215 yr21 @52#,
which follows from observations of the spectra of quasars
a Hubble time scaleDt;H21;1010 yr. For this bound, we
obtain from Eq.~39!

U ḟ

f
U5U1

f

d f

dw

ċ

M̄Pl

U5Ugf Dc

Dt

1

M̄Pl
U5Uȧ

a
U&10215 yr21,

~41!

which leads to the following restriction on the parameterg:

ugu'DtUȧaU M̄Pl

Dc
⇒ ugu&1025. ~42!

Here we took into account the present value off (0)51,
supposed for the time interval a value ofDt;H21

;1010 yr, and assumedDc;M̄Pl . However, Eq.~40! shows
that in our model we haveguD0545Ad1 /@2(21d1)#

;O(1). This obvious contradiction means that light grave
citons with massesmc&1022 GeV should have decayed a
sufficiently early times of the evolution of the Universe
order not to contradict the experimental bounds on the va
tion of the fine-structure constant.12 From this point of view,
the presence of such light gravexcitons is unacceptable
the time after the end of primordial nucleosynthesis. Ad

12In general, the performed estimates can be refined by accoun
for viralization and accretion processes during the formation
overdense spacetime regions, such as galaxies@58#. In this case, if
the gravexcitons are also sufficiently clustered, the study of t
variations ofa should be supplemented by an analysis of spa
variations ofa.
04400
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tionally, ultralight gravexcitons can lead to the appearance
a fifth force with characteristic length scalel;1/mc . Re-
cent gravitational~Cavendish-type! experiments~see, e.g.,
@6,59#! exclude fifth force particles with massesmc
&1/(1022 cm);1023 eV. This sets an additional restrictio
on the allowed mass region of gravexcitons.

B. Heavy gravexcitons

Let us now consider gravexcitons with massesmc
*1022 GeV. For such gravexcitons, the decay~34! plays an
important role. If there is no broad parametric resonan
~‘‘preheating’’! ~see @60–62# for the details of the deriva-
tion!, then forH!mc as a result of this decay the factore2Gt

becomes dominant in the energy density and the num
density

rc;e2Gta23, nc;e2Gta23, ~43!

and due to the gravexciton decay the Universe undergo
reheating~RH! up to the temperature@22,28,29#

TRH;Amc
3

MPl
. ~44!

For a successful nucleosynthesis, a temperatureTRH*1
MeV is needed so that the gravexciton masses should sa
mc*104 GeV. This result is obtained under the only a
sumption that gravexcitons dominate at the time of their
cay. Moreover, for a successful hot baryogenesis,13 it should
hold thatmc*1014 GeV @28#. Thus, either the decaying pa
ticles should have massesmc which satisfy these lower
bounds~and will decay before nucleosynthesis due to t
interaction channel shown in Fig. 1! or, for lighter gravexci-
tons, we should find other scenarios which would allow us
get rid of such particles before nucleosynthesis starts.
latter can be achieved if the decay rate becomes larger. H
ever, a fast decay in the regime of a broad parametric re
nance@62# may not be realized for gravexcitons since it r
quires the conditionG@H at the beginning of the deca
(H;mc), which is not satisfied@see estimate~34!#.

Thus, in order to avoid the aforementioned problem
gravexcitons should be sufficiently heavy and decay bef
nucleosynthesis starts. However, as was pointed out in
II, in models with stabilized internal spaces the minimum
the effective potential plays the role of the effective cosm
logical constant, which usually~for simplified cosmological
models! is connected with the gravexciton masses by a re
tion Leff;mc

2. Hence, heavy gravexcitons result inLeff

@10257 cm22, which is in obvious contradiction to recen
observations@14#. For such particles, a mechanism should
found which could provide a reduction ofLeff to its observ-
able value. A similar problem with a large cosmological co
stant exists also in superstring modular cosmology@31#. @For
a discussion of the cosmological constant problem~CCP!
within the framework of string theory, we refer to@65#.# A
possible resolution of this problem could consist in a cons
eration of more or less realistic models which contain diff

ng
f

e
l 13A low-temperature mechanisms for the baryogenesis can con
erably lower this mass value@28,63# ~see also@64#!.
3-8
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MULTIDIMENSIONAL COSMOLOGICAL MODELS: . . . PHYSICAL REVIEW D 69, 044003 ~2004!
ent types of matter fields. Some of these fields should vio
the null energy condition~NEC! and the weak energy cond
tion ~WEC!. As shown in our recent paper@24#, in this case
one can obtain large gravexciton massesmc;M* (41D8) and
a small positiveLeff which is in agreement with the observe
value.14

