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Brane in 6D with an increasing gravitational trapping potential
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A new solution to the Einstein equations in 115 spacetime with an embedded 113 brane is given. This
solution localizes the zero modes of all kinds of matter fields and four-gravity on the~113! brane by an
increasing, transverse gravitational potential. This localization occurs despite the fact that the gravitational
potential is not a decreasing exponential, and asymptotically approaches a finite value rather than zero.
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The main question of brane models is how to local
fields on the brane. To localize multidimensional fields
the brane the effective ‘‘coupling’’ constants appearing af
integration of the Lagrangian over the extra coordinates m
be nonvanishing and finite. For reasons of economy
would like to have a single, universal trapping mechani
that works for all fields. It is natural to try gravitational trap
ping of the physical fields on the brane, since gravity
known to have a universal coupling with all matter fields

In ~114!-dimensional models the following results we
established: spin 0 and spin 2 fields are localized on
brane with a decreasing, exponential gravitational warp f
tor, spin 1/2 fields are localized on the brane with an incre
ing warp factor@1,2#, and spin 1 fields are not localized at a
@3#. For the case of 115 dimensions it was found that spi
0, 1 and 2 fields are localized on the brane with a decrea
warp factor and spin 1/2 fields are localized on the bra
with an increasing warp factor@5#. So in both~114!- and
~115!-space models one is required to introduce some n
gravitational interaction in order to localize the standa
model particles.

Here we want to show that zero modes of spin 0, 1/2
and 2 fields can all be localized on the brane in a 115 space
by an increasing warp factor which is not an exponential
similar solution for a~214!-signature metric was found in
previous work@6#. Having a growing gravitational potentia
~warp factor! is opposite to the choice of the Randa
Sundrum model where the warp factor maximum is on
brane@1#. However, Newton’s law still holds on the brane
a result of the cancellation mechanism introduced in@4#
which allows both increasing and decreasing types of gr
tational potential.

The action of the gravitating system in six dimensions c
be written in the form

S5E d6xA26g FM4

2
~6R12L!1LG , ~1!

whereA26g is the determinant,M is the fundamental scale
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6R is the scalar curvature,L is the cosmological constan
andL is the Lagrangian of matter fields. All of these quan
ties are six dimensional.

Einstein’s six-dimensional equations with stress-ene
tensorTAB are

RAB2
1

2
gAB

6R5
1

M4
~LgAB1TAB!. ~2!

Capital latin indices run overA,B, . . .50,1,2,3,5,6.
We will look for solutions of Eq. 2 that contain four

dimensional Minkowski geometry with the followingAnsatz:

ds25f2~xi !hab~xn!dxadxb1gi j ~xi !dxidxj . ~3!

The metric of ordinary four-dimensional space,hab(xn), has
the signature (1,2,2,2). The greek indicesa,b, . . .
50,1,2,3 refer to the coordinates of these four-dimensio
while small latin indicesi , j , . . .55,6 refer to coordinates o
the transverse space. It is assumed that theAnsatz~3! de-
pends only on the extra coordinatesxi through the four-
dimensional conformal factorf2 and the metric tensor o
transversal two-space,gi j .

Since gravity in the transverse two-space is trivial, t
metric of the extra space,gi j (x

i), has only one independen
component. We will choose its diagonal component as in
pendent:

gi j ~xi !52d i j l~r !, ~4!

whered i j is the metric of Euclidean two-space.
We require cylindrical symmetry of the transverse tw

space. It is convenient to write the two extra spatial dime
sionsx5 and x6 using polar coordinates (r ,u), where 0<r

5Ax5
21x6

2,` and 0<u,2p. Thus theAnsatz~3! takes the
form

ds25f2~r !hab~xn!dxadxb2l~r !~dr21r 2du2!. ~5!

This metric is slightly different from the metrics invest
gated in other~115!-space brane models@5,7,8#. The inde-
pendent metric function of the extra space,l(r ), serves as a
conformal factor for the Euclidean two-dimensional met
©2004 The American Physical Society04-1
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of the transverse space just as the functionf2(r ) does for the
four-dimensional part. Usually in six-dimensionalAnsätze
the independent metric function multiples only the angu
part (du2) of the metric~5! and corresponds to a cone lik
geometry of a string like defect with a singularity at th
centerr 50. We want to look for nonsingular solutions, an
so we choose the metric to take the form~5! where the extra
part is conformally equivalent to Euclidean two-space.

