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Fermion masses and mixing in extended technicolor models
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We study fermion masses and mixing angles, including the generation of a seesaw mechanism for the
neutrinos, in extended technicolor~ETC! theories. We formulate an approach to these problems that relies on
assigning right-handedQ521/3 quarks and charged leptons to ETC representations that are conjugates of
those of the corresponding left-handed fermions. This leads to a natural suppression of these masses relative to
the Q52/3 quarks, as well as the generation of quark mixing angles, both long-standing challenges for ETC
theories. Standard-model-singlet neutrinos are assigned to ETC representations that provide a similar suppres-
sion of neutrino Dirac masses, as well as the possibility of a realistic seesaw mechanism with no mass scale
above the highest ETC scale of roughly 103 TeV. A simple model based on the ETC group SU~5! is con-
structed and analyzed. This model leads to nontrivial, but not realistic mixing angles in the quark and lepton
sectors. It can also produce sufficiently light neutrinos, although not simultaneously with a realistic quark
spectrum. We discuss several aspects of the phenomenology of this class of models.
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I. INTRODUCTION

The hypothesis that electroweak symmetry break
~EWSB! is triggered by a Higgs potential in which the qu
dratic termm2f†f has a coefficientm2,0, leads to the well-
known hierarchy problem, the radiative instability of Higg
sector with respect to a much higher fundamental scale. V
ous approaches to this problem, such as the incorporatio
supersymmetry, have been suggested in which the H
field remains elementary to energies well beyond the e
troweak scale. However, in two cases where scalar fie
have been used successfully to describe spontaneous sy
try breaking in the real world, namely the Ginzburg-Land
free energy functional for superconductivity and thes model
for spontaneous chiral symmetry breaking in hadronic ph
ics, the scalars are clearly composite at the relevant ener
representing bilinear fermion condensates.

These facts have motivated an alternative approach b
on dynamical EWSB driven by a strongly coupled gau
interaction, associated with an exact gauge symmetry,
noted generically as technicolor~TC! @1–6#. The EWSB is
generated by the condensation of technifermion biline
and the masses of quarks and charged leptons then aris
extended technicolor~ETC! interactions@2#. It has seemed
possible to understand some of the fermion mass scale
this way, although the very light neutrino masses prese
newer and perhaps more challenging problem. Two of
have shown, however, how light neutrino masses and lep
mixing can be obtained in extended technicolor mod
@7–9# containing a set of standard-model~SM! singlet neu-
trinos. This involves a strong suppression of both Dirac a
Majorana neutrino mass terms, along with a seesaw me
nism that does not involve any superheavy mass scales
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In this paper, we explore in a similar way the generati
of all the fermion masses and mixing angles. This is a v
ambitious task. Grand unified theories~GUT’s! are less am-
bitious in this respect, since they do not incorporate a
namical theory of generations, but instead put these in
copies of the GUT group representations. A variety of fr
parameters is available to accommodate measured ma
and mixing angles. Extended technicolor theories gauge
generations and must dynamically produce all the ferm
masses, the generational hierarchy, the fermion mix
angles, etc. Our work on this problem has met with on
partial success. Nevertheless, it seems worthwhile to re
our results and discuss open problems.

We begin by reviewing the problem of fermion mass a
mixing angle generation in ETC models. The intragene
tional mass splittings and Cabibbo-Kobayashi-Maska
~CKM! mixing have been long-standing challenges for the
theories. In this paper we propose a mechanism that succ
in generating both. We explore this mechanism in an expl
ETC model based on the ETC gauge group SU~5!. It incor-
porates a generational U~3!, and as the SU~5! breaks sequen
tially, it leads naturally to a generational hierarchy and
remaining, unbroken SU(2)TC group. A key feature will be
the assignment of right-handedQ521/3 quarks and charge
leptons to ETC representationsR that are conjugates o
those of the corresponding left-handed fermions. This le
to a natural strong suppression of these masses relative t
Q52/3 quark masses.

The representations of the SM singlet neutrinos are s
that at all but the highest ETC symmetry breaking scales,
left- and right-handed components also transform accord
to mutually conjugate representations. Thus the element
the Dirac mass matrices for neutrinos are also naturally s
pressed@3,5#. This suppression, together with the dynamic
generation of Majorana mass terms for other SM-singlet n
trinos can provide a new kind of seesaw mechanism@7,9#
that involves only mass scales well within the ETC range

In Sec. II, we briefly review the technicolor and extend
©2004 The American Physical Society02-1
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technicolor framework, focusing on the problem of fermi
masses and mixing, including the generation of the qu
and charged lepton mass hierarchies and mixing angle
well as the typical presence of new, heavy degrees of f
dom. The corresponding discussion of neutrino masses
mixing angles is postponed to Sec. IV.

The models of Refs.@5,7–9#, are the immediate anteced
ents of the model to be presented in this paper. They sha
common the feature of having two asymptotically-free gau
interactions that become strong at high scales: SU(5)ETC

3SU(2)HC, where the latter is a new interaction designa
as hypercolor~HC!. Reference@7# presented a mechanism
for obtaining realistically light neutrino masses and lept
mixing. References@8,9# showed how this could be imple
mented in theories with extended strong-electroweak gro
We review these models briefly in Sec. III.

Section IV is the core of the paper. We begin by descr
ing the ingredients of our model, including the use of re
tively conjugate ETC representations. We discuss gener
the structure of the neutrino mass matrices and the pos
appearance of a seesaw mechanism. Two possible symm
breaking sequences are then described, each leading t
unbroken SU(2)TC group. In each case, suppressed neutr
masses emerge naturally, as do quark and charged le
mass splittings and mixing angles. The general structure
the mass matrices is elucidated by a set of selection rules
follow from residual global generational symmetries. F
both sequences, however, the success is only partial,
mixings that are not fully realistic and an inability to achie
simultaneously the right level of suppression for both Dir
neutrino masses and down-type quark and charged le
masses.

In Sec. V we discuss some phenomenological aspect
this class of models. These include the constraints from
cision electroweak data, flavor-changing neutral current p
cesses, and ETC-instanton-induced violation of lepton nu
ber. We also discuss global symmetries and associ
Nambu-Goldstone bosons. An interesting generic predic
of models that incorporate the mechanism proposed in R
@7# for the origin of light neutrino masses, and in particu
of the class of models discussed here, is the existenc
neutrino-like mass eigenstates that are predomina
electroweak-singlets with masses that lie in the range fro
few hundred MeV to a few hundred GeV. We comment
experimental implications of these particles. We also rem
on possible candidates for dark matter.

In Sec. VI, we summarize our work, listing the succes
and shortcomings of the mechanism employed. We sug
possible directions for future study.

II. GENERAL FRAMEWORK

A. Technicolor and extended technicolor

For general discussion, we take the technicolor ga
group to be SU(NTC). The set of technifermions include
one family, viz.,QL5(D

U)L , LL5(E
N)L , UR , DR , NR , ER ,

with each field transforming according to the fundamenta
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conjugate fundamental representation of SU(NTC) and the
usual representations ofGSM5SU(3)3SU(2)L3U(1)Y .
The NR are SM singlets.

To generate the quark and lepton masses, this theory m
be embedded in a larger, extended technicolor~ETC! theory,
taken here to be SU(NETC). Constraints from flavor-
changing neutral-current processes require that the ETC
tor bosons, which can mediate generation-changing tra
tions, must have large masses. We envision that they a
from self-breaking of the ETC gauge symmetry, which c
occur if ETC is a strongly coupled, chiral gauge theory.

Each fermion with standard-model interactions is emb
ded in a fundamental or conjugate fundamental represe
tion of the ETC gauge group such that the first three com
nents are the successive generations of this fermion, and
remaining components are the corresponding techniferm
with the same SM quantum numbers. This entails the rela

NETC5Ngen.1NTC531NTC. ~2.1!

Additional standard-model-singlet fermions, some of whi
will play the role of right-handed neutrinos, will also be in
troduced. The three generations are formed by the seque
breaking of the SU(NETC) gauge symmetry to the residua
exact SU(NTC). We denote the mass scale at which ea
stage of breaking takes place asL i , where thei th generation
separates off from the other components of the ETC rep
sentations.

A particularly attractive choice for the technicolor grou
used in the explicit model to be studied here, is SU(2)TC,
which minimizes the TC contributions to theS parameter
@10–12# and can yield walking behavior, allowing for en
hanced quark and charged lepton masses. From Eq.~2.1!,
this choice of NTC52 implies that our ETC group is
SU(5)ETC. With Nf.16 chiral technifermion doublets, a
above, studies suggest that the SU(2)TC theory could have an
~approximate! infrared fixed point~IRFP!. The theory would
be in the confining phase with spontaneous chiral symm
breaking, but near to the phase transition~as a function of
Nf) beyond which it would go over into a non-Abelian Co
lomb phase@13,14#. This approximate IRFP provides walk
ing behavior, enhancing the technifermion condensates
control the quark and charged lepton masses. This choic
NTC52 also plays a crucial role in our mechanism@7# for
getting light neutrino masses and our present approach
explaining intragenerational mass splittings@15#.

B. Conventional ETC mass generation for fermions

The conventional ETC mechanism for the masses
quarks and charged leptons relates these masses to th
condensate through ETC gauge boson exchange. An esti
of the resultant masses is

Mii
~ f !.S gETC

&
D 2

h^F̄F&
Mi

2 , ~2.2!

where i is the generation index,̂F̄F&[^( i 54,5F̄ iF
i& for a

technifermionF ~sum on TC indices, no sum on color ind
2-2
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ces in the case whereF is a techniquark!, Mi;(gETC/4)L i is
the mass of the ETC gauge bosons that gain mass at
L i , wheregETC is the running ETC gauge coupling at th
scale. The quantityh is a renormalization group factor give
by

h5expF E dm

m
g@aTC~m!#G ~2.3!

reflecting the running of the bilinear operatorf̄ f between the
technicolor scale and the relevant ETC scale, whereg is the
anomalous dimension for this operator. For a technico
theory that exhibits full walking behavior betweenLTC and a
scale denotedLw , so thatg.1, it follows that

h5
Lw

LTC
. ~2.4!

Since only the SU(2)TC theory is taken to walk,Lw is the
lowest ETC scale.

To evaluate Eq.~2.2!, we use the approximate relation

^F̄F&54p f F
3 S 3

NTC
D 1/2

, ~2.5!

where f F is the technipion decay constant. We note that
corresponding QCD expression,^q̄q&.4p f p

3 (3/Nc)
1/2, is

quite accurate. Here,^q̄q& includes a sum over color for eac
quarkq. With f p593 MeV, one has a value of~216 MeV!3

for ^q̄q&. This may be compared to the current-algebra re
tion f p

2 mp
2 5(mu1md)^ūu1d̄d&52(mu1md)^q̄q&, where

mu and md are the current quark masses and we have u
the isospin symmetry of QCD to equatêūu&5^d̄d&
[^q̄q&. The values of theu and d current quark masse
contain significant theoretical uncertainty; estimates ra
from mu1md.15 MeV from older current algebra method
@16# to 9 MeV using lattice methods@17#. Using the illustra-
tive value (mu1md).9 MeV, one finds ^ūu&5^d̄d&
5(211 MeV)3, in good agreement with the above.

Next we recall that for a technicolor theory with one S
family of technifermions,

mW
2 5

g2

4
~Nc11! f F

2, ~2.6!

whereg is the electroweak coupling andf F is the technipion
decay constant. This yieldsf F.125 GeV. It is convenient to
express various quantities in terms of the energy scaleLTC at
which the technicolor interaction gets sufficiently large
cause technifermion condensation. In QCD,f p593 MeV
and LQCD.180 MeV so thatLQCD.2 f p ; using this as a
guide to technicolor, one infersLTC.250 GeV. If one re-
gardsNc53 andNTC52 as being sufficiently large so tha
one should include factors yielding the correct respec
large-Nc and large-NTC behaviors, then one would writ
LQCD.2 f pA3/Nc and henceLTC.2 f FA3/NTC.300 GeV.
We include these factors here, and hence useLTC
5300 GeV.
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Since the ETC theory is strongly coupled, we cannot c
culate precisely the relation betweenMi andL i . We take

Mi5
agETCL i

4
, ~2.7!

where the constanta is expected to be of order unity. Sub
stituting in Eq.~2.2!, we get

Mii
~u!.

khLTC
3

L i
2 , ~2.8!

wherek58p/3a2 @.8p/3 with a5O(1)]. This rough value
for k will be used in all of our mass estimates.

Suppose that three separate ETC scales,L1.L2.L3 ,
emerge from the dynamical breaking.~This will be the case
in the first of the two symmetry breaking sequences in
model to be described here.! Then, with the SU(2)TC theory
walking up toL3 ,

Mii
~u!.

kLTC
2 L3

L i
2 , i 51,2,3. ~2.9!

To compare this to the experimental values of theQ52/3
quark masses, in particular, the top quark, we may neg
off-diagonal entries inM (u), at least for the higher two gen
erations, so that the diagonal elements give the actual q
masses. With the ETC breaking scales

L1.103 TeV, L2.50 TeV, L3.4 TeV
~2.10!

in the above formula~2.9!, we get mt.175 GeV, mc
.1.3 GeV, andmu.3 MeV @18#. Since our ETC theory ap
pears capable of generating the top quark mass, we shal
need to use other approaches~e.g., @19,20,6#! for this pur-
pose. The consistency of these choices of ETC scales
precision experimental constraints will be discussed
Sec. V.

Thus while walking fromLTC to the lowest ETC scale
can successfully generate a sufficiently heavy top qu
mass, as well as charm and up quark masses, this sim
mechanism cannot be the entire story. It does not account
example, for quark and charged lepton mass splittings wit
each generation. We next discuss this problem briefly,
introduce the mechanism designed to address it.

C. Intragenerational mass splittings

A long-standing challenge for dynamical theories of fe
mion masses has been to obtain the splittingsmt@mb , mt
andmc@ms , mm @21#. The fact thatUR , DR , ER , andNR
have different hypercharges provides one source of s
tings, and the fact that the techniquarks have color inter
tions while the technileptons do not provides another. Ho
ever, these interactions are too weak at the scaleLTC to
explain the observed splittings without fine tuning.

The approach here is to assign right-handed compon
of the Q521/3 quarks and charged leptons to represen
tions of the extended technicolor group that are conjugate
2-3
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the representations assigned to the respective left-handeQ
521/3 quarks and charged leptons, i.e.,

R~ f L!5R̄~ f R!, for f 5d,e, ~2.11!

retaining the conventional assignment

R~uL!5R~uR!. ~2.12!

Here we use the notationuL , uR , dL , dR , eL , eR @and, for
the SU(2)L doublets,QL , L# to refer to the full SU(5)ETC
representations with the indicated quantum numbers, enc
passing in each case the three generations and theNTC52
technifermion components. Thus, for example, writing o
QL explicitly, we have

QL5S u1,a, u2,a, u3,a, u4,a, u5,a

d1,a, d2,a, d3,a, d4,a, d5,aD
L

[S ua, ca, ta, U4,a, U5,a

da, sa, ba, D4,a, D5,aD
L

. ~2.13!

Note that we thus use synonymously the notationf x
i [Fx

i for
i 54,5 andx5L,R. Similarly, for leptons, we have, e.g.,

LL5S n1, n2, n3, n4, n5

e1, e2, e3, e4, e5D
L

[S ne , nm , nt , N4, N5

e, m, t, E4, E5D
L

. ~2.14!

The condition~2.11! is similar to the device@3# employed
to suppress Dirac neutrino masses in Ref.@7#. Note that this
can only be done while maintaining a nonzero technico
condensate if the technicolor group is SU(2)TC, correspond-
ing here to the ETC group SU(5)ETC, since only in this case
can one form a TC-gauge-invariant bilinear of the fo

^e i j F̄ i ,LF j ,R& or ^e i j F̄L
i FR

j &, wherei,j are the SU~2! TC indi-
ces~and the color indices on the techniquarks are implic!.
In this approach the diagrams giving rise to the masses o
Q521/3 quarks and charged leptons require mixing of E
gauge bosons, which leads to strong suppression of t
masses. In contrast, the masses ofQ52/3 quarks are gener
ated in the conventional ETC manner, without any mixing
ETC gauge bosons. As we will show, this naturally produ
large intragenerational mass splittings with acceptable vi
tion of custodial SU~2! symmetry. But in the models we hav
analyzed so far it leads to excessive suppression of the do
type quark and charged lepton masses.

D. Quark mixing

Another challenge for~extended! technicolor models has
been to generate the observed, intergenerational quark
ing. In general, the mass matrixM ( f ) ( f 5u,d,e) is diago-
nalized by a biunitary transformation

Mdiag.
~ f ! 5UL

~ f !M ~ f !UR
~ f ! † ~2.15!
01500
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and the Cabibbo-Kobayashi-Maskawa@22# ~CKM! quark
mixing matrix V defined by the charge-raising weak curre

Jl5 (
i , j 51

Ngen.

ūi ,LVi j gldL
j ~2.16!

is given by

V5UL
~u!UL

~d!† . ~2.17!

If both right- and left-handed quarks are placed in t
same representations@the fundamental or conjugate funda
mental representation of SU(5)ETC in the present model#,
and there are no other interactions affecting the quark m
matrices, then it is not difficult to see that no quark mixing
produced. As the ETC group breaks sequentially, a se
massive ETC bosons is generated, with thei th generation of
quarks being connected to the corresponding techniquark
the ETC gauge bosonsVt

i , i P$1,2,3%, tP$4,5%. If there is
no mixing among the ETC bosons of the formVt

i↔Vt
j with

iÞ j , then the only type of mass generation is that of Fig.
The mass matrix for both the up- and down-type quarks
diagonal, so there is no quark mixing.

To remedy this problem, the requisite combination
ETC gauge boson mixings must be generated. For the
type quarks, with the conventional assignment~2.12!, inter-
generational mixing will exist, provided that

Vt
i↔Vt

j , i , j P$1,2,3%, iÞ j ~2.18!

exists, wheret54,5 is a TC index. For the down-typ
quarks, with the unconventional assignment~2.11!, intergen-
erational mixing will require the presence of

V4
i ↔Vj

5, V5
i ↔Vj

4, i , j P$1,2,3%. ~2.19!

In either case, the mass matrix will contain off-diagonal
well as diagonal elements. The differences between the
diagonal elements inM (u) andM (d) and hence in the unitary
transformationsU (u) andU (d) then produce nontrivial quark
mixing as specified in Eq.~2.17!.

In the model to be described in Sec. IV of this paper,
breaking of the ETC gauge group is driven by a set of S
singlet fermions, and this produces both sources for
diagonal entries in mass matrices given in Eqs.~2.18! and
~2.19!. The model takesR(uL)5R(uR) to be the fundamen-

FIG. 1. Graphs generatingf̄ i ,LMi j
( f ) f R

j wherei 51,2,3, assuming
that the indicated one-loop mixings of ETC gauge bosons occur
the case in whichf L and f R both transform according to the sam
~fundamental! representation of SU(5)ETC. The indext takes on the
values 4 and 5. Here,f i is an up-type quark for 1< i<3 and a
techniquark fori 54,5.
2-4
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tal representation of SU(5)ETC. Graphs that produce the off
diagonal mass matrix elements for up-type quarks in
case are shown in Fig. 1.

For the down-type quarks, the model of Sec. IV tak
R(dL) to be the fundamental representation of SU(5)ETC and
R(dR) to be the conjugate fundamental representation. W
NTC52, so that the SU(2)TC condensates can still form, b
linears for these quarks arise via diagrams that necess
involve ETC gauge boson mixing. The down-type tech
quark condensate is of the form̂e i j D̄ i ,a,LD j ,R

a &, where here
i,j anda denote technicolor and color indices. This genera
off-diagonal elements inM (d) via Eq. ~2.19!. The mass ma-
trix for the down-type quarks, generically of the form

d̄i ,LMi j
~ f !dj ,R1H.c., ~2.20!

is generated by the graph of Fig. 2. The indicated ETC m
ing will be shown to exist in the model of Sec. IV.

