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Large-scale magnetic fields from inflation in dilaton electromagnetism
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The generation of large-scale magnetic fields is studied in dilaton electromagnetism in inflationary cosmol-
ogy, taking into account the dilaton’s evolution throughout inflation and reheating until it is stabilized with
possible entropy production. It is shown that large-scale magnetic fields with an observationally interesting
strength at the present time could be generated if the conformal invariance of the Maxwell theory is broken
through the coupling between the dilaton and electromagnetic fields in such a way that the resultant quantum
fluctuations in the magnetic field have a nearly scale-invariant spectrum. If this condition is met, the amplitude
of the generated magnetic field could be sufficiently large even in the case that a huge amount of entropy is
produced with the dilution factor 107 as the dilaton decays.
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[. INTRODUCTION mobility between electrons and ions. This difference can lead
to electric currents and hence magnetic fields. The latter can
It is well known that magnetic fields are present on vari-also generate magnetic fields. Typically, magnetogenesis re-
ous scales in the Universe, from planets, stars, galaxies, @uires an out-of-thermal-equilibrium condition and a macro-
clusters of galaxiesfor recent detailed reviews s¢&—3]).  scopic parity violation. These conditions could have been
The origin of the cosmic magnetic fields, however, is notnaturally provided by the first-order cosmological elec-
well understood yet. Since they have direct influence notroweak phase transitioEWPT) [8] or quark-hadron phase
only on various astrophysical situations but also on the evotransition (QCDPT) [9] (see more references in the review
lution of the Universe, their origin is one of the most impor-[2]). The bubbles of new phase were formed in the old one
tant problems in modern cosmology. and strong, though small-scale, turbulent motion is excited in
In galaxies of all types, magnetic fields with the field the plasma. In standard model, however, EWPT is the second
strength~10"° G, ordered on 1-10 kpc scale, have beenorder, so that such bubbles cannot be formed. Furthermore, it
detected3,4]. There is some evidence that they exist in gal-has recently been shown by Durrer and Capfit] that
axies at cosmological distancgs]. Furthermore, in recent causally produced stochastic magnetic fields on large scales,
years magnetic fields in clusters of galaxies have been oke g., during EWPT or even later, are much stronger sup-
served by means of the Faraday rotation measuremengiessed than usually assumed.
(RMs) of polarized electromagnetic radiation passing |f the scale of cluster magnetic fields is as large-ddpc,
through an ionized mediuni6]. Unfortunately, however, it is likely that the origin of such a large-scale magnetic field
RMs inform us of only the value of the product of the field js in physical processes in the early Universe rather than in
strength along the line of sight and the coherence scale, angktrophysical processes. From the two poifitsthere exists
so we cannot know the strength without assuming the valughagnetic fields with the field strength10 G even in the
of the coherence scale and vice versa. In general, the strengdpjects where the effectiveness of the dynamo amplification
and the scale are estimated as £0107° G and 10 kpc—1  mechanism is not well established, af®l there is the pos-
Mpc, respectively. It is very interesting and mysterious thatsibility that the scale of cluster magnetic fields is as big as
magnetic fields in clusters of galaxies are as strong as galac- Mpc, it is conjectured that large-scale strong magnetic
tic ones and that the coherence scale may be as large fglds are produced in the early Universe and then are trapped
~Mpc. in the plasma that collapsed to form galaxies and clusters of
Some elaborated magnetohydrodynam{®D) mecha-  galaxies through adiabatic compression, or, in addition, sec-
nisms have been proposed to amplify very weak seed magndary amplification mechanism such as galactic dynamo.
netic fields into the~10"° G fields generally observed in  Since the conductivity of the Universe through most of its
galaxies. These mechanisms, known asgakactic dynamo history is large, the magnetic fielB evolves conserving
[7], are based on the conversion of the kinetic energy of thenagnetic flux aBB<a 2, wherea(t) is the scale factor. On

turbuleqt motion of a cqnductlve interstellar _medlum iNt0 tha other hand, the average cosmic energy depséyolves
magnetic energy. Galactic dynamo, however, is only an am- —/3

plification mechanism, and so requires initial seed magneti spa ® in th? matter dominated gpoch. Hgnsecp .
fields to feed on. Moreover, the effectiveness of the dynamd "€ Present ratio of interstellar medium density in galaxies
amplification mechanism in galaxies at high redshifts orPga t0 p @and that of intercluster medium density in clusters
clusters of galaxies is not well established. of galaxiespy are pga/p=10"—1¢F and p 4/ p=10°-1C,
Scenarios for the origin of seed magnetic fields fall intorespectively. Consequently, from these relations, we see that
two broad categories. One is astrophysical processes and thee required strength of the cosmic magnetic field at the
other is cosmological physical processes in the early Unistructure formation, adiabatically rescaled to the present
verse. The former, by and large, exploits the difference irtime, is 10°-10°° G in order to explain the observed
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fields in galaxiesBy,~ 10" % G and clusters of galaxieB,, TW first indicated the coupling of an axion field, or that of a

~10" 7 G. On the other hand, in general, seed fields with thecharged field which is not conformally coupled to gravity.
present strength 16?10 % G is required for the galactic After that many authors have studied more natural and effec-
dynamo scenario. tive couplings.

Although first-order cosmological phase transitions in the ~Ratra[17] suggested the coupling of the inflation-driving
early Universe generate magnetic fields, the comoving cohescalar field(inflaton) ¢ in the form e“’d’FM,,F””, and calcu-
ence length of the magnetic fields cannot be larger than thiated the strength of large-scale magnetic fields in a so-called
Hubble horizon at the phase transition, which is muchpower-law inflation model induced by the exponential poten-

smaller than Mpc today. Though the coherence length mayy) of the forme®¢, wherew and are constant parameters
grow due to MHD effects, this happens at the expense of thﬁ/ith dimension (mass)'. As a result, he found that present

ma%r:etic field str:engrh. hani ina the | magnetic fields as large as 1-10"° G could be gener-
e most natural mechanism overcoming the 95 ted. Recently Giovanninil8] discussed the coupling of a

coherence-scale problem isflation in the early Universe . . . .
(for a compreher?sive introduction to inflatign see RefsMassve scalar fieloy, other than the inflaton in the form

[11,12). Turner and Widrow[13] (TW) first indicated that .(‘Pm/MP')gFM”FW’ where¢ is a constan.t parar_ngter aM
large-scale magnetic fields could be generated in the infldS the F"a!‘Ck mass. According to Giovannini, large-scale
tionary stage. Inflation naturally produces effects on verynagnetic fields with the strength larger than the dynamo re-
large scales, larger than Hubble horizon, starting from microduirement could be generated. —
physical processes operating on a causally connected vol- Garretson, F|el_d, and Ca_rroll analyzeq the ampl|f|cat|on
ume. If electromagnetic quantum fluctuations are amplifie®’ €léctromagnetic fluctuations by their coupling to a
during inflation, they could appear today as large-scale statipsSeudo-Goldstone bosdRGB) ¢ in the form ¢4F , ,F**,
magnetic fields. This idea is based on the assumption that\ehere F~*"= 1/2e#*P?F , is the dual tensor of,,, and
given mode is excited quantum mechanically while it is subfound that this coupling leads to exponential growth not for
horizon sized and then as it crosses outside the horizosuperhorizon modes but only for subhorizon modes. Conse-
“freezes in” as a classical fluctuation. However, there is aquently, large-scale magnetic fields with interesting strength
serious obstacle on the way of this nice scenario as arguesbuld not be generatgd9].

