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Higher-order QED corrections to W-boson mass determination at hadron colliders
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The impact of higher-order final-state photonic corrections on the precise determination of theW-boson
mass at the Fermilab Tevatron and CERN LHC colliders is evaluated. In the presence of realistic selection
criteria, the shift in theW mass from a fit to the transverse mass distribution is found to be about 10 MeV in
theW→mn channel and a few MeV in theW→en channel. The calculation, which is implemented in a Monte
Carlo event generator for data analysis, can contribute to reduce the uncertainty associated with theW mass
measurement at future hadron collider experiments.
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Precision tests of the standard model require more
more accurate knowledge of the basic parameters of
theory. In particular, future measurements of theW-boson
and top quark masses at the Fermilab Tevatron and CE
Large Hadron Collider~LHC! are expected to considerab
improve the present indirect bound on the Higgs-boson m
from electroweak precision data. As recently discussed@1#, a
precision of 27 MeV~16 MeV! for theW-boson massMW is
the target value for run IIa~run IIb! of the Tevatron. An
accuracy of 15 MeV is the goal of the LHC@2#.

In order to measureMW with such a high precision in a
hadron collider environment, it is mandatory to keep un
control higher-order QCD and electroweak radiative corr
tions to theW and Z production processes. The status
QCD corrections to weak boson production in hadronic c
lisions is reviewed in Ref.@3#, while recent progress in th
calculation of electroweak corrections, as achieved by me
of independent calculations@4–7#, is summarized in Ref.@8#.
As shown in Refs.@2,4–8#, the relevant distributions to ex
tract MW ~e.g., the transverse mass spectrum! are mainly
modified by photon radiation and, in particular, by final-sta
photon radiation, which gives rise to collinear logarithms
the form (a/p)log(ŝ/ml

2), whereŝ is the effective center o
mass~c.m.! energy andml is the mass of the final-state lep
ton. This poses the question of the impact of higher-or
~i.e., beyond ordera) leading logarithmic corrections due t
multiphoton radiation. A first attempt toward the inclusion
O(a2) QED corrections was the calculation of the doub
bremsstrahlung matrix elementsqq̄8→W→ lngg and qq̄
→g, Z→ l 1l 2gg ( l 5e,m) performed in Ref.@9#. The aim
of the present work is to evaluate the impact of higher-or
final-state QED corrections on theW mass determination a
hadron colliders, by including both real bremsstrahlung a
virtual corrections. To this end, a parton shower~PS! ap-
proach in QED@10# is employed to simulate multiphoto
radiation effects. An independent calculation of multiphot
radiative corrections in leptonicW decays has appeared ve
recently@11#, but without quantifying their impact on theW
mass measurement. The uncertainty in theW mass due to
higher-order QED effects is presently estimated by the C
lider Detector at Fermilab~CDF! Collaboration at the Teva
tron to be 20 MeV in theW→en channel, and 10 MeV in the
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W→mn channel@12#. An uncertainty of 12 MeV is assigne
by the DO” Collaboration to theW→en channel@13#.

An appropriate theoretical tool to compute photonic rad
tive corrections in the leading log approximation is the QE
PS approach@10#. It consists of a numerical solution of th
QED Dokshitzer-Gribov-Lipatov-Altarelli-Parisi~DGLAP!
evolution equation for the charged lepton structure funct
D(x,Q2) in the non-singlet channel. The solution can be c
in the form @10#

D~x,Q2!5P~Q2,m2!d~12x!

1S a

2p D E
m2

Q2

P~s,s8!
ds8

s8
P~s8,m2!

3E
0

x1

dy P~y!d~x2y!

1S a

2p D 2E
m2

Q2

P~s,s8!
ds8

s8
E

m2

s8
P~s8,s9!

ds9

s9

3P~s9,m2!E
0

x1

dx1E
0

x1

dx2P~x1!P~x2!