Most probably, primordial cosmological gravexcitons d
cayed already at the early stages of the evolution of the U
verse. Nevertheless, it is of great interest to consider dif
ent mechanisms which could lead to a gravexci
production at the present time. Obviously, due to the Plan
scale suppression, it is hardly possible to observe the in
action between gravexcitons and photons in laboratory-s
experiments. Thus, we should look for regions in our U
verse where conditions could exist which are suitable eno
for such reactions to occur. For example, a thermal grav
citon production would become possible at temperatureT
*mc when the exponential suppression in the creation pr
ability is switched off: P;exp(2mc /T);O(1). Then, the
creation rate~per unit time per unit volume! can be estimated
asn;T6/MPl

2 ~see, e.g., Ref.@67#, where a similar estimate
was given for the production of KK gravitons!. In our case, a
thermal production of heavy gravexcitons with massesmc
*104 GeV would take place ifT.1017 K. The maximal
temperatures which can be reached in any known astroph
cal objects15 ~supernovas, neutron stars, pulsars! are defined
by nuclear reactions and do not exceed 1010– 1012 K
;1 – 102 MeV. Hence, a thermal gravexciton production
the cores of these objects is absent. Such a production c
be possible at early evolution stages of the hot Universe,
the corresponding cosmological gravexcitons would have
cayed before nucleosynthesis started.

C. Gravexcitons and UHECR

The observation of cosmic rays with ultrahigh energ
~UHECR! E*1020 eV ~see, e.g., review@69#! shows that our
Universe contains astrophysical objects where particles w
energiesE@mc*104 GeV can be produced. Obviousl
these energies should have a nonthermal origin and sh
be large enough for the creation of heavy gravexciton, e
in reactions 2g→c ~g quanta conformally excite interna
spaces!. Then, if a gravexciton acquires the energyE.mc ,
it propagates through the Universe without decay a dista
@70#,

l D;
E

Gmc
;

E

1020 eV S 1017GeV

mc
D 4

l Pl , ~45!

where G;mc
3/MPl

2 is defined by Eq.~34!. SubstitutingE
;1020 eV andmc;104 GeV, we obtainl D;10 pc, which is
considerably less than the Greisen-Zatsepin-Kuzmin~GZK!

14For a possible resolution of the CCP in codimension-2 bra
world scenarios, we refer the reader to the recent work@66#.

15Concerning the maximal possible temperature in the Unive
see the paper@68# by Sakharov in which this temperature was es
mated asTmax;TPl;1032 K.
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cutoff distancer GZK;50 Mpc. Thus, such heavy gravexc
tons cannot be used for the explanation of the UHECR pr
lem. However, it can be easily seen that formc&102 GeV
the decay length exceeds the cutoff distance,l D@r GZK . On
the other hand, the very weak coupling constantk0;MPl

21

leads to a negligible scattering of gravexcitons at the CM
@70#. Thus, if a mechanism could be found to reconcile t
presence of gravexcitons of massmc;102 GeV with a suc-
cessful nucleosynthesis, then such gravexcitons could
helpful in solving the UHECR problem.

D. Gravexcitons and magnetars

Another possible source for the production of gravex
tons could be the strong magnetic fields of some astroph
cal objects~e.g., neutron stars, pulsars or magnetars!. In anal-
ogy with effects described for axions@71,72#, a strong
external electric/magnetic field can lead to oscillations
tween gravitational excitons and photons in accordance w
the diagram of Fig. 2. It corresponds to an interaction te
Leff;k0cFext

mn f mn , whereFext
mn is the field strength of the ex

ternal electric/magnetic field andf mn denotes the photon
wave function. In the presence of a strong external field,
probability for an electric/magnetic conversion of gravit
tional excitons into photons~and vice versa! could be much
greater than Eq.~34! and would result in observable lines i
the spectra of astrophysical objects. Usually, the elec
fields of astrophysical objects are very small. However,
magnetic fields can be very strong. For example, magne
as special types of pulsars can possess magnetic field
strengthsB.Bcritical;4.431013 G;331026 GeV2. So, it
is of interest to estimate the magnetic-field strengths wh
would provide an efficient and copious gravexciton produ
tion. For this purpose, we note that for the creation o
gravexciton the energy conservation law in a stationary
ternal field requires an energy of the incident photon ofE
*mc . Furthermore, an efficient gravexciton productio
takes place for magnetic-field strengthsB2;mc

2k0
22

;mc
2MPl

2 . Thus, for a gravexciton of massmc;104 GeV we
obtain B;1023 GeV2, which is much larger thanBcritical .
Hence, we have to conclude that the magnetic-field stren
of magnetars are not sufficient for an efficient production
gravexcitons. The reason for this is clear. First, gravexcit
are heavy particles and, second, the gravexciton-photon
teraction itself is Planck-scale-suppressed.