below. Magnetic fields due to a charged scalar field were consid-

It is well known that quantum fluctuations of masslessered in a special model in R¢20] (for more detailed review
scalar and tensor fields are very much amplified in the inflasee[21]). The authors found that stochastic currents could be
tionary stage and create considerable density inhomogengenerated during inflation due to production of charged sca-
ities [14] or relic gravitational wave$15]. This is closely lar particles by the inflaton, and in turn, magnetic fields.
related to the fact that these fields are not conformally invariMoreover, Daviset al. argued that the backreaction of the
ant even though they are massless. The amplification of thscalar field gives the gauge field an effective mass thus
quantum fluctuations can be understood as particle produdreaking the conformal invarian¢@2]. According to Davis
tion by an external gravitational field. Since the Friedmannt al, magnetic fields with the strength of order 20 G on
Robertson-Walker (FRW) metric usually considered is a scale of 100 pc could be generated.
known to be conformally flat, the background gravitational (3) The conformal anomaly in the trace of the energy-
field does not produce particles if the underlying theory ismomentum tensor induced by quantum corrections to Max-
conformally invarian{16]. This is the case for photons since well electrodynamics: It is known that the conformal
the classical electrodynamics is conformally invariant in theanomaly, which is related to the triangle diagram connecting
limit of vanishing masses of fermions. Hence electromagtwo photons to a graviton, breaks the conformal invariance
netic waves could not be generated in cosmological backby producing a nonvanishing trace of the energy-momentum
ground. If the origin of large-scale magnetic fields in clusterstensor. DolgoVf 23] pointed out that such an effect may lead
of galaxies is electromagnetic quantum fluctuations genero strong electromagnetic fields amplification during infla-
ated and amplified in the inflationary stage, the conformation. According to Dolgov, however, magnetic fields with
invariance must have been broken at that time. Severahteresting strength might not be generated in a realistic case,
breaking mechanisms have been proposed, which are maindyg., the model based on 8) gauge symmetry with three-
classified into the following three types. fermion families.

(1) A nonminimal coupling of electromagnetic fields to  Incidentally, it has been indicated by Bertolami and Mota
gravity: TW introduced the gravitational couplingsA, A%, [24] that the conformal invariance might be broken actually
R, A*A, RFMF‘“’/mZ, etc., whereR is the curvature sca- due to the possibility of spontaneous breaking of the Lorentz
lar, A, the electromagnetic potentidf,, the electromag- invariance in the context of string theories, and that gener-
netic field-strength tensor, and a constant with dimension ated large-scale magnetic fields could be strong enough to
of mass. TheRA? terms could generate large-scale magneticexplain the observed fields through adiabatic compression.
fields with interesting strength, but they also break gauge In the light of the above various suggestions, it seems at
invariance by giving the photon an effective mass. In conpresent that the most natural and effective way of breaking
trast, theRF? terms are theoretically more plausible, but thethe conformal invariance is to introduce the coupling of a
strength of the resultant magnetic fields is very weak. scalar field to electromagnetic fields. In particular, Ratra’s

(2) A coupling of a scalar field to electromagnetic fields: suggestion is attractive, claiming present magnetic fields as
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large as 10%°-10° G could be generated in the model, Il. MODEL
which would not requirg any dynamp amplification to ac- A. Action
count for the observed fields in galaxies and clusters of gal-

We introduce two scalar fields, the inflaton fiefd and
the dilaton®. Moreover, we introduce the coupling of the

In the present paper, in addition to the inflaton field we",. o L9
assume the existence of the dilaton field and introduce '[hgIlaton to electromagnetic fields. Our model action is given
as follows:

coupling of it to electromagnetic fields. Such coupling is

axies.

reasonable in the light of indications in higher-dimensional
theories, e.g., string theories. Then we investigate the evolu- SZJ d*xv/= 9l Linfiaton+ Lettaton™ Lem, 1)
tion of electromagnetic quantum fluctuations generated
through the coupling, which breaks the conformal invariance ) __ 1.y _
Elnflaton 20 (?M¢o",,¢ U[¢], (2)

of electrodynamics, and estimate the strength of large-scale
magnetic fields at the present time. Particularly, we consider
the following two cases. One is the case when dilaton freezes
at the end of inflation in the same way as Ratd] just for .
comparison, and the other is the more realistic case that it Lem=— 1 F(P)F,,F*, (4)
still evolves after reheating and then decays into radiation
with or without entropy production.

Here we emphasize the following point. In Ratra’s model, — ~
the inflaton and the dilaton are identified and power-law in- V[®]=Vexp—\k®), (6)

flation is realized by introducing an exponential potential. . . .
There is no reason, however, why we should identify theS(\eNhereg 's the determinant of the metric tensgj,, UL 4]

fields. Furthermore, in the standard inflation models inflatiorANdVI®] are the mflatqn and dilaton potgntlals,ls acon-

is driven by the potential energy of the inflaton as it slowly stant, and is the coupllng between the dilaton and electro-
rolls over the potential hill. This slow roll over quasi-de Sit- magnetic fields with and\(>0) being dimensionless con-
ter stage is practically necessary to account for the nearl§t@nts. The form of the coupling between the dilaton and
scale-invariant spectrunof the primordial curvature pertur- lectromagnetic fields in EqS5) and that of the dilaton po-
bation out of the quantum fluctuations of the inflaton. tential in Eq. (6) can be motivated by higher-dimensional

The rest of this paper is organized as follows. In Sec. ”theorles reduced to fou_r dlmensu_)ns.

we describe our model action and derive the equations o we assume the s_paually flat l_:nedmann-Robertson-WaIker
. . . ) ) FRW) spacetime with the metric

motion from it. In Sec. lll we investigate the evolution of
electromagnetic fields, and then estimate the strength of the ds=g,,, dx*dx’= —dt?+a?(t)dx?, )
large-scale magnetic fields at the present time in Sec. IV,
where we assume the dilaton freezes at the end of inflatiorwhere a(t) is the scale factor. In terms of the(l) gauge
On the other hand, in Sec. V, we consider the case where tHeeld A, , the electromagnetic field-strength tensor is given
dilaton still evolves after reheating and then decays into raby
diation with or without entropy production. Although we
consider the evolution of electromagnetic fields in slow-roll
exponential inflation models in Secs. 11-V, for comparison
we discuss it in power-law inflation models in Sec. VI keep-
ing the recent WMAP data in mind. Finally, Sec. VIl is de-

Lgilaton= — % g'U'V&,uq)av(D —V[®], (©)

f(D)=exp A ), %)

Fu=d,A,—d,A,. (8

Before going on, we state the framework we adopt in this
aper.
(1) During slow-roll inflation the cosmic energy density is

voted to discussion and conclusion. ~ dominated byU[ ¢:] and the energy density of the dilaton is
We use units in whiclkg=c=%=1 and denote the gravi- negligible.
tational constant 8G by «* so thatk’=8w/Mp’ where (2) The Universe is reheated immediately after inflation at