3d~x2x1x2!1•••, ~1!

where

P~s1 ,s2!5expF2
a

2pEs2

s1ds8

s8
E

0

x1

dzP~z!G
is the Sudakov form factor,P(z) is the e→e1g splitting
function andx1 is an infrared regulator. Equation~1! allows
us to computeD(x,Q2) by means of a Monte Carlo~MC!
algorithm, which, as shown in Ref.@10#, simulates the emis-
sion of a shower of~real and virtual! photons by a charged
fermion and accounts for exponentiation of soft photons a
resummation of collinear logarithms due to multiple ha
bremsstrahlung. A remarkable advantage of the PS algori
is the possibility of generating transverse momentumpT of
fermions and photons at each branching. The generatio
transverse degrees of freedom can be performed accordin
different recipes, as described in detail in Ref.@10#. Here, we
generate photon angular variables according to the lea
©2004 The American Physical Society01-1
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TABLE I. Comparison between the present calculation~HORACE! and WGRAD @5,17# for the p p
(2)→W

→ ln, l 5e,m cross sections~in pb!, at the Tevatron run II and the LHC.

As52 TeV As514 TeV
e m e m

Born WGRAD 441.7~1! 1906~1!

WGRAD 418.3~4! 429.4~3! 1800~2! 1845~2!

final-stateWGRAD 419.7~1! 430.0~1! 1808~1! 1854~1!

Born HORACE 441.6~1! 1905~1!

O(a) HORACE 419.4~1! 429.9~1! 1806~1! 1853~1!

exponentiatedHORACE 419.5~1! 430.0~1! 1808~1! 1853~1!
to

on

du
ce
on
d
o
o
ss
f.
ss
tio
is
P

ta
ct

le
th

rs
te
ec
-
g

n
rin
ea

ns
s
te
l-

er
m
b

c
p

e-

%

of

by
r

ell
the
nu-
ts

y of

d in

ur
s

s

ith
pole behavior 1/(12b lcosqlg), whereb l is the lepton veloc-
ity and q lg is the relative lepton-photon angle.

A simple recipe to evaluate final-state corrections

p p
(2)→W→n l consists of attaching a single structure functi

D(x,Q2) to the lepton coming from theW decay. Needless to
say, this amounts to the neglect of photonic corrections
to initial-state radiation, initial-state–final-state interferen
and W-boson emission. However, it is known that radiati
from an internal off-shell particle cannot contribute to lea
ing logarithmic corrections, which are the main concern
the present study. On the other hand, initial-state QED c
rections need an appropriate treatment, as carefully discu
in Refs. @4–8,14# and as very recently reanalyzed in Re
@15#. Actually, radiation off quarks gives rise to quark ma
singularities that must be reabsorbed in parton distribu
functions~PDF!, in analogy to gluon emission in QCD. Th
requires the inclusion of QED corrections into the DGLA
evolution of PDFs and into their fit to experimental da
Currently, available PDF sets do not incorporate such effe
However, it is known@2,14,15# that the inclusion of QED
contributions in PDF evolution results in a modified sca
dependence of PDFs, which was found to be negligible in
x range relevant forW-boson production at hadron collide
@6#. Further, photonic initial-state and initial-state–final-sta
interference corrections have only a small and uniform eff
on theMT distribution, while QED final-state radiation sig
nificantly distorts theMT shape, thus considerably affectin
the extracted value ofMW @5#.

Even if the treatment of final-state photon radiation alo
is not gauge invariant, it can be easily checked by compa
the PS spectrum with the gauge-invariant factor for collin
photon emission by a fermion@16#. It is found that gauge
violations are confined to the nonlogarithmic correctio
which are beyond the approximation of the present analy

In order to quantify the effect of higher-order final-sta
QED corrections on theW mass determination, we deve
oped the MC event generatorHORACE ~higher-order radiative
corrections! following the approach described above and p
formed a number of MC experiments. Before the pheno
enological analysis, we performed a tuned comparison
tween the predictions ofHORACE and those ofWGRAD @5,17#,
to verify the accuracy of our calculation. The results of su
a comparison are shown in Table I, using default PDFs, in
parameters, and cuts as in Ref.@17#. WGRAD includes the
O(a) electroweak radiative corrections toW production in
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the pole approximation~second line in Table I! and it also
gives the possibility for selecting the effect of a gaug
invariant subset due to final-state corrections~final-state
WGRAD in Table I!. Therefore, the difference, at a few 0.1
level, betweenWGRAD and final-stateWGRAD points out,
when comparing with the Born predictions, the dominance
final-state radiation within the full set ofO(a) electroweak
corrections.

