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Operating LISA as a Sagnac interferometer

Daniel A. Shaddock
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 91109, USA

~Received 25 June 2003; published 15 January 2004!

A phase-locking configuration for LISA is proposed that provides a significantly simpler mode of operation.
The scheme provides one Sagnac signal readout inherently insensitive to laser frequency noise and optical
bench motion for a nonrotating LISA array. This Sagnac output is also insensitive to clock noise, requires no
time shifting of data, nor absolute arm length knowledge. As all measurements are made at one spacecraft,
neither clock synchronization nor exchange of phase information between spacecraft is required. The phase-
locking configuration provides these advantages for only one Sagnac variable yet retains compatibility with the
baseline approach for obtaining the other TDI combinations. The orbital motion of the LISA constellation is
shown to produce a 14-km path length difference between the counterpropagating beams in the Sagnac
interferometer. With this length difference a laser frequency noise spectral density of 1 Hz/AHz would con-
sume the entire optical path noise budget of the Sagnac variables. A significant improvement of laser frequency
stability ~currently at 30 Hz/AHz) would be needed for full-sensitivity LISA operation in the Sagnac mode.
Alternatively, an additional level of time-delay processing could be applied to remove the laser frequency
noise. The new time-delayed combinations of the phase measurements are presented.

DOI: 10.1103/PhysRevD.69.022001 PACS number~s!: 04.80.Nn, 07.60.Ly, 95.55.Ym
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I. INTRODUCTION

The Laser Interferometer Space Antenna~LISA! @1# is a
joint NASA-ESA project to detect and study low frequen
gravitational waves. LISA consists of three spacecraft se
rated by 5 million kilometers flying a total of six proo
masses in heliocentric drag-free orbits. The change in s
ration of each proof mass pair must be measured to a lev
approximately 20 pm/AHz. One of the main challenges o
the LISA interferometry is ensuring that the laser frequen
noise (Dn/n;10213/AHz) does not obscure the gravita
tional wave induced length change (DL/L;10220/AHz).
Time-delay interferometry~TDI! @2,3# is a time domain post-
processing technique that provides several interferom
outputs that are free from laser frequency noise. Two m
categories of TDI combinations have been examined: the
gnac variables, and the Michelson variables. The Sag
variablesa, b, g, andz, are generators for the entire spa
of frequency noise-free interferometric combinations@3,4#.
Much of the work to date has focused on construction of
TDI combinations from time-delayed one-way measu
ments using six independently frequency-stabilized las
More recently, a configuration in which the lasers we
phase-locked in a simple series to a stabilized master
analyzed@5#. Although this analysis showed that time-del
interferometry is compatible with the phase-locking a
proach, it found no significant advantages of phase-lock
compared to the one-way method.

This paper introduces a phase-locking configuration
which the phase of the light received from one interferome
arm is transferred to the phase of the light transmitted al
an adjacent interferometer arm. This phase-locking arran
ment allows two of the three LISA spacecraft to be cons
ered as amplifying mirrors at a 30° angle of incidence. T
configuration is in contrast to the baseline phase-locking
rangement@1,5# in which certain spacecraft appear as amp
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fying retro-reflecting mirrors. This Sagnac phase-locki
configuration is discussed in Sec. III.

Nonrotating Sagnac interferometers are insensitive to
ser frequency noise because the counterpropagating be
have exactly matched optical paths. In Sec. IV we note t
orbital motion of LISA will result in a 14-km optical path
length difference between the clockwise- a
counterclockwise-propagating beams. Under these circ
stances the TDI Sagnac readoutsa, b, g, and z are no
longer free from laser frequency noise. This arm length m
match would lead to a significant degradation of the LIS
sensitivity given expected levels of frequency stabilizatio
The implications for laser frequency stability are discuss
as is a post-processing algorithm that removes laser
quency noise.

