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D-braneworld cosmology. II. Higher order corrections
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We investigate braneworld cosmology based on the D-brane initiated in our previous paper. The brane is
described by a Born-Infeld action and the gauge field is contained. The higher order corrections of an inverse
string tension will be addressed. The results obtained by the truncated argument are altered by the higher order
corrections. The equation of state of the gauge field on the brane is radiationlike in low energy scales and
almost dustlike fluid in high energy scales. Our model is, however, limited below a critical finite value of the
energy density. For the description of the full history of our Universe the presence of anS-brane might be
essential.
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I. INTRODUCTION

Superstring theory is a promising theory to unify intera
tions. Recent progress such as M theory and the discove
the D-brane implies a new picture of the Universe. That
our Universe is described by a thin domain wall in the high
dimensional spacetimes@1–5#. Since this scenario is moti
vated by the fundamental feature of the D-brane, it is natu
to ask what the universe on the D-brane seems to be. We
consider the self-gravitating D-brane because we are in
ested in the effects of high energy. The D-brane is gover
by the Born-Infeld~BI! action when the gauge fields a
turned on@6#. The gauge fields can be regarded as radia
on D-brane. Hereafter we call the gauge fields on
D-brane BI matter.

For the self-gravitating D-brane, there is a serious issu
supergravity, that is, the BI matter does not play as a sou
of gravity on the brane@7#. This is, however, the case of th
zero net cosmological constant. If the net cosmological c
stant is nonzero, the BI matter can become a source of g
ity @8#. In the present paper we consider the model where
bulk stress tensor is described by a negative cosmolog
constant and the brane follows the BI action with theU(1)
gauge field. Bulk fields are turned off. In this model, as se
in the next section, the Einstein-Maxwell theory can be
covered at the low energy scale. See Refs.@9–12# for other
studies on the probe D-brane, the brane gas, and so on

In the BI action, the self-interaction of the gauge field
included in nonlinear order of the inverse string tensiona8.
In the previous study@13#, we took account of the order o
a84 and found the equation of state~EOS! in the homoge-
neous and isotropic universe. The EOS is composed of
diation parts and dark energy parts. Then we used this t
cated system for the higher energy regime to obtain
tendency of the effects of high energy. As a result, it tu
out that the BI matter behaves as radiation at low ene
scales and as a cosmological constant at high energy sc
This result has been applied to the new reheating scen
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@14#. It should be noted that such truncation is not a go
approximation in principle, although similar arguments a
often employed in higher derivative theories.

In this paper we will consider all higher order correctio
of a8 in the homogeneous and isotropic universe. The e
lution of the universe is clarified beyond the regime whe
the approximation breaks in the previous study.

The rest of this paper is organized as follows. In Sec.
we describe our D-braneworld model. In Sec. III, we co
sider the EOS for BI matter. We will see that the BI matt
behaves as a radiation fluid at low energy scales and
dustlike fluid at the high energy regime. Then we study
evolution of the universe on the D-brane. In Sec. IV, we g
the summary and the discussion.

II. MODEL

In our model, the bulk stress tensor is composed of
negative cosmological constant and the brane is describe
the BI action

SBI52s E d4xA2det@gmn12pa8Fmn#, ~1!

whereFmn is theU(1) gauge field strength. Thus, photon
already included. In this setting the gravitational equation
the brane is written by@3#

(4)Gmn58pGTmn1k4pmn2Emn , ~2!

where

8pG5
k2

,
, ~3!

pmn52
1

4
TmaTn

a1
1

12
TTmn1

1

8
gmnTb

aTa
b2

1

24
gmnT2,

~4!

and
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Emn5Cmanbnanb. ~5!

In the above we have supposed the Randall-Sundrum
tuning

1

,
5

k2

6
s, ~6!

where , is the curvature length of the five dimension
anti–de Sitter spacetime.