On the other hand, it can be seen that the predictions
the final-stateWGRAD are in very good agreement with ou
results byO(a) HORACE, which is an order-a expansion of
the complete PS algorithm. Since the differences are w
below the 0.1% level, this comparison demonstrates that
gauge-invariance violations present in our approach are
merically negligible. The contribution of higher-order effec
can be seen by comparingO(a) HORACE with our complete
predictions given by exponentiatedHORACE. Their effect on
the integrated cross section is tiny, within 0.1%.

Having established the physical and technical accurac
our calculation, we move to the analysis of theW mass shift
due to higher-order corrections. The input parameters use
the simulations are

mn l
50, me50.51131023 GeV,

mm50.105 658 36 GeV, a215137.035 999 76,

Gm51.166 3931025 GeV22, as50.1185, ~2!

MW580.423 GeV, MZ591.1882 GeV,

sin2uW512
MW

2

MZ
2

, GW5
3GmMW

3

2A2p
S 11

2as

3p D .

We adopt theGm scheme and fixed-width scheme in o
calculation. At the parton level, we consider the processe

u1d̄→W1→ l 11n l , u1 s̄→W1→ l 11n l ,

c1d̄→W1→ l 11n l , c1 s̄→W1→ l 11n l , ~3!

and their charge conjugate, withl 5e,m and CKM matrix
elements according to Ref.@18#. The results for the processe
pp̄→W→ l 1n ~Tevatron! and pp→W→ l 1n ~LHC! are
obtained by convoluting the parton-level matrix element w
1-2
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CTEQ6 PDFs@19#. The virtuality scaleQ2 is set to beQ2

5 ŝ, ŝ being the effective c.m. energy after gluon radiatio
in both PDFs and lepton structure function. The c.m. en
gies considered areAs52 TeV for the Tevatron andAs
514 TeV for the LHC.

To model the acceptance cuts used by the CDF
DO” Collaborations in theirW mass analyses, we impose th
following transverse momentum (pT) and pseudorapidity
(h) cuts: pT( l ).25 GeV, uh( l )u,1.2, p” T.25 GeV.
However, in order to perform a realistic phenomenologi
analysis and study the dependence of theW mass shift from
detector effects, we implement, in addition to the above c
the lepton identification requirements quoted in Table I
Ref. @5#. Furthermore, we simulate uncertainties in the e
ergy and momentum measurements of the charged lepto
the detector by means of a Gaussian smearing of the par
four-momenta, using as standard deviation values the sp
fications relative to electrons and muons for the run
DO” detector@20#.

The strategy followed by the CDF an
DO” Collaborations to extractMW from the data is to per-
form a maximum likelihood fit to the transverse mass dis
bution of the final-state lepton pair or to the transverse m
mentum of the charged lepton. Here we consider
transverse mass, which is the preferred quantity to determ
the W mass and is defined as

MT5A2pT~ l !pT~n!~12cosf ln!, ~4!

wherepT( l ) andpT(n) are the transverse momentum of t
lepton and neutrino, andf ln is the angle between the lepto
and the neutrino in the transverse plane. The transverse
distribution, as obtained by our simulation, is shown in Fig

FIG. 1. The transverse mass distribution without lepton ide
fication criteria and detector resolutions~solid histogram!, with lep-
ton identification criteria~markers! and with detector resolution
~shaded histogram!, in the W→en channel atAs52 TeV. Arrows
indicate the fit region.
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at As52 TeV. The distribution without lepton identificatio
requirements and smearing effects~solid histogram! is com-
pared to the distribution including lepton identification crit
ria ~markers! and detector resolutions~shaded histogram!.
The shape of theMT spectrum is considerably modified b
detector resolution effects, in agreement with the res
shown in Refs.@12,13#. The arrows in Fig. 1 select the rang
65 GeV,MT,100 GeV, which is used by the CDF Co
laboration in itsW mass analysis and one that we also ad
in the fitting procedure described below.