Mp=G~¥2=1.2<10" GeV is the Planck mass. Moreover, t=t,. See, e.g., Ref26] for an efficient mechanism of re-
in terms of electromagnetism we adopt Heaviside-Lorentheating.
units. The suffixes i, 1, R, and 0 represent the quantities at (3) The conductivity of the Universer. is negligibly
the initial timet;, the time when a given mode first crossessmall during inflation, because there are few charged par-
the horizon during inflatiort;, the end of inflation(namely, ticles at that time. After reheating a number of charged par-
the instantaneous reheating stagg, and the present time ticles are produced, so that the conductivity immediately
to, respectively. jumps to a large valuer>H (t=tg), hereH is the Hubble
parameter. This assumption is justified by a microphysical
analysis[13].
(4) We consider both the case of the dilaton frozen at
IThe spectral index is estimated as G:d®04 by using the first =tg as in Ratra’s modgl17] and that it continues to evolve
year Wilkinson Microwave Anisotropy Prob@/MAP) data only  after reheating until it decays with or without entropy pro-
[25], where the errors are the 68% confidence interval. duction and gets stabilized at a potential minimum.
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(5) The value of the coupling between the dilaton and )
electromagnetic fields is set to unity when the dilaton gets Ai(t,x)+
stabilized so that the standard Maxwell theory is recovered,
f=1.

fl. 1
H+ — A,(t,X)——z&Jo'?]Al(t,X)=O (18)
a

f

IIl. EVOLUTION OF MAGNETIC FIELDS

B. Equations of motion . . . ) .
In this section, we investigate the evolution of the vector

From the above action in E¢l) the equations of motion potential and then consider that of the electric and magnetic
for the inflaton, the dilaton, and electromagnetic fields can beje|ds.

derived as follows:

A. Evolution of vector potential
1 ) dU[ ¢]
—fgﬁ#(\/—gg“ d,¢)+ o =0, 9 To begin with, we shall quantize the vector potential

Ai(t,x). It follows from the electromagnetic part of our
model Lagrangian in Eq(4) that the canonical momenta
conjugate to the electromagnetic potenfig{(t,x) are given

1 dV[®]  1df(®)
_ ALY R i w
g N9t T =T g e Pl

by
(10 .
=0, m=f(P)a(t)A(t,x). (19
1
——=3d,(N—gf(®)F*")=0. (1) We impose the canonical commutation relation between
v—4g Ai(t,x) and m;(t,x),

Since we are interested in the specific case where the a3k Kk
baqurpund spacetime is mflatmg, we assume that the spatial [A(LX), 7 (ty)]=i f _3€|k-(x—)’)( 8ij— '_21) ,
derivatives of¢p and® are negligible compared to the other 27) k
terms(if this is not the case at the beginning of inflation, any (20
spatial inhomogeneities will quickly be inflated away and ) ) ) .
this assumption will quickly become very accujatelence ~ Wherek is comoving wave number, ariddenotes its ampli-
the equations of motion for the background homogeneoutde [k|. From this relation we obtain the expression for

scalar fields read Ai(t.x) as
> ., dule] d*k . "
d+3H P+ g =0, (12 A= | o ElBIOA LI
. . dv[® bt * —ik-x
CD+3H(D+%:0, (13) +hI(KAT (t,k)e 7], (21)
_ . _ whereb(k) andb(k) are the annihilation and creation op-
together with the background Friedmann equation erators which satisfy
2
a R i N — ’
sz(—) :K_(p¢+pq’), (14) [b(k),b(k")]=&%k—k),
a 3
. [b(k),b(k")]=[b'(k),b"(k")]=0. (22
pe=2¢"TU[J], (15

From now on we choose thé axis to lie along the spa-
po= s P>+ V[ D], (16)  tial momentum directiork and denote the transverse direc-
tionsx' with 1=2,3. From Eq(18) we find that the Fourier
where a dot denotes a time derivative. Hpreand pg, are  modes of the vector potentid;(t,k) satisfy the following
the energy density of the inflaton and that of the dilaton.equation:
Since we havep,>pg by assumption, during inflatioi

reads 2

fl. k
Atk +—A(LK)=0, (23
a

A(tk)+ Hint+ 7
o K —y 2
H “gu[¢]=Hinf , (17 o N
and that the normalization condition fé(t,k) reads
whereH; is the Hubble constant in the inflationary stage. . Kk
We consider the evolution of the gauge field in this back- Ai(t,k)AJ-*(t,k)—A,-(t,k)Ai*(t,k)= '_ 85— S
ground. Its equation of motion in the Coulomb gauge, fa k?
Ao(t,x)=0 andd;Al(t,x)=0, becomes (24)
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For convenience in finding the solutions of Eg3), we

introduce the following approximate form as the expression IC 1+ (K)|?=|Ci_(k)|?= = (29
of f: AHine f
f(@)=fl®M]=f[P@t)]=fa’* (25  We shall choose
WhereTis a constant an@ a parameter whose _time depen-
((jzegf:(\jv;sf\i/;zak as will be seen in the next section. Using Eq. C. (k)= 1 /ﬁf_ei(ﬁ+l)w/4, C,_(k)=0, (30
Hinst+ ;:BHW_ (26)  so that the vacuum reduces to the one in Minkowski space-

time at the short-wavelength limit,

It follows from Eq. (26) that Eq. (23) is rewritten to the

following form by replacing the independent variabl® #: k K Ak, 7) 1 ekn (31
= — —)OO, y e f— .
) aty 7 I okt
d Al(kun) 1_B dA|(k17]) 2
>+ g +k°A(k,7)=0, (27)
dzn n 7 We therefore obtain

where »= [dt/a(t) is conformal time. During inflationy

=—1/(aHy). If we regardB as a constant, the solution is / T 12, (1) k i
i = - (B+1)wl4
given by Aulka) 4Hy (@) Az ) © '

(32)
Ak, 7)=C. (K)(— Hing) #PHEA — k)
+C|,(k)(—Hmm)ﬂ/ZHg,%(—kn), (29 Being interested in large-scale magnetic fields, we inves-
tigate the behavior of this solution in the large-wavelength
where H" is a vth-order Hankel function of type (n limit. Expanding the Hankel function in E¢32) and taking
=1,2), andC,, (k) andC,_(k) are constants which satisfy the first leading order itk/(aH;,), we obtain
|
/ 1 B k \ P2
_9BI2 7l 4-1/2 i(B—1)ml4
Ak =2"N Tt 12)2 amy,) @
xk™ 230 for B>0, (33
and
1 B k \P?
_o—BI2 _Pli-12 i(3—p)ml4
A2 N T @ Z)a aty ©
xkPa=F for B<O. (34

The large-scale expansion bifurcates @t 0. This is the ever, itis a function ofb as seen inf5). We therefore inves-
reason for the two different expressions, E(@3) and(34).  tigate the expression of paramel@rby the comparison of
From Eqgs.(33) and(34), we see that the large-scale vector Eq. (5) with Eq. (25).

potential is time independent f@@>0 and evolves likea # To begin with, we consider the evolution of the scale fac-
for <0. Furthermore the mean square of the large-scalgor a(t) and the dilaton®(t) in the inflationary stage. The
vector potential in the position space isk®|A|(k,a)|>  scale factom(t) is given by

ack~1#1+3 on a comoving scale=2x/k, so the root-mean-

square(rms) has a scale-invariant spectrum whgh=3. a(t)=a; exd Hps(t—t1)], (35

B. Parameter § where a; is the scale factor at the timg when a given
In the preceding section, for convenience we have introcomoving wavelength 2/k of the vector potential first
duced the form25) as the expression déf In practice, how- crosses outside the horizon during inflatidi(a;H;) = 1.
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In order to obtain the analytic solution of E(.3) we apply
slow-roll approximation to the dilaton, that is,

<1, (36)

Hind
and then Eq(19) is reduced to

. dV[®]
3Hy® + a0 =0. (37

The solution of this equation is given by

o 1I (Nk)2V
==In
AK 3Hipns

(t—tp) +expAcdgr) |, (39

where®(=<0) is the value ofd at the end of inflation. In
the case the dilaton is frozen et tg, we choosebgr=0 so
thatf=1 at that time.