For the charged leptons,e, there are two possibilities. Th
e fields of a given chiralityx5L,R can transform according
to the same~S! or conjugate~C! ETC representations as th
down-type quarks and techniquarks,d. We have considered
both possibilities, and we label the two classes of model
DES and DEC, respectively. The model of Sec. IV will be
the DEC class, withR(eL) taken to be the conjugate funda
mental representation of SU(5)ETC, andR(eR) taken to be
the fundamental representation.

In this model then, the technifermion condensates take
following forms:

^e i j D̄ i ,a,LD j ,R
a &, ^e i j ĒL

i ER
j & ~2.21!

~together with their Hermitian conjugates! where, as before
i,j are technicolor indices anda are color indices. Since th
representations of SU~2! are~pseudo!real, the technicolor in-
teraction, by itself, would produce the same magnitude
all of the technifermion condensates, both the ones in
~2.21! and the^Ū i ,a,LUR

i ,a& ~for each color, in the case o
techniquarks!. Diagrams analogous to those in Fig. 2, wi
obvious changes in the DEC case, give rise to the charg
lepton mass matrixMi j

(e) .
This mechanism will lead to off-diagonal mass matrix

ements for the down-type quarks and charged leptons
are different from those of the up-type quarks. It can the

FIG. 2. Graphs generatingd̄i ,LMi j
(d)dj ,R wherei 51,2,3, assum-

ing that the indicated, one-loop mixings of ETC gauge bosons
cur, for the case in whichdL and dR transform according to the
fundamental and conjugate fundamental representation
SU(5)ETC. Here di is a down-type quark~techniquark! for 1< i
<3 (i 54,5). As indicated, the graph with the indices 4 and
interchanged also contributes.
01500
is

s

h

ily
-

s

-

as
f

e

r
q.

d-

at
-

fore lead to CKM mixing among the quarks and explain w
mt@mb , mt and mc@ms , mm . The same mechanism ha
been used to suppress the elements of Dirac mass mat
for the neutrinos@3,5#, providing an ingredient in a possibl
new type of seesaw mechanism. This will be discussed
Sec. IV.

III. PROGENITORS

The model to be described in Sec. IV evolved from tw
earlier models, designated here as AT94@5# and AS02@7#. In
addition, an embedding of AS02 in models with an extend
standard model gauge group was described in Refs.@8,9#.
Since these models use the same representation for the
and right-handed components of all the quarks and char
leptons, they do not lead to nontrivial quark mixings. W
review their ingredients briefly to set the stage for the mo
of Sec. IV.

A basic condition for building any of these models is t
cancellation of the SU(5)ETC gauge anomaly. The SM
nonsinglet fermions and technifermions contribute the f
lowing terms to this anomaly~written for right-handed chiral
components!: A(QR

c )522Nc526, A(LR
c )522, A(uR)

5A(dR)5Nc53, andA(eR)51, for a total of21. It follows
that the contributions of the right-handed SM-singlet ferm
ons must be

(
f R

A~ f R!51. ~3.1!

We describe below the ingredients of each of these mod
The breaking patterns are discussed in the original re
ences. We then note that the incorporation of Pati-Sa
symmetry, used in two of these models, is not compati
with the approach of the present paper.

A. AT94

In Ref. @5# an ETC model was constructed that explicit
demonstrated the sequential self-breaking of the ETC gro
producing three generations of SM fermions. This model w
based on the gauge group

GAT945SU~5!ETC3SU~2!HC3SU~4!PS3SU~2!L3U~1!R

~3.2!

where SU(4)PS is the Pati-Salam group, which gauge
baryon minus lepton number U(1)B2L and combines it with
color SU(3)c . This yields quantization of electric charge an
partial unification of quarks and leptons. The U(1)R is an
R-charge Abelian group. Thus the gauge group involves t
gauge interactions that become strong at high energies:
tended technicolor SU(5)ETC, and one additional strong
gauge interaction called hypercolor~HC!, SU(2)HC. The lat-
ter is included in order to produce the desired sequen
gauge symmetry breaking.

The fermions in this theory are listed below, in a notati
where the numbers indicate the representations un
SU(5)ETC3SU(2)HC3SU(4)PS3SU(2)L , and the subscript
gives the U(1)R charge:

c-

of
2-5
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~5,1,4,2!0,L , ~5,1,4,1!1,R , ~5,1,4,1!21,R ,

~1,1,6,1!0,R , ~1,2,6,1!0,R

~ 5̄,1,1,1!0,R , ~10,1,1,1!0,R , ~10,2,1,1!0,R . ~3.3!

~In @5# these were written equivalently in left-handed ho
morphic form.!

A sequential breaking pattern was described in AT
yielding some of the features of the quark and lepton mas
The~Dirac! neutrino masses, although much smaller than
quark and charged lepton masses, were still much too la

B. AS02

In Ref. @7# it was shown how one could get realistical
light neutrinos in a model with dynamical electroweak sy
metry breaking. The model used the ETC and HC ga
groups of Ref.@5#, together with only the SM gauge group

G5SU~5!ETC3SU~2!HC3GSM ~3.4!

where

GSM5SU~3!3SU~2!L3U~1!Y . ~3.5!

The fermion content of this model is listed below, whe
the numbers indicate the representations under SU(5ETC
3SU(2)HC3SU(3)c3SU(2)L and the subscript gives th
weak hyperchargeY:

~5,1,3,2!1/3,L , ~5,1,3,1!4/3,R , ~5,1,3,1!22/3,R

~5,1,1,2!21,L , ~5,1,1,1!22,R ,

~10,1,1,1!0,R , ~10,2,1,1!0,R . ~3.6!

Two sequential breaking patterns were studied in Ref.@7#.

C. Models with extended strong-electroweak gauge groups

References@8,9#, enlarged the model of Ref.@7# by em-
bedding the SM gauge theory in two models with an e
tended strong-electroweak gauge group. These, too, are
ken dynamically. The first is based on the group

G5SU~5!ETC3SU~2!HC3GLR ~3.7!

where

GLR5SU~3!c3SU~2!L3SU~2!R3U~1!B2L . ~3.8!

The fermion content is

~5,1,3,2,1!1/3,L , ~5,1,3,1,2!1/3,R ,

~5,1,1,2,1!21,L , ~5,1,1,1,2!21,R ,

~ 5̄,1,1,1,1!0,R , ~10,1,1,1,1!0,R , ~10,2,1,1,1!0,R .
~3.9!

The second uses the group
01500
,
s.
e
e.

-
e

-
ro-

G5SU~5!ETC3SU~2!HC3G422 ~3.10!

where

G4225SU~4!PS3SU~2!L3SU~2!R ~3.11!

and SU(4)PS is the Pati-Salam group. This achieves a high
degree of unification, as compared with Eq.~3.7!. Here the
fermion content is

~5,1,4,2,1!L , ~5,1,4,1,2!R ,

~ 5̄,1,1,1,1!R , ~10,1,1,1,1!R , ~10,2,1,1,1!R . ~3.12!

These two models explain howGLR and G422 break to
SU(3)c3SU(2)L3U(1)Y , and why this takes place at
scale (.103 TeV) large compared to the electroweak sca
but much smaller than a GUT scale. We note, however,
they are not compatible with the approach of the pres
paper where the left- and right-handed components of
Q521/3 quarks and charged leptons are placed in conjug
ETC representations@Eq. ~2.11!#. The SU(2)L3SU(2)R
symmetry would imply thatR(uL,R)5R(dL,R). Since the
choiceR(uL)5R(uR) is necessary to provide convention
mass ETC mass generation for theQ52/3 quarks, the use o
conjugate representations for theQ521/3 quarks would not
be allowed. The inclusion of SU(4)PS symmetry as inG422
would also prohibit the use of conjugate representations
the charged leptons.

IV. A MODEL FOR QUARKS AND LEPTONS

A. Ingredients

We employ the same gauge groupG as in Ref.@7#, given
in Eq. ~3.4!, and use relatively conjugate ETC represen
tions for the left- and right-handed components
Q521/3 quarks and charged leptons. All of the non-Abeli
factor groups inG are asymptotically free. There are no b
linear fermion operators invariant underG and hence there
are no bare fermion mass terms. The SU(2)TC subsector of
SU(5)ETC, and the SU(2)HC interaction, are vectorial. The
representation content for the quarks is

QL : ~5,1,3,2!1/3,L , uR : ~5,1,3,1!4/3,R ,

dR~ 5̄,1,3,1!22/3,R . ~4.1!

The representations for the charged leptons are

LL : ~ 5̄,1,1,2!21,L , eR : ~5,1,1,1!22,R ~4.2!

so the model is of DEC type@Eq. ~2.11!#.
The model also contains SM-singlet fermions, constrain

by the absence of an SU(5)ETC gauge anomaly. We denot
the contribution of a given chiral fermionf R , written as a
right-handed field, to this anomaly, asA( f R). The quarks and
techniquarks make the contributionsA(QR

c )522Nc526,
A(uR)52A(dR)5Nc53. In a DEC-type model,A(LR

c )
52, A(eR)51, while for a DES-type model,A(LR

c )522,
A(eR)521. The totals for the contributions from these S
fermions are23 and29 for models of DEC and DES type
2-6
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respectively. In order that a model should have z
SU(5)ETC gauge anomaly, the contributions of the righ
handed SM-singlet fermions to this anomaly must be

(
SM singlet f R

A~ f R!5H 3 for DEC-type models

9 for DES-type models.
~4.3!

Since SU(2)HC is used for the hypercolor group, it is fre
of any local gauge anomaly; the constraint of no glo
anomaly requires that there be an even number of doub
and this is satisfied for our model, since it has hypercolo
fermions transforming as a 10~antisymmetric rank-2 tensor!
or SU(5)ETC and two doublets under SU(2)HC.

There are a variety of solutions to the constraint Eq.~4.3!,
and we have studied a number of these. Here we focus
one relatively simple solution. For the SM-singlet fermio
we take

cR
i j : ~10,1,1,1!0,R , zR

i j ,a : ~10,2,1,1!0,R ,

vp,R
a : 2~1,2,1,1!0,R ~4.4!

where 1< i , j <5 are SU(5)ETC indices,a51,2 are SU(2)HC

indices, andp51,2 refers to the two copies of thevp,R
a field.

The SM-singlet fermions in this model thus involve thr
types:~i! ETC-nonsinglet, HC-singlets, viz., the antisymme
ric rank-2 tensorcR

i j ; ~ii ! ETC-nonsinglet, HC-nonsinglet
viz., the zR

i j ,a field, which transforms as an antisymmetr
rank-2 tensor representation of SU(5)ETC and a fundamenta
representation of SU(2)HC, and ~iii ! the ETC-singlet, HC-
nonsinglet fieldsvp,R

a , which transform as fundamental rep
resentations of SU(2)HC @we include an even numberp52
of copies to avoid a global SU(2)HC anomaly#. The subsector
comprised of thecR

i j and zR
i j ,a is similar to the SM-singlet

sector of the model discussed in Ref.@7#. One can see tha
condition ~4.3! is satisfied and, more generally, that th
model is free of any gauge and global anomalies.

In a theory in which lepton number is not gauged, it is
convention how one assigns the lepton numberL of the SM-
singlet fields. We assignL51 to cR

i j so that the Dirac mas
termsn̄L

i bi j cR
1 j that will form conserveL. One could, alter-

natively, assignL50 to cR
i j , so that the Dirac mass term

transform asDL51. Indeed, in the models of Refs.@8,9#,
whereL is gauged, this is the way that theDL52 violation
of the lepton number arises. The lepton number assigne
the zR

i j ,a and vR
a is also a convention; since they have

Dirac terms with the electroweak-doublet neutrinos, we le
these assignments arbitrary.

B. Symmetry breaking: The first stage

Symmetry breaking down to the TC scale is driven co
pletely by the SM-singlet sector of the model. We ident
plausible preferred condensation channels using
generalized-most-attractive-channel~GMAC! approach that
takes account of one or more strong gauge interaction
each breaking scale, as well as the energy cost involve
producing gauge boson masses when gauge symmetrie
broken. An approximate measure of the attractiveness
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o

l
ts,
d

on

to

e

-

a

at
in
are
a

channel R13R2→Rcond. is taken to be DC25C2(R1)
1C2(R2)2C2(Rcond.), whereRj denotes the representatio
under a relevant gauge interaction andC2(R) is the quadratic
Casimir invariant.

As the energy decreases from some high value,
SU(5)ETC and SU(2)HC couplings increase. We envision th
at E.L1*103 TeV, aETC is sufficiently strong@14# to pro-
duce condensation in the channel

~10,1,1,1!0,R3~10,1,1,1!0,R→~ 5̄,1,1,1!0 ~4.5!

with DC2524/554.8, breaking SU(5)ETC→SU(4)ETC.
With no loss of generality, we take the breaking direction
SU(5)ETC asi 51; this entails the separation of the first ge
eration of quarks and leptons from the components
SU(5)ETC fields with indices lying in the set$2, 3, 4, 5%. With
respect to the unbroken SU(4)ETC, we have the decomposi
tion (10,1,1,1)0,R5(4,1,1,1)0,R1(6,1,1,1)0,R . We denote the
fundamental representation (4,1,1,1)0,R and antisymmetric
tensor representation (6,1,1,1)0,R as aR

1i[cR
1i for 2< i<5

and jR
i j [cR

i j for 2< i , j <5. The associated
SU(5)ETC-breaking, SU(4)ETC-invariant condensate is then

^e1i jkl jR
i j TCjR

kl&58^jR
23 TCjR

452jR
24 TCjR

351jR
25 TCjR

34&.

~4.6!

This condensate and the resultant dynamical Majorana m
terms of orderL1 for the six jR

i j fields in Eq.~4.6! violate
total lepton number asuDLu52. The actual mass eigenstat
are linear combinations of these six fields involving maxim
~6p/4! mixing of uj24,R& with uj35,R&, uj34,R& with uj25,R&,
and uj23,R& with uj45,R&, respectively, with respective eigen
values6L1 ~where in the case of negative eigenvalues, o
redefines fields appropriately so as to obtain posit
masses!.

At energy scales belowL1 , depending on relative
strengths of couplings, various symmetry-breaking
quences with different condensates are plausible. As all
condensates develop, there will naturally arise relat
phases among them, leading in general to the presence o
violation in both the quark and neutrino sectors. We postp
an analysis of these phases and of CP violation from to
logical terms in the gauge sector and the associated st
CP problem for later work, concentrating in this paper on
magnitudes of the condensates and the resultant patter
masses and mixing angles.

C. Neutrino mass matrix

Having described the SM-singlet sector of our model a
the first stage of symmetry breaking at scaleL1 , we are now
in a position to discuss the general structure of the neut
mass matrix and the possibility of a seesaw mechanism.
details will then depend on which lower-energy symme
breaking sequence is favored.

The full neutrino mass term for the model is

2Lm5
1

2
~ n̄Lxc

L!S ML MD

~MD!T MR
D S nR

c

xR
D1H.c., ~4.7!
2-7
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wherenL5(ne ,nm ,nt ,N4 ,N5)L andxR is a vector of thens

SM-singlet fields, includingaR
i j , jR

i j , zR
i j ,a , andvp,R

a . Since
(ML)T5ML and (MR)T5MR , the full (51ns)3(51ns)
neutrino mass matrixM in Eq. ~4.7! is complex symmetric
and can be diagonalized by a unitary transformationUn as

Mdiag.5Un
†M ~Un

†!T. ~4.8!

This yields the neutrino masses and transformationUn relat-
ing the group eigenstatesnL5(n̄,xc)L

T and the corresponding
mass eigenstatesnm,L , according to

n j ,L5 (
k51

51ns

~Un! jknk,m,L , 1< j <51ns ~4.9!

@the elements (Un) jk connecting techni-singlet and technico
ored neutrinos vanish identically#. The lepton mixing matrix
for the observed neutrinos@23,24# n l ,L5Unm,L is then given
by

Uik5(
j 51

3

~Ul ,L! i j ~Un! jk , 1< i<3, 1<k<51ns

~4.10!

whereU1k[Uek , etc., and where the diagonalization of th
charged lepton mass matrix is carried out by the biunit
transformation in Eq.~2.15! for f 5e. Thus the charge-
lowering leptonic weak current is given by

Jl5(
i 51

3

(
k51

51ns

ēL
i glUik~nm!k,L ~4.11!

whereei denotes thei th charged lepton mass eigenstate a
nm is the (51ns)-dimensional vector of neutrino mas
eigenstates.

The complex symmetric mass matrixM of neutrino-like
~colorless and electrically neutral! states is 39339, with ns
534. Of the 39 neutrino-like chiral components of fermio
fields, Ngen53 are the observed left-handed neutrinos,NTC
52 are left-handed technineutrinos, and the otherns534 are
electroweak singlets, comprised of the 10 (10,1,1,1)0,R , the
20 (10,2,1,1)0,R , and the four fermions in the pair o
(1,2,1,1)0,R . All of its entries arise as the high-energy phy
ics is integrated out at each stage of condensation fromL1
down toLTC. Composite operators of various dimension a
formed, with bilinear condensation then leading to t
masses. The nonzero entries ofM arise either directly, as
dynamical masses associated with various condensate
via loop diagrams involving dynamical mass insertions
internal fermion lines with, in most cases, mixings amo
ETC gauge bosons on internal lines. The different origins
the elements ofM give rise to quite different magnitudes fo
these elements; in particular, there is substantial suppres
of the second class because the diagrams involve ratio
small scales such asLTC and lower ETC scales to large
scales such asL1 .

In the two symmetry breaking sequences to be conside
here, either the SU(2)HC symmetry or a U(1)HC subgroup
will remain unbroken. Therefore the hypercolored fermio
01500
y
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e
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will not form bilinear condensates and resultant mass te
with hypercolor-singlet fermions. HenceM has a block-
diagonal structure, and it is convenient to group the H
singlet blocks together asMHCS and the HC-nonsingle
blocks together asMHC. The matrix of primary interest
MHCS, is defined by the operator product

2LHCS5
1

2
~ n̄L ,ac

L ,jc
L!MHCSS nR

c

aR

jR

D 1H.c. ~4.12!

so that

MHCS5S ML ~MD! n̄a ~MD! n̄j

~MD! n̄a
T ~MR!aa ~MR!aj

~MD! n̄j
T ~MR!aj

T ~MR!jj

D . ~4.13!

This matrix has many vanishing entries arising from the f
that the SU(2)TC symmetry is exact. It, too, could therefor
be written in a block-diagonal form by clustering the sev
TC-singlet fermions, @(nc)1,(nc)2,(nc)3,a12,a13,j23,j45#R

[(ne
c ,nm

c ,nt
c ,a12,a13,j23,j45)R , in one group, and the TC

doublet fermions in a second group. This block-diago
structure will be evident in many of the exact zeros in t
various matrices displayed below.

Within MHCS, the most important Dirac submatrix i
(MD) n̄a , defined by the operator product

n̄L
i @~MD! n̄a# i j aR

1 j ~4.14!

with 1< i<5, 2< j <5. This matrix has the general form

~MD! n̄a5S b12 b13 0 0

b22 b23 0 0

b32 b33 0 0

0 0 0 c1

0 0 2c1 0

D . ~4.15!

The vanishing entries are zero because of exact technic
gauge invariance. The entryc1 represents a dynamical mas
directly generated by technicolor interactions correspond
to

(
i , j 54,5

e i j n̄L
i aR

1 j , ~4.16!

so that

uc1u.LTC. ~4.17!