In four dimensionsSBI becomes

SBI52s E d4xA2gF12
1

2
~2pa8!2Tr~F2!

1
1

8
~2pa8!4~Tr~F2!!22

1

4
~2pa8!4Tr~F4!G1/2

.

~7!

Expanding the above action with respect toa8, it be-
comes

SBI52s E d4xA2gF12
1

4
~2pa8!2Tr~F2!1O~a84!G .

~8!

The energy-momentum tensor on the brane is given b

Tmn
(BI)52sgmn1s~2pa8!2Tmn

(em)1O~a84!, ~9!

where

Tmn
(em)5Fm

aFna2
1

4
gmnFabFab. ~10!

To regard the aboveTmn
(em) as the energy-momentum tensor

the usual Maxwell field on the brane, we set

s~2pa8!251. ~11!

Substituting Eq.~9! into Eq. ~2!, we obtain the Einstein-
Maxwell theory

Gmn.8pGTmn
(em) ~12!

at the leading order. In the next section, we will take high
order corrections into account.

III. HIGHER ORDER CORRECTION TO HOMOGENEOUS
AND ISOTROPIC UNIVERSE

A. Equation of state for BI matter

Let us focus on the homogeneous and isotropic unive
We consider the single brane model. Then the metric on
brane is

ds252dt21a2~ t !g i j dxidxj . ~13!

The modified Friedmann equation becomes@5#
04351
e-

r

e.
e

S ȧ

a
D 2

5
k2

3,
rBI1

k4

36
rBI

2 2
K

a2
, ~14!

and

ä

a
52

k2

6,
~rBI13PBI!2

k4

36
rBI~2rBI13PBI!. ~15!

As long as we consider the homogeneous and isotropic
verse, we can omit the contribution fromEmn @3#. The uni-
verse is described by the domain wall in the anti–de Si
spacetime.

Let us define the electric and magnetic fields as usua

Ei5F0
i , and Bi5

1

2
e i jkF jk . ~16!

Here we assume that theEi and Bi are randomly oriented
fields and that the coherent length is much shor
than the cosmological horizon scales. Then̂EiEj&
5(1/3)gi j E

2, ^BiBj&5(1/3)gi j B
2, ^Ei&5^Bi&50, and

^EiBj&50, which are natural in the homogeneous and i
tropic universe. In addition, it is natural to assume ‘‘equip
tition’’

E2~ t !5B2~ t !5:e. ~17!

They can be regarded as a part of background radiat
From the above assumption we immediately obtain the
lowing useful formulas:

^tr~F2!&52^~E22B2!&50, ~18!

^tr~F4!&5^2~E22B2!2&14^~E•B!2&

5
4

3
E2B25

4

3
e2Þ0, ~19!

^~F2!00&52E252e, ~20!

^~F2! i0&5e j i
k ^EjBk&50, ~21!

^~F2! i j &5^~EiEj1BiBj2gi j B
2!&

5
1

3
gi j ~E21B2!2gi j B

252
1

3
gi j e,

~22!

^~F4!00&5^E2~B22E2!&2^~E•B!2&52
1

3
e2,

~23!

^~F4!0i&5^~E22B2!~F2!0i&50, ~24!

and

^~F4! i j &5^~EiEj1BiBj2gi j B
2!~E22B2!&1gi j ^~E•B!2&

5
1

3
gi j e

2. ~25!
1-2
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To close the equations we need the EOS of the ba
ground radiation. To do this, we must evaluate the avera
energy-momentum tensor which can be derived by the
tion. If we keep only the terms which can contribute to t
averaged energy-momentum tensor

SBI.2s E d4xA2gH 12
1

4s
tr~F2!2

1

8s2
tr~F4!

2 (
n52

`
~2n23!!!

n! F tr~F4!

8s2 G n

22 (
n52

`
~2n23!!!

~n21!!

tr~F2!

s F tr~F4!

8s2 G n21

. ~26!