The nonzero components of the stress-energy tensorTAB
are assumed to be

Tmn52gmnF~r !, Ti j 52gi j K~r !, Tim50. ~6!

The two source functionsF(r ) and K(r ) are assumed to
depend only on the radial coordinater.

For the four-dimensional Einstein equations outside
brane we require the ordinary form without a cosmologi
term,

Rmn2
1

2
hmnR50. ~7!

The Ricci tensor in four dimensionsRab is constructed from
the four-dimensional metric tensorhab(xn) in the standard
way. Then with theAnsätze ~5! and ~6! the Einstein field
equations~2! become

3
f9

f
13

f8

rf
13

~f8!2

f2
1

1

2

l9

l
2

1

2

~l8!2

l2
1

1

2

l8

rl

5
l

M4
„F~r !2L…,

f8l8

fl
12

f8

rf
13

~f8!2

f2
5

l

2M4
„K~r !2L…, ~8!

2
f9

f
2

f8l8

fl
13

~f8!2

f2
5

l

2M4
„K~r !2L…,

where the prime indicates]/]r . These equations are for th
aa, rr , anduu components, respectively.

Subtracting therr from theuu equation and multiplying
by f/f8 we arrive at

f9

f8
2

l8

l
2

1

r
50. ~9!

This equation has the solution

l~r !5
r2f8

r
, ~10!

wherer is an integration constant with units of length.
We want to find a solutionf(r ) @and thereby alsol(r )

via Eq. ~10!# which will provide a universal, gravitationa
trapping for all kinds of matter fields. In the above the bra
is located at the originr 50. From Eq.~10! we see that to
avoid singularities the functionl}f8 cannot change sign
02600
r

e
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e

and should approach zero only on the braner→0 and at
infinity r→`. Therefore we must look for a solutionf
which is a monotone function ofr and increases or decreas
from the brane to some finite value at infinity.

A field will be trapped on the brane if the integral over th
extra coordinatesr ,u converges. From the metricAnsatz~5!
and the solution forl(r ) in Eq. ~10! the general expressio
for these integrals is

E
0

2p

duE
0

`

dr fc~f8!dA26g

52pE
0

`

dr fc~f8!drf4lA2h

52pr2E
0

`

drfn~f8!mA2h, ~11!

whereh is the determinant of the ordinary four-dimension
metric tensor,c andd are numbers that depend on the type
field being trapped, andn5c14 and m5d11. To have
localized physical fields on the brane the integral
fn(f8)m must go to zero fast enough asr→`, and not have
any essentially singularities in the range 0<r<`. For the
fields that we will consider~spin 0, spin 1/2, spin 1, and spi
2!, m is positive whilen can be either positive or negative
One standard possibility is to have an exponential warp f
tor, f(r )}e2cr @5,7,8#. In this case for fields withn.0 fn

and (f8)m go to zero asr→` and the integral~11! con-
verges and the fields will be trapped. However, forn,0 ~for
example, with spinor fields! the integral diverges and th
fields are not trapped.

In this work we present a different type of solution whe
the gravitational potentialf is not an exponential and goe
to a finite value atr 5` @i.e.,f(`)5const], yet nevertheles
is able to trap the zero modes of all types of fields sin
f8→0. A similar nonexponential solution for the signatu
214 was found in previous work@6#. This type of solution
is impossible in the five-dimensional case where only
exponential warp factor is possible.

Based on the above discussion we choose the boun
conditions on the brane as

f~r<e!'1, f8~r<e!'0, ~12!

wheree is the brane width. The boundary conditions at i
finity are

f~r→`!→a, f8~r→`!→0, ~13!

wherea.1 is some constant. Since the functionf8 is pro-
portional to the metric of the extra two-space,gi j , the
boundary conditions~12! and ~13! imply that on the brane
and at infinity the effective geometry of space-time is fou
dimensional.