II. NOTATION AND PHASE MEASUREMENTS

This paper uses a modified notation for describing
LISA parameters. The notation attempts to combine the m
useful aspects of the three commonly used notations@2,4,6#
in a consistent manner. Consider the diagram of the LI
interferometer in Fig. 1, showing the basic interferome
layout with three spacecraft, S/C 1, S/C 2, and S/C 3, e
housing two optical benches, two lasers and two pr
masses. The light from each laser is split into two bea
One beam is directed, via a polarizing beamsplitter, to one
the distant spacecraft so that it can be phase shifted b
passing gravitational wave. A small fraction (;0.1%) of this
beam leaks through the polarizing beamsplitter to serve
local oscillator for the phase measurement of the light
ceived from the distant spacecraft. The second beam is
rected to the back of the reflective proof mass before be
interfered with the laser on the adjacent optical bench. T
purpose of this second beam is to measure, and thus rem
the motion of the bench and the phase difference between
two local lasers.
©2004 The American Physical Society01-1
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FIG. 1. Simplified optical lay-
out of the LISA interferometer.
S/C: spacecraft;si j : interspace-
craft phase measurement;t i j : in-
traspacecraft phase measureme
pi j : laser phase;d i j : proof mass
displacement;D i j : optical bench
displacement.
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The propagation distance from S/Ci to S/C j is denoted

by Li j ~with the displacement vector denoted byLW i j ). Since
the spacecraft can move significantly over the light’s pro
gation time, the apparent spacecraft separation depend
the propagation direction (Li j ÞL ji ). The LISA gravitational
wave signal readouts are constructed from 12 phase mea
ments: six interspacecraft measurements taken at the fro
the optical benches, denoted bysi j , and six intraspacecraf
measurements taken at the back of the optical benches
noted by t i j . The first subscript ofsi j is the distant S/C
number from where the light originated and the second s
script is the local S/C number at which the measuremen
made. The measurementt i j inherits the same subscript no
tation as thesi j measurement made on the same bench.
extend this subscript nomenclature to all other parameter
the bench including the laser phase,pi j , the proof mass dis-
placement,d i j , the optical bench displacement,D i j and the
designator of the bench itself. Note thatd i j andD i j are scalar
parameters representing the component of the displace
along the interferometer arm, defined to be positive for d
placement in the direction of the distant spacecraft. Furth
more,D i j andd i j are normalized to have units of phase.

The phase accumulated in traversing the optical fiber li
ing two benches on S/Cj is denoted bym j . We assume the
optical path through the fiber is independent of the propa
tion direction. This independence will be a requirement,
only for TDI, but for the operation of LISA in general.

The gravitational wave signal will modify the phase of t
light traversing the interferometer arms. This phase shif
denoted byhi j for the light travelling from S/Ci to S/C j
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where positivehi j represents a compression of the arm.
nally, the noise in the measurement ofsi j is denoted byni j .
This noise source has the same units assi j and is typically a
combination of shot noise and fluctuations in the opti
path. Traditionally this noise source is referred to simply
optical path noise.

Following Dhurandharet al. @4#, we adopt a delay opera
tor, Di j , to represent the application of time delays to
quantity. The delay operator is defined by

Di j a~ t ![a~ t2Li j /c!, ~1!

wherea(t) is an arbitrary function of time. This delay op
erator represents either a physical delay~due to propagation
along an arm! or a post-processing delay~when data is stored
in memory!. We assume that delay operators commute w
each other, allowing them to be readily factorized to simpl
data combinations@4#.

The expressions for the six interspacecraft phase meas
ments can be obtained from examination of Fig. 1,

s215D21p122p211D21D122D2112d211h211n21 ~2!

s315D31p132p311D31D132D3112d311h311n31 ~3!

s125D12p212p121D12D212D1212d121h121n12 ~4!

s325D32p232p321D32D232D3212d321h321n32 ~5!

s235D23p322p231D23D322D2312d231h231n23 ~6!
1-2
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s135D13p312p131D13D312D1312d131h131n13. ~7!

The measurements at the back of the proof masses ar
ways taken as differences in order to cancel the otherw
overwhelming fiber noise,m i j ,

t312t2152~p212p312d211d311D212D31! ~8!

t122t3252~p322p122d321d121D322D12! ~9!

t232t1352~p132p232d131d231D132D23!. ~10!

Note that there is no optical path noise contribution to thet i j
measurements. Shot noise can be neglected, as ample p
is present in both beams, and phase changes due to moti
the elements on the optical bench can be included in theni j
noise terms in Eqs.~2!–~7! without loss of generality. For
simplicity, the expressions above do not include clock no
Clock noise unavoidably enters during the phase meas
ment process by an amount proportional to the beat-n
frequency@7#.

III. SAGNAC INTERFEROMETER
WITH PHASE-LOCKED LASERS

A typical Sagnac interferometer consists of a single lig
source, divided into two beams by a beamsplitter and u
mately recombined on the same beamsplitter. The LISA
terferometer deviates from this simple system in seve
ways, most notably it has 6 light sources and 12 beams
ters. Furthermore the measurements are recombined
tronically rather than optically. The Sagnac label in the co
text of LISA refers to the fact that the ultimate output
proportional to the difference between the counterpropa
ing beams inside the interferometer. This section presen
phase-locking configuration that closely emulates a stand
Sagnac interferometer. The phase-locking ensures tha
phase of the light received at one bench is transferred to
phase of the light transmitted from the adjacent bench.