In Fig. 3 we show graphs that contribute ton̄L
i bi j aR

1 j for i
51,2,3 andj 52,3 if the indicated mixings of ETC gaug
bosons occur. Which of these ETC gauge boson mixings
occur depends on the symmetry-breaking sequence.

The submatrix (MR)aa , which, depending on mas
scales, can play a key role in a seesaw mechanism@7#, is
associated with the operator product
2-8
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~ac!L
1i r i j aR

1 j5aR
1i TCri j aR

1 j . ~4.18!

With the usual ordering of the components in the 4
SU(4)ETC, viz., (a12,a13,a14,a15), this matrix is

~MR!aa5S r 22 r 23 0 0

r 23 r 33 0 0

0 0 0 0

0 0 0 0

D . ~4.19!

As before, the zeros are exact due to technicolor invaria
If the 232 r i j submatrix has maximal rank, it could provid
the seesaw which, in conjunction with the suppression of
Dirac entriesbi j discussed above, could yield adequate s
pression of neutrino masses. Ther i j submatrix plays this role
becausea12,R anda13,R are the electroweak-singlet techni
inglet neutrinos that remain as part of the low-energy eff
tive theory below the electroweak scale. In Fig. 4 we sh
graphs that contribute tor 23.

The other submatrices inM do not have as important a
effect on the primary mass eigenstates in the observed
trinos. The second Dirac submatrix in Eq.~4.13!, (MD) n̄j is
associated with the operator product

n̄L
i @~MD! n̄j# i ,knjR

kn ~4.20!

with 1< i<5 and 2<k,n<5 and has the general form

~MD! n̄j5S d1,23 d1,45 0 0 0 0

d2,23 d2,45 0 0 0 0

d3,23 d3,45 0 0 0 0

0 0 0 c2 0 c3

0 0 2c2 0 2c3 0

D .

~4.21!

Again, the zeros are exact and follow from technicolor
variance. Because thej fields decouple from the theory a
scales belowL1 , they cannot directly condense with then
fields at lower scales. Thus the nonzero elements of (MD) n̄j

FIG. 3. Graphs generatingn̄L
i bi j aR

1 j for i 51,2,3 and j 52,3,
provided that the indicated mixings of ETC gauge bosons occu

FIG. 4. Graphs foraR
12TCr23aR

13.
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f

e.

e
-

-

u-

-

arise only indirectly, via loop diagrams and are highly su
pressed. These elements of (MD) n̄j have only a small effect
on the neutrino eigenvalues because in the character
polynomial for the full neutrino mass matrixM, they occur
as corrections to much larger terms involvingL1 .

In Figs. 5~a! and 5~b! we show the one-loop diagrams th
contribute to n̄L

i di , jkjR
jk for j ,k54,5 and ~a! i 51, i.e., to

n̄e,Ld1,45jR
45 and ~b! i 52,3, i.e., to n̄m,Ld2,45jR

45 and

n̄t,Ld3,45jR
45. For thei 51 case shown in Fig. 5~a!, no ETC

gauge boson mixing is necessary, but for thei 52,3 cases
shown in Fig. 5~b!, one needs the mixingsV1

t →Vi
t for t

54,5.
The entriesc2 andc3 in the matrix~4.21! correspond to

the bilinears

(
i , j 54,5

e i j n̄i ,Lj2 j ,R , (
i , j 54,5

e i j n̄i ,Lj3 j ,R , ~4.22!

and are allowed by technicolor invariance, but they can
occur directly as TC-scale dynamical masses since thj
fields gain masses of orderL1 from the condensate~4.6!.
They might be induced by higher-order processes, but
will not pursue this in detail, since they are not important f
the light neutrinos.

The submatrix (MR)aj corresponding to the bilinear

ac
L
1iw1i , jkjR

jk5aR
1i TCw1i , jkjR

jk ~4.23!

has the general form

~MR!aj5S w12,23 w12,45 0 0 0 0

w13,23 w13,45 0 0 0 0

0 0 0 c4 0 c5

0 0 2c4 0 2c5 0

D .

~4.24!

FIG. 5. Graphs that yield contributions to the Dirac biline
n̄L

i di , jkjR
jk for j ,k54,5 and~a! i 51, ~b! i 52,3. In the latter case

the mixing of ETC gauge bosons that is necessary is indicated
2-9
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Again, all zeros in these matrices are exact and follow fr
SU(2)TC invariance. In Eq.~4.24! the 6c4 and6c5 entries
refer to bilinear fermion operator products that are allow
by the exact SU(2)TC invariance, namely

(
i , j 54

5

e123i j a
c
L
1ijR

k j5 (
i , j 54

5

e123i j aR
1i TCjR

k j , k52,3.

~4.25!

Since thejR
i j fields pick up dynamical masses of orderL1

and then decouple, there are no technicolor-scale con
sates of the form̂S i , j 54

5 e123i j aR
1i TCjR

k j& with k52,3. How-
ever, these terms can, in general, be induced by higher-o
processes similar to those that can induce thewi j ,kl shown in
Eq. ~4.24!. In Fig. 6 we show graphs that can contribute
the Majorana bilinearac

L
13w13,23jR

235aR
13TCw13,23jR

23 ~and
do so in the first sequence to be described below!.

To summarize, the full 39339-dimensional neutrino mas
matrix, M, factorizes into one diagonal block involving th
HC singlet fields and another involving the HC nonsingle
The former can be seen to block-diagonalize further~implicit
in the above discussion! into one block involving the TC-
singlet fields and another involving the TC-nonsinglets. T
characteristic polynomial,P(l), associated with the diago
nalization ofM and the determination of its eigenvalues~the
masses of the neutrino-like states!, therefore factorizes into
four parts, one of which,PHCS-TCS(l), is associated with the
HC-singlet and TC-singlet fields. The roots of the other th
factors range in magnitude fromL1 down toLTC. The fac-
tor PHCS-TCS(l) contains two large roots of orderL1 and five
other roots. These five roots will be of primary interest he
since they contain three that form the mass eigenstates in
three electroweak-doublet neutrino interaction eigensta
together with two that are primarily electroweak-singlet ne
trinos. The detailed forms of these polynomial factors d
pend on the symmetry-breaking sequence and will be
cussed below.

This general formalism can now be applied to any sy
metry breaking sequence. We discuss two plausible
quences, depending on the relative strength of ETC and
couplings.

D. Symmetry-breaking sequence 1

This sequence, leading to two further, distinct stages
ETC-symmetry breaking, is related to the one denotedGa in
Ref. @7#, but has further structure resulting from the ad
tional vp,R

a fermions not present there. In the effective theo
below L1 , the ETC interaction, which is SU(4)ETC-

FIG. 6. Graphs that contribute to the Majorana biline
aR

13TCw13,23jR
23 in symmetry-breaking sequence 1.
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symmetric, is again asymptotically free. As the energy
creases through a scale,L2.102 TeV, the SU(4)ETC and
SU(2)HC couplings become sufficiently strong to lead t
gether to the condensation

~4,2,1,1!0,R3~6,2,1,1!0,R→~ 4̄1,1,1! ~4.26!

with DC255/2 for SU(4)ETC and DC253/2 for SU(2)HC.
This breaks SU(4)ETC to SU(3)ETC. The condensate is

^eabe12jklzR
1 j ,a TCzR

kl,b&52^eab~zR
13,a TCzR

45,b

2zR
14,a TCzR

35,R1zR
15,a TCzR

34,b!&,

~4.27!

and the twelvezR
i j ,a fields in this condensate gain mass

.L2 . ~To be precise, linear combinations of these fie
form eigenstates with definite masses.!

The fact that the neutrino-like fieldsaR
1i transform as a 4

of SU(4)ETC, while the left-handed neutrinos and tec
nineutrinos transform as a 4,̄ will lead to a strong suppres
sion of relevant entries in the Dirac submatrixMD @3,5#. This
suppression depends only on the fact that the left- and ri
handed components of the neutrinos transform accordin
relatively conjugate representations.

In the effective theory belowL2 , both the SU(3)ETC and
the SU(2)HC interactions are asymptotically free, so the
couplings continue to increase as the energy scale decre
At a scaleL3.4 TeV, these interactions together are en
sioned to lead to a condensation in the channel@where the
numbers give the representations under SU(3)ETC
3SU(2)HC3GSM]

~3,2,1,1!0,R3~3,2,1,1!0,R→~ 3̄,1,1,1!0 ~4.28!

with DC254/3 for SU(3)ETC and DC253/2 for SU(2)HC.
This breaks SU(3)ETC to SU(2)TC. Without loss of general-
ity, we may use the original SU(3)ETC gauge symmetry to
orient the condensate so that it takes the form

^e123jkeabzR
2 j ,a TCzR

2k,b&52^eabzR
24,a TCzR

25,b&.
~4.29!

In the low-energy effective field theory belowL3 , the
massless SM-singlet fermions then consist ofzR

i j ,a with i j
512,23, andvp,R

a with p51,2. In this energy interval the
SU(2)HC coupling continues to grow, as does the SU(2)TC
coupling. When the couplingaHC becomes sufficiently
strong, the hypercolor interaction can naturally produce~HC-
singlet! condensates of the various remaining HC-doub
fermions. In each case,DC253/2. Since the condensat
~4.29! was formed via a combination of both SU(3)ETC and
SU(2)HC interactions, while the present condensates
formed only by the SU(2)HC interaction, and have the sam
value ofDC2 , it follows that the scale at which they form
denotedLs @wheres denotes SU(2)TC-singlet# satisfiesLs
<L3 . There are six condensates of this type:

^eabzR
12,a TCzR

23,b&, ~4.30!

r

2-10
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FERMION MASSES AND MIXING IN EXTENDED . . . PHYSICAL REVIEW D69, 015002 ~2004!
^eabzR
12,a TCvp,R

b &, p51,2, ~4.31!

^eabzR
23,a TCvp,R

b &, p51,2, ~4.32!

^eabv1,R
a TCv2,R

b &. ~4.33!

With these condensations, the 20 fieldsz i j ,a and the four
vp,R

a fields condense out of the effective theory at energ
below Ls , just as the sixj i j ,R condense out of the theory a
energies belowL1 . In what follows, we shall takeLs
.L3 . This is reasonable, since the condensates~4.30! and
~4.32! have the same symmetry behavior as the conden
~4.29! that forms at L3 , i.e., all three of these brea
SU(3)ETC to SU(2)TC.

The condensates involving thevp,R
a fields are important in

the generation of the quark and lepton mass matrices. W
out them, as we will describe shortly, a residual unbrok
global symmetry would prevent the formation of some de
able matrix elements. The fact that the generational struc
of the model is determined in this way by generatio
dependent global symmetries is a feature of dynamical s
metry breaking, in which only gauge bosons are respons
for the communication of the breaking from the SM sing
fermion sector to the visible sector of the theory.

Finally, at the technicolor scaleLTC, the technifermions
condense, breaking SU(2)L3U(1)Y to U(1)em. ~Vacuum
alignment arguments motivate color and electric charge c
servation by the technicondensates@25#.! The condition
LTC,Ls is natural since, although both the TC and H
groups are SU~2!, the leading coefficient for the beta func
tion in the HC group belowL3 is larger than that for the TC
group. Explicitly, with b(a)52b0a2/2p1¯ , we have
b05(11/3)NHC2(2/3)(1/2)Nhcd56 for the SU(2)HC theory
and b05(11/3)NTC2(2/3)(1/2)Ntcd52 for the SU(2)TC
theory, since there areNhcd54 chiral SU(2)HC-doublet fer-
mions (zR

12,a ,zR
23,a ,vp,R

a ) and Ntcd516 chiral
SU(2)TC-doublet fermions active in this energy interval.

E. Fermion mass matrices for sequence 1

The diagonal entries of the up-type quark mass ma
Mi j

(u) are the conventional masses generated by the E
mechanism, as given above in Eq.~2.9!. The off-diagonal
entries inMi j

(u) are generated by ETC gauge boson mixing
type ~2.18!. The general set of ETC gauge boson mixin
generated by the SM-singlet condensates listed above is
lyzed in the Appendix. Here and throughout the text we u
the results of this analysis. In the present case, the only E
gauge boson mixing of type~2.18! that is generated is
Vt

1↔Vt
3 with t54,5. This gives rise to nonzero off-diagon

elementsMi j
(u) only for i j 513,31, which, in this approach

are equal in magnitude, as a consequence of Eq.~A17!.
Other off-diagonal entries will be shown to vanish from gl
bal symmetry considerations. The above ETC gauge bo
mixing is described by a mass mixing functiont

1) t
3(0) with

t54,5, as described in the Appendix.
The simplest graph contributing to the biline

ūa,1,LM13
(u)uR

a,3 is shown in Fig. 1, withf 5u, j 53, i 51. The
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estimate is very similar to that of Eq.~2.9! with i 53, but
suppressed by the ratio of the gauge boson mixing to
mass-squared of the heavier (L1-scale! ETC boson in the
graph. With the TC theory walking up to the scaleL3 , the
integral will be dominated by momenta of that scale, and
gauge boson mixing estimate of Eq.~A9! may be used. We
utilize the expression, Eq.~2.7!, with a51, for the ETC
gauge boson masses and thus estimate

M13
~u!.

kLTC
2 L3

2

L1
2L2

, ~4.34!

wherek.8p/3. The result is of order (L3/L2)M11
(u) . The

off-diagonal elementsMi j
(u) with ij different from 13 and 31

vanish identically, as a consequence of a residual global s
metry described below. With the ETC breaking scales of
~2.10!, this structure ofMi j

(u) leaves the up-type quark mass
consistent with experiment.

For the down-type quarks and charged leptons, beca
we employ relatively conjugate ETC representations for
left- and right-handed components, all the elements of th
mass matrices, diagonal and nondiagonal, will be s
pressed, vanishing were it not for the ETC gauge boson m
ing. The relevant nondiagonal ETC gauge boson 2-po
functions are of the formVi

4↔V5
j andVi

5↔V4
j ~see the Ap-

pendix!. The graphs that yield a down-type quark mass te
in this model are given by the appropriate special case
Fig. 2. We find thatMi j

( f ) for f 5d,e has nonzero entries fo
all ~ij ! except~12!, ~21!, ~23!, and~32!.

We estimate these entries, as above, by taking the th
to walk up to the lowest ETC scaleL3 . We note again that
the results will be given by the conventional ETC estimate
Eq. ~2.9!, but suppressed by the relevant ratios of mixings
gauge boson squared masses. Consider first the estima
M13

(d,e) . The appropriate gauge boson mixing term is giv
by Eq.~A8!, and the full estimate is similar to that forM13

(u) :

M13
~d,e!.

kLTC
2 L3

L1
2 . ~4.35!

Turning next to the diagonal elementM22
(d,e) , we make

use of the mixing term of Eq.~A11!, which is suppressed
relative to the previous mixings byL3 /L2 . We find

M22
~d,e!.

kLTC
2 L3

4

L2
5 . ~4.36!

The two other diagonal entries are estimated in much
same way, making use of the gauge boson mixing term
Eqs.~A15! and~A16!. Recall that these involve iterations o
previous mixings. The results are

M11
~d,e!.

kLTC
2 L3

3

L1
4 , ~4.37!

M33
~d,e!.

kLTC
2 L3

L1
2 . ~4.38!
2-11
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APPELQUIST, PIAI, AND SHROCK PHYSICAL REVIEW D69, 015002 ~2004!
There is mixing only between the first and third eigensta
The resultant quark masses arems5M22

(d) and md;mb

.M13
(d) . With the L i choices of Eq.~2.10!, these arems

.0.2 MeV and md.mb.1 MeV. Clearly, the down-type
quark masses are suppressed far too much by this mecha
and, in addition, do not exhibit a full three-generation stru
ture.

The diagonalization ofM (u) and M (d) yields the quark
mixing matrixV, according to Eq.~2.17!. This mixing arises
almost completely from the diagonalization of the dow
quark mass matrix, so thatV5UL

(d) † . Although the model
does produce quark mixing, thed-b mixing angle is close to
p/4 and hence not phenomenologically acceptable. The s
structural features apply to the charged lepton mass ma
To leading order, the charged lepton masses are given by
same formulas as for the corresponding down-type qua
however, color effects for the quarks will modify this equa
ity.

For the neutrinos, sequence 1 yields nonzero entries in
Dirac submatrixbi j for i j 513,22,33. A general relation in
the present class of models is

bi j 5Mi j
~d,e! for i 51,2,3; j 52,3. ~4.39!

~Recall that there are only two right-handed, SM-sing
states belowLTC, and therefore there are noj 51 entries.!
This equality is due to the fact that both the down-qua
masses and the Dirac masses for the neutrinos are gene
in the same way, employing relatively conjugate represe
tions for the left- and right-handed components of the
fields. Thus Eq.~4.39! holds for any symmetry-breaking se
quence in the present model. It is a defect of the present c
of models, since it means that these models have difficult
simultaneously producing sufficiently large masses
down-type quarks and charged leptons on the one hand,
sufficiently small masses for neutrinos on the other hand

Focusing on the neutrinos alone, the Dirac massesbi j
could play a role in a seesaw mechanism, provided th
corresponding 232 Majorana mass matrix for the SM sin
glets @the r i j ’s of Eq. ~4.19!# is formed with the right mag-
nitude. The 23 elements of this matrixare formed in se-
quence 1 via Fig. 4, but with a magnitude much smaller th
the Dirac terms. The reason for the smallness is that
fermions and gauge bosons of Fig. 4 have masses of o
L1 , and the gauge boson mixing is soft above the sma
scaleL3 . The relevant mixing, estimated in the Append
arises from a combination of the mixings of Figs. 8 and
The only scale entering this combination isL3 , leading to
the estimate

r 23.
kL3

6

L1
5 . ~4.40!

For the above choices ofL1.103 TeV andL3.4 TeV, r 23
is well below any of the nonzerobi j ’s. This problem is alle-
viated asL3 /L1 is increased, but sinceL1 can be no smaller
than a few hundred GeV to adequately suppress fla
changing neutral current processes~see Sec. V!, a realistic
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seesaw is not attainable for anyL3<L1 . This problem will
be alleviated in sequence 2, allowing a neutrino seesaw,
not at the same time generating realistic quark masses.

It is useful to exhibit the structure of the characteris
polynomial P(l) of M. Recall thatP(l) factors in general
into four parts, only one of which,PHCS-TCS(l), has some
roots smaller thanLTC. These occur as five of its seven roo
~the other two are the masses of linear combinations ofjR

23

andjR
45, of orderL1). PHCS-TCS(l) takes the form

PHCS-TCS~l!5lP6~l!, ~4.41!

where the zero eigenvalue is the mass ofn1 . Since the ex-
perimental data indicating neutrino oscillations only det
mines the differences of squares of neutrino massesuDm32

2 u
andDm21

2 , it allows the lightest eigenvalue to vanish. How
ever, the model with this symmetry-breaking sequence is
simple to reproduce another feature from the data, nam
the fact thatn1 mixes withn2 andn3 to form the interaction
eigenstates. The factorP6(l) is a polynomial of the form

P6~l!5(
j 50

6

p6,jl
j , ~4.42!

where for this sequencep6,55p6,35p6,150, so thatP6(l)
5P(2l) and the roots come in opposite-sign pairs. T
nonzero coefficients in Eq.~4.42! are

p6,452~L1
21b13

2 1b22
2 1b33

2 1d1,45
2 1d3,45

2 1r 23
2 1w13,23

2 !,

~4.43!

p6,25~b13
2 1b22

2 1b33
2 1r 23

2 !L1
222w13,23~b13d1,45

1b33d3,45!L11b22
2 ~b13

2 1b33
2 !1d1,45

2 ~b22
2 1b33

2 1r 23
2 !