The energy-momentum conservation equation

¹ATAB5
1

A26g
]A~A26gTAB!1GCD

B TCD50 ~14!
4-2
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gives a relationship between the two source functionsF(r )
andK(r ) in Eq. 6. In terms of theAnsatzfunctions the con-
servation law reads

K814
f8

f
~K2F !50. ~15!

This equation places a restriction on the form of the sou
functions, which will allow us to determine a simple form fo
F(r ) andK(r ). We assume that they are smooth functions
the radial coordinater and describe a continuous matter d
tribution within a core of radiuse. We also assume that the
decrease rapidly whenr .e. Below we will find that the
transverse gravitational potentialf2(r ) can be a growing
function as one moves off the brane, so the factor 1/f2(r )
has d-like behavior. Thus outside the core we will set t
source functions proportional to 1/f2. This form satisfies Eq
~15! with the sources functions given by

F~r .e!5
f

2f2
, K~r .e!5

f

f2
, ~16!

wheref is some constant.
Now we shall find the outer solution (r .e) of the six-

dimensional Einstein equations~2! for the brane when the
metric and matter energy-momentum tensor have the gen
forms given in Eqs.~5! and ~16!, respectively. The system
~8!, after the insertion of Eqs.~10! and ~16!, has only one
independent equation. Taking either therr or uu component
of these equations and multiplying byrf4 gives

rf3f91f3f813rf2~f8!25
r2f4f8

2M4 S f

f2
2L D .

~17!

Taking the first integral of this equation and setting the in
gration constant to zero yields@6#

rf85A~2f21a2!, ~18!

where we have introduced the parameters

A5
r2L

10M4
, a25

5 f

3L
. ~19!

From the Eq.~18! we see that to have an increasing functi
f (f8.0) we must require the following conditions:

a.f, L.0, f .0. ~20!

Equation~18! is easy to integrate:

f5atanhFblnS r

cD G5a
r 2b2c2b

r 2b1c2b
, ~21!

whereb5Aa. The integration constantc can be fixed from
the boundary conditions~12!,
02600
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c2b5e2b
a21

a11
, ~22!

wheree is the brane width.
It is easy to show that four-dimensional gravity is loca

ized on the brane by the solution~21! in spite of its growing
character. We will consider only spin-2 modes, which a
transverse, traceless fluctuationsHmn around the background
metric ~5!:

ds25f2~r !~hmn1Hmn!dxmdxn2
r2f8

r
~dr21r 2du2!,

~23!

wheref has the form~21!.
In the gauge¹mHmn5H50, Einstein’s equations reduc

to the form of the linearized equations

1

A2g
]A~A2ggAB]BHmn!22LHmn50. ~24!

We look for solutions of the form

Hmn~xA!5hmn~xm!(
lm

sm~r !eil u, ~25!

wherehmn(xm) satisfy the four-dimensional field equations

~D22Lf2!hmn~xm!52m0
2hmn~xm!, ~26!

with the definition of

D5
1

A2h
]m~A2h hmn]n!. ~27!

Note that the presence of the cosmological constant t
2Lf2 in Eq. ~26!, which appears in most studies of th
localization of spin-2 fields@1,5,7,8#, is problematic since it
implies a negative energy, tachyonic spin-0 mode for
fluctuationhmn on the brane. One could consider fluctuatio
coming from the extra coordinates, which might have
chance to cancel this contribution. Without a satisfacto
quantum theory of gravity it is not certain how to proper
resolve this difficulty, and we will not consider its resolutio
here.

Using Eq.~26!, Eq. ~24! reduces to

s91S 1

r
14

f8

f D s81S m0
2r2

r

f8

f2
2

l 2

r 2D s50. ~28!

It is easy to see that this equation has the zero-massm0
50) ands-wave (l 50) constant solutions05const. Substi-
tution of this zero mode into the Einstein-Hilbert action lea
to

S(0);s0
2E

0

2p

duE
0

`

dr
A26g

f2
E d4x@]ahmn]ahmn1•••#.

~29!
4-3
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To have the four-dimensional spin-2 graviton localized
the brane requires that the integral overr andu ~which cor-
responds to the four-dimensional Planck scale! converge

mPl
2 52pM4E

0

`

dr
rf4l

f2

52pr2M4E
0

`

f2f8dr52pr2M4E
1

a

f2df

5
2

3
pr2M4~a321!. ~30!