One of the lasers, laser 31 say, is chosen as the m
laser and is frequency stabilized to an optical cavity~or other
suitable frequency reference!. The following phase-locking
conditions are imposed by feeding back to the phases of
remaining five lasers,

t312t2150 by feedback top21 ~11!

s122
t122t32

2
50 by feedback top32 ~12!

s232
t232t13

2
50 by feedback top13 ~13!

s131
t232t13

2
50 by feedback top23 ~14!

s321
t122t32

2
50 by feedback top12. ~15!
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The first locking condition@Eq. ~11!# phase locks laser 21 to
the master laser, ensuring their phases are related by

p215p311d212d312D211D31. ~16!

Following the clockwise propagating beam from S/C 1
S/C 2, Eq.~12! implies the following condition for the phas
of laser 32:

p325D12p211D12D212D321d121d321h121n12.
~17!

Equation ~17! implies that the locking transfers the pha
information of light received from S/C 1,D12p211D12D21
1h12, to the light transmitted towards S/C 3,p321D32, with
an error equal to the measurement noise,e,

e5d121d321n12. ~18!

Forcing the phase difference between laser 12 and the
ceived light to equal the phase difference between lase
and the transmitted light automatically ensures that
phases of the received and transmitted light are equal~to
within the measurement noise!. Note that this phase-locking
is independent of the phase and frequency of laser 12.

Continuing to follow the clockwise propagating beam, t
phase-locking condition of Eq.~13! is imposed at S/C 3. This
condition transfers the phase of the light received from S/
to the phase of the light transmitted to S/C 1~again to within
the measurement noise!. The phase of the light arriving a
S/C 1 relative to the phase of the local laser,s31, is mea-
sured.

The remaining two locking conditions, Eqs.~14! and~15!,
preserve the phase information for the counterclockw
propagating beam. With all locking conditions satisfied, S
2 and S/C 3 behave as amplifying mirrors at an angle
incidence of 30°. In this situation, the LISA constellation c
be treated as a simple Sagnac interferometer and the p
difference between the clockwise and counterclockw
propagating beams,a, is simply

a5s312s21. ~19!

This expression is equivalent to the TDI Sagnac varia
a formed from one-way measurements@3# shown in Eq.
~20!. The five locking conditions ensure that the quantit
inside the square brackets vanish,

a5s311D31Fs232
t232t13

2 G1D23D31Fs122
t122t32

2 G
2s212D21Fs321

t122t32

2 G2D32D21Fs131
t232t13

2 G
2~11D12D23D31!Ft312t21

2 G . ~20!
1-3
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If the interferometer arm lengths are independent of
propagation direction, i.e.Li j 5L ji , then the laser frequenc
noise and bench noise are cancelled and only the proof m
noise, optical path noise and gravitational wave signals
main,

a5~12D12D31D23!~d312d21!1~D312D12D23!~d131d23!

2~D122D31D23!~d121d32!1~12D12D23!h31

2~12D31D23!h121~D312D12!h231D31D23n12

2D12D23n132n211D31n231n312D12n32. ~21!

Using this phase-locking approach to obtaina has several
clear advantages. The measurements are taken sim
neously, thus no time delays are required and there is no n
for knowledge of the absolute lengths of the arms. Measu
ments are only needed at S/C 1 and so neither clock sync
nization nor exchange of phase measurements betw
spacecraft is necessary. Although not included in the ca
lation above, it can be shown thata is also immune to clock
noise. Clock noise enters into a phase measurement b
amount proportional to the beat-note frequency. If the LI
constellation has a constant angular velocity then the dop
shifts of the clockwise and counterclockwise beams are id
tical. Therefore the clock noise ins21 ands31 will be equal
and will cancel when the signals are subtracted to givea.
Noise from the clocks on S/C 2 and S/C 3 will not entera
because the phase-locking ensures the beat-note freque
are the same on all four photodetectors on each spacec

The advantages mentioned above apply only to the S
nac variable centered on the master laser’s spacecraft.
other TDI Sagnac readouts,b and g, can also be con-
structed, however, with slightly simpler expressions than
the one-way method were used. For example, the expres
for b in terms of one-way measurements is

b5s121D12Fs312
t312t21

2 G1D12D31Fs232
t232t13

2 G
2s322D23Fs131

t232t13

2 G2D31D23Fs211
t312t21

2 G
2~11D12D23D31!

t122t32

2
. ~22!