1d3,45
2 ~b13

2 1b22
2 1r 23

2 !1w13,23
2 ~b22

2 1d1,45
2 1d3,45

2 !

22b13b33d1,45d3,45 ~4.44!

and

p6,052b22
2 @~b13

2 1b33
2 !L1

222w13,23~b13d1,451b33d3,45!L1

1b13
2 d3,45

2 1b33
2 d1,45

2 1w13,23
2 ~d1,45

2 1d3,45
2 !

22b13b33d1,45d3,45#. ~4.45!

As noted above~see Fig. 5!, while d1,45 is nonzero in
general, in order to get a nonzerodi ,45 with i 52,3, one needs
the ETC gauge boson mixingV1

t →Vi
t with i 52,3 and t

54,5 to occur. In the present sequence, we have the mix
V1

t →V3
t and henced3,45 is also nonzero. Bothd1,45 andd3,45

are estimated to be of orderkLTC
2 L3 /L1

2 , while d2,45 and
di ,23 for i 51,2,3 vanish. The graphs that yieldw13,23 in this
sequence are shown in Fig. 6. This entryw13,23 is estimated
to be of orderkL3

6/L1
5. The otherwi j ,kl entries vanish. Be-

cause thed1,45, d3,45, and w13,23 terms enter together with
much larger terms in the various coefficients, they hav
negligible effect on the eigenvalues. Dropping negligib
terms, PHCS-TCS(l)5l(l2L1)(l1L1)P4(l), where
P4(l), evident from Eqs.~4.42!–~4.45!, gives the nonzero
eigenvalues of magnitude less thanLTC.
2-12
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F. Residual generational symmetries in sequence 1

The presence of zeros in the fermion mass matrices
sequence 1 is not due to the approximations made in
estimates. The zeros are exact, as a consequence of re
global generational symmetries. To see this, we first cons
the model without thevp,R

a fermions, in which case sequenc
1 reduces to the sequence denotedGa in Ref. @7#. ThenMi j

(u)

is nonzero only for the diagonal entriesi j 511,22,33,Mi j
(d) is

nonzero only fori j 513,31,22, the Dirac neutrino mass m
trix is nonzero only fori j 513,22, and the 232 right-handed
Majorana neutrino mass matrix vanishes identically.

The reason for the zeros is that all the elements of
above matrices, other than the diagonal elements ofMi j

(u) ,
require ETC gauge boson mixing, and the allowed mixin
are in turn determined by global symmetries. The requ
ment of mixing for the Dirac matrices has already been
plained. That mixing is necessary for the 232 right-handed
Majorana neutrino mass matrix will be explained in the ge
eral discussion of the seesaw mechanism in Sec. IV H.
relevant global symmetry is a certain subgroup, U(1)f , of
the generational global symmetry U(3)f,SU(5)ETC acting
on the first three ETC indices. It is generated byeiuTf where
Tf is a combination of diagonal generators of SU(5)ETC:

Tf5
1

2
diag~1,0,21,0,0!. ~4.46!

Although this U(1)f is broken by the condensates in th
Ga sequence, the ETC gauge boson masses and mixing
main invariant under it. Since only the mixingsV4

2↔V2
5 and

V4
1↔V3

5, V5
1↔V3

4 respect this symmetry, only these are ge
erated. To see that the ETC gauge boson masses and mi
are invariant under U(1)f , we first consider the condensat
Eq. ~4.6!, that forms at the highest scaleL1 . It is not
U(1) f-invariant, but the ETC gauge boson masses t
emerge at this scale, arise via loop diagrams with inter
fermion lines carrying the insertions of the dynamical ma
terms corresponding to these condensates. Each invo
only j fields, but every loop of these fields requires an ev
number of insertions of the dynamicalj mass term. Each
insert requires a corresponding insert with conjugate field
order to close the loop, and this renders these diagram
variant under the global U(1)f transformation.

At the lower scalesL2 and L3 , it is the z fields that
condense with each other, producing the lighter ETC ga
boson masses as well as the ETC gauge boson mixings
one can see by inspection that all the condensates that
@Eqs. ~4.27!, ~4.29!, and ~4.30!# are U(1)f invariant. Hence
so too are the ETC gauge boson masses and mixings.

The mixings allowed by the U(1)f global symmetry de-
termine, in turn, the allowed down-quark, charged-lept
and neutrino mass matrices. Only the diagonal up-type qu
masses, the 22, 13, and 31 mass matrix entries for down-
quarks and charged leptons, and the 22 and 13 entries fo
Dirac neutrino mass matrix, can appear. The U(1)f symme-
try also forbids the appearance of any nonzero element o
232 right-handed Majorana neutrino mass matrixr i j . This
symmetry can also be used to understand whichdi , jk and
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wi j ,kl entries are nonzero, but, as discussed above, the
zero di , jk and wi j ,kl do not play an important role in deter
mining the neutrino mass eigenvalues.

The full theory with thevp,R
a fermions produces the two

condensates@Eqs.~4.31! and ~4.32!# which are formed with
the z fields. These condensates are not invariant un
U(1) f . However, the loop diagrams responsible for the E
gauge boson mixings require the insertion of an even num
of dynamical masses corresponding to these additional c
densates, half of which are complex conjugates of the oth
Thus the charge under U(1)f of such diagrams is alway
twice the charge of the single condensate involved, a
therefore a residual discreteZ2 symmetry, generated by
eipTf , remains. This symmetry forbids the 12, 21, 23, and
entries of quark and charged lepton mass matrices, and
12, 23, and 32 entries of the Dirac neutrino mass matrix.
now the 13 and 31 entries of the up-type quarks, the 11
33 entries of the down-type quarks and charged leptons,
the 33 entry of the Dirac neutrino mass matrix are nonze
This is a consequence of the fact that the mixingsVt

1↔Vt
3

with t54,5 andV4
1↔V1

5 and V4
3↔V3

5 ~plus the analogous
mixings with the indices 4 and 5 interchanged! are gener-
ated, which lead, in turn, to the mixingsVi

4↔V5
i and

Vi
5↔V4

i with i 51 andi 53.
Similarly, from the structure of the condensate at the sc

L1 , in conjunction with the condensates at the lower sca
L2 and L3 , it follows that the entryr 235r 32 of the ~sym-
metric! 232 Majorana neutrino mass matrix is nonzer
while the diagonal elementsr 22 and r 33 vanish. But as dis-
cussed above, these elements are far too small to drive
seesaw mechanism. Finally, the presence of thevp,R

a fermi-
ons and their condensates allows a few more of the~less
important! entries shown in Eqs.~4.21! and~4.24! to be non-
vanishing.

G. Symmetry-breaking sequence 2

We turn next to another symmetry-breaking seque
which becomes plausible depending on the relative stren
of the ETC and HC couplings. It is related to the sequen
denotedGb in Ref. @7#, but has further structure resultin
from the inclusion here of the ETC-singletvp,R

a fermions.
Like sequence 1, it does not lead to completely realis
masses and mixing angles, but it has some attractive feat
not present there.

At the first stage of breaking,L1 , the SU(5)ETC breaks to
SU(4)ETC just as in sequence 1, driven by condensation
the j fields. As the energy decreases belowL1 , the
SU(4)ETC and SU(2)HC couplings increase, and now, at
scaleLBHC&L1 (BHC5broken HC!, the SU(4)ETC interac-
tion produces a condensation in the channel

~6,2,1,1!0,R3~6,2,1,1!0,R→~1,3,1,1!0 . ~4.47!

With respect to SU(4)ETC, this channel hasDC255 and is
hence slightly more attractive than the initial condensat
~4.6! with DC2524/5 for the SU(5)ETC interaction, but it
can occur at the somewhat lower scaleLBHC because it is
repulsive with respect to hypercolor (DC2521/4). This re-
2-13
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quires the HC coupling to be strong, but not so strong a
combine with the ETC interaction to produce the sequenc
condensation Eq.~4.26!.

With no loss of generality, one can orient the SU(2)HC
axes so that the condensate is

^e1i jkl zR
i j ,1 TCzR

kl,2&1~1↔2!. ~4.48!

Since this is an adjoint representation of hypercolor, it bre
SU(2)HC→U(1)HC. We let a51,2 correspond to the
chargesQHC561 under the U(1)HC. This gives dynamical
masses;LBHC to the twelvezR

i j ,a fields involved.
At a lower scale,L23, a combination of the SU(4)ETC and

U(1)HC attractive interactions produces the condensation

434→6 ~4.49!

with DC255/4 for the SU(4)ETC interaction and associate
condensate

^eabzR
12,a TCzR

13,b&. ~4.50!

The contraction witheab is included not to yield an
SU(2)HC-invariant product, since this symmetry has alrea
been broken, but instead to yield the requisite antisymme
product SU(4)ETC (434)antisym.56. The condensate~4.50!
is U(1)HC-invariant and breaks SU(4)ETC to the direct prod-
uct of SU(2)TC and a local U(1)8 symmetry generated b
U(u)5eiuTd, where Td is a certain linear combination o
diagonal SU(5)ETC generators,Td5(1/2)diag(0,1,21,0,0).
@Here, we use the standard notation diag(a1,...,an) for the
matrix with the given elements on the diagonal and ot
elements zero.#

The strong U(1)HC interaction can also produce a numb
of additional condensates between fermions with oppo
U(1)HC charge ~i.e., different values of the HC indexa
51,2). Since the U(1)HC interaction is not asymptotically
free, this should occur at the scaleL23. The condensate
include eight involvingz andv fermions,

^zR
1i ,a TCvp,R

b &, i 52,3; p51,2; aÞb ~4.51!

and four that involve onlyv fields,

^vp,R
a TCvp8,R

b &, 1<p,p8<2; aÞb. ~4.52!

Each of the condensates~4.51! breaks the local U(1)8 sym-
metry, leaving a residual SU(2)TC3U(1)HC3GSM continu-
ous local symmetry.

Since this model involves only two ETC symmetr
breaking scales,L1 , andL23, it does not obviously lead to a
full hierarchy of three fermion generations. It is, neverth
less, of interest because of its different quark and lep
mixings and because it exhibits the mechanism propose
Ref. @7# for the origin of light neutrino masses.

The technifermion condensation at the lower scaleLTC is
similar to that in sequence 1, with the difference that sin
the technidoubletzR

1i ,a , i 54,5 is not involved in any highe
condensations, there are 18 rather than 16 chiral SU(2TC
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doublets present atLTC, viz., ux
i ,a , dx

i ,a , ex
i for x5L, R, nL

i ,
aR

1i , and zR
1i ,a with i 54,5, a51,2, and one has the add

tional technicondensate

^e123jkeabzR
1 j ,a TCzR

1k,b&52^eabzR
14,a TCzR

15,b&.
~4.53!

Note that the presence of theeab is not due to the SU(2)HC
symmetry, which is broken, but rather represents the a
matic antisymmetrization of the operator product in E
~4.53! on the indicesa and b due to the contraction with
e123jk and Fermi statistics.

The fact that the hypercolor-doublet technicolor-doub
fermions (zR

14,a ,zR
15,a) do not form bilinear techniconden

sates with hypercolor-singlet technicolor-doublet fermio
follows from the exact U(1)HC gauge symmetry. The pres
ence of these two additional chiral technidoublets me
that, when the technicolor theory is expressed in vector-
form @as it always can be, since SU~2! has only~pseudo!real
representations#, there areNf59 rather thanNf58 vectori-
ally coupled technifermions transforming according to t
fundamental representation. Because of the strong-coup
nature of the TC theory, we consider that this fermion co
tent is again consistent with the assumed existence o
approximate infrared fixed point in the confined phase, w
associated walking behavior up to the lowest ETC scale@13#.

H. Quark and charged lepton mass matrices for sequence 2

The fermion mass matrices for sequence 2 can be a
lyzed in the same way as for sequence 1. The zero and
zero entries are summarized in Table I. The diagonal ent

TABLE I. Elements of fermion mass matrices for the tw
symmetry-breaking sequences, denoted S1 and S2. For compa
results for the two analogous sequencesGa and Gb , without the
vp,R

a fields, are also listed. For each entry, a ‘‘y’’ and a blank ind
cate that the entry is nonzero and zero, respectively. The sym
tries Mi j

( f )5M ji
( f ) are implicit.

Matrix element Ga S1 Gb S2

M11
(u) y y y y

M12
(u)

M13
(u) y y

M22
(u) y y y y

M23
(u) y

M33
(u) y y y y

M11
(d,e) y y y

M12
(d,e) , b12

M13
(d,e) , b13 y y

M22
(d,e) , b22 y y y

M23
(d,e) , b23 y y

M33
(d,e) , b33 y y

r 22

r 23 y y y
r 33
2-14
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of the up-quark mass matrix are given by the general form
~2.9!. But now, with only the two ETC-breaking scalesL1
andL23, we have

M11
~u!.

kLTC
2 L23

L1
2 , M22

~u!5M33
~u!.

kLTC
2

L23

, ~4.54!

where we recallk.8p/3.
Off-diagonal elements ofMi j

(u) are generated for the cas
i j 523,32 by the ETC gauge boson mixings of the fo
Vt

2↔Vt
3 with t54,5 ~see the Appendix!. The scale associate

with this mixing isL23, and therefore the off-diagonal term
are of the same order as thei j 522 and 33 terms. The est
mate is M23

(u)5M32
(u)5ruM22

(u) with ru.O(1). Thus M (u)

takes the form

M ~u!5
kLTC

2

L23
S L23

2 /L1
2 0 0

0 1 ru

0 ru 1
D . ~4.55!

For L15103 TeV, this givesmu53 MeV as in sequence
1. For mc and mt , the off-diagonal elementsM23 and M32
play an important role. These masses are

mt , mc5
k~16ru!LTC

2

L23
. ~4.56!

These are implicitly defined at the same momentum sc
say mt . If we take L23.4 TeV, thenmt can be fit as in
sequence 1. In order to fitmc one would need to haveru
quite close to unity, namely ru5@12(mc /mt)#/@1
1(mc /mt)#.122(mc /mt), so some fine-tuning would
seem to be required. Still, it is interesting that sequence 2
generate three mass scales for the up-type quark masses
only two ETC breaking scales,L1 andL23, as a result of the
feature that the lower right-hand 232 submatrix ofM (u) has
all entries of comparable magnitude.

The mass matrices for theQ521/3 quarks and charge
leptons arise solely via ETC gauge boson mixing. The r
uisite mixings, estimated in the Appendix, are all suppres
by small mass ratios. We obtain

M11
~d,e!.

kLTC
2 L23

4

L1
4LBHC

, ~4.57!

M22
~d,e!5M33

~d,e!.
kLTC

4

L23
3 , ~4.58!

and

M23
~d,e!5M32

~d,e!.
kLTC

4

L23
3 , ~4.59!

where, as in sequence 1, the overall numerical factor is s
ply taken from Eq.~2.9!. ThusM (d,e) has the form
01500
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M ~d,e!.
kLTC

4

L23
3 S x 0 0

0 1 rd

0 rd 1
D ~4.60!

whererd.O(1) and

x.
L23

7

LTC
2 L1

4LBHC

. ~4.61!

With L23.4 TeV, mt is suppressed relative tomt by ap-
proximatelyLTC

2 /L23
2 , the right order of magnitude. The fac

that the lower right-hand 232 submatrix ofM (d,e) has all
entries of comparable magnitude means that the cor
value ofmm could also emerge, but possibly involving som
fine-tuning. The same respective values are obtained forms
and mb . Recent lattice determinations of the current qua
massms ~i.e., the running mass evaluated at a scale w
aboveLQCD, say at 2 GeV! yield values close tomm @17#,
the prediction of this model thatms.mm is a successful one
However, the corresponding prediction thatmb.mt means
that mb is too small by a factor of roughly 2 to 3. The ele
tron mass,me , and the down-quark mass,md , are given by
Eq. ~4.57!, and are much too small.

For f 5u,d, the matricesM ( f ) can be diagonalized by
respective unitary transformations as in Eq.~2.15! with
UR

( f )5UL
( f ) . These unitary transformations have simil

forms and involve large mixing between the generationi
52,3 interaction eigenstates to form mass eigenstates in
charge subsector. Hence in the productV5UL

(u)UL
(d) † which

is the observed quark mixing matrix, one could obtain a
sult that agrees with the general properties ofV in the sub-
sector of the two higher generations, namely thatV is largely
diagonal, with small off-diagonal entries. These small o
diagonal entries reflect the slightly different structures
M (u) andM (d) and hence the slightly different forms ofUL

(u)

andU (d). However, the quark mixing is not realistic becau
the i 51 generation interaction eigenstate does not mix w
the correspondingi 52,3 eigenstates.

I. Neutrino mass matrix for sequence 2

For sequence 2, thebi j Dirac neutrino matrix is identica
to Mi j

(d,e) for the relevant values of indicesi 51,2,3 andj
52,3. Thus

b125b1350, ~4.62!

b235b32.
kLTC

4

L23
3 , ~4.63!

b225b33.
kLTC

4

L23
3 . ~4.64!

For the 232 Majorana matrix,r i j , we obtainr 225r 3350
and, from the evaluation of the graphs in Fig. 4,
2-15
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r 23.
kLBHC

3 L23
3

L1
5 . ~4.65!

As in the case of sequence 1, the many inverse powers oL1
emerge because the fermions and gauge bosons of F
have masses of orderL1 , and because the gauge boson m
ing ~described in the Appendix! is soft above the scalesLBHC
andL23.

The Majorana massr 23 can be much larger with this se
quence than in sequence 1. The reason is the presence h
the scaleLBHC which can be as large asO(L1). The ratio of
the Dirac matrix elements and the right-handed Majora
elements is

b23

r 23

.
LTC

4 L1
5

L23
6 LBHC

3 . ~4.66!

This symmetry-breaking sequence can produce a succe
seesaw mechanism of the type discussed in Ref.@7#, yielding
light neutrinos if one usesL1.103 TeV as above,LBHC
.0.5L1 , andL23.102 TeV. With these values, the ratio i
Eq. ~4.66! is !1, the necessary condition for the seesaw
Ref. @7#. It can be seen that this is not possible in sequenc
while maintaining a hierarchy among the ETC scales. Ho
ever, even here the requisite value ofL23 is too large to
produce a sufficiently heavy top quark, so that the mo
does not appear capable of explaining both light neutr
masses and the top quark mass.

We discuss the neutrinos further, supposing thatL23 is
allowed to be much larger than 4 TeV as above. For t
purpose, it is sufficient@7# to consider the 535 submatrix
M0 of MHCS that involves only (ne

c ,nm
c ,nt

c ,a12,a13)R . Other
fermions have gained larger masses. DiagonalizingM0 , we
find that the model yields the following neutrino mass
Here the eigenvalue corresponding tom(n3) is negative, so
we absorb this minus sign in an appropriate redefinition
the neutrino fields.

m~n3!.
~b231b22!

2

r 23

1OS bi j
4

r 23
3 D .

k~11y!2LTC
8 L1

5

L23
9 LBHC

3 ,

~4.67!

m~n2!.
~b232b22!

2

r 23

1OS bi j
4

r 23
3 D .

k~12y!2LTC
8 L1

5

L23
9 LBHC

3

~4.68!

wherey5b22/b23.O(1), and

m~ne!5m~n1!50. ~4.69!

Sincey is positive andO(1), sequence 2 gives the norm
hierarchym(n3).m(n2). Thus one can extract the value
m(n3) from the measured value ofuDm32

2 u @26,27#, namely
m(n3).AuDm32

2 u.0.05 eV, andm(n2) from the measured
value of Dm21

2 @28,29#, namelym(n2).ADm21
2 .0.008 eV.