Now we want to check that zero modes of matter fie
are also localized on the brane with the nonexponential,
creasing warp factor~21!.

For spin-0 fields in six dimensions we assume that
fields are independent of the extra coordinates so that
action can be cast in the form

SF52
1

2
E d6xA26ggAB]AF]BF

52pr2E
1

a

f2dfE d4xA2hhmn]mF]nF. ~31!

The integral over the extra coordinates in Eq.~31! is the
same as for the spin-2 case above. Thus the integral is fi
and the spin-0 field is localized on the brane.

The action for aU(1) vector gauge field in the case o
constant extra components (Ai5const) reduces to the four
dimensional Maxwell action multiplied by an integral ov
the extra coordinates

SA52
1

4
E d6xA26ggABgMNFAMFBN

52
p

2
r2E

1

a

dfE d4xA2hhmnhabFmaFnb . ~32!

This integral is also finite, and the gauge field is localized
the brane.

In the case of spinor fields we introduce the sechsb

hM
M̄ , whereM̄ ,N̄, . . . denotes local Lorentz indices. The sp

connection is defined as

vM
M̄N̄5

1

2
hNM̄~]MhN

N̄2]NhM
N̄ !2

1

2
hNN̄~]MhN

M̄2]NhM
M̄ !

2
1

2
hPM̄hQN̄~]PhQR̄2]QhPR̄!hM

R̄ . ~33!

The nonvanishing components of the spin connection for
background metricAnsatzare

vm
r̄ n̄5dm

n̄
Arf8

r
, vu

r̄ ū5A r

f8
] r~Arf8!. ~34!
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Therefore, the covariant derivatives have the form

DmC5S ]m1
1

2
vm

r̄ n̄g rgnDC, DrC5] rC,

DuC5S ]u1
1

2
vu

r̄ ūg rguDC, ~35!

wheregn ,g r ,gu are gamma matrices.
We are looking for solutions of the formC(xA)

5c(xn)B(r ), where c satisfies the massless fou
dimensional Dirac equation,gn]nc50. Then the six-
dimensional massless Dirac equation

GmDmC1G rDrC1GuDuC50, ~36!

where GA5hB̄
A
gB are the six-dimensional curved spa

gamma matrices, reduces to

F ] r12
f8

f
1

1

2

1

Arf8
] r~Arf8!GB~r !50. ~37!

The solution of this equation with the integration consta
taken as 1 is

B~r !5f22~rf8!21/4. ~38!

Using the solution from Eq.~21! one finds thatB(r )→` as
r→`. This happens sincerf8→0 asr→`. This appears to
imply that the total spinor wave function,C(xA), does not
have good asymptotic behavior. However, the effective w

function is C(xA)(26g)1/4}B(r )Ar2f4f8→r(f8/r )1/4,
which goes to zero asr→`. The action of the spin-1/2 field
takes the form

SC5E d6xA26gC̄ iGADAC

52pr2E
0

`

drr 21/2f21~f8!1/2E d4xA2hc̄ ign]nc.

~39!

Using the explicit form of the solution~21!, one finds that
the integral overr in Eq. ~39! is of the form

E dr A f8

rf2
5

1

Aab
lnS r b2cb

r b1cbD . ~40!

This integral converges if one evaluates it fromr 5e to r
5`. Thus the massless Dirac fermions are also localized
the brane.

When we consider the interaction of scalars or fermio
with the electromagnetic field we must make the usual
placements

] i→] i2 iAi , C→eiAix
i
C ~41!

in the above formula for localization. Herexi are coordinates
of transverse two-space andAi are constant extra compo
nents of the electromagnetic field.
4-4
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To summarize, in this paper it is shown that for a realis
form of the brane stress-energy, there exists a non-sing
static solution of six-dimensional Einstein equations. T
solution provides gravitational trapping of the fou
dimensional gravity and matter fields on the brane with
extra d-like sources. In contrast to the Randall-Sundru
case, the factor responsible for this trapping is an increa
gravitational potential. Despite this and the fact that
02600
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transverse space is infinite, the integral over the extra c
dinates is convergent, and the fields are localized on
brane.
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