To evaluate the shift induced by higher-order correctio
on theW mass, we perform binnedx2 fits and binned maxi-
mum likelihood fits to theMT distribution, in complete anal-
ogy with the experimental fitting procedure. Here we sh
only the results of thex2 fits, because the results of th
maximum likelihood fits are in perfect agreement with t
former. UsingHORACE, we generate a sample of pseudoda
and calculate with high numerical precision themT spectrum
~binned into 100 bins! at the Born level and for a fixed
‘‘physical’’ value of the W mass, i.e.,MW

ref580.423 GeV.
Next, we compute themT spectrum includingO(a) leading-
log corrections for 20 hypothesizedW mass values, with a
spacing of 5 MeV for theW→en channel and 10 MeV for
the W→mn channel. We then normalize the spectra with
the fit interval and we calculate, for eachMW value, the
x2 as x25( i (s i ,a2s i ,Born)

2/(Ds i ,a
2 1Ds i ,Born

2 ), where
s i ,Born ands i ,a are the MC predictions for thei th bin at the
Born andO(a) level, respectively, andDs i ,Born,Ds i ,a the
corresponding statistical errors due to numerical integrat
This allows to quantify the mass shift due toO(a) correc-
tions. The shift due to higher-order corrections is deriv
according to the same procedure, by generating a samp
pseudodata for theMT distribution atO(a) and fitting them
in terms of theMT spectrum obtained including higher-ord
corrections for 10 hypothesizedW mass values. In this case
we use 1 MeV spacing between masses. Figure 2 shows
Dx25x22xmin

2 distributions as a function ofDMW[MW

2MW
ref , for the fit with O(a) corrections~left! and the fit

with higher-order corrections~right!. The mass shift ob-
served forO(a) corrections amounts to about 20 MeV fo
the W→en decay~dashed line! and to 110 MeV for theW
→mn decay~solid line!, as a consequence of the differe
identification requirements. It is worth noticing that, due
O(a) corrections, events are shifted to lower values ofMT
and then we expect that the best fit value ofMW is greater
thanMW

ref , as observed in Fig. 2. These shifts are in reas
able agreement with the results of the CDF a
DO” Collaborations, even in the absence of a complete de
tor simulation. The mass shift due to higher-order effects
about 10 MeV for theW→mn channel~solid line! and a few
MeV ~dashed line! for the W→en channel. As expected
higher-order contributions slightly reduce the effect due
O(a) corrections. We performed the same analysis for
LHC collider ~using the cuts and pseudodetector simulat
of the Tevatron collider! and found that the same conclusio
do apply to the LHC.

In conclusion, we have evaluated the impact of high
order final-state QED corrections on the determination of

i-
1-3
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FIG. 2. TheDx25x22xmin
2 distributions from a fit to theMT distribution, includingO(a) QED corrections~left! and higher-order QED

corrections~right!, as a function of theW mass shift, atAs52 TeV. The results for theW→en andW→mn channels are shown.
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W mass at hadron colliders, in view of future improved me
surements with an accuracy of 15–30 MeV. In the prese
of realistic selection criteria, we have found that the shift d
to these corrections is about 10 MeV in theW→mn channel
and a few MeV in theW→en channel. The calculation, i
included in future experimental analyses, would reduce
uncertainty in the precision measurement of theW mass at
hadron colliders. To this end, the MC programHORACE is
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available for data analysis. A more realistic analysis wo
require a full detector simulation, which is beyond the sco
of the present paper.

A merging of fixed-order electroweak and QCD calcu
tions with higher-order QED effects would be highly des
able for extracting theW mass from data at the aimed lev
of accuracy. The study of the neutral-current proce

p p
(2)→g,Z→ l 1l 2 is left to a future work.
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