To conclude this section, we note that, similar to the
sults on dilatonic couplings;e2fF2 of electromagnetic

-

e,

FIG. 2. Photon-induced gravexciton creation in a strong m
netic background field.
3-9
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GÜNTHER, STAROBINSKY, AND ZHUK PHYSICAL REVIEW D69, 044003 ~2004!
fields in inflation models@73# and string cosmology@74#, we
can expect in theory~31! an amplification of electromagneti
vacuum fluctuations due to the presence of a dynam
gravexciton background. Such amplification processes
generate sufficiently strong magnetic seed fields to start
lactic dynamo effects which maintain the intergalactic ma
netic field at the present time. Furthermore, they can resu
contributions to the observable anisotropy of the cosmic
crowave background.

V. CONCLUSION

In the present paper, we investigated interactions of sm
conformal scale factor fluctuations~gravitational excitons! of
extra-dimensional space components with 4D Abelian ga
fields. The considered model was based on a factoriz
background geometry.

With the help of a toy model ansatz, we demonstrated
the 4D gauge-invariant electromagnetic sector of the the
is dilatonically coupled to the scale factor fluctuatio
~gravexcitons!. For a static background with backgroun
scale factors frozen in the minimum of an effective potent
the interaction term of gravexcitons and 4D photons has
form (c/MPl)F

mnFmn . This Planck scale suppressed co
pling leads for gravexcitons with massmc to a decay rate
G;mc

3/MPl
2 . Accordingly, gravexcitons are WIMPs with re

spect to this interaction channel. Depending on the conc
gravexciton mass, different physical effects will become r
evant.

~i! Light gravexcitons with massesmc,1022 GeV have a
lifetime which exceeds the age of the Universe so that t
can be considered as dark matter~DM!. In this case, the
inequality ~37! is saturated, and in order that gravexcito
constitute the present DM, each mass valuemc should be
connected with a corresponding special value of the ini
fluctuation amplitudec in . Additionally, laboratory tests o
the gravitational inverse-square law limit the gravexcit
mass from below: m.1023 eV. Furthermore, such
gravexcitons lead to a temporal variability of the fin
structure constant above the experimentally established v
~even with the Webbet al. data@52# taken as upper limits on
the variability ofa!. Thus, this case seems to be excluded16

~ii ! Ultralight gravexcitons with massesmc;10233 eV
are closely related to the observable cosmological cons
dark energy: mc

2;Lobs;10257 cm22. The oscillation pe-
riod of these particles exceeds the age of the Universe, a
splitting of the scale factor of the internal space into a ba
ground component and gravexcitons makes no sense. A m
adequate interpretation of the scale factor dynamics wo
be in terms of a slowly varying background similar to t
scalar field dynamics in a quintessence scenario. Howe
any dark energy model based on ultralight gravexcito

16Apart from the recent radical hypothesis thata is significantly
spatially dependent so that its measured value is characteristi
our spatial vicinity only@58#.
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should first address the problem of the absence of a ‘‘fi
force.’’

~iii ! For gravexcitons with massesmc.1022 GeV, decay
processes play an important role during the evolution of
Universe. These processes can contribute considerably t
heating. We demonstrated that heavy gravexcitons w
massesmc*104 GeV can best meet the existing cosmolog
cal restrictions. On the one hand, the reheating tempera
of these particles is sufficiently high for a successful nucl
synthesis. On the other hand, they intensively decay alre
before nucleosynthesis starts, which prevents a too la
variation of the fine-structure constant afterwards.

The Planck-scale suppression of the interaction and
high energyE*mc needed for the creation of heavy grave
citons with massesmc*104 GeV will make it very difficult,
or even impossible, to observe such reactions in fut
laboratory-scale experiments. So, it is of interest to clar
whether reactions with intensive gravexciton production m
take place in some astrophysical objects.

As a first example, we discussed a possible contribut
of gravexcitons to UHECR with energiesE;1020 eV. It is
clear that, due to their weak interaction with ordinary matt
gravexcitons will propagate in the Universe without signi
cant scattering on CMBR. This makes them attractive a
possible candidate for UHECR. Our estimates show that
decay length of gravexcitons with massesmc*104 GeV is
very short, but for massesmc&102 GeV it becomes much
longer than the Greisen-Zatsepin-Kuzmin cutoff distance

As a second example, we considered the interaction
tween gravexcitons and photons in the strong magnetic b
ground fields of magnetars. The presence of the backgro
fields will strongly enhance the reaction and, in analogy
axion-photon oscillations, one might expect the occurre
of gravexciton-photon oscillations. However, our estima
show that even the strong magnetic fields of magnetars w
field strengths B.Bcritical;4.431013 G are not strong
enough for an efficient gravexciton production.

It remains to clarify whether other astrophysical objects
other interaction channels could lead to an efficient grav
citon production with directly observable phenomena.

Note added. After finishing this paper, we noticed that th
paper@47# appeared in which cosmological implications
extra dimensions are also discussed.
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