Next, we investigate the evolution 6ff. Using Eqs.(5),
(17), and(38), we find

f_)\XKZV[CI)]_)\,XH 2
T an, infW, (39
wherew is defined as
_VIe] Vo] w0
Py Ule]”

Since we havep,>pq by assumptionw<1. Comparing
Eq. (26) with Eq. (39), we find

B~1+AAw=1+Xe, (41

whereX and e are defined as

X

> >

(42

e=\2w, (43)

respectively.

ThoughU[ ¢] is approximately constant in slow-roll ex-
ponential inflation,V[®] changes gradually. As a result it
follows from Egs.(6), (38), (40), and(43) that the ratio ofw
att=tg to that att=t; is

W(tg) V[P(tg)]
w(t)  V[P(t)]

(XK)2V[Dg]
:l_ﬁHinf(tR_ti)
=1-e(tp)Hint(tr— 1), (44)

where e(tg) =N2W(tg). Since Hi(tg—t)=N(ti—tg) is
about 50, wheréN(t;—tg) is the number of-folds during

PHYSICAL REVIEW D 69, 043507 (2004

the period fromt=t; to t=tg, the ratio ofw(tg) to w(t;) is
about half in the case(tg) ~1/100. Ife<1, the variation in
w in the inflationary stage is small, and then we can regard
as approximately constant.

The slow-roll condition to the dilaton, E¢36), is equiva-
lent to the following relation:

<leoe<l. (45)

Hinfq)

If we assumex~ (1), therelatione<1 is satisfied during
inflation because ov<1.

C. Evolution of electric and magnetic fields

We consider the evolution of electric and magnetic fields.
The proper electric and magnetic fields are given by

EPoPeft,x)=a 'Ei(t,x)=—a 'A(tx), (46

BiPoPe(t,x)=a 'Bi(t,x)=a € d;A(t,X),
47

where E;(t,x) and B,(t,x) are the comoving electric and
magnetic fields, and;;, is the totally antisymmetric tensor
(€123=1).

From Egs.(32), (46), and(47) we find the Fourier com-
ponents of the comoving electric and magnetic fields in the
inflationary stage,

T k k )
E/(k,a)=\/—>r-— — a*l/ZH(l)_ ( )el(ﬁ+1)7r/4,
(K= N f@la)® e am,
(48)
. [ Ky _
B|(k,a):_|(_1)| m 5 12
n
(1) i(B+1)ml4

XHB/Z(aHinf © ' 49

We consider the case the dilaton freezes at the end of
inflation and after instantaneous reheating the conductivity of
the Universeo. jumps to a value much larger than the
Hubble parameter at that time. The evolutionary equation of
the vector potential for an electrically conducting plasma is
given by

. a
Ai(t,X)+ a+0’c

. 1

The joining conditions at the transition from the inflationary
stage(INF) to the radiation-dominated ofRD) att=tg are
[17]

E;(RD)(tg,x) =exp( — otr) Ei NP (tg,X), (51)

B ") (tg,x)=B;""(tr ). (52)

From these joining conditions, for a large enough conductiv-
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ity at the instantaneous reheating stage, we see that the elestage and the subsequent matter-dominated stegeg)

tric fields accelerate charged particles and dissipate. In facfl7].

we solve Eq(50) in the large-conductivity limito:>H, so It follows from Eg. (49) that the Fourier components of
that electric fields vanish and the proper magnetic fieldghe proper magnetic fields in the inflationary stage are given
evolve in proportion toa”2(t) in the radiation-dominated by

k2

a

1
a

k
aHint

ks

- (1)
4H;x f(a)

BI2

k
H )

B,PoPett k)|2=a"?|B,(k,a)|?=a"?
BPPe(L k=2 7B (k.a) d 3

. (53

Since we are interested in the scales much larger than the Hubble radius in the inflationary stage, we ex@hihEbe
large-scale limit. Taking account of the above fact that the proper magnetic fields evolve in propotict{tio(t=tg), we
find that the Fourier components of the large-scale proper magnetic fields are expressed as

B, ProPe(t,k Z—ZIHFZ d f-1 ! LI for B>0 54
|B,POPE(t, k)| 2= p 5 (aR)m aig lalla or >0, (54)
and
, 2762 By 1 k \#[k\%(1)?
prope — . - S _ _ <
B, PP, k)| —T ( z)f (ar) agh )l agh ) | a) for B<0, (59
|
where we have only recorded the first leading term. Hence the large-scale magnetic fields have a scale-invariant
Finally, the energy density of the large-scale magneticspectrum when8|=5. From now on we shall take the
fields in Fourier space is given by present scale facta,=1.
pa(t,k)=[B,PP(t,k)[?f(a). (56) D. Consistency
Multiplying pg(t,k) by phase-space densitym4%/(2)3, During inflation the energy density of electric and mag-
we obtain the energy density of the large-scale magnetigetic fields should be smaller than that of the dilaton so that
fields in the position space the evolution of the dilaton is governed by islassical
. potential.
We define the ratio of the energy density of the electric
— 2
pe(L. )= ﬁmlpmpe“'k” f(a), 57 and magnetic fields to that of the dilaton as follows:
. B . : 1

on a comoving scale =27/k. Note that the expressions in Y(L,t)=—[pg(L,H)+pe(L,)], (59
Egs. (54) and (55) are for one transverse component of the Po
magnetic fields and the total magnetic field contribution is
twice as large. Using Eq$54), (55), and(57), we find that k3 orope 5
the energy density of the large-scale magnetic fields at the pe(L,t)= ﬁlE' (t.k)[*f(a), (60)

present timd, is given by
wherepg(L,t) is the energy density of the electric fields on

2lpl-3 8| as\4/ Kk \“lBl+5 ; T .
pe(L,to) = Fz(—)H-f“ IR ) comoving scaleL=2sx/k. During inflation Y must be
' s 2 ) "™ \ag) \agHin smaller than 1, which we cathe consistency condition
(58 Using Eqs.(17), (48), (49), (59), and(60) we find
|

1 (Hpe\? k \° K k k
Y%—(— (] [ L9 ] (— +H(1)_ - H(2)_ — ], 61
3w Mpy/ | aHiy 2\ aHine) P2\ aHing Bl=1\ aHip ) P27 aHiy (61

where the approximate equality follows from the ratio of the energy density of the dilaton to that of the inflaton in the
inflationary stagepq /p,~w, see Eqs(16) and (40).

Here we note that the upper limit dod;; is determined by the observation of the anisotropy of cosmic microwave
background(CMB) radiation. Using the WMAP data on temperature fluctuafi@®], which is consistent with the Cosmic-
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Background ExplorefCOBE) data, we can obtain a con-
straint onH;,; from tensor perturbatiofl5,27,

Hins
SRLL

2X10°°.
Mp,

(62

From this relation we find that the upper limit d; is
2.4x 10" GeV.