Thus, the averaged energy-momentum tensor becomes

^Tmn
(BI)&52sgmn1^Tmn

(em)&2
1

s K ~F4!mn2
1

8
gmntr~F4!L

24s (
n52

`
~2n23!!!

4~n21!! 8n21s2n21

3^~F2!mn@ tr~F4!#n21&

28s (
n52

`
~2n23!!!

n! 8ns2n K Fn~F4!mn2
1

8
gmntr~F4!G

3@ tr~F4!#n21L 5:2sgmn1^Tmn&. ~27!

Then the density and pressure are

rBI5^T00&5^E2&1
1

2s
^~E•B!2&

14s (
n52

`
~2n23!!!

~n21!! 2n11s2n21
^E2~E•B!2n22&

14s (
n52

`
~2n21!!!

n! 2n12s2n
^~E•B!2n&

5e1
1

6
sS e

s D 2

14s (
n52

`
~2n23!!!

~2n21!~n21!! 2n11 S e

s D 2n21

14s (
n52

`
~2n21!!!

~2n11!n! 2n12 S e

s D 2n

5sF211S s

e
11DarcsinS e

s D G , ~28!

and
04351
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d

c-
PBI5

1

3
^Ti

i&5
1

3
E22

1

2s
^~E•B!2&

1
1

3
4s (

n52

`
~2n23!!!

~n21!! 2n11s2n21
^E2~E•B!2n22&

24s (
n52

`
~2n21!!!

n! 2n12s2n
^~E•B!2n&

5
1

3
e2

1

6
sS e

s D 2

1
4

3
s (

n52

`
~2n23!!!

~2n21!~n21!! 2n11 S e

s D 2n21

24s (
n52

`
~2n21!!!

~2n11!n! 2n12 S e

s D 2n

5sF11S 2
s

e
1

1

3DarcsinS e

s D G , ~29!

respectively. In the last lines of Eqs.~28! and~29!, the radius
of the convergence ise<1. In the above derivation, we use

^Ei 1
Ei 2

•••Ei 2n
&5

1

~2n11!!!
~d i 1i 2

•••d i 2n21i 2n
1••• !en,

and so on.
It is easy to see

wª

PBI

rBI

'5
1

3
2

2

9

e

s
, for

e

s
!1

2
p23

3~p21!
1

4A2

3~p21!2
A12

e

s
, for

e

s
'1.

~30!

Then the BI matter behaves like radiation and almost du
like fluid. This means that the Universe cannot be accele
by BI matter. See Fig. 1 for the profile ofw as a function of
e/s. This is contrasted with the previous result where
used the truncated action, that is, we considered the cor
tions up toO(a84) and investigated the situation where th
correction terms dominate the lowest order terms. The p
vious treatment is similar to that in a higher derivati
theory. In superstring theory, the Einstein equation can
derived at the lowest order ofa8. The higher order correc
tion terms are expressed by the higher derivative terms
general.

Before studying the evolution of the universe, we po
out an interesting feature. Ase/s!1 we can expandr andP
as
1-3
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r5 (
n51

`

(n)r, ~31!

P5 (
n51

`

(n)P, ~32!

where (n)r5O(en) and (n)P5O(en). Then we can see

(n)P5
1

3
(n)r, for n5odd, ~33!

and

(n)r52 (n)P, for n5even. ~34!

Then5odd andn5even order parts behave like radiatio
and vacuum energy, respectively.

B. Evolution of the Universe

By using the energy conservation law,ṙBI13H(rBI
1PBI)50, on the brane, the scale factor dependence of
energy density is fixed asr;a23(11w). At the low and high
energy regimes,rBI}a24 and}a22p/(p21), respectively.

To see the qualitative evolution of the universe, the f
lowing rearrangement of the generalized Friedmann equa
is useful

a821V~a!52K̄, ~35!

where

V~a!52a2r̄BI~21 r̄BI!, ~36!

and we have normalized the variables ast̄ªt/,, r̄BI

ªrBI /s, P̄BIªPBI /s, ēªe/s, and K̄ªK,2. A prime de-
notes differentiation with respect tot̄ .

