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Spinning pulsating string solitons in AdS5ÃS5

A. Khan* and A. L. Larsen†

Physics Department, University of Southern Denmark, Campusvej 55, 5230 Odense M, Denmark
~Received 9 October 2003; published 7 January 2004!

We point out the existence of some simple string solitons in AdS53S5, which at the same time are spinning
in AdS5 and pulsating in S5, or vice versa. This introduces an additional arbitrary constant into the scaling
relations between energy and spin orR charge. The arbitrary constant is not an angular momentum, but can be
related to the amplitude of the pulsation. We discuss the solutions in detail and consider the scaling relations.
Pulsating multispin or multi-R-charge solutions can also be constructed.
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I. INTRODUCTION

Recent progress in understanding the conjectured du
@1–3# between superstring theory on AdS53S5 and N54
SU~N! super Yang-Mills theory in Minkowski space is bas
on scaling relations between energy and angular momen
for straight spinning strings@4–16#. Circular pulsating
strings have also been analyzed in some detail@4,10#. Even
more recently, multispin and multi-R-charge solutions were
constructed@17–19# and classified@20,21#.

The geometry of anti–de Sitter space profoundly alt
the properties of strings, as compared to Minkowski spa
For instance, for a straight spinning string in anti–de Sit
space@22#, the energy scales with the angular momentu
while in Minkowski space it scales with the square root
the angular momentum. Similarly, for a circular pulsati
string in anti–de Sitter space@23#, the energy scales with th
square of the amplitude, while in Minkowski space it sca
with the amplitude~the amplitude is of course not a coord
nate invariant, but the maximal circumference is!.

Comparison with Yang-Mills computations~see for in-
stance@24–28#! is based on detailed analysis of the suble
ing terms in the scaling relations. It is therefore of impotan
to search for general families of strings for which it is st
possible to obtain analytical results. In the present paper
explicitly construct new families of string solitons in AdS5
3S5. Our strings are straight and spinning in one direct
but circular and pulsating in another, and with a nontriv
coupling between the two. Pulsating multispin solutions
also constructed. In each case, we obtain the explicit s
tions in terms of elliptic functions, analyze the scaling re
tions in various limits, and compare with previously know
results. We note in passing that our solutions fall outside
classification of@29,30#.

The paper is organized as follows: In Sec. II, we set
notation and conventions, and derive and analyze the s
tions which are spinning in AdS5 but pulsating in S5. Section
III is devoted to the ‘‘opposite’’ situation, i.e., pulsating i
AdS5 but spinning in S5. In Sec. IV, we take the simples
multispin solution@17# and generalize it to be pulsating i
S5. Finally in Sec. V, we present our conclusions and
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suggest some further investigations in these directions.

II. SPINNING IN AdS 5 BUT PULSATING IN S 5

We take the AdS53S5 line element in the form

ds252~11H2r 2!dt21
dr2

11H2r 2
1r 2~db21sin2bdf2

1cos2bdf̃2!1H22
„du21sin2udc2

1cos2u~dc1
21sin2c1dc2

21cos2c1dc3
2!… ~2.1!

whereH21 is the scale of AdS5 and the radius of S5. The
’t Hooft coupling in this notation isl5(H2a8)22.

The string which is straight and spinning in AdS5 but
circular and pulsating in S5, is obtained by the ansatz

t5t~t!, r 5r ~s!, b5p/2, f5vt, u5u~t!, c5s
~2.2!

with the remaining coordinates being arbitrary constants.
The t equation is solved byt5c0t, and then ther andu

equations become

r 92
H2r 82r

11H2r 2
2H2c0

2~11H2r 2!r 1v2~11H2r 2!r 50

~2.3!

ü1sinucosu50 ~2.4!

while the nontrivial conformal gauge constraint is

H2r 82

11H2r 2
1 u̇22H2c0

2~11H2r 2!1H2r 2v21sin2u50.

~2.5!

Notice that Eq.~2.5! involvest ands derivatives. However,
everything is consistently solved by
©2004 The American Physical Society01-1
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r ~s!5
c0cosa0

Av22H2c0
2

3cnS Av22H2c0
2sin2a0sU H2c0

2cos2a0

v22H2c0
2sin2a0

D
~2.6!

sinu~t!5H Hc0sina0sn~tuH2c0
2sin2a0!, Hc0sina0,1

sn„Hc0sina0tu1/~H2c0
2sin2a0!…, Hc0sina0.1

~2.7!

wherea0 is an integration constant. In the first case of E
~2.7! the string oscillates around one of the poles, while
the second case it oscillates between the two poles. In
limiting case,Hc0sina051, it oscillates between a pole an
the equator. To ensure thatr (s) is periodic, we have the
condition

2pAv22H2c0
2sin2a054KS H2c0

2cos2a0

v22H2c0
2sin2a0

D ~2.8!

whereK is a complete elliptic integral.
The solution~2.6!, ~2.7! is parametrized by (c0 ,v,a0), of

which one is fixed by Eq.~2.8!. It is convenient to trade the
two remaining parameters for

A[Hc0sina0 ~2.9!