PHYSICAL REVIEW D 69, 043507 (2004

When we consider a given scalertk, the value of
k/(aH;y) decreases as the Universe evolves. Evaluating Eq.
(61) at the horizon crossing/(aH;;)=1, we find Y
<10 %1, and so the consistency condition is satisfied. In
the long wavelength regime, expanding Egl) and taking
the first leading order ik/(aH;,;), we find

1 [Hs\%faHp\#° aH;

Y~3 ZW(M: k'”f [zﬂrz(g +2ﬁ—21“2(ﬂ 1 k'“f for B>2, (63)
s
1 [Hig\? aHy|# 73 aH,| ~2¢-D

Ymg . (M—"‘f k'”‘ {2Br2 g +2('32)1“2(— +1 k'"f for 0<pB<2, (64)
T"W Pl

and
1 [Hin| %[ @aHip| "> B B aHiny) 2
~ __inf -pr2l _ 2| o-B-2p2[ _ 2
Y 3772w<|\/|p| K 2°FT 5 +2 r 2+1 K for 8<0, (65

where the first term in the square brackets is the magnetidegrees of freedom for relativistic particles at the reheating

contribution and the second term the electric oie.is
smaller on larger scales for3<8<5.

IV. ESTIMATION OF PRESENT LARGE-SCALE
MAGNETIC FIELDS

In this section, we estimate the present strength of the 5 s
large-scale magnetic fields. Since we consider the case whereps(L.to) | B(L, to) |2 (VHiyMpL)#!

dilaton is frozen at=tg, we chooseby=0 so thatf=1 at
that time.
A. Estimation of present large-scale magnetic fields

To estimate the present large-scale magnetic fields fro
Eq. (58) we use the following valuegl 2]:

Ho=70h;o kms 1 Mpc 1=2.26h,ox 10718 571,

(66)
7T2 4
Pd):%Q*TR (9, ~200), (67)
L 30/ 2 1/12 . 1/4
N=45+In >+In[ (7901 7Py ,
[Mpc] 1073 [GeV]
(68)
a g*)mTR 3.7
ar \3.91 T, 23510 ¥[GeV]
(T, 0=2.73 K), (69

whereH, is the present Hubble parametgnroughout this
paper we useh,,=1.00 [28]), g, is the total number of

epoch, Tg is reheating temperaturé\ is the number of

e-folds between the timg; and the end of inflationg, and

T,o is the present temperature of CMB radiation.
Applying Egs. (66)—(69) and k/(agH ;) =exp(—N) to

Eq. (58), we find
A
N M

(70

From this relation we see that stronger magnetic fields could
be generated in the case of a latgg; and a largd 8|. The

Jeason is as follows. From Eq$38) and (43), we find

d(t)=(\k) *In[1—eHy(tg—t;)]. Furthermore, fromf/f
=(B—1)H;,, we find that the rate of the change bis
larger in the case of a lard@| and a largeH;,;. Hence the
conformal invariance of the Maxwell theory is broken to a
larger extent in the case of a large,; and a large|g|.
Practically, for 3>0, the initial amplitude of electromag-
netic quantum fluctuation becomes larger. On the other hand,
for 8<0, although the initial amplitude smaller, the rate of
the amplification is very high. We will consider the detailed
values of the present magnetic fields in Sec. IV C.

B. Upper limits on cosmological magnetic fields

Upper limits on cosmological magnetic fields come from
the following three sourcetsee more detailed explanations
in Refs.[3,29)).

(1) CMB anisotropy measurements: Homogeneous mag-
netic fields during the time of decoupling whose scales are
larger than the horizon at that time cause the Universe to
expand at different rates in different directions. Since aniso-
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tropic expansion of this type distorts CMB, measurements of T'2(B/2—1)
CMB angular power spectrum impose limits on the cosmo- O(Ltr)=—; K=2(L) for B>2, (73
logical magnetic fields. Barrow, Ferreira, and Si80] car- r<(pl2)
ried out a statistical analysis based on the 4-year COBE data
for angular anisotropy and derived the following limit on the I'2(—pl2+1) st
primordial magnetic fields that are coherent on scale larger O(L,tg)= 2—K (B=1)(L)
than the present horizon: I“(B12)
BO) ~5%x10°°G. (70) for 0<p<2, (74)

cosmic

Incidentally, Caprini, Durrer, and KahniashviB1] have re- and

cently investigated the effect of gravity waves induced by a
possible helicity component of a primordial magnetic field
on CMB temperature anisotropies and polarization. Accord-
ing to them, the effect could be sufficiently large to be ob-
servable if the spectrum of the primordial magnetic field is\\nere
close to scale invariant and if its helical component is stron-
ger than~10 1% G. Moreover, it has also been argued that if
tangled magnetic fields ot 3x 10 ° G exist on cosmologi- K(L)52e45[
cal scales, their imprint on CMB anisotropy and polarization
may be detectablg32].

(2) Big bang nucleosynthesi8BN): Magnetic fields that  while the energy density of magnetic fields is dominant for
existed during the BBN epoch would affect the expansiong>1 that of the electric fields is dominant f@@<1 on
rate, reaction rates, and electron density. Taking all thesrarge scales. Particularly, in the cage<0, the energy den-
effects into account in calculation of the element abun-sity of the large-scale electric fields is much larger than that
dances, and then comparing the results with the observegt the magnetic counterpart. When strong enough magnetic
abundances, one can set limits on the Strength of the mageld is generated’ the accompanying electric field is so
netic fields. The limits on homogeneous magnetic fields orstrong that the consistency condition is not satisfied. The
the BBN horizon size~1.4x 10 *h7, * Mpc are less than reason is as follows. As noted in Sec. Il A, f@gr>0, the
10°° G in terms of today’s valueg33]. vector potential is time independent in the large-scale limit in

(3) Rotation measuréRM) observations: RM data for the inflationary stage, conversely, f<0, it evolves like
high-redshift sources can be used to constrain the large-scale#, Hence the electric fields are not generated in the former
magnetic fields. For example, Va#i¢34] tested for an RM  case, but generated in the latter case. Consequently, stronger
dipole in a sample of 309 galaxies and quasars. The galaxiqgagnetic fields could be generated in the casel.
in thIS Sample extenqed D:36 though most Ofthe ObjeCtS Figures 1 and 2 dep|ct the curves in I.H%f_ﬁ parameter
were at z=2. Vallee derived an upper limit of 6 gpace on which the present magnetic fields on 1 Mpc scale
X101 nge/107 7 cm™3) "1 G, where ng, is the present with each strength could be generated. The former isgfor
mean density of thermal electrons, on the strength of uniform. g and the latter foB<0. In Fig. 1, the shaded area illus-
component of a cosmological magnetic field. Note that therates the excluded region from the observation of the anisot-
average baryon density is estimated mg=(2.7=0.1)  ropy of CMB. This region is decided by E671). From Egs.