With L15103 TeV, LBHC50.5L1 , and L235102 TeV,
these experimental values are fit with the choicey.0.4.
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The nonvanishing Dirac masses,bi j , are then
O(10– 100) keV and the right-handed Majorana mass
r 23, are of orderO(102) GeV. The two large eigenvalues o
M0 are

lh1
5r 231

~b231b22!
2

r 23
1OS bi j

4

r 23
3 D ~4.70!

and

lh2
52r 232

~b232b22!
2

r 23
1OS bi j

4

r 23
3 D . ~4.71!

To leading order, the resultant mass eigenstates invo
maximal mixing~i.e., with an angle of6p/4! of uaR

12& and
uaR

13&. We label the corresponding neutrino-like states
unhj

& with masses m(nh1
)5lh1

and, after appropriate

rephasing,m(nh2
)52lh2

.
Experimentally, there is evidence for large lepton mixi

@26–30#. Because of the dominant off-diagonal structure
r i j and the fact thatbi j has a lower 232 submatrix with
comparable-size entries fori j 522, 23, 32, 33, there is natu
rally large mixing between the second and third generati
of neutrino mass eigenstates to form the interaction eig
statesnm and nt . Indeed, the 232 submatrix inUn ~the
matrix that diagonalizes the full neutrino mass matrix!, act-
ing on (nm ,nt) is the rotationR(un,23) with un,235p/4, up
to small corrections. The observed lepton mixing matrix d
fined by Eq.~4.10! involves the product of the relevant term
from Un with those from the matrixUL

(e) that is involved in
the diagonalization of the charged lepton mass matrix. Si
the analogous 232 submatrix ofU (e) acting on the~m, t!
subsector is also of the formR(ue,23) with ue,2352p/4 up
to small corrections~owing to the relationM22

(e)5M33
(e)),

these maximal mixings cancel, and the resultant obser
lepton mixing matrixU with this sequence does not exhib
maximal mixing.

In summary, the model with the symmetry-breaking s
quence 2 can exhibit the mechanism proposed in Ref.@7# for
explaining light neutrino masses in theories with dynami
electroweak symmetry breaking. The sequence has the d
that me and md are too small, and it appears difficult t
obtain satisfactory simultaneous fits tomt ~and mt) and to
the neutrino masses.

We note again that the characteristic polynomial,P(l), of
the full 39339 mass matrix contains 34 roots of magnitu
LTC or larger. The remaining five roots, of primary intere
are those form(n i), i 51,2,3 and form(nhj

) discussed
above. These, together with two roots approximately equa
6L1 , occur as the roots of the factorPHCS-TCS(l) for the
seven HC-singlet, TC-singlet fermions. For the present
quence,

PHCS-TCS~l!5l~l22L1
22d1,45

2 !P4~l! ~4.72!

where
2-16
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P4~l!5l42~b22
2 1b23

2 1b32
2 1b33

2 1r 23
2 !l2

22r 23~b22b231b32b33!l1~b22b332b23b32!
2.

~4.73!

As was true for sequence 1, one sees thatd1,45 has a negli-
gible effect on the eigenvalues, since it enters in the com
nation L1

21d1,45
2 with the much larger quantityL1

2. Other
di , jk’s andwi j ,kl terms are zero.

J. Residual generational symmetries in sequence 2

As with sequence 1, we can understand the zeros in
various mass matrices from the point of view of residu
global generational symmetries and selection rules gover
the breaking of these symmetries by the condensates. Ag
we first consider the truncated model without thevp,R

a fields.
In this case, the condensates involving thez fields are invari-

ant under a local U(1)f symmetry generated byeiu(x)Tf8

whereTf8 is a different combination of diagonal generators
SU(5)ETC:

Tf85
1

2
diag~0,1,21,0,0!. ~4.74!

Proceeding to the full model with thevp,R
a fields, one can

apply the discussion for sequence 1 with obvious change
conclude thatM (u)50 for i j 512,21,13,31;M (d,e)50 for
i j 512,21,13,31; bi j 50 for i j 512,13; and r 225r 3350.
Similar reasoning can be applied to thedi , jk and wi j ,kl to
conclude that among these onlyd1,45 is nonzero.

There is a general relation connecting sequences 1 a
insofar as they involve condensates of thez fields and result-
ant ETC gauge boson mixings, namely that these cond
sates and mixings in sequence 2 are related to those fo
quence 1 by the interchange of the ETC indices 1 an
~holding other ETC indices fixed! with appropriate change
in the condensation scale. This is because, before the in
sion of thevp,R

a fields, the generators of the U(1)f symme-
tries in each case are related by precisely this interchang
the ETC indices. This interchange also relates the respec
z condensates in sequences 1 and 2. Thus the conde
~4.27! at scaleL2 in sequence 1 goes to the condens
~4.48! at scaleLBHC in sequence 2; the condensate~4.29! at
L3 in sequence 1 goes to the condensate~4.53! at LTC in
sequence 2; the condensate~4.30! at L3 in sequence 1 goe
to the condensate~4.50! at L23 in sequence 2; the condensa
~4.31! at L3 in sequence 1 goes to the same condensate,
at L23, in sequence 2; and the condensate~4.32! at L3 in
sequence 1 goes to thei 53 case of condensate~4.51! at L23
in sequence 2. This relation between sequences 1 and
evident in the summary Tables I and II.

V. PHENOMENOLOGY

While the explicit model presented here is not fully re
istic, it does have several realistic features such as na
intrafamily mass splittings and nontrivial mixing angle
These features suggest that some ingredients in the ge
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class of models we have described could appear in a succ
ful theory of fermion masses and mixing. In this section w
discuss some generic experimental constraints and phen
enological properties of this class of models.

A. Precision electroweak constraints

A natural first step in theories of dynamical electrowe
symmetry breaking is to focus on corrections to theW andZ
propagators, in particular theS and T parameters@31,32#.
Since the class of models considered here produces l
intragenerational mass splittings, it is important to evalu
the contributions toDr5aemT from ETC interactions. These
contributions arise because these ETC interactions~unlike
TC! do not respect a custodial, SU(2)R symmetry and lead,
for example, tomt@mb , as a consequence of the represe
tation assignments~2.11! and~2.12!. The dominant contribu-
tion to Dr may be estimated by concentrating on the low
ETC scale, wheremt and mb are generated. There will be
generically, contributions toDr arising from corrections to
the basic technicolor mass generation mechanism for thW
and Z, due to the emission and reabsorption of single E
gauge bosons of this lightest mass scale.

These contributions toDr can be roughly estimated b
recalling that the momentum scale of the technicolor m
generation mechanism is set byLTC.300 GeV, and the
emission and reabsorption of an ETC gauge boson will l
to a denominator factor of 1/L l

2, where L l is the lightest
ETC scale (5L3 in sequence 1 andL23 in sequence 2!. Note

TABLE II. Some ETC gauge boson mixings in the model wi
the two symmetry-breaking sequences, denoted S1 and S2.
comparison, results for the two analogous sequencesGa and Gb ,
without thevp,R

a fields, are also listed. For each entry, a ‘‘y’’ indi
cates that the mixing occurs, while a blank indicates that it is
sent. For each mixing of the formVi

4↔V5
j , it is understood that one

also include the corresponding transition with the indices 4 an
interchanged. For mixings of the formVi

t↔Vj
t with i, j P$1,2,3%,

the indext takes on the valuest54,5.

ETC transition Ga S1 Gb S2

V1
4↔V5

2

V1
4↔V5

3 y y
V2

4↔V5
3 y y

V1
4↔V5

1 y y y
V2

4↔V5
2 y y y

V3
4↔V5

3 y y
V1

t ↔V2
t

V1
t ↔V3

t y
V2

t ↔V3
t y

V2
1↔Va

V3
1↔Va y

V3
2↔Va y

V1
2↔V2

1 y y
V1

3↔V3
1 y y

V2
3↔V3

2 y y
V1

2↔V2
3 y y

V1
2↔V3

1 y y
2-17
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that since the momentum integrals here are rapidly dam
at scales aboveLTC, there can be no walking enhanceme
as in the case of the fermion mass estimates~2.9!. Drawing
on the discussion leading to Eq.~2.7! @with a.O(1)] and
noting that the factors ofgETC cancel inDr, we estimate

DrETC.
2bLTC

2

3L l
2 , ~5.1!

where b is a factor of order unity reflecting the relativ
strength of custodial symmetry breaking at the lowest E
scale. WithLTC.300 GeV andL l.4 TeV, this givesDr
.(3.831023)b or equivalently,T.0.48b. In comparing
this estimate with experiment, we first caution that with t
inclusion of the high-statistics, high-precision data from t
NuTeV experiment at Fermilab, studies have found that
tempts at global fits to precision electroweak data using o
the corrections represented by the parametersS and T give
poor values ofx2 per degree of freedom@12#. In the absence
of a satisfactory fit with theSandT parameters, it is difficult
to draw a firm conclusion regarding the comparison of
estimate~5.1! with this data. Constraints obtained from gl
bal fits using pre-NuTeV are summarized in Fig.~10.3! of
Ref. @32#. The allowed elliptical regions in theS, Tplane are
plotted for three illustrative values of SM Higgs mass, 11
300, and 1000 GeV. Choosing the 103 GeV value to corre-
spond most closely to a technicolor theory, one observes
the ellipse has a central value of about (S,T).(20.1,0.3)
and a 1s upper boundary that extends up to about 0.6 inT
and, in a correlated manner, about 0.1 inS. Our estimate
above of the~E!TC contribution toT of about 0.5 is consis-
tent with this bound ifb;1, and would lie closer to the
central value forb&1, which is possible, given the theore
ical uncertainties in the strong-coupling estimate.

Roughly speaking, theS parameter is sensitive to all ne
physics at the electroweak/technicolor scale. The smalln
of S is an indication, subject to the uncertainties associa
with the strong technicolor interactions, that the number
degrees of freedom there is small. That was one of the
sons that we chose to use the technicolor group SU(2)TC.
The evaluation ofS is difficult in a strongly coupled theory
such as~extended! technicolor. Having chosen the effectiv
Higgs mass of 1000 GeV in order to compare with the fit
data in Ref.@32#, we have already, in effect, included som
strong TC contributions. In addition to these strong TC co
tributions, one must also include the effect of SM-nonsing
~pseudo!-Nambu-Goldstone bosons. It was noted in R
@11#, that for a theory with walking, that is, with an approx
mate IR conformal fixed point, the TC contribution toS is
naturally reduced. This observation is based on an app
tion of the Weinberg spectral function sum rules and inclu
the effects of both technifermions and~pseudo!-Nambu-
Goldstone bosons. It is possible that this would lead to aS
parameter in agreement with current experimental limits.
assume here that this is the case.

Another quantity to check is the ETC correction to t
Zbb̄ vertex and hence to the comparison of the measu
value Rb5G(Z→bb̄)/G(Z→hadrons)50.2166460.00068
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with the SM predictionRb50.2156960.00016 ~from the
global fit given in the current PDG listings@32#!. There are
two main contributions to the corrections to this vertex, fro

graphs in which theZ produces~i! a virtual techniquarkDD̄

pair which exchange aV3
t , t54,5, becoming abb̄ pair, and

~ii ! a virtual bb̄ pair which exchange the ETC gauge bos
corresponding to the lightest diagonal SU(5)ETC generator
coupling to the third generation, viz.,T155diag(0,0,
22,1,1) in our notation. The contributions~i! and ~ii ! were
studied for a conventional ETC theory in Ref.@33# and were
found to enter with opposite sign and hence to tend to can
each other. We find that the same is true in our ETC mo
with conjugate representations. Because of the opposite-
nature of these ETC contributions and in view of the the
retical uncertainty in the calculation due to the strong E
coupling, we conclude that the ETC correction toRb can be
consistent with the experimentally measured value ofRb and
its comparison with the SM prediction.

B. Flavor-changing neutral processes

In early studies of extended technicolor, it was sensi
assumed that the ETC theory would generate flavor-chan
neutral currents~FCNC!, and it was argued that these led
severe constraints on the models. The measured rates

processes such asK02K̄0 mixing, KL→m1m2, and the up-
per limits on the branching ratios for decays such asK1

→p1m6e7, KL→m6e7, andm→eg led to the conclusion
that the ETC scales had to be very high. However, si
nothing approaching a realistic ETC theory was writt
down, the assumed mixing was put in by hand, typically in
a set of four-fermion couplings. Since in the present pa
we have constructed a model in which quark mixing is ac
ally generated by the dynamics, we can reexamine the q
tion of FCNC operators. Although the model is not ful
realistic, it can perhaps provide some new insight into t
issue.

1. K¿\p¿µÁeÂ

We first review the situation in a conventional ETC mod
in which the quarks and charged leptons of both chiralit
transform according to the same representation ofGETC. We
focus onK1→p1m6e7 decays because it is these for whic
recent experimental limits have been obtained~the charge-
conjugate decay modesK2→p2m7e6 are, up to small CP-
violating effects, equivalent!. At the quark level, the decay
K1→p1m6e7 corresponds to the processs̄→d̄m6e7 with
a spectatoru quark. At tree level, only one of these trans
tions occurs, namelys̄→d̄m1e2; this arises via a diagram in
which an s̄ antiquark emits a virtualV2

1 ETC gauge boson

thereby transforming into ad̄ antiquark, and theV2
1 ETC

gauge boson produces the pairm1e2. ~For the s̄→d̄m2e1

process one would need the ETC gauge boson mix
V2

1↔V1
2.) From the lowest-order graph, one obtains t

quark-level amplitude
2-18



l

e

id
w
io
nt
th
th

-

s

r,

C

on
e

nt,
-
the
evel

pli-

ri-

elf-

vier

ave

eak

ass

ns

FERMION MASSES AND MIXING IN EXTENDED . . . PHYSICAL REVIEW D69, 015002 ~2004!
amp~ s̄→d̄m1e2!.S gETC

&
D 2

@ s̄gld#
1

M1
2 @ ēglm#.

~5.2!

SincegETC.O(1) at the scaleM1 , this is only an approxi-
mate estimate of the amplitude. Normalizing toKm3

1 decay
and taking into account that ^p1uU1uK1&
5&^p0uV2uK1&, whereT6 , U6 , andV6 denote the usua
flavor-SU~3! shift operators, we have

G~K1→p1m1e2!

G~K1→p0m1nm!
5

16

uVusu2 S gETC

g2
D 4S mW

M1
D 4

~5.3!

wheregETC denotes the ETC gauge coupling at the scaleL1 ,
and g2 denotes the weak SU(2)L gauge coupling~at the
scalemW , given byg25e/sinuW50.65). With uVusu50.22,
this yields the lower limit

M1*~1.63103 TeV!S gETC

2p D F 10212

B~K1→p1m1e2!G
1/4

.

~5.4!

The current upper limit is BR(K1→p1m1e2),2.9
310211 @34# from the Yale-BNL experiment E865. Using th
published limit and the relationMi5(gETC/4)aL i , we get
the rough lower bound

L1*
1

a
O~450! TeV, ~5.5!

wherea is expected to beO(1).
The calculation is different in the class of models cons

ered in this paper because the left- and right-handed do
type quarks transform according to conjugate representat
of GETC. In turn, the structure of the amplitudes is differe
for models of DEC and DES type. We focus here on
DEC-type model discussed in the text. At the quark level
processs̄→d̄m1e2 arises from two contributions~at the
leading, tree level!: ~i! a s̄L makes a transition to thed̄L and
emits a virtualV2

1, which can only couple~without ETC
gauge boson mixing! to the currentēRglmR , and ~ii ! a s̄R

makes a transition tod̄R , emitting aV1
2, which couples to the

currentēLglmL . Hence the leading contributions to the am
plitude at the quark level are

amp~ s̄→d̄m1e2!5
gETC

2

2M1
2 @@ s̄LgldL#@ ēRglmR#

1@ s̄RgldR#@ ēLglmL##. ~5.6!

This should be contrasted with Eq.~5.2! for a conventional
ETC model. Another difference is the fact that, whereas̄

does not go tod̄m2e1 at tree level in a conventional ETC
model, it does in the present class of models, in particula
DEC-type model. One finds
01500
-
n-
ns

e
e

a

amp~ s̄→d̄m2e1!5
gETC

2

2M1
2 @@ s̄LgldL#@m̄LgleL#

1@ s̄RgldR#@m̄RgleR##. ~5.7!

One obtains a lower limit onM1 and henceL1 that is com-
parable with the limits given above for conventional ET
models. Our choiceL15103 TeV is consistent with these
lower bounds.

2. KL
0\µÁeÂ

In conventional ETC models, the tree-level contributi
to the decayKL

0→m6e7 vanishes because the amplitud
picks out the axial-vector part of the hadronic curre
@ s̄gl(cV2cAg5)d#, but this current is vectorial in these con
ventional models. However, this is no longer the case in
type of model considered here, so one does get a tree-l
contribution to this amplitude, mediated by theV2

1 and V1
2

ETC gauge bosons. The amplitudes forKL→m6e7 can be
obtained in a straightforward manner from the quark am
tudes given above in Eqs.~5.6! and~5.7!. The current upper
bound on the branching ratio for this decay, from an expe
ment at BNL, is @35# BR(KL→m1e2)1BR(KL→m2e1)
,4.7310212. Our choice ofL15103 TeV is consistent with
this limit.

3. Neutral meson systems

Because of the transitionsM0↔M̄0, whereM5K, Bd ,
Bs , or D, the mass eigenstates of these neutral nons
conjugate mesons involve linear combinations ofuM0& and
uM̄0& with mass differences between the respective hea
~h! and lighter ~l! eigenstatesmM

h
02mM

l
0[DmM given by

2 Re(̂ M̄0uHeffuM0&) for the kaon system, whereKL and KS

have quite different lifetimes, and by 2u^M̄0uHeffuM0&u for the
B andD systems, where the heavier and lighter states h
essentially the same lifetimes. The smallness of theKL
2KS mass difference provided early evidence that the w
neutral current should be diagonal. Experimentally@32#:

DmK5~0.53060.001!31010 s21

5~3.4960.006!310212 MeV, ~5.8!

DmBd
5~0.48960.008!31012 s21

5~3.2760.05!310210 MeV, ~5.9!

DmBs
.1331012 s2150.8931028 MeV ~95% C.L.!,

~5.10!

DmD,731010 s2150.5310210 MeV ~95% C.L.!.

~5.11!

The standard model accounts for the two measured m
differences and agrees with the limits on the other two@36–
38#. This thereby places constraints on non-SM contributio
such as those from ETC gauge boson exchanges.
2-19
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Early studies of constraints on conventional ETC theor
in which the SM fermions of both chiralities transform a
cording to the same ETC representations, fromK02K̄0 mix-
ing amplitude assumed an ETC contribution of stren
gETC

2 /(8METC
2 ).1/LETC

2 , as would arise if ads̄ pair would
annihilate to form a virtual ETC gauge boson in thes chan-
nel, which would then produce asd̄ pair, and similarly for
t-channel ETC gauge boson exchange. Using this assu
tion, these studies obtained lower bounds of orderLETC

*103 TeV. However, the virtualV2
1 ETC gauge boson pro

duced by theds̄ pair cannot produce asd̄ pair in these theo-
ries; rather, one must have the mixingV2

1↔V1
2 to do this.

~This type of ETC gauge boson mixing is also necessary
box diagram contributions involving the exchange of tw
ETC gauge bosons.! This ETC gauge boson mixing sup
presses the transition substantially, by a factor of or

1
2)2

1(0)/L1
2!1 ~see the Appendix!. Hence the lower bound

on L1 from K02K̄0 mixing in conventional ETC theories i
less stringent than 103 TeV. @As discussed above, a bound
this order does hold in these conventional ETC theories,
it is due to the experimental upper bound onBR(K1

→p1m1e2).] The same comment about the necessity
ETC gauge boson mixing applies for the otherM02M̄0 tran-
sitions.