With the phase-locking implemented Eq.~22! simplifies to

b5D12s312D31D23s211~12D12D23D31!s12. ~23!

A similar expression is obtained forg by cyclic permutation
of the subscripts 1→2→3→1 @2#. Time shifting of data and
knowledge of the arm lengths are now needed to recons
b and g. The variables also utilize measurements made
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two different spacecraft and so synchronization of the clo
and exchange of some phase measurements between s
craft is needed.

IV. SAGNAC EFFECT AND THE LISA CONSTELLATION

Previous work on time-delay interferometry variables h
ignored the rotation of the LISA constellation. This secti
discusses the implications for the Sagnac variables if the
tation of the LISA constellation is included.

Sagnac interferometers are commonly used as rota
sensors. The difference between the optical paths of
counterpropagating beams in a rotating Sagnac interfer
eter is

DL5L121L231L312~L131L321L21!5
4VW •AW

c
~24!

whereVW is the angular velocity vector,AW is the vector of the
area enclosed by the optical paths, andc is speed of light.
The dot product indicates that only the component of
angular velocity vector out of the interferometer plane co
tributes to the Sagnac effect. An angular velocity of 1 cyc
year is 231027 rad/s. The LISA constellation will preces
in the plane of the interferometer with one cycle per ye
The heliocentric orbital motion of the constellation must a
be considered, as the plane of the interferometer is only
from the ecliptic. The component of the angular veloc
parallel to the area vector is therefore@12cos(60°)#•uVW u
50.5 cycles/year51027 rad/s.

An equilateral triangle with sides of lengthL has an area
given by

uAW u5
A3L2

4
. ~25!

Modeling LISA as an equilateral triangle of arm length
3109 m, the interferometer encloses an area of
31019 m2. With these assumptionsDL514.4 km. An inde-
pendent calculation ofDL can be made using the initial po
sitions and velocities of the spacecraft. Based on the in
conditions published by Folkner@8#, a difference between
the round trip optical paths of the counterpropagating bea
of 14.1 km is expected during the first round tr
(;50 sec). This calculation assumed constant spacecraf
locities and that changes in the spacecrafts’ positions ove
sec were negligible compared to the spacecraft separatio

In previous calculations, the arm length difference intr
duced by the Sagnac effect was not considered and it
assumed thatLi j 5L ji . Given that thea, b andg variables
are simply time-delay reconstructed Sagnac interferome
it is reasonable to expect that they will be affected by t
arm length difference. We will now re-examine these Sag
variables for the general case,Li j ÞL ji ~which impliesDi j
ÞD ji ),
1-4
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a5~D12D23D312D13D21D32!~p311D31!

2~D212D23D31!~d121d32!

1~D312D21D32!~d131d23!

1~12D12D23D31!~d312d21!1~h311n31!

1D31~h231n23!1D23D31~h121n12!2~h211n21!

2D21~h321n32!2D21D32~h131n13!. ~26!

The first line of Eq.~26! shows that the laser phase noise a
optical bench noise@9# no longer cancel, coupling into th
Sagnac output proportionately to the difference in delays
the frequency domain, these noises enter the Sagnac o
with a magnitude of usin(2pfDL/c)u, where DL51.4
3104 m. This level of sensitivity to the bench noise is pro
ably acceptable for frequencies below 1 Hz. For exam
bench noise with a white spectral density of 10 nm/AHz
would contribute 3 pm/AHz of displacement noise at 1 H
and only 3 fm/AHz at 1 mHz. However, the level of residu
laser frequency noise is of greater concern. Figure 2 show
comparison of the current laser frequency noise requirem
@10# ~upper line! and the frequency noise needed to equal
combined budget for proof mass and optical path no
~lower line!. To produce the lower line it was assumed th
each proof mass contributes 10 pm3(3 mHz/f )2/AHz and
each of the six measurements is subject to an optical
noise of 20 pm/AHz. Note that this is the frequency stabilit
required to equal the dominant noise sources. In practice
frequency noise requirement will need to be more string
to avoid degradation of the LISA sensitivity and the ‘‘upp
limit’’ of Fig. 2 would be replaced by a requirement lev
lower by a factor of 2, approximately. Augmenting the las
frequency stabilization system with a second loop using th
million kilometer arms as a reference is a promising a
proach for achieving better stability@11#.
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An alternative solution to improving the frequency stab
ity is to modify the TDI combinations to obtain frequenc
noise-free variables in the presence of rotation. Althou
time-delay interferometry was originally conceived to r
move laser frequency noise from an unequal-arm Michel
interferometer@2# the same procedure can be applied to
unequal-arm Sagnac interferometer. We define a new se
modified Sagnac variables,a1 , a2, and a3, representing
Sagnac-like TDI variables beginning and ending at S/C 1
and 3 respectively. The variablea1 is obtained froma by
delaying the clockwise measurements by the counterclo
wise roundtrip time, and delaying the counterclockwise m
surements by the clockwise round-trip time, before comb
ing them with the originala variable,