I'?(—pr2+1)

OLtR="2

K?(L) for B<0, (75

[30/( 77_29* )] 1/12p ¢1/4
10%R[GeV]

(76)

([MDC])'

X 10~ cm™3 [25] for comparison. (63) and (64) we find that the consistency condition is satis-
fied in all the area. On the other hand, in Fig. 2, the shaded
C. Results area corresponds %=1 and illustrates the excluded region

ifrom the consistency condition decided by E@5). The ex-
Suded region from CMB is included in this region. From
these figures we can find the following results. Bor 0, the

We show the results of the present large-scale magnet
fields calculated from Eq(58). As described in Sec. |, pri-

mordial magnetic fields with the present strength 2 .
10-10_1g-9 Ggare required to explain the F())bserved fields?inmagnetlc fields on 1 Mpc scale with the strength larger than
101G could be generated in the casH;>1.2

galaxies and clusters of galaxies through adiabatic compresz’y s ~ e
; . . eV. Furthermore, the magnetic fields strong enough
sion. On the other hand, for galgctlc dl%namo scenario, th?or the galactic dynamo scenariog(l%?—lﬁlﬁ G) Cougld be 9
ﬁelgser\g'mzzggffttsgrzggttr?;raﬁé(; thg :rrlirrqugﬁgi.t generated in the wide region of the parameter space. On the
RS gy Y other hand, foB<0, the maximum strength of the fields are
of the large-scale electric fields to that of the magnetic COUNZ . 1519 G at most. Parenthetically we note that in all fio-
terpart at the end of inflatioty, ) Y 9

ures we depict 10?2 G contours with solid lines to empha-

|E,PrOPE(L, tr)|2 size the critical value for the galactic dynamo scenario. As
O(Ltg)=——— . (720  we can see from Eq70), whenB>5, the larger-scale field
|BPPL tr) |2 is the stronger, so that its strength is constrained from the
observation of the anisotropy of CMB, on the other hand,
From Egs.(63)—(65), (68), and(72), we find when 8<5, the stronger is the smaller-scale field, so that its
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10 scale is 2.X10 %8 G. This value is independent &;,;.

Moreover, whenB=5 (the magnetic field has a scale-
invariant spectrum the maximum value of the field is 1.8
x 10" G in the caseH,;=2.4x 10" GeV.

Finally, we note the following point. As discussed in Sec.
1B, we have assumed<1 and regarde@3 as approxi-
mately constant, and analytically investigated the evolution
of the electric and magnetic fields. This approximate analysis
is proper. In fact we have taken account of the time depen-
dence of B in the casew(tg)<1l and A~O(1): B~1
+AW(tg)/(L+w(tg)Hi,(t—tg)), which is derived by using
Egs. (6), (38), (40), and (41), and numerically solved Eq.
(27) in the inflationary stage. As a result we have confirmed
that the numerical results almost agree with the analytic
ones.
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log(H:s [GeV]) V. DILATON DECAY AFTER REHEATING

FIG. 1. The curveddotted lines and a solid lingn the Hiy So far we considered the case the dilaton field freezes at
-B parameter space on which the present magnetic fields on 1 Mpge end of inflation and so the value of the couplinge-
scale with each strength could be generatgg>0). B(to)  tween the dilaton and electromagnetic fields is set to unity. In
:%?10 G, 10 5% 100G, 107G (solid line, 107G,  nractice, however, it is expected that the dilaton continues its
107G, and 10*G are _showr(top down). The_ shaded area - evolution along with the exponential potential even after re-
lustrates the excluded region from the observation of the an'SOtmpHeating but is finally stabilized when it feels other contribu-
of CMB, Eq. (71). tions to its potential from, say, gaugino condensation that

generates a potential minimum. As it reaches there, the dila-
strength is constrained from the predictions of light elementon starts oscillation with mass and finally decays into
abundances from BBN. The former is more stringent than theadiation. Then we consider its potential minimum is located
latter, and so all results shown in Figs. 1 and 2 satisfy theyt ® =0 andf=1 there, and so the field amplitude evolves
limit imposed by the latter. Here we show a few characterisfrom ®(<0) to nearby zero along with the exponential
tic examples. Wheng=1, i.e., in the ordinary Maxwell potential.
theory, the present strength of the magnetic field on 1 Mpc  During the coherent oscillation the energy density of the
dilaton pg evolves asa 3(t), so that it decreases more
slowly than that of the radiation produced by the inflaton
p M If the Universe is radiation dominated until the dilaton
decays, the entropy per comoving volume remains practi-
cally constant. Ifp, becomes dominant over,(") signifi-
cant amount of entropy is produced, which dilutes the energy
density of magnetic fields.

\V]
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A. Dilaton decay

B

|I',HIIIIIII'E‘IIIII T

We regard the timeé,c=m"! as the epoch when the co-
herent oscillations commence. Whentg, the Universe is
radiation dominated, and so we shall a¢t) =ag(t/tg)2
3 = Before the field oscillation regimeg<t<t.., the dila-

[ ﬁ <O] ton e_volves _with the expongntial potentid). _It is known
that, if the dilaton evolves with the exponential potential for
ol b b b e a sufficiently long time, the dilaton enters a scaling regime as
10 S 0 S 10 it evolves down its potentidi35]. In this scaling regime the
log(H, [GeV]) friction term from the expansion of the Universe in the equa-

FIG. 2. The curvegdotted lines and a solid linein the H tion of _motion_ balances the p_otential_ forcc_—z gllowing_it to
— B parameter space on which the present magnetic fields on 1 Mpgnter this scaling era. If the Universe is radiation dominated
scale with each strength could be generateg<0). B(t,) in this regime, therefore, the evolution of the dilaton poten-
109G, 100G, 10%G, 1022G (solid ling, 103G, tial is the same as that of the background radiation produced
10740 G, and 100 G are showr(top down). The shaded area cor- Dby the inflaton, which is proportional to 2.
responds t& =1 and illustrates the excluded region from the con-  Then we have numerically solved the equation of motion
sistency condition decided by E¢65). This area includes the ex- for the dilaton along with the exponential potential, and
cluded region from the observation of the anisotropy of CMB.  found that the dilaton evolves near to zero before it enters a

-,
.
.....

SANNANEN
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scaling era because the field amplitude at the end of inflation

|Pg| is constrained to be relatively small. The reason is as A" (to)>pa(te)<py

follows. Whentg<t<t,, the energy density of magnetic

fields is enhanced through the coupling with the evolving

dilaton. The energy density of magnetic fields on all scales 4:»p—_‘/’>I’q,*l’zt,{zm*y2

should remain much smaller than that of the dilaton so that V

(4) should not affect the evolution of the dilaton. As we will

show in EQ.(91) in the next section, the energy density of Py (Mpy| [ 2Hin 2

magnetic fields is more enhanced in the case of a large value < 7>(W) (T) ) (81)

of X«|®g|. Hence the upper limit oh «|®g| is determined

from this condition. We have therefore numerically solvedyhere the last relation is obtained by usinf

the equation of motion for the dilaton along v!|th the expo- —~ m(m/Mp)? andtg~1/(2H;). In this case the entropy per

nential potential and investigated the region\of|®g| in comoving volume remains constant. Hence the necessary

which this condition is satisfied. As a result we have foundcondition of entropy production is

that the value of|®g| must be relatively small adg

~1/k in the case\ ~O(1). From now on we will deal with Q<(%) (%

XK|CI>R| as a model parameter, and show the detailed region V2 m m

of this parameter in Figs. 3 and 4 in Sec. V C. _ .
Consequently, even if the energy density of radiapff) ~ Here we consider the cags™ becomes equal tp,, att

is dominant over that of the dilatom, at the instantaneous =tc in the epoch of the coherent oscillationg(<t.<tq),

reheating stage, that i¥,exp(—A«x®g)/p,~w<1, p{"™ be-

a(ty)

ar

a(tey) ]2
a(tosd

—4
} > pa(tosd

2
(82

—4 -3
comes comparable o around the field oscillation regime pr(inf)(tc)=p(b(tc)<:>p¢[a(t0)} =po(tosd ﬁ} _
(t~tos). Sincepy, does not become dominant ovel™ in ar A(tosd 83
tr<t<tys., however, it is the field oscillation regime that )
significant amount of entropy could be produced. From this equation we find

We consider the evolution gfy and the energy density of
the radiation produced by the dilaton dega{" in the ep- Py 2 Py 21 \4
och of the coherent oscillations=*t,). The equations for tﬁ(v) tr*tose o= Vi (ZH- f) m®, (84)
n

them are given as followgl2]:
where the first approximate equality follows fropg(t,so

. a
pe=—|3=+Ts|pe, (77 ~V, and the second one fromt,=m! and tg
a ~1/(2H;y). Whent=t,, pg is dominant ovep, ™ so that
. the Universe is matter dominated. Thus we shall ag)
o a . =a (t/t)?P=artg Y4, %3 where the second equality
diy — _ 4% (dil Ut 2 e
P = 4apr tTopo, (78 follows from the joining condition of(t) att=tg.