The situation concerning these transitions is different
our class of ETC models. Here there are diagrams that
contribute at tree level, without any ETC gauge boson m
ing. These are the same for both DEC and DES-type mod
An example forK02K̄0 mixing is shown in Fig. 7. One finds

DmK.2
~gETC/& !2

M1
2 Re~^K̄0u@ s̄LgldL#@ s̄RgldR#uK0&!.

~5.12!

A similar formula applies forBd
02B̄d

0 mixing, with the
change noted above and the replacements→b, and similarly
for Bs

02B̄s
0 mixing, with the replacementss→b, d→s, and

M1→M2 . These estimates involve theoretical uncertai
owing to the strong ETC coupling and the fact that the h
ronic matrix elements are not measured and must be
mated, e.g., by lattice gauge theory simulations; in additi
there is a question of the degree of short-distance domina

FIG. 7. Graph that contributes in thes channel toK02K̄0 tran-
sition amplitude in the present type of ETC theory, where the l
and right-handed components of theQ521/3 quarks transform
according to conjugate representations ofGETC. The analogous
graph with chiralitiesL andR interchanged andV2

1 replaced byV1
2

also contributes to this transition. These do not require anyV2
1↔V1

2

ETC gauge boson mixing. The correspondingt-channel graphs also
contribute.
01500
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for the K02K̄0 amplitude. We find that with the values o
L1;1000 TeV used above, our model predicts values
DmK and DmBd

larger than the measured values. For e
ample, using values off B and hadronic matrix elements from
lattice measurements @37#, we estimate DmBd

.8

310210 MeV. This is a potential problem for the class o
ETC models considered in this paper. It can be ameliorate
the model has somewhat larger values ofL1 . In addition,
with our choice of L2;50 TeV, we find DmBs

;3

31027 MeV, a value well above the SM prediction. Th
measurement of this quantity will clearly be very importa
for the class of models considered here.

Our predictions could be reduced also in models that h
the property of walking not only fromLTC to the lowest
ETC scale, but to higher energy scales such as was assu
in Ref. @7#. This could make possible higher ETC breakin
scales and thereby suppress these flavor-changing ne
current effects while maintaining reasonable agreement w
experimental values of SM fermion masses.

By contrast, the contribution of our model toD02D̄0

mixing is quite small because of the necessity of ETC ga
boson mixing~since the up-type quarksuL anduR are in the
same ETC representations!. The main graphs contributing to
this transition include ans-channel diagram in which thecū
pair annihilates to form aV1

2 gauge boson, which must g
through a 2

1)1
2(0) to yield a V2

1 which then produces the
final-stateuc̄ pair, and the correspondingt-channel graph.
This yields a resulting value ofDmD which is negligibly
small compared with the current upper limit on this ma
difference.

We remind the reader that we are not considering C
violating phases in this paper. Furthermore, in the spec
model examined in this paper, with either symmetry break
sequence, there is not sufficient generational mixing to g
erate CKM CP violation. Assuming that the class of mod
being considered can lead to realistic mixing and CP vio
tion ~both dynamical in origin!, there is good reason to ex
pect that the CP violation associated with nonstandard-mo
physics will be suppressed by mixing effects among both
fermions and the ETC gauge bosons. If this is the case,
the ETC scales we have used will not lead to unaccepta
levels of CP violation in the neutral kaon system.

Other processes can be analyzed similarly. For exam
the contribution tob→sg is safely smaller than the value o
this process inferred from experiment because of the ne
sity of ETC gauge boson mixing, which results because
relevant operator}@ s̄smnb#Fmn flips chirality ~where Fmn

denotes the electromagnetic field strength tensor!.

4. Nondiagonal neutrino neutral currents

If the leptons of a given charge and chirality have diffe
ent weakT andT3 , then the neutral leptonic current is non
diagonal in terms of mass eigenstates@39#. The class of mod-
els considered here includes SM-singlet neutrino-like sta
that form Dirac mass terms with the left-handed neutrinos
is a convention whether one writes these as right- or l
handed; if one writes them as left-handed and applies
criteria of Ref.@39#, it follows that the neutrino part of the

-

2-20
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FERMION MASSES AND MIXING IN EXTENDED . . . PHYSICAL REVIEW D69, 015002 ~2004!
weak neutral current is nondiagonal in terms of mass eig
states. This nondiagonality is a generic feature of this c
of models. The coefficients of terms that are nondiagona
mass eigenstates are.bi j /r 23 and hence are extremely sma
in a realistic model that incorporates the seesaw mechan
of Ref. @7# to yield light neutrinos.

C. Intermediate-mass dominantly electroweak-singlet
neutrinos

1. General

Our mechanism@7# for getting light neutrinos generically
leads to neutral leptons with masses that are intermed
between the higher ETC scales and the mass scales ch
terizing the primary mass eigenstates in the three obse
electroweak-doublet neutrinos. As linear combinations of
teraction eigenstates, they are composed almost compl
of SM-singlet fields, with only a small admixture o
electroweak-doublet neutrinos. They have masses of o
O(1021 to 102) GeV, depending on the type of symmetr
breaking sequence. The lower end of the mass range
these intermediate-mass neutrinos is illustrated by the m
of Ref. @7#, while the rest of the range is illustrated by s
quence 2.@The absence of light neutrino mass eigensta
that are primarily electroweak singlets, often called~light!
‘‘sterile’’ neutrinos, is in good agreement with indication
from neutrino oscillation experiments@26–29#.#

The mass eigenstates (n1 ,n2 ,n3 ,nh1
,nh2

) mix to form the

interaction eigenstatesn l with l 5e,m,t and the SM-singlets
a12 anda13. Writing out Eq.~4.9! explicitly ~dropping them
subscript on the mass eigenstates!, we thus have~in a basis
where the charged lepton mixing matrix is diagonal!

un l&5(
i 51

3

Uli un i&1Ulh1
unh1

&1Ulh2
unh2

&, ~5.13!

whereUe j[U1 j , Um j[U2 j , etc. The small admixture coef
ficients Ulh1

and Ulh2
are of order the ratio of the Dirac t

right-handed Majorana mass entriesbi j /r 23, for the relevant
~dominant! coefficients. In our model, the diagonalization
the full neutrino mass matrix leads to the eigenstatesunhj

&
with j 51,2; these mass eigenstates contain small admixt
of electroweak-doublet neutrinos, with coefficients of ord
bi j /r 23. As discussed in@7#, and exhibited also in ou
present model with symmetry-breaking sequence 2, a do
nantbi j element has a typical size given byb23.M23

(d) , and
the relevant entry inr i j is displayed in Eq.~4.65!. The ratio
b23/r 23 is given by Eq.~4.66! and has a value of order 1027.
Hence, generically, one expects that the coefficientsuUl j u
would be of this size.

2. Massive neutrino emission via mixing in weak decays

At the lower end of the mass range for the intermedia
mass neutrinos, there are some interesting and testable
perimental consequences: the emission, via lepton mixing
heavy neutrinos in weak decays, as constrained by the a
able phase space. Tests for such heavy neutrino emissio
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lepton mixing have been proposed, and data analyzed to
bounds@40#. These tests were carried out in a number
experiments onp1→m1nm , p1→e1ne , K1→m1nm , and
K1→e1ne decays. A decay of this type would consist of o
decay of a given charged pseudoscalar mesonp1 or K1 into
the set of light neutrinos, which propagate effectively coh
ently and recoil against an outgoing charged lepton, and
other decay yielding the heavy neutrino mass eigenstat~s!
unhj

& with j 51,2, also recoiling against the outgoing charg
lepton. The signature of the heavy neutrino emission wo
thus be a peak in the charged lepton momentum spectru
an anomalously low value. Since one can calculate
branching ratio for the emission of the massive neutrino a
function of the mixing parameter and neutrino mass, an
per limit on the branching ratio can be converted into
upper limit onuUlh j

u for this assumed neutrino mass. Expe

mental searches inpe2
1 , Km2

1 , andKe2
1 decays have yielded

upper limits of orderuUlh j
u2&1027 for m(nhj

) in the interval

100–300 MeV@32#, for l 5e,m. For the type of model con-
sidered here, with heavy neutrinos having masses above
phase space limit, this constraint is clearly satisfied. Eve
the heavy neutrinos were as light as a few hundred MeV
in the type of model of Ref.@7#, one would expect that this
squared mixing matrix element would be of order 102(1062),
with the theoretical uncertainty in the exponent indicate
Hence the model of Ref.@7# is in accord with these limits.

These limits could be improved drawing on more rece
experiments. Data on the decayK1→m1nm that was re-
corded as an auxiliary part of the very high-statistics BN
experiments E787 and E949 that observedK1→p1nn̄ de-
cay @41# could be used to search for the emission of a he
neutrino down to a branching ratio sensitivity that is es
mated to be of order 1029 and perhaps better@42#.

At the extreme low end of the range of expected mas
of the intermediate-scale neutrino, it could also be emitted
muon decay, e.g., asm1→ n̄hj

e1ne . These decays into
heavy neutrinos would be suppressed, relative to the u
decay into light neutrinos,m1→ n̄me1ne , by the respective
leptonic mixing matrix factorsuUmhj

u2 and uUehj
u2, in addi-

tion to reduced phase space. The observede1 spectrum
would be due to all of the kinematically allowed decays.
turn, this would lead to modifications of the observedm de-
cay spectral parametersr, h, j, andd. One can use the agree
ment of these parameters with the standard model value
set upper bounds on heavy neutrino emission@43#. Again,
these bounds allow the current type of intermediate-m
neutrino.

3. Nonorthogonality of observedzne‹ and znµ‹

Here we mention an effect that is expected to be qu
small but is of conceptual interest. The abstract Hilbert sp
statesune& and unm& are orthonormal. However, the exper
mental definition of the statesune& and unm& is as the neutri-
nos accompanying the emission ofe1 andm1 in the pseu-
doscalar decaysPs1→e1ne and Ps1→m1nm and their
conjugates, wherePs1 denotesK1 or p1. It is via these
sources that standard accelerator neutrino beams are fo
2-21
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APPELQUIST, PIAI, AND SHROCK PHYSICAL REVIEW D69, 015002 ~2004!
@44#. In a theory with heavy neutrinos, these neutrino sta
as experimentally defined, are not, in general, orthogo
@24,39#. This follows from the fact that in the linear comb
nations~5.13!, the states with sufficiently large masses a
kinematically forbidden from occurring in the above partic
or nuclear decays. For example, ifnh1

and nhj
are suffi-

ciently heavy that they do not occur inp1→ l 1n l or K1

→ l 1n l decays, then

^neunm&exp.5U1h1
* U2h1

1U1h2
* U2h2

~5.14!

and similarly,^neunt&exp. and ^nmunt&exp. would, in general,
be nonzero@45#.

4. DLÄ2 decays

Because the physical intermediate-mass neutrinos are
jorana states, there are contributions touDLu52 decays such
as neutrinoless double beta decay of nuclei and the par
decaysK1→p2l 1l 81, where l ,l 85ee,em,mm. Searches
for neutrinoless double beta decay of nuclei yield an up
limit, the form of which depends on whether the mass of
virtual neutrino in the propagator is large or small compa
with the Fermi momentum,;200 MeV, of the nucleons in
the nucleus. The primary mass eigenstatesn i , i 51,2,3,
entering into ne produce an amplitude involving
^mn&5u( i 51

3 Uei
2 m(n i)u. In the present model, th

intermediate-mass neutrinosnhj
, j 51,2, will, in general, also

contribute to this amplitude, through the couplingsUehj
,

j 51,2. If the massesm(nhj
) are near the lower end of th

expected range, then the resultant^mn&5u( i 51
3 Uei

2 m(n i)
1( j 51,2Uehj

2 m(nhj
)u. Model-dependent calculations of th

relevant nuclear matrix elements are employed in orde
extract an upper limit on̂mn&. Current searches yield limit
of ^mn&&O(1) eV @46#. At present there are a number
efforts to perform new experiments to search for neutrinol
double beta decay with sensitivities considerably below
limit in ^mn& ~e.g.,@46#!. The mechanism for light neutrino
in Ref. @7# provides a further motivation for these search
This can be seen as follows: ifm(nhj

) for j 51,2 are near the
lower end of the expected range, say of order 100 MeV
uUehj

u is as large as 1025, we estimate the resultant^mn&
.1022 eV. While this is in accord with current limits, i
might yield a signal in future searches. However, with wa
ing only up to the lowest ETC scale,L3 or L23 as in the
present paper,m(nhj

) are much heavier. This alters the for
of the neutrino propagator and leads to a negligible con
bution by these intermediate-mass neutrinos to the am
tude. Moreover, since our model predicts a normal hierar
m(n3).m(n2).m(n1) and sincem(n3) enters in the ampli-
tude for neutrinoless double beta decay suppressed by
very small mixing matrix factorUe3

2 , one does not expect th
primary mass eigenstatesn i , i 51,2,3, to produce this type
of decay at a significant level.

Another possible manifestation of the violation of tot
lepton number is inuDLu52 particle decays such asK1

→p2m1m1; searches for these were discussed in R
01500
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@47,34#. The current limit is @34# BR(K1→p2m1m1)
,3.031029. The intermediate-mass neutrinosnhj

, j 51,2
would contribute to this decay. However, in the prese
model this contribution is expected to be negligible co
pared to the current limit.

5. Astrophysical and cosmological constraints

There are also astrophysical and cosmological constra
on a heavy unstable neutrino with a mass in the range
order 0.1 to 100 GeV. To discuss these, one has to calcu
the lifetime of the neutrino. The decay amplitude involv
two types of contributions. First, there are charged-curr
contributions arising from graphs in which thenhj

, via its

admixture inn l , for l 5e and m, emits a virtualW1, pro-
ducing an outgoingl, with theW1 then producing ane1ne .
In the case ofl 5m, this decay would be suppressed by sm
phase space ifm(nhj

) were only slightly greater thanmm and

would be forbidden ifm(nhj
),mm . Second, there are con

tributions arising from neutral-current processes since, in
type of model with electroweak-singlet neutrinos, the neu
current is nondiagonal@39#. These decays are dominantly o
the formnhj

→n i n̄ ln l , where then i andn l refer to the light
neutrino mass eigenstates. The contribution of each de
involves a small coefficient reflecting Eq.~5.13!. From the
charged-current contributions we have

Gnhj
5tnhj

215S m~nhj
!

mm
D 5S (

l
uUlh j

u2DGm ~5.15!

wheretm5Gm
215231026 s is the muon lifetime. There ar

also contributions from the nondiagonal neutral-curre
couplings. Combining these, we estimate, as an exam
that for m(nhj

).100 GeV, tnh1
.tnh2

.1027 s. Owing to

the fifth power dependence,Gnhj
varies rapidly as a function

of m(nhj
), and approaches existing limits whenm(nhj

) de-

creases toO(100) MeV.
Since the intermediate-mass neutrino decays on a s

time scale, it is, of course, not subject to the mass limits
neutrinos that are stable on the time scale of the age of
universe and thus affect the mean mass density of the
verse. The relevant astrophysical and cosmological c
straints include those from~i! primordial ~big-bang! nucleo-
synthesis and~ii ! large-scale structure formation. A rece
analysis of these constraints is given in@48#. A perusal of
these constraints suggests that a neutrino with the mas
order hundreds of MeV to hundreds of GeV, and the cor
sponding lifetime given by Eq.~5.15!, is allowed.

D. Dark matter candidates

Models incorporating the mechanism of Ref.@7# for light
neutrinos can yield interesting candidates for dark ma
@49#. Although the model studied in this paper is not ful
realistic, we believe that it does yield some generic pred
tions for possible dark matter candidates that are of inter

A first important point concerns a state which might a
pear to be an appealing dark matter candidate in technic
2-22
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theories, namely the technibaryon composed of technine
nos. In our model, this would be the particle state created
the action of the adjoint of the operator

1

&
e123jkn̄L

j aR
1k ~5.16!

on the vacuum. This has a mass.2LTC.O(600) GeV. If
one neglects ETC gauge boson mixing, one might infer t
this state is stable. However, in our model with eith
symmetry-breaking pattern, the particle~5.16! decays via a
process in which thea15, say, makes a transition toa12,
emitting a virtual ETC gauge bosonV2

5 which, via mixing,
goes toV4

2; the V4
2 is absorbed by then̄4, going to n̄25 n̄m

~where mass eigenstates are understood for the actual
state particles!. This decay is kinematically allowed since th
final state has a massm(nhj

), which is less than the mass o

the initial state.~Thea12, or more precisely, the lighter of th
nhj

, decays, e.g., toe2e1ne .)
We next display dark matter candidates for symmet

breaking sequences 1 and 2. For sequence 1, we recall th
a scaleLs , which we take to be.L3 , the hypercolor-
invariant condensates~4.30!–~4.33! form, due to the strong
hypercolor interaction. Consequently, linear combinations
the stateszR

12,a , zR
23,a , and vp,R

a with p51,2 form mass
eigenstates, which may be denotedsq,R

a with 1<q<4, in
order of increasing mass. The SU(2)HC-singlet bound state
of the lightest two of these, formed by the action of t
adjoint of the operator

1

&
eabs1R

T Cs2R
b ~5.17!

on the vacuum, is stable. The stability can be understood
consequence of the fact that this particle is the lightest
percolor baryon~a boson, sinceNHC is even! and SU(2)HC is
an exact symmetry. Hence, the corresponding particle, wi
mass.2L3.8 TeV, might provide a dark matter candidat
Since this technibaryon is composed of SM-singlet fermio
its interactions with regular matter would be highly su
pressed, since they would proceed dominantly via excha
of ETC gauge bosons, whose masses are considerably l
than the electroweak scale. It would thus be a very wea
coupled WIMP.

With symmetry-breaking sequence 2, the candidate~s! for
dark matter arise~s! differently. We recall that the fermion
zR

12,a , zR
13,a , andvp,R

a form condensates at the scaleL23, as
given by Eqs.~4.50!, ~4.51!, and~4.52!, with the difference
that these are only invariant under U(1)HC, since SU(2)HC
has been broken at the higher scaleLBHC. Linear combina-
tions of these fermions thus gain dynamical masses;L23.
However, the ETC-nonsinglets among these fermions
decay. For example, azR

12,a can make a transition to th
z14,a, a member of a lighter mass eigenstate, emitting a
tual V4

2 ETC gauge boson which then produces fermio
antifermion pairs such asu5,aū2,a5U5,ac̄a (a5color index!,
etc. This decay is kinematically allowed since the initial fe
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mion is part of mass eigenstate with mass;L23, while the
illustrative final state given above has mass;2LTC, and
similarly for other final states. The same comment applies
zR

13,a . Thevp,R
a ’s with p51,2, which are part of mass eigen

states with masses of order 2L23.8 TeV, do not decay in
this manner, but can annihilate asvp,R

1 1vq,R
2 →>ngHC

wheren>2, we have used our labeling of the U(1)HC charge
1 and 2 for a51,2, respectively, andgHC denotes the
gauge boson corresponding to the U(1)HC gauge symmetry.
If there is an initial asymmetry in the U(1)HC charge in the
universe, this is preserved, and the resultant lighter lin
combination ofvp,R

6 , p51,2 could serve as a dark matte
candidate.