B[
Hc0cosa0

Av22H2c0
2

. ~2.10!

A is the amplitude of sinu(t), while B is the extension of
Hr (s). Actually, A can only be interpreted as the amplitu
as long asHc0sina0<1, but since the solution foru(t) is
defined for anyHc0sina0, we also define the amplitude fo
any Hc0sina0. Now Eqs.~2.8!–~2.10! lead to

tana05
pAA11B2

2BKS B2

11B2D ~2.11!

It is straightforward to compute the conserved energy
spin ~the R charge is zero!. In the present parametrization
they are

E5
2A11B2

pHa8 AB21
p2A2~11B2!

4K2S B2

11B2D ES B2

11B2D
~2.12!
02600
.

he

d

S5
2A11B2

pH2a8 A11B21
p2A2~11B2!

4K2S B2

11B2D
3XES B2

11B2D 2
1

11B2
KS B2

11B2D C ~2.13!

Now we can consider the short strings in AdS5 correspond-
ing to B!1. We get

E'
1

Ha8
AB21A2 ~2.14!

S'
1

2H2a8
B2A11A2 ~2.15!

such that

a8E2'
A2

H2a8
1

2S

A11A2
. ~2.16!

For A'0, corresponding to small oscillations near one of t
poles of S5, we get

a8E2'2S ~2.17!

as in Minkowski space. ForA'1, corresponding to oscilla
tions between a pole and the equator of S5, we get

E/H'
1

H2a8
1

S

A2
~2.18!

while for A@1, corresponding to high frequency oscillation
between the poles of S5, we get

E/H'
A

H2a8
1

S

A2
~2.19!

and the energy is now completely dominated by the con
bution from the oscillations.

For B@1, corresponding to long strings in AdS5, we get

E'
2

pHa8
S B21

1

2
logBDA11

p2A2

4log2B
~2.20!

S'
2

pH2a8
S B22

1

2
logBDA11

p2A2

4log2B
~2.21!

such that

E/H2S'
1

pH2a8
A4log2B1p2A2 ~2.22!
1-2
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whereB5B(S,A) is the solution of

S'
2B2

pH2a8
A11

p2A2

4log2B
. ~2.23!

If the logarithm dominates overA in Eq. ~2.23!, we have

B2'
pH2a8S

2
~2.24!

such that

E/H2S'
1

pH2a8
logS pH2a8S

2 D1
pA2

2H2a8logS pH2a8S

2 D .

~2.25!

This formula is valid for arbitraryA, provided that A
! log(H2a8S), in particular, it holds forA'0 andA'1. If A
dominates over the logarithm in Eq.~2.23!, we have instead

B2

logB
'

H2a8S

A
~2.26!

such that

E/H2S'
A

H2a8
1

1

2p2AH2a8
log2

A

H2a8S
~2.27!

which holds forA@ log(H2a8S).
It is interesting that Eqs.~2.25! and ~2.27! are formally

quite similar to the results obtained by Russo@7# if we re-
place the amplitudeA with the shifted R charge H2a8J
12/p. But the physics is of course completely differe
here.

III. SPINNING IN S 5 BUT PULSATING IN AdS 5

We now consider a string which is spinning in S5 but
circular and pulsating in AdS5. It is obtained by the ansatz

t5t~t!, r 5r ~t!, b5p/2, f5s, u5u~s!, c5nt
~3.1!

with the remaining coordinates being arbitrary constants
The t equation can be integrated to

ṫ5
c0

11H2r 2
~3.2!

and then ther andu equations become

r̈ 2
H2ṙ 2r

11H2r 2
1

H2c0
2r

11H2r 2
1~11H2r 2!r 50 ~3.3!

u91n2sinucosu50
~3.4!

while the nontrivial conformal gauge constraint is
02600
H2ṙ 2

11H2r 2
1u822

H2c0
2

11H2r 2
1H2r 21n2sin2u50. ~3.5!