We investigate the entropy per comoving volume after the
dilaton decay. In general, the entropy per comoving volume
is represented a&S8=a3(p+p)/T, wherep, p, andT are the
equilibrium energy density, pressure, and temperature, re-

wherel'y, is the decay width ofb. The solutions of these
equations are given by

a(t) 13 spectively. It is given by12]
Po= Pa(tosd atos) exf —Tg(t—tesd], (79 4 2m2(g, )13
/3 4/3 4 9x
st =S+ §P<I>(tc)ac 5
. at) |74t [ a(n)
= Tanatton) aris| || Ta
Pr opeltosd| 3t 31 ], | atend xrq)f () e — T (r—to)]d7
te C
X - - .
exg —T'ep(7—tysd JdT (80 (85
Here we estimat@q(t=t,s)~V becauseV is the value of ~S A3 1+F<ptc_2/3fw(u+tc)2/3exri—F<1>U)dU
the exponential potential in the forii) at ®=0, and we 0
expect the contribution from stabilization mechanism has the .
same order of magnitude. ~S3 14T 5)(,[(;@)2/3}, (86)

B. Entropy production where S; is the entropy per comoving volume &tt; and

If the Universe is radiation-dominated until the dilaton (g, ) is the appropriately averaged valuegf over the de-
decaystq)zl“;l, we find the following relation: cay interval. In the second approximation we have intro-
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duced the variablai=7—t. and calculated in the limit  where the last approximate equality follows froﬁv%

—. Moreover we have used the relatiop™(t)  ~wexpRrdg), see Eqs(6) and(39). In the right-hand side
=pa(to) and the following equation: of Eq. (90), the first factor is the contribution of the coupling

2 \13 with the dilaton, through which the energy density of the
(27’ 9*) 4 (87) magnetic fields is enhanced becaug<<0. On the other

45 I hand, the second one is that of the produced entropy, which

dilutes the energy density of the magnetic fields.
which is the general relation between entropy per comoving

volume S and the energy density of radiatign. It follows
from I'y=m(m/Mp)?, Egs.(84) and (86) that the ratio of C. Effect of dilaton decay
the entropy per comoving volume after decay to that before
decay is written as

3/4

4
3

Jsor

From Egs.(58) and (92) we estimate the strength of the
present large-scale magnetic fields in the case the dilaton still
S evolves after reheating and then decays into radiation. Fig-
ASEg ures 3 and 4 depict the magnetic field strength on 1 Mpc
¢ scale at the present tini&(to). The former is for the case
5\[[ V) /2H\2( Mg\ |¥3] ¥ Hi=10" GeV andm= 10" GeV, while the latter corre-
3\ o)\ m ) I sponds to the casel,=10° GeV and m=10° GeV. In
¢ both these cases entropy is produéeel, AS>1), and then
— ) the relation(82) is satisfied. The amount of the produced
m(l) ( ZH‘”f) (% (88) entropy in the former case is smaller than that in the latter.
Py m m As described in Sec. VA, the region of the parameter
_ _ \«k|®g| is constrained from the condition that the energy
where the second approximate equality follows from Ed.gensity of magnetic fields on all scales should remain much
(82|)f. the entro roduction oceurs. the Universe should ex smaller than that of the dilaton before the field oscillation
pand larger erﬁ)gupgh to cancel out ihe effect of the produce(rjegime tr=t=tos. This condition is satisfied in the region
entropy. From this point of view, taking account pf of A«x|®g| on each line in these figures. Moreover, Fig. 5

xa~4s*3 we find depicts the curves in thid;;—m parameter space on which
the present magnetic fields on 1 Mpc scale with each
rAL strength could be generated for the c@gse5.0. In Fig. 5,
(AS)*3= —0) , (89  the shaded area illustrates the region with- 2H;¢, where
o tr>1,5c @nd our analysis does not apply. In all the cases in

_ Fig. 5, entropy is also produced. In this figure, we have taken
where a, is the present scale factor in the case with the

entropy production. 5
Finally, we consider the effect of the dilaton decay on the

- 104
energy density of the present large-scale magnetic fields. We C Hi= 1013GeV
again assume that after instantaneous reheating the conduc- 10 — m=10"GeV
tivity immediately jumps to a large value and so the ampli- C B=5.0

tude of the vector potential is fixed. It follows from E{S), A5
(54)—(57), (88), and(89) that the ratio of the energy density

of the present large-scale magnetic fields in the case the di-
laton still evolves after reheating and then decays into radia-

tion, pg(L,to), to that in the case the dilaton freezes at the

3

w0 B=4.5

log(B(t,)[G])

\

end of inflationpg(L,tg) is written as -25 B=4.0
;B(L:tO) .30 :_
———=f"(tr)(AS) " 90 -
paLity) | (WA %0 = p=35
a0 o oy
5 V\ [2H,c\2( Mp, —4/3 002 004 006 008 0.1
~exp —NkDgX)| | — ( '") (—) 2K Dy
pd, m m
(9D FIG. 3. The magnetic field strength on 1 Mpc scale at the
) s present timeB(t,) in the case with entropy production. The lines
~ 4 2Hine\ [ Mpy) |~ are for the caséd;=10" GeV andm=10" GeV. B~1+A\wW
~expg —ANkPg| X+ 5| ||wW —
R 3 m m ! ~5.0, B~4.5, B~4.0, andB~3.5 are showritop dowr). Here we

(920  have takerw=0.01 and\ ~O(1).
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(6]
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H,=10"GeV
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m=10GeV
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log(m[GeV])
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35 B=3.5
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FIG. 4. The magnetic field strength on 1 Mpc scale at the FIG. 5. The curvegdotted lines and a solid lingn the Hj
present timeB(t,) in the case with entropy production. The lines —m parameter space on which the present magnetic fields on 1
are for the caséH=10° GeV andm=10° GeV. B~1+\xw  Mpc scale with each strength could be generated for the gase
~5.0, ~4.5, B~4.0, andB~3.5 are showritop down. Herewe ~ ~5.0. B(t))=10"°G, 10 G, 10°G, 10 %G (solid line),
have takerw=0.01 andk ~ O(1). and 10 *° G are showr({top down. The shaded area illustrates the

region with m>2H;,;, wheretg>t.s. and our analysis does not
_ apply. Here we have taken the maximumXof|<I>R| for each case,
the maximum of\ k|®g| for each case. In Figs. 3-5, we andw=0.01 andk~O(1).

have takerw=0.01 and\ ~O(1).