The model with sequence 2 has another dark matter c
didate. To show this, we recall that in this sequence the
mionszR

1 j ,a , where j 54,5, transforming as TC doublets re
main light down to theLTC scale~in contrast to sequence 1
where they gain dynamical masses;L2). Because of the
exact SU(2)TC symmetry, these fermions do not mix wit
technisinglets, and because of the residual exact U(1HC
gauge symmetry, they also do not mix with HC singlets. T
condensate~4.53! has the consequence that the mass eig
states aret1,2,R

a 5(zR
14,a6zR

15,a)/& with equal and opposite
mass eigenvalues of magnitude.LTC. We label these as
tR
1 j ,a . Let us consider the particle state created by the ac

of the adjoint of the operator

1

&
e123jkeabtR

1 j ,a TCtR
1k,b ~5.18!

on the vacuum.@As before, theeab is included not to repre-
sent an SU(2)HC-singlet contraction, since SU(2)HC has
been broken to U(1)HC at the higher scaleLBHC; instead, it
represents the antisymmetrization ona and b produced au-
tomatically by the contraction withe123jk and Fermi statis-
tics.# This particle has a mass.2LTC.O(600) GeV, but,
because of the extra binding energy due to the attrac
U(1)HC interaction, is lighter than the particle correspondi
to Eq. ~5.16!. Note that the particle~5.18! is a technibaryon
~and is bosonic, sinceNTC is even!. It is expected to be
lighter than other technibaryons and hence to be stable
can provide a dark matter candidate. Since this technibar
is composed of SM-singlet fermions, its interactions w
regular matter would be highly suppressed, since they wo
proceed only via exchange of ETC gauge bosons. The in
actions between two of the particles~5.18! would also only
proceed via higher-order exchanges and, in particular for
case of U(1)HC, van der Waals-type interactions, since it is
technisinglet and U(1)HC singlet.

E. Global symmetries and„pseudo…-Nambu-Goldstone bosons

The ETC model of this paper is based on the gauge gr
~3.4! and contains a total of six, U~1! global symmetries,
associated with the representations~4.1!, ~4.2!, and ~4.4! of
the ETC group.~The Nambu-Goldstone bosons associa
with global symmetries carried byz and v fields will be
2-23
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weakly coupled to SM fields, and therefore we disreg
them here.! One can label these U~1!’s according to the rep-
resentation they act on as:

U~1!QL
3U~1!uR

3U~1!dR
3U~1!LL

3U~1!eR
3U~1!cR

.

~5.19!

Four linear combinations are spontaneously broken by
TC condensates, and one by the ETC condensate at
L1 , leaving one exact global symmetry@to be identified with
baryon number conservation U(1)B , generated by the sum
of the generators of U(1)QL

, U(1)uR
, and U(1)dR

] and five
Nambu-Goldstone bosons. Of these five, one linear com
nation acquires a mass via ETC instantons, which explic
break the global symmetries of the theory, and another
be identified with the Nambu-Goldstone boson associa
with spontaneous breaking of U(1)Y , so that it gets eaten to
become the longitudinal component of theZ0 vector boson.
We are left with three exactly massless Nambu-Goldst
bosons, each of which, being a composite of SM nonsingl
has potentially dangerous couplings to SM fields. A simi
situation arises also in conventional TC theories, where
known @53# that two such massless states are present.
will comment on the possible solutions to this phenome
logical problem at the end of this section.

While baryon number is not spontaneously broken,
stanton effects could in principle induce in the low-ener
effective theory operators leading to phenomenologically
acceptableDB51 ~proton decay! and DB52 ~neutron-
antineutron oscillations! transitions. It is easy to see that th
is not the case: the triangle anomaly@U(1)B#@SU(5)ETC#2

sums up to zero, and so U(1)B , being free from SU(5)ETC
anomalies, is an exact symmetry@we neglect in this discus
sion SU(2)L electroweak instanton effects, which are neg
gible in the zero temperature limit#. By contrast, lepton num
ber @defined as the sum of the generators of U(1)L , U(1)eR

,
and U(1)cR

] is spontaneously broken at the scaleL1 . But,
due to the assignment ofc fields to the antisymmetric rep
resentation of SU(5)ETC, this symmetry is anomalous, an
hence is explicitly broken by instanton effects. In order
clarify this issue, it is useful to exhibit the operator encodi
in the low energy theory the information about ETC insta
ton effects.

Following the analysis by ’t Hooft@50#, one characterizes
instanton-induced violation of global symmetries by co
structing appropriate product~s! O involving all of the fields
that are nonsinglets under the ETC gauge group with a
efficient involving a dimensionless factorA(L) and a factor
of the form 1/LdO24, wheredO denotes the dimension ofO
and L denotes the relevant ETC scale. The quantityA(L)
consists of a power ofp/gETC(L) and an exponential facto
A(L)5exp@28p2/gETC

2 (L)#. For a weak-coupling situation
such as electroweak SU(2)L , there is severe suppression d
to the exponential factor; however, for the strong-coupl
ETC theory under consideration here the power ofp/gETC
can produce an enhancement comparable to the suppre
from the exponential, and there is significant uncertainty
this dimensionless factor@51#. Accordingly, for our estimates
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we take the dimensionless factor to be of order unity. In
present case we need to generalize the ’t Hooft analysis~i!
from a simple non-Abelian group to a group which is a dire
product of non-Abelian factors;~ii ! from a theory with fer-
mions transforming only according to the fundamental re
resentation to a theory with fermions transforming accord
to several different representations@fundamental, conjugate
fundamental, and antisymmetric second-rank tensor re
sentations for SU(5)ETC]; and ~iii ! from a theory with only
one gauge symmetry-breaking scale to a theory with a
quence of different breaking scales.

At the scaleL1 , hypercolor interactions are still weak
and we neglect them together with the associated SU(2HC
instantons. Since SM gauge interactions are even weak
this scale, we also consider the limit in which SM gau
interactions are turned off. The ETC Lagrangian at t
SU(5)ETC symmetric level for energiesE.L1 is then invari-
ant under the global symmetry

Gglob.5U~9!3U~6!3U~1!. ~5.20!

To see this, we note that in this limit, the Lagrangian
invariant under transformations among the nine compone
of QL and dL

c , each of which is a 5 representation o
SU(5)ETC, and among the six components ofLL , eL

c , and

uL
c , each of which is a 5̄representation. The additional U~1!

is for cR .
We construct an operator encompassing effects of E

instantons by starting in the SU(5)ETC-symmetric theory,
combining SU(5)ETC fermion representations in such a ma
ner as to respect the global symmetries, and incorpora
the physics of the breaking of this group via the coefficie
of the operator, which involves the breaking scale,L1 . Just
as in the SU(2)L case@50#, the existence of this breakin
scale cuts off integrations over instanton size and make
possible to work with a local instanton operator.

For energiesE,L1 , we obtain the local operator give
by

A~L1!

L1
32 O ~5.21!

whereA(L1).O(1) and, in a compact notation,

O5F) uLdLdL
c G@nLeLeL

cuL
c #F) cL

c GF) zL
c G .

~5.22!

In Eq. ~5.22! the meaning of the notation is as follows:~i!
@)uLdLdL

c # is an antisymmetrized nine-fold product of fe
mion fields including allNc53 colors and all flavors so as t
yield an invariant under global SU~9!; ~ii ! @)nLeLeL

cuL
c # is

an antisymmetrized six-fold product including a product ov
all colors, so as to yield an invariant under global SU~6!; ~iii !
@)cL

c # denotes a product over threecL
c fields, reflecting the

fact that the contribution to the anomaly of a U~1! number
transformation, and hence to the effective instanton opera
of a fermion field transforming according to the antisymm
ric rank-2 representation of SU~5! is three times that of a
2-24
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fermion transforming according to the fundamental repres
tation; and~iv! @)za,L

c # denotes a similar cubic product o
the z fields for each value of the HC index, antisymmetriz
on this index so as to yield an SU(2)HC invariant. There are
thus NF524 fermion fields in the operatorO, so thatdO
536, and the dimensional coefficient in Eq.~5.21! is 1/L1

32.
Since L1 is much larger than the electroweak symmet
breaking scale, we also require thatO be invariant under
GSM.

As anticipated, the operatorO is invariant under baryon
number U(1)B and transforms asuDLu52. We have already
observed and made central use of the fact that the le
number is broken spontaneously by the bilinear ETC c
densate~4.6! at scaleL1 . Now, one could imagine genera
ing a similar bilinear operator by contracting 22 of the
fields in Eq.~5.22! ~all but two of thec fields!. The attendant
integrations would be cut off at a scale no larger thanL1 ,
and therefore the coefficient of the bilinear would be
larger than L1 . This operator would necessarily be a
SU(5)ETC-nonsinglet, and would consistently align in th
same direction as Eq.~4.6! ~taken to be thei 51 direction!.

Finally, we return to the issue of the three exactly ma
less, electrically neutral, Nambu-Goldstone bosons enum
ated above. Since the operatorO breaks U(1)cR

and hence
the lepton number, each of these necessarily includes
nonsinglet constituents. In our model, where these parti
are formed at the electroweak~technicolor! scale, this is phe-
nomenologically unacceptable@52#. The model of this pape
must therefore be regarded as incomplete. Some new, hi
energy interactions must be invoked to break explicitly
three corresponding global symmetries. An example of s
interactions is discussed in Ref.@53#, in the context of ETC
theories which employ vector-like representations for S
fermions: a four-fermion operator that one could obtain in
Pati-Salam extension of the SM gauge group is shown
give masses to massless states. It is not possible to cons
a conventional Pati-Salam extension of the gauge symm
of models in the class considered here, in which the left-
right-handed chiral components of the down-type quarks
charged leptons transform according to conjugate repre
tations of the ETC group. However, one can envision a
ferent type of extended gauge symmetry with interactio
that would break these three global U~1! symmetries, if some
of the ETC representations come from unified represe
tions of a larger gauge symmetry group. Assuming such
teractions to be present at scales not too far aboveL1 , and
using Dashen’s formula as in Ref.@53#, masses of the orde
of 10 GeV can be anticipated for these particles. They wo
then satisfy astrophysical and cosmological constra
@48,54#, as well as constraints coming from the dec
Y(1S)→g1 pseudoscalar@32#. It will be important to refine
these mass estimates in the context of an explicit exten
of our model and to explore other phenomenological sig
tures of these particles.

We note that all other pseudo-Nambu-Goldstone bos
in our model acquire mass via QCD or ETC interactions, a
are then heavy enough not to cause phenomenological p
lems. This is to be contrasted with ETC models which e
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ploy vector-like representations for the SM fermions. The
some ~electrically charged, color neutral! pseudo-Nambu-
Goldstone bosons acquire mass only through electrowea
teractions, and thus remain relatively light. The assignm
of up-type and down-type right-handed quarks to differe
ETC representations~and a similar assignment for the lep
tons! explicitly breaks~via ETC interactions! the symmetries
giving rise to these additional light states.

VI. DISCUSSION AND CONCLUSIONS

In this paper we have addressed the problem of quark
lepton masses and mixing angles in the ETC framework. T
production of intragenerational mass splittings and CK
mixing has been a long-standing challenge for these theo
We have proposed a framework to achieve these goals
have illustrated it with a specific model. The model is bas
on the relation~2.1!, which, with the choiceNTC52, implies
that the ETC group is SU(5)ETC. There are three reasons fo
usingNTC52: ~i! it minimizes TC contributions to precision
electroweak observables, in particular theT and S param-
eters, both of which are proportional toNTC; ~ii ! with Nf
.8 vectorially coupled technifermions~as is true of our
model with both sequences 1 and 2!, perturbative beta func-
tion calculations suggest that the technicolor theory will e
hibit walking ~approximately conformal! behavior which en-
hances both standard-model fermion masses and pse
Nambu-Goldstone boson masses; and~iii ! the choiceNTC
52 allows our mechanism@7# to operate and lead to sma
but nonzero neutrino masses and intragenerational m
splittings.

We have formulated and analyzed an approach base
the assignment of the right-handed components of theQ5
21/3 quarks and charged leptons to a representation of
ETC gauge group that is conjugate to the representatio
the corresponding left-handed components. This leads
natural suppression of these masses relative to those o
Q52/3 quarks, as well as to nontrivial quark mixing angle
For the neutrinos, a set of~right-handed! standard-model sin-
glets was included and assigned to representations that
lead to a suppression of their masses as well as to nontr
mixing angles and a potential seesaw mechanism. We
that these assignments aread hoc, made to accommodate th
observed features of the fermion mass matrices. Within
framework, they do not offer a direct explanation of why t
Q52/3 quarks are heavier than the correspondingQ5
21/3 quarks in the higher two generations or why the c
ored fermions~quarks! are heavier than the correspondin
color-singlet fermions~leptons!. A natural goal for exten-
sions of the present work would be to explain these corre
tions.

We have provided a simple illustrative model involvin
one additional strong gauge interaction denoted as hy
color ~HC!, and an economical representation content.
identified two plausible sequences of ETC symmetry bre
ing in this model depending on the relative strengths of
ETC and HC interactions. Although this simple model is n
fully realistic, it has many features of a successful theory

With respect to the quarks and charged leptons, the mo
2-25
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can generate a sufficiently heavy top quark and satisfac
intergenerational mass splittings in the up-quark secto
naturally achieves the observed intragenerational mass s
tings for the higher two generations:mt@mb , mt and mc
@ms and mm ; and some quark mixing. It achieves the
splittings without prohibitively large contributions toDr
5aemT. Of the two sequences considered, sequence 1
three ETC breaking scales and can account for all the
type quark masses. The down-type quark masses and ch
lepton masses are suppressed, as desired, compared to
because of the use of relatively conjugate ETC represe
tions for the left- and right-handed components. But with
up-type quark masses fit, there is excessive suppressio
down-quark and charged lepton masses, especially for th
of the first generation. In sequence 2, there are only two E
breaking scales. Hence a hierarchy betweenmc and mt is
more difficult to achieve, although the nondiagonal struct
of M (u) offers a possibility, as we discussed. There is
same excessive suppression of first-generation down-q
and charged lepton masses. Although the model does
give fully realistic CKM mixing, it does offer the prospect o
spontaneous~dynamical! generation of a CP-violating phas
and this will be an interesting avenue for further study,
conjunction with implications for the strong CP problem
Leptonic CP violation in this class of models is also wort
of study.

For the neutrinos, sequence 1 has little success. It lead
Dirac masses suppressed relative to theQ52/3 quark
masses, to right-handed Majorana masses, and to some
trino mixing. But the Dirac masses remain too large, and
Majorana masses are too small for a seesaw mechanism
quence 2, which can occur if the HC coupling is somew
weaker at the relevant scales, has advantages and disa
tages. A major advantage is that purely within the neutr
sector, it can incorporate the seesaw mechanism of Ref.@7#,
yielding experimentally acceptable light neutrino mass
However, the value of the lower ETC breaking scaleL23 that
produces a successful fit to neutrino masses does not
sufficiently large second or third-generation quark and lep
masses.

The are also some potential phenomenological proble
The class of models considered leads to flavor-changing
tral currents at a level that could exceed the measured va
for DmK andDmBd

, and to a value forDmBs
well in excess

of the current range of SM predictions. This could be am
liorated if the model exhibited walking beyond the lowe
ETC scale. This class of models also has a potential prob
with massless ~electrically neutral! Nambu-Goldstone
bosons. One can envision additional interactions that
raise their masses to the level of 10 GeV or higher, satisfy
current experimental bounds.

The shortcomings of the simple model and the symme
breaking patterns considered here suggest a variety of d
tions for further exploration. An evident problem is the lim
ited number of gauge boson mixings which yield many z
entries in the quark and lepton mass matrices. These z
are traceable to selection rules related to residual global s
metries. But since these selection rules seem specific to
breaking patterns considered, one can imagine that o
01500
ry
It
lit-

as
p-
ged
ese,
a-
e
of
se
C

e
e
rk
ot

to

eu-
e
Se-
t
an-
o

s.

ld
n

s.
u-
es

-
t
m

ll
g

y
c-

o
ros

-
he
er

breaking patterns, if they are favored dynamically, could le
to more nonzero mass entries and hence more realistic q
and lepton mixing.

One possibility along these lines can arise if the inter
tion strengths are such that the condensates of both
quences 1 and 2 form. This involves the occurrence of m
aligned condensates, i.e., condensates occurring
comparable energy scales that respect different symmet
This could improve the predictions of fermion mixing, b
would have the drawback that there would be only two E
scales,L1 and L23. This contrasts with sequence 1, whic
has three such scales, in one-to-one correspondence wit
generations, and sequence 2, which has two ETC scaleL1
andL23, but also an additional scaleLBHC associated with
the breaking of hypercolor. Consequently, while t
misaligned-condensate possibility may produce more co
plete and realistic quark and lepton mixing, it seems una
to produce realistic scales for quark, lepton, or neutr
masses.

Another direction is to retain the group structure, E
~3.4!, of the model, but to consider different fermion repr
sentations. An example is a model of DES type~see Sec. II D
for a definition! in which the SM-nonsinglet fermions trans
form according to Eq.~4.1! and

LL : ~5,1,1,2!21,L , eR : ~ 5̄1,1,1!22,R , ~6.1!

and the SM-singlet fermions transform as

cR
i j : ~10,1,1,1!0,R , zR

i j ,a : ~10,2,1,1!0,R ,

Ajk,R
i : ~45,1,1,1!0,R . ~6.2!

This model includes a mixed tensor representation
SU(5)ETC, the (45,1,1,1)0,R5Ajk,R

i . The mixed tensor rep-
resentationAjk

i is antisymmetric in the indicesj,k and satis-
fies the tracelessness condition( i 51

N Aik
i 50, which amounts

to N equations, so that its dimension isN(N22)(N11)/2.
The contributions of the SM-singlet fermions to th
SU(5)ETC gauge anomaly satisfy the DES subcase of con
tion ~4.3!: A(cR)51, A(zR)52, A(A)52A(45SU(5))56. It
is therefore anomaly-free. Although the particular model
this type that we studied did not lead to an overall improv
ment in predictions, we believe that the analysis of mod
with different types of fermion representations is worthwhi

Some of the defects of the class of models conside
here, including the explicit model analyzed in Sec. IV, deri
from the fact that the Dirac submatrix that exerts domin
control over the generation of masses for the primary m
eigenstates in the observed electroweak-doublet neutr
satisfies the relation~4.39!. This, in turn, reflects the fact tha
there is only one, common mass suppression mechanism
the down-type quarks, charged leptons, and Dirac neut
masses relative to the up-type quarks~the use of conjugate
ETC representations for the left- and right-handed down-t
quarks and charged leptons, and a similar arrangemen
the left- and right-handed neutrinos!. The relation~4.39! pre-
vents a simultaneous fit to all of these masses.

One salient property of the present class of models is
the bi j Dirac neutrino mass terms relevant to the sees
2-26
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connect the left-handed electroweak-doublet neutrinos
right-handed SM-singlet fermions whose masses arise
loop effects rather than directly, via participation in conde
sates. The models do contain a different type of Dirac m
term ~the di , jk) which connect the left-handed electrowea
doublet neutrinos with right-handed SM-singlet fermio
that participate directly in condensates and hence gain la
dynamical masses. In our models, thedi , jk terms do not play
an important role in driving a seesaw mechanism. It wo
be valuable to develop models in which thedi , jk terms do
play a central role, thus avoiding the constraint~4.39!.

Two interesting directions for future research sugg
themselves. First, it is important to construct extensions
the class of models considered here which contain inte
tions yielding sufficiently large masses for the light, SM
singlet Nambu-Goldstone bosons. Second, in the pre
work, and its progenitors@5,7,9#, the extended technicolo
symmetry breaking at levels belowL1 involves a combina-
tion of the ETC interaction and another strongly coup
gauge interaction, namely hypercolor. It would be wor
while to try to construct models in which all of the ET
symmetry breaking could be achieved without recourse
another gauge interaction that is strongly coupled at a sim
energy scale. Ideally, one would be able to achieve both
these goals in a single new model.
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APPENDIX: ETC GAUGE BOSON MIXING

The estimates in Sec. IV of the fermion mass matrices
our model depend critically on mixing among the ETC gau
bosons. Here we list for each symmetry-breaking seque
those mixings that are nonzero, and estimate their ma
tudes. The fact that some mixings vanish can be unders
from global symmetry considerations. This discussion is p
vided in Sec. IV for each symmetry-breaking sequence.