FIG. 2. Laser frequency noise requirements for LISA. Dash
line: baseline frequency noise requirement ofA11(3 mHz/f )2

330 Hz/AHz @10#. Solid line: laser frequency noise needed
equal the combined proof mass and optical path noise in~the
unequal-arm! a.
a15~12D13D21D32!S s311D31Fs232
t232t13

2 G1D23D31Fs122
t122t32

2 G D
2~12D12D23D31!S s211D21Fs321

t122t32

2 G1D21D32Fs131
t232t13

2 G D2~12D12D13D21D23D31D32!Ft312t21

2 G .
~27!
ise
etric

tri-
If the phase-locking of Sec. III is implemented, the qua
tities inside the square brackets vanish and Eq.~27! simpli-
fies to

a15~12D13D21D32!s312~12D12D23D31!s21. ~28!

The symmetrized Sagnac,z, has the same problem in tha
it is also sensitive to laser frequency noise and bench no
-

e.

However, Tintoet al. @12# pointed out thatz can be modified
to produce three combinations in which the frequency no
and bench noise are cancelled. In contrast to the symm
variablez, these three combinations, denoted byz1 , z2, and
z3, combine the data from the three spacecraft asymme
cally. The expression forz1 is presented below withz2, and
z3 obtained by cyclic permutation of the subscripts,
1-5
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z15~D13D212D23!~D31s121D32s312D31s32!2~D12D312D32!~D21s131D23s212D21s23!

2~D13D21D312D23D311D12D21D23D312D21D23D32!
t122t32

2

2~D12D21D312D21D321D13D21D31D322D23D31D32!
t232t13

2
2~D12D13D21D312D23D32!

t122t32

2
. ~29!
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In parallel work Cornish and Hellings@13# have indepen-
dently identified other z-type combinations that ar
frequency-noise-free in the presence of rotation.

The TDI Michelson combinations,X, Y and Z, are im-
mune to the Sagnac effect as the interferometers enclose
area. The expressions forX, Y andZ remain unchanged apa
from allowing for different delays of the counterpropagati
beams. These expressions for Michelson-type readouts
tered on S/C 1, 2, and 3 respectively, have been indep
dently derived by Cornish@13# and Tintoet al. @12#. These
TDI Michelson readouts have a slightly better gravitation
wave sensitivity than the Sagnac outputs particularly aro
3 mHz. The reason for the reduced sensitivity in a Sag
interferometer is that both the gravitational wave signal a
proof mass noise are suppressed below 20 mHz, wherea
optical path noise is not. In the TDI Michelson outputs t
gravitational wave signal, proof mass noise and optical p
noise are suppressed equally at low frequencies. One m
drawback of the TDI Michelson combinations is a slight i
crease in the noise added by the currently envisaged c
noise correction schemes. The extra shot noise added b
clock noise correction algorithm was ignored in previous c
culations and reduces the sensitivity to gravitational wave
frequencies around the 30 mHz and its harmonics@14#. Some
amount of extra noise will also be added toa1 , a2 anda3 if
clock noise correction is used.
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V. SUMMARY

A phase-locking configuration has been identified that
fers several potential advantages for the Sagnac mode o
eration of LISA. For a static LISA constellation, this con
figuration provides one Sagnac output that is free from la
frequency noise, bench noise, and clock noise. Furtherm
no clock synchronization, arm length knowledge, time sh
ing of data or exchange of phase information between sp
craft is required. However, we have demonstrated that
orbital motion of the LISA spacecraft will break the optic
path-length symmetry between counterpropagating bea
This places new constraints on the laser frequency noise
the baseline Sagnac configuration. Alternatively, new tim
delayed combinations of the phase measurements can b
troduced that provide laser frequency noise-free outputs
LISA.
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