The energy density of the magnetic fields is more en-
hanced for IargerXK|<I>R| and largerX, while it is more Thus the essential requirement is that the spectrum should

diluted in the case more entropy is produced, see Ef5-— not be too blue.
(92). In fact, if B~1+Xe~5.0, that is, the spectrum of the
magnetic fields is close to the scale-invariant one, and pro-
duced entropy is relatively small, e.g., in the cadg; So far we considered the evolution of electromagnetic
=10 GeV andm=10" GeV, in whichAS=4.6x 10, the fields in slow-roll exponential inflation models in the light of
generated magnetic fields on 1 Mpc scale could be strongehe fact that the recent data of WMAP favors models with
than 10 1° G at the present time. Furthermore, in the casesmall slow-roll parameters. In this section, for comparison
B~5.0, even if the entropy production factor is as large aswith [17], we discuss it in power-law inflation models with
AS~10% a sufficient magnitude of magnetic fields for the the following exponential inflaton potential:

galactic dynamo scenari®=10 22 G, could be generated.

More specifically, the amplitude of the generated magnetic U[¢]:Uexp(—§;<¢), (93)
field ranges from 10%? G to 10 ® G, namely the span fa-
vored by the dynamo scenario, if the dilaton mass lies in th
range 9.X10° GeV=m=9.3x10° GeV in the caseH
=10" GeV and 8=5 with the entropy production factor
being AS=5.8<10°-5.8x10°% In the case Hiy
=10'°GeV andB=5, the appropriate amplitude of mag-
netic field results for 1.2 10* GeV=m=1.7xX10" GeV in
which AS ranges 9.% 10%°-9.2x 1074,

VI. CASE OF POWER-LAW INFLATION

§vhereU is a constant and is a dimensionless constant. In
this case the spectral index of curvature perturbatigns
given by

ne—1=—6e,+2n,=—72 (94)

Moreover, as shown in Figs. 3 and 4, everBi5, that =i U_' 2 95
is, the spectrum of generated magnetic field is blue, suffi- U= 2.2\ U (95)
ciently large seed field for the galactic dynamo scenario
could also be generated. R

Finally, in the caseX is so small(e.g.,X<10) thatg is ﬂuzi(u—)- (96)
about unity, the spectrum is too blue for the large-scale mag- PR,

netic field to be strong enough for the dynamo scenario to

work. This result remains unchanged even wherj®g| is  According to the WMAP dat436], ns=0.93, and hencé
large and the field amplitude is enhanced with the relation<0.26. In this case the scale factor in the inflationary stage
(81) being satisfied, namely, without any entropy production.is given bya(t)=tP, wherep=2/:>=29.
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If power-law inflation lasts for a sufficiently long time, introducing a coupling with the dilaton field. First we con-

the dilaton will settle to the scaling solutid85] whereU” sidered the case the dilaton freezes at the end of inflation
~Hin> with H;s=p/t. Hence the solution of the dilaton in automatically as assumed by Raffa], to see how the re-
this regime is given by cent detailed observation of the primordial spectrum of den-

sity fluctuations in terms of CMB anisotropy25], which
favors slow-rollover inflation, affects Ratra’s previous analy-
sis. As a result we have found the resultant magnetic field
could be as large as 18°-10"° G on 1 Mpc scale at present
From Egs.(5) and(97) we find for H;s=10° GeV provided that the model parameters are so
chosen that the spectrum of the magnetic field nearly scale

2
d=—In
AK

(m"t). (97

p

JV“M 2 ~ invariant or even red.
o= p @O, (98) Next we considered a more realistic case that the dilaton
continues its evolution with the exponential potential after
Comparing Eq(25) with Eq. (98), we find inflation until it is stabilized after oscillating around its po-
tential minimum. It has two distinct effects on the final am-
f— 2_)\+1 (99) plitude of the magnetic field. That is, the energy density of
xp the magnetic field is enhanced as the dilaton evolves due to

IIhe exponential coupling, while it could produce a huge
amount of entropy as it decays at a late time with the gravi-
tational interaction. We have parameterized the evolution of
d2A,(k,7) 2\ ( -1 1) dA (K, 7) the dilaton in terms of its masm), around the potential mini-

- +k2A(k, 7)=0, mum and its amplitude at the end of inflatiodg, and
p—1n/ dy 1

On the other hand, in the inflationary stage the Fourie
modes of the vector potential satisfy the following equation:

2 —
@ : (100 adopted a view that it starts oscillationtatm™ -, since the
detailed shape of the dilaton potential around the minimum is

where 7= fdt/a(t) is conformal time. Comparing Eq¢27)  not known due to the fact that the stabilization mechanism of

with Eq. (100), we find the dilaton is not fully established yet, although there are a
number of proposals. As a result we have found that the
= ~2_)\+1. (101  magnetic field could be as large as 1BG even with the
Np—1) entropy increase factak S~ 10° provided that the scale of

inflation is maximal and the spectrum is close to scale invari-

Here the splution of Eq(100) is given by the same form 8S ant. Furthermore the seed field for the dynamo mechanism
Eq. (28). Sincep>1 as noted above, we can approximately .o 14 he accounted for even whais is as large as 28 if

i(_jentify Eq.(99) with Eq. (101). Thus u.nder this approxima- .model parameters are chosen appropriately to realize nearly
tion we can develop the argument in the same way as I ale-invariant spectrum

Secs. llI-V. . oo .
As noted in Secs. IV and V, where we considered the cas$ Thus the_ poss_|ble d!lut|on due t(.) huge entropy production
rom decaying dilaton is not the primary obstacle to account

of exponential inflation, i{8~5, that is, the spectrum of the the | | tic field in t f urm i
magnetic fields is close to the scale-invariant one, magnetit,or € large-scale magnetic Tield in terms of quantum fluc-

fields on 1 Mpc scale with the strength 76-10"° G at the tuayons generated durlng mflatlpn in thls_, dilaton electromag-
netism. The more serious requirement is that the model pa-

rameters should be so chosen that the spectrum of generated
magnetic field should not be too blue but close to the scale-
invariant or the red one, which is realized only if a huge

present time could be generated. In the oase0.01 and\x
~O(1), if B~5, X=N/A~400. On the other hand, it fol-
lows from Egs.(99) and(10J) that, in the case of power-law
inflation, if B~5, X~2p=58. Consequently, even in the . . ~
case of power-law inflation with the maximal breaking of thehIerarChy exists betwe_e)n a“‘_“’ namely,X_sh(_)u_Id be ex-
scale invariance of primordial fluctuations within observa-fémely larger than unity. This may make it difficult to mo-
tional limit [36], X should be much larger than unity in order fivate this type of model in realistic high energy theories.
that the amplitude of the generated magnetic fields could his feature is independent of whether one considers slow-
take 10 1°-10°9 G on 1 Mpc scale at the present time. That roll exponential inflation or power-law inflation with an ex-
is, the value oh, obtained by the WMAP data is so close to Ponential inflaton potential as adopted by R4fra, because
unity that the power-law inflation model observationally per-the latter model is hardly distinguishable from the former
mitted is not practically very much different from slow-roll under the constraint imposed by WMAP data as far as the
exponential inflation. evolution of the dilaton is concerned.

VII. CONCLUSION
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