1. Definitions and identities

For a fermionf L , transforming, say, according to the fun
damental representation of SU(NETC), the basic coupling is
given by

L5gETCf̄ i ,LTa~Va
l! j

i gl f L
j ~A1!

where theTa , with 1<a<NETC
2 21, are the generators o

SU(NETC), and theVa are the corresponding ETC gaug
bosons. Just as in weak interactions one switches from
Cartesian basisAa

l , with a51,2,3, to a basis comprised o
the linear combinations of gauge bosons (W6)l[(A1

l

7 iA2
l)/& corresponding to the SU~2! shift operatorsT6

5T16 iT2 , so also it is convenient to use the analogo
basis for the ETC gauge bosons corresponding to nondi
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nal generators here. In the SU~2! case, one may labelW1

5V2
1 andW25V1

25(V2
1)† ~suppressing the Lorentz index!,

meaning that for a fermion in the fundamental represen

tion, say f L5( f 2
f 1

)L , one has a vertex in whichf L
1 absorbs a

V1
2 or emits aV2

1, making a transition tof L
2 with coupling

gwk /&. Similarly, for SU(NETC) we use a basis in which th
gauge bosons corresponding to nondiagonal, shift opera
are labeled asVj

i 5(Vi
j )†, where 1< i , j <NETC, iÞ j . The

associated vertex is (gETC/&) f̄ i ,L(Vj
i )lgl f L

j . Analogous
comments apply to the couplings of the ETC gauge bos
to the right-handed components off, and also, with appropri-
ate changes to theories with the left- or right-handed com
nents of f transform according to a conjugate fundamen
representation. We retain the Cartesian basis for the E
gauge bosons corresponding to diagonal Cartan generato
SU(NETC) and hence write them asVa , wherea5n221 for
2<n<NETC.

To discuss the ETC gauge boson mixings that will
important for generating various contributions to fermi
mass matrices, we consider the one-particle-irreduc
vacuum polarization tensorn

k) j
i (q)ml producing the transi-

tion Vj
i →Vn

k . We assume that the diagonal masses of th
fields have already been included, and therefore exclude
casei 5k, j 5n from consideration here. Because the m
menta in the loop in Fig. 2 and its analogue for the charg
leptons are cut off by the technicolor dynamical mass ins
tion on the internal technifermion line at a scaleLTC which
is small compared to the lowest ETC scale, we shall n
only the expressions for ETC gauge boson mixing evalua
effectively at zero momentum, i.e.,n

k) j
i (0)ml . While

n
k) j

i (q)ml must be transverse because the underlying curr
are conserved, the appearance of a Nambu-Goldstone
associated with the symmetry breaking means thatn

k) j
i (0)ml

can be nonzero. We focus on thegmn piece~it is simplest to
imagine working in Landau gauge for this purpose! and de-
fine the zero-momentum coefficient ofgmn to be n

k) j
i (0).

Mixing among group eigenstates (Vj
i )m , is in general to

be expected, setting in as the SU(5)ETC breaks sequentially
to SU(2)TC. Because of the mixings among the ETC gau
bosonsVj

i , the corresponding mass eigenstates are c
prised of linear combinations of these group eigensta
Since these masses are hierarchical, it will be useful to c
tinue to refer loosely to the ‘‘masses’’ of various ETC gau
bosons. When a gauge group SU(N) breaks to SU(N21),
the 2N21 gauge bosons in the coset SU(N)/SU(N21) pick
up mass. For example, as the energy decreases throug
scale L1 , SU(5)ETC breaks to SU(4)ETC and nine ETC
gauge bosons gain masses. These consist of the four g
bosons (V1

i )m , i 52,3,4,5, together with their adjoint
(Vi

1)m , and the gauge boson corresponding to one diago
generator. Similar comments apply for subsequent breaki
The existence of mixing among these group eigenstates
be seen to occur in each of the symmetry breaking seque
considered here. In the presence of this mixing among E
gauge bosons, one must rediagonalize the associated 2-
functions to obtain the actual mass eigenstates. Our pr
dure is equivalent to this diagonalization, to the order that
2-27
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work. We note here that the relation (Vj
i )m

† 5(Vi
j )m , leads to

some basic identities forn
k) j

i (q)ml :

Un
k) j

i ~q!mlU5U j
i ) n

k ~q!mlU5U i
j) k

n ~q!mlU. ~A2!

2. ETC gauge boson mixing
for symmetry-breaking sequence 1

For the symmetry-breaking sequence 1, it turns out t
the following ETC gauge boson mixings occur~and will in-
duce others!:

V1
4↔V5

3, V1
5↔V4

31~4↔5!, ~A3!

V2
4↔V5

2, V2
5↔V4

2, ~A4!

V1
t ↔V3

t , t54,5. ~A5!

It is useful to classify these mixings according to their sel
tion rules under the maximal subgroup U(3)3SU(2)TC of
SU(5)ETC, where the U~3! is the group of transformation
operating on the three ETC generation indicesi 51,2,3,
while the SU(2)TC subgroup operates on the remainingi
54,5 indices. Thus the mixings of Eqs.~A3! and~A4! are of
the form

~ 3̄,2!↔~3,2̄!'~3,2! ~A6!

where the second equality 2'̄2 follows from the fact that
SU~2! has only~pseudo!real representations. The mixings
Eq. ~A5! are of the form

~3,2!↔~3,2!. ~A7!

The mixings~A3! and~A4! were present in theGa sequence
of Ref. @7#. Diagrams for the mixings~A3!–~A5! are given in
Figs. 8–10. The fact that only these mixings and the indu
ones in Eq.~A14! are nonzero is explained from global sym
metry considerations in Sec. IV. One can see how the tra
formation property~A6! arises by inspection of the gaug
fermion vertices and dynamical mass insertions. Consi
for example, the graph in Eq.~A3!. The incomingV1

4 trans-

forms as (3̄,2) under the maximal subgroup U(3)gen.
3SU(2)TC of SU(5)ETC; at the leftmost vertex, it produce
a virtual zz̄ pair; here thez̄ is written as thezR

12,a moving

backward on the loop and transforming as (3,̄2,2) under
U(3)gen.3SU(2)TC3SU(2)HC, while thez in the pair is the

FIG. 8. A one-loop graph contributing to the ETC gauge bos
mixing V1

4↔V5
3 in symmetry-breaking sequence 1.
01500
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zR
24,a moving forward on the loop and transforming as

~3,2,2! under the above group. Thus the U(3)gen. flow at the
leftmost vertex involves three 3’̄s flowing into the vertex, for
a U(3)gen. singlet. The dynamical mass insertion on the u
per fermion line of the loop, in which thezR

24,a goes to a
z25,b,L

c is such that two 2’s of SU(2)TC flow into the vertex,
and two 2’s of SU(2)HC flow into the vertex, so that it is
invariant under SU(2)TC and SU(2)HC; however, this vertex
transforms a 3̄of U(3)gen. into a 3 of U(3)gen.. On the lower
fermion line in the loop, reading in the direction of the arro
from right to left, thez23,b,L

c is transformed into azR
12,a , i.e.,

a 3 into a 3̄of U(3)gen.. Combining these with the rightmos
gauge-fermion vertex then yields the overall transformat
property ~A6! of this ETC gauge boson mixing. Simila
analyses can be made for each of the other such diagra

Each nonzero mixing will be estimated from the corr
sponding graph~s! by assigning a dynamical mass to the fe
mions in each loop. Given the uncertainties associated w
strong coupling, this can at most provide an order of mag
tude estimate of the mixing. As an illustration, consider t
mixing 5

3)1
4(0) arising from the graph in Fig. 8.~Recall that

we will need this quantity only at zero momentum.! We es-
timate its size in terms of the integral~after Wick rotation!

U5
3) 1

4 ~0!U5U4
3) 1

5 ~0!U
.

1

2 S gETC

&
D 2

NHC

4p2 E ~k2dk2!k4S3~k!2

~k21S3
2!4

.
gETC

2 L3
2

24
. ~A8!

n FIG. 9. A one-loop graph contributing to the ETC gauge bos
mixing V2

4↔V5
2 in symmetry-breaking sequence 1. The analogo

graph with the ETC indices 1 and 3 interchanged on internal
mion lines also contributes to this mixing.

FIG. 10. A one-loop graph contributing to the ETC gauge bos
mixing V1

t ↔V3
t , wheret54,5, in symmetry-breaking sequence 1
2-28
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Here, the first factor of 1/2 reflects the chiral nature of t
gauge-fermion couplings,NHC52 arises from the sum ove
hypercolors in the loop, the (k2dk2) is the measure afte
angular integration, the factor ofk4 arises from the numera
tors of the four fermion propagators, andS i is the dynamical
mass of the fermions that condense at the scaleL i ~an ETC
or TC scale!.

The crude estimate,gETC
2 L3

2/24, is made as follows. If the
condensation occurs in an SU(N) gauge theory, then for Eu
clideank&L i , S i(k).S i ,052p f n /AN, wheref n is the as-
sociated pseudoscalar decay constant. For example, in Q
one can define the dynamical~constituent! quark mass as
mr/2 or mp,n /Nc ; these definitions yield the values 385 a
313 MeV, respectively, which also indicate the size of t
theoretical uncertainty in this quantity. Taking the avera
350 MeV, and comparing this with the value of 337 Me
obtained from the above relation, one finds agreemen
about 5%. In general, using the relationf i.(L i /2)AN/3
yields the relationS i ,0.(p/))L i . This, too, works well in
the case of QCD, where, withLQCD.180 MeV, the right-
hand side is.330 MeV, in agreement, to within the unce
tainty, with the 350 MeV estimate given above for the co
stituent quark mass. For high momentumk@L i , S i(k) has a
behavior that depends on the type of theory: likeS i ,0

3 /k2 up
to logarithms for a QCD-like theory, and, in contrast, rough
like S i ,0

2 /k for a walking theory. In Eq.~A8! the condensation
scale for the fermions in the loop isL3 , whence the appear
ance ofS3(k). We make the conservative assumption th
the TC theory walks only up to the lowest ETC scale,L3 ,
and hence useS3(k).S3,0

3 /k2 for the large-k behavior of
this dynamical mass.

Consider next the loop diagram for the mixingV1
t ↔V3

t

with t54,5, shown in Fig. 10, and involving fermion mass
that are all of orderL3 . Using the same approach as abo
~and taking into account the contributions of bothvb,p,R

c

fields with p51,2), this yields

U1
t ) 3

t ~0!U. gETC
2 L3

2

12
for t54,5. ~A9!

The loop diagram for the mixingV2
4↔V5

2 shown in Fig. 9
involves fermion masses with two different scales,L2 for
zR

34,a and z15,b,L
c ~as well aszR

14,a and z35,b,L
c ), and L3 for

zR
23,a andz12,b,L

c . In this case, the mass mixing contributio
for each of the two sets ofz’s that contribute, summed ove
hypercolor, is

1

2 S gETC

&
D 2

NHC

4p2 E ~k2dk2!k4S2~k!S3~k!

~k21S2
2!2~k21S3

2!2

.S gETC
2 NHC

4p2 D S S3,0
3 S2,0

S2,0
2 D .

gETC
2

24
S L3

L2
DL3

2.

~A10!

Here since the loop momentumk extends above the smalle
condensation scaleL3 , we have used the formS3(k)
.S3,0

3 /k2, and since the important contributions to the in
01500
e

D,

,

to

-

t

-

gral do not extend much beyond the higher scaleL2 , we
have usedS2(k).S2,0. TheS2,0

2 in the denominator is from
a propagator factor that can be pulled out of the integ
given its degree of convergence. Thus, more generally
loop integral of this type has a quadratic dependence on
smaller of the two condensation scales, further suppresse
the ratio of the smaller to the larger scale. Multiplying b
another factor of 2 to take account of the fact that, for ea
set of hypercolors, there are two sets ofz’s contributing to
the loop, we obtain the estimate

U5
2) 2

4 ~0!U5U4
2) 2

5 ~0!U. gETC
2 L3

3

12L2
. ~A11!

Insertions of these nondiagonal mixings on ETC gau
boson lines give rise to further mixings. Thus

V1
4↔V5

3↔V5
1⇒V1

4↔V5
1 ~A12!

and

V3
4↔V5

1↔V5
3⇒V3

4↔V5
3 ~A13!

so that all of the three mixings,

Vi
4↔V5

i , Vi
5↔V4

i , i 51,2,3, ~A14!

are present with this sequence. We estimate

1
5) 4

1 ~0!55
1) 5

3 ~0!
1

M3
2 5

3) 1
4 ~0!

.S gETC
2 L3

2

12
D 16

~agETCL3!2 S gETC
2 L3

2

24
D .

gETC
2 L3

2

18a2

~A15!

and

5
3) 3

4 ~0!55
3) 5

1 ~0!
1

M1
2 5

1) 3
4 ~0!

.S gETC
2 L3

2

24
D 16

~agETCL1!2 S gETC
2 L3

2

12
D .

gETC
2 L3

4

18a2L1
2 .

~A16!

For the neutrino masses and mixing angles, we need
estimate ofr 23 in the mass matrix (MR)aa of Eq. ~4.19!,
which plays the role as the large mass in the seesaw me
nism. This is generated as in Fig. 4. Since the dynam
mass insertion on the internal fermion line in this graph is
order the largest ETC scale,L1 , the loop momenta extend
up to this scale, so that one needs to evaluate the ETC g
boson mixingV4

1↔V1
5 @which occurs via the combination

~A12!# for momentaq up to L1 . Thus in the contribution to
this transition involving two successive fermion loops on t
ETC gauge boson line, and hence fourL3-scale dynamical
fermion mass insertions, each of these will be of the fo
S3}L3

3/Q2, whereQ denotes the maximum of the incomin
2-29
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ETC gauge boson momentumq and the fermion loop mo-
mentumk. This leads to a strong suppression of the result
r 23.

ETC gauge boson loop diagrams with various insertio
yield still further mixings. An example is shown in Fig. 11
which involvesV2

4→V5
2 andV4

1→V4
3→V1

5 transition on vir-
tual ETC gauge boson lines in the loop, yielding the ove
transitionV2

1→V1
2.

The ETC gauge boson mixingV2
3→V1

2 is generated, e.g.
by a diagram analogous to Fig. 11, in which the upper a
lower lines~reading from left to right! contain the respective
transitionsV2

4→V5
2 and V4

3→V4
1→V5

3→V1
5. The mixingV3

1

→V1
3 is generated, e.g., by an analogous diagram in wh

the upper and lower lines contain the respective transiti
V3

4→V1
4→V5

3 and V4
1→V4

3→V1
5. The combination

V2
3↔V1

2↔V2
1↔V3

2 yields the mixingV2
3↔V3

2.
From these mixings and the identity~A2!, it follows that,

for this model with any symmetry-breaking sequence,

uMi j
~ f !u5uM ji

~ f !u. ~A17!

3. ETC gauge boson mixing
for symmetry-breakin gsequence 2

For symmetry-breaking sequence 2, we obtain, to be
with, the ETC gauge boson mixings

V2
4↔V5

3, V2
5↔V4

3, ~A18!

V1
t ↔V3

t , t54,5, ~A19!

and

FIG. 12. A one-loop graph contributing to the ETC gauge bos
mixing V3

4↔V5
2 for the symmetry-breaking sequence 2.

FIG. 11. One-loop graph contributing to the ETC gauge bo
mixing V2

1↔V1
2 in sequence 1. The indices on the ETC gau

bosons in the loop are written with the convention that both up
and lower lines go from left to right. The graph with indices 4 a
5 interchanged on the internal gauge boson lines also contribu
01500
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V4
i ↔Vi

5, V5
i ↔Vi

4, i 51,2,3. ~A20!

The mixings ~A18! and ~A19! were present in theGb
sequence of Ref.@7#. We show in Figs. 12–14 some dia
grams that give rise to the mixings~A18!–~A20!.

It is useful to note a general relation connecting the
quencesGa andGb of Ref. @7# insofar as they involve con
densates of thez fields and resultant ETC gauge boson m
ings, namely that these condensates and mixings in sequ
Gb are related to those for sequenceGa by the interchange of
the ETC indices 1 and 2~holding other ETC indices fixed!
with appropriate changes in the condensation scale. Thus~i!
the condensate~4.27! occurring at scaleL2 in sequence 1
goes over, under this interchange of indices, to the cond
sate~4.48! occurring at scaleLBHC in sequence 2;~ii ! the
condensate~4.29! at scaleL3 in sequence 1 goes over to th
condensate~4.53! at LTC in sequence 2;~iii ! the condensate
~4.30! at L3 in sequence 1 goes over to~4.50! at L23 in
sequence 2; and~iv! the condensate~4.31! at L3 in sequence
1 goes to the same condensate, now atL23, in sequence 2,
and the condensate~4.32! at L3 in sequence 1 goes to thei
53 case of~4.51! at L23 in sequence 2. We shall denote th
interchange symmetry with corresponding changes in c
densation scales asS12.

By methods similar to those above, we estimate

U5
3) 2

4 ~0!U5U4
3) 2

5 ~0!U. gETC
2 LTC

3

24L23
, ~A21!

U5
1) 1

4 ~0!U5U4
1) 1

5 ~0!U. gETC
2 L23

3

12LBHC
,

~A22!

n

n

r

s.

FIG. 13. A one-loop graph contributing to the ETC gauge bos
mixing V1

4↔V5
1 for the symmetry-breaking sequence 2. The gra

with the index interchange 2↔3 on the internal fermion lines also
contributes.

FIG. 14. A one-loop graph contributing to the ETC gauge bos
mixing V2

t ↔V3
t , wheret54,5, in symmetry-breaking sequence 2
2-30
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U2
t ) 3

t ~0!U. gETC
2 L23

2

12
for t54,5. ~A23!

Note that for the mixing in Eq.~A22!, for a given set of
hypercolors, two pairs ofz’s contribute, while in the case o
Eq. ~A23! we sum overp51,2 for the contributions of the
vb,p,L

c .
As was the case for sequence 1, insertions of these

diagonal mixings on ETC gauge boson lines give rise
further mixings. Thus

V2
4↔V5

3↔V5
2⇒V2

4↔V5
2 ~A24!

and

V3
4↔V5

2↔V5
3⇒V3

4↔V5
3 ~A25!

so that all of the three mixings

Vi
4↔V5

i , Vi
5↔V4

i , i 51,2,3 ~A26!
l.

s.
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occur. We estimate

2
5) 4

2 ~0!55
2) 5

3 ~0!
1

M23
2 5

3) 2
4 ~0!.

gETC
2 LTC

2

18a2 ,

~A27!

3
5) 4

3 ~0!53
5) 2

5 ~0!
1

M23
2 2

5) 4
3 ~0!.

gETC
2 LTC

2

18a2 ,

~A28!

where again we note that there is significant theoretical
certainty in the coefficients because of the strong ETC c
pling. ETC gauge boson loop diagrams with various ins
tions yield still further mixings in a manner similar to tha
discussed above.

We summarize the ETC gauge boson mixings for the t
symmetry-breaking sequences that we consider in this p
and, for comparison, the two simpler ones denotedGa and
Gb in Ref. @7#, in Table II. The symmetry S12 connectin
sequences 1 and 2 is evident here.
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