Again, the constraint mixest ands derivatives, but the so-
lution is easily obtained as

r ~t!5
1

HA2
„A~11H2c0

2sin2a0!214H2c0
2cos2a0

2~11H2c0
2sin2a0!…1/2cn„@~11H2c0

2sin2a0!2

14H2c0
2cos2a0#1/4tum… ~3.6!

sinu~s!5
Hc0sina0

n
snS nsU H2c0

2sin2a0

n2 D ~3.7!

where the elliptic parameter of ther expression is

m5
1

2
2

11H2c0
2sin2a0

2A~11H2c0
2sin2a0!214H2c0

2cos2a0

. ~3.8!

Equation~3.2! can now be integrated in terms of an ellipt
integral of the third kind, but we shall not need the expli
expression. The solution~3.7! is valid for Hc0sina0<n.
There is another solution forHc0sina0.n but it is believed
to be unstable@4# so we shall not consider it here. To ensu
periodicity of u(s), we have the condition

2pn54KS H2c0
2sin2a0

n2 D ~3.9!

As in the previous section, it is convenient to trade the t
remaining parameters~sayc0 anda0) for two new ones

A5
1

A2
„A~11H2c0

2sin2a0!214H2c0
2cos2a0

2~11H2c0
2sin2a0!…1/2 ~3.10!

B5
Hc0sina0

n
~3.11!

such thatA is the amplitude ofHr (t) while B is the exten-
sion of sinu(s). As noted in the Introduction, the amplitude
coordinate dependent. A coordinate invariant measure of
oscillations is given by the maximal circumference. This
precisely ourA, up to a factor of 2p.

A straightforward computation gives the energy andR
charge in this parametrization~the spin is zero!

E5
1

Ha8
AA2S A2111

4B2

p2
K2~B2!D 1

4B2

p2
K2~B2!

~3.12!

J5
2

pH2a8
„K~B2!2E~B2!…. ~3.13!
1-3
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First consider short strings in S5 corresponding toB!1

E'
1

Ha8
AA2~A2111B2!1B2 ~3.14!

J'
B2

2H2a8
~3.15!

such that

E'
1

Ha8
AA2~A21112H2a8J!12H2a8J. ~3.16!
g
le

so

-

lic

02600
For A'0 we get

a8E2'2J ~3.17!

which is like in Minkowski space. ForA@1 we get

E/H'
A2

H2a8
1

1

2H2a8
1J ~3.18!

such that the energy is completely dominated by the pu
tion, E;A2.

Now consider long strings in S5 ~‘‘long’’ meaning extend-
ing almost down to the equator! corresponding toB'1
E'
1

Ha8
AA2S A2111

1

p2
log2

16

12B2D 1
1

p2
log2

16

12B2
~3.19!

J'
2

pH2a8
S 1

2
log

16

12B2
21D ~3.20!

such that

E'
1

Ha8
AA2S A2111

1

p2
~pH2a8J12!2D 1

1

p2
~pH2a8J12!2. ~3.21!
s a
For A'0 we get

E/H2J'
2

pH2a8
1

JA2

2
. ~3.22!

For A@1 we must distinguish between different cases. IfA
@H2a8J we get

E/H'
A2

H2a8
1

1

2
H2a8J2. ~3.23!

If A!H2a8J we get

E/H'AJ1
A3

2H4a82J
. ~3.24!

The scaling relations obtained here are, to our knowled
completely new. They generalize the ones of Gubser, K
banov and Polyakov@4# and supplement the ones of Rus
@7#.

IV. PULSATING MULTISPIN SOLUTIONS

Multi spin and multi-R-charge solutions were recently ob
tained by Tseytlin and Frolov@17–19#. Such solutions can
easily be combined with pulsation. Here we take for simp
e,
-

-

ity the simplest 2 spin solution in AdS5 and couple it with
pulsation in S5. The ansatz is

t5c0t, r 5r 05const,b5s, f5vt,

f̃5vt, u5u~t!, c5s ~4.1!

with the remaining coordinates being constants. This i
circular string in AdS5 spinning in two different directions. It
is also a circle in S5, but pulsating there.

The r andu equations become

v2511H2c0
2 ~4.2!

ü1sinucosu50 ~4.3!

while the nontrivial conformal gauge constraint is

u̇21sin2u2H2c0
2~11H2r 0

2!1H2r 0
2~11v2!50. ~4.4!

The u equation and constraint are solved by

sinu~t!5H Asn~tuA2!, A,1

sn~Atu1/A2!, A.1
~4.5!

where

A5HAc0
222r 0

2 ~4.6!
1-4
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with the same interpretation as in Sec. II. The energyE and
the 2 spinsS15S2[S are easily computed

E5
~11H2r 0

2!A2H2r 0
21A2

Ha8
~4.7!

S5
r 0

2

2a8
A2r 0

2H21A211. ~4.8!