From the energy conservation law, we find

FIG. 1. w-e/s diagram of the BI matter.
04351
e

-
n

ē85
4a8

a
arcsin~ ē !F 1

ē2
arcsin~ ē !2S 1

ē
11D 1

A12 ē2
G21

.

~37!

Solving Eqs.~35! and ~37! simultaneously, we obtain the
evolution of the Universe. Figure 2 is thea-ē diagram. For
the truncated systemē behaves as}a24 in the late time
while it gradually increases beyondē51 as the scale facto
becomes small. This regime is beyond the application of
analysis of the perturbation. On the other hand, the solu
of full order is terminated whenē51. Around ē51, Eq.
~37! is approximated as

ē8.2
pa8

a
A12 ē2. ~38!

Then we find the solution

ē5cosFp ln S a

a0
D G . ~39!

FIG. 2. Thea-ē diagram of the full order~solid line! and the
truncated~dashed line! systems.

FIG. 3. The configuration of the potential function of the ge
eralized Friedmann equation.
1-4
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Hence for the finite valuea5a0 , ē becomes the critica
value ē51. It is interesting that the physical variables su
asrBI , PBI , e, and curvatures do not diverge at this poin

The configuration of the potential is shown in Fig. 3.
the limit of ē→1 the potential function does not diverg
unlike the ordinary radiation or matter field nor vanish unli
the truncated system in the previous work but conver
nonzero finite value. We show the evolution of the sc
factor in the case ofK50 in Fig. 4. While in the truncated
system the scale factor diverges with the initial singularity
starts from finite value att5t0 in the full order case.

Then there arises a question: What is the state of the
verse before the timet5t0. If we consider the quantum cre
ation of the universe in this system, we can expect that
Euclidean action takes minimum value ata0 somehow and
that it becomes very large or even diverges beyond this po
As a result, the universe starts froma5a0. Another possi-
bility is that there is a reflection symmetry with respect tot0.
Since the scale factor is not connected smoothly, we
guess that there is anS-brane@15#-like structure att5t0. In
this scenario, the universe experiences a bounce. Howe
we have to tune the tension of theS-brane.

It is sure that the evolution of the universe in the ea
stage is affected by taking into account the higher order c
rections of thea8 expansion.

FIG. 4. The evolution of the scale factor in theK50 case of the
full order ~solid line! and the truncated~dashed line! systems.
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IV. SUMMARY

In this paper we considered the homogeneous and iso
pic universe on the D-brane. The matter~gauge field! is au-
tomatically included in the BI action and there are high
order correction terms. The EOS is like radiation at the l
energy scale and almost dustlike at the high energy scale
high energy scales of braneworld, ther2 term dominates and
then the scale factor becomesa(t)}t (p21)/(2p). This model

is limited below ē51 similar to the result in Born and In

feld’s original paper@16#. At the critical value ofē51, how-
ever, physical quantities are finite. Hence one might wan
extend to the past. On a classical level, a mild singula
which is a jump of the expansion rate of the universe occu
To resolve this mild singularity, an introduction of anS-brane
seems to be important.

The present result is quite different from the previo
study @13# where truncated theory was employed. Since
truncation is often used in higher derivative theory for
inadequate regime, the previous trial study is still worthy
a first step. From the present study, however, we learned
such rough truncation approach does not give us good
dictions.

Finally we should comment on our model. We assum
that the bulk stress tensor is composed of a negative cos
logical constant and the brane action is BI one. In Ref.@7#, it
is claimed that the gauge field cannot be a source of gra
on the D-brane without a cosmological constant. To reco
the ordinary Einstein equation, the presence of a net cos
logical constant is essential. We should take into account
above issues to obtain a firm picture of D-braneworld c
mology.
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