For short strings~sayHr 0!1) we get

S'
r 0

2

2a8
AA211S 11

H2r 0
2

A211
D ~4.9!

such that

H2r 0
2'

2H2a8S

AA211
2

4H4a82S2

~A211!2
~4.10!

which inserted intoE gives

E~S,A!'
1

Ha8
S 11

2H2a8S

AA211
2

4H4a82S2

~A211!2 D
3A4H2a8S

AA211
2

8H4a82S2

~A211!2
1A2. ~4.11!

For A50 we get

E'
2AS

Aa8
~11H2a8S! ~4.12!

which to leading order is just the Minkowski resulta8E2

52(2S). For A51 we get

E'
1

Ha8
~1123/2H2a8S! ~4.13!

and forA@1

E'
1

Ha8
~A12H2a8S!, ~4.14!

For long strings~sayHr 0@1) we get

E/H22S'
A2H2r 0

21A2

H2a8
2

H2r 0
2

2H2a8A2H2r 0
21A2

.

~4.15!

Now we have to distinguish between different cases.
Hr 0@A we get from Eq.~4.8!

S'
Hr 0

3

A2a8
S 11

A211

4H2r 0
2D ~4.16!

such that
02600
If

Hr 0'~A2H2a8S!1/32
A211

12~A2H2a8S!1/3
~4.17!

which when inserted into Eq.~4.15! gives

E/H22S'
3~A2H2a8S!1/3

23/2H2a8
1

4A221

27/2H2a8~A2H2a8S!1/3
.

~4.18!

This result is valid forH2a8S@$1, A3%, and therefore holds
in particular forA50 andA51. Notice also that the pulsa
tion only gives a contribution to the nonleading terms, in th
limit. On the other hand, ifHr 0!A we get from Eq.~4.8!

S'
Ar0

2

2a8
S 11

r 0
2H2

A2 D ~4.19!

such that

H2r 0
2'

2H2Sa8

A
2

4S2a82H4

A4
~4.20!

and insertion into Eq.~4.15! gives

E/H22S'
A

H2a8
1

S

A2
~4.21!

which holds for 1!H2a8S!A3. Thus, in this limit, the pul-
sation completely changes the scaling relation.

All our results reduce forA50 to those obtained in@17#,
but otherwise they are quite different. It is straightforwa
also to generalize the multi-R-charge solutions of@17# to
include pulsation in AdS5, but we shall not go into the de
tails here.

We end this section with some comments about stabi
Contrary to circular pulsating strings, circular spinnin
strings tend to be unstable. In particular for very large an
lar momentum. In the case of the 2-spin solution in AdS5,
corresponding to the solution considered here in the limiA
50, it was shown explicitly@17# that it is stable forS
<3.97Al, with Al@1 in the semiclassical approximation
Thus it is stable for large angular momentum, as long as
not ‘‘very large.’’

Simply by continuity, our pulsating spinning 2-spin sol
tions will also be stable for smallA ~say A,1, at least!.
What happens for largeA, i.e., whether the coupling to pul
sation more generally leads to stabilization or the contrary
an open problem. A generic stability analysis is most ea
performed using the world-sheet covariant approach de
oped in@31,32#. Unfortunately, it turns out to be extremel
complicated for the solutions considered in this section,
cause of the nontrivial time dependentu(t). As a result, we
get timedependent coefficients in the 8 coupled equations
the physical perturbations, which should be compared w
the case considered in@17# where the coefficients were con
stant in the 3 equations for the physical perturbations. At
moment, we have no solution to this problem.
1-5
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V. CONCLUDING REMARKS

In conclusion, we have found several new relative
simple families of string solitons in AdS53S5. They gener-
alize some of the previously known solitons in the sense
they combine spin and pulsation in a nontrivial way. F
each family, we analyzed in detail the scaling relations
tween energy and angular momentum. The scaling relat
reduce in a certain limit (A50) to previously known rela-
tions, but are otherwise quite different.

It would be interesting to find the Yang-Mills operato
corresponding to the spinning pulsating strings construc
here. It seems, however, to be a highly nontrivial probl
. B

ys

gy

gy

ith

02600
at
r
-

ns

d

due to the coupling between spin and pulsation. The Ya
Mills operators for spinning strings were given in@4#, and
those for pulsating strings were suggested in@10#, but it is
not clear how to combine them.

Another direction which could be interesting to pursue,
to consider linearized perturbations around these solutio
Classically, this could reveal how the pulsation affects
stability properties of spinning strings, a question whi
could be important especially for the multispin solutions
@17#. At the quantum level, the perturbations could give
contribution to the scaling relations, similarly to the resu
obtained in@5,6#.

These problems are currently under investigation.
-
’’
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