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We investigate theJ/c1c1 c̄ photoproduction ine1e2 collision at CERN LEP II energies. The physical
motivations for this study are the following:~1! such a process was not considered in previous investigations
of J/c photoproduction ine1e2 interaction, and we show in this work that it is worthwhile to do so in order
to make sound predictions for experimental comparison;~2! from recent Belle experiment results, the process
with the same final states at theB factory has a theoretically yet unexplainable large fraction; hence it is
interesting to see what may happen at other colliders;~3! the process can be measured with a high accuracy at
the planned linear colliders;~4! it is necessary to take this process into consideration in elucidating the
quarkonium production mechanism, especially in testing the universality of nonrelativistic QCD nonperturba-
tive matrix elements. We find that the process concerned is really important at LEP experimental energies;
within the theoretical uncertainties, it is of similar magnitude to the other color-singlet processes when the
transverse momentumpT.1 GeV. Nevertheless, to explain the recent DELPHI experimental result, the color-
octet mechanism is still necessary, but with a shrunken contribution compared to previous analysis. It is found

that theJ/c1c1 c̄ photoproduction process cannot be mimicked by the simple fragmentation scheme.

DOI: 10.1103/PhysRevD.69.014015 PACS number~s!: 14.40.Gx, 13.87.Fh
ic
0
na
te
re
ay
es
p
he
O

rb
-

D
c
h

l-
-
ed
D
c
on
an
sm
rix
o

ce
te

c-

he
nts

e
with

c-

re-

n
ir,

s,

is’’
the
on
i-
e’’
um
I. INTRODUCTION

Quarkonium physics is still an interesting research top
while the first quarkonium stateJ/c was discovered about 3
years ago. Because of its approximately nonrelativistic
ture, the description of the heavy quark and antiquark sys
is one of the simplest applications of QCD. The highly p
cise experimental results for quarkonium leptonic dec
cause the heavy quarkonium to play a crucial role in inv
tigations of various phenomena, such as measuring the
ton distribution in hadron-hadron collisions, detecting t
quark-gluon-plasma signal, and even new physics, etc.
the other hand, an interplay of perturbative and nonpertu
tive quantum chromodynamics~QCD! happens in quarko
nium production and decays, which can therefore stand
probes in investigating the nonperturbative nature of QC

Quarkonium physics has experienced dramatic advan
in recent years; among them the current focus in the field
been on the color-octet mechanism~COM! @1#, triggered by
the high-pT J/c surplus production discovered by the Co
lider Detector at Fermilab~CDF! Collaboration at the Teva
tron in 1992@2–4#. The color-octet scenario was propos
based on a novel effective theory, nonrelativistic QC
~NRQCD! @5#. Having achieved the first step towards su
cess in explaining the CDF data, the COM also has a str
impact on almost every aspect of quarkonium physics,
various efforts have been made to confirm this mechani
or to fix the magnitudes of the universal NRQCD mat
elements. Although the theoretical framework seems to sh
qualitative agreement with experimental data, there are
tain difficulties in the quantitative estimate of the color-oc
contribution @6#, in particular, inJ/c and c8 photoproduc-
0556-2821/2004/69~1!/014015~10!/$22.50 69 0140
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tion at the DESY ep collider HERA @7–10,12#, and
J/c (c8) polarization in large transverse momentum produ
tion at the Fermilab Tevatron@13–15#, and more recently in
B factories.

It is widely expected that theB factories will provide
clearer information about quarkonium production. T
B-factory experiments recently reported their measureme
on prompt charmonium production ate1e2 colliders atAs
510.6 GeV@16–18#. To one’s surprise, both their inclusiv
and exclusive measurements have large discrepancies
theoretical calculations@19–24#. Among the puzzling fea-
tures of theB-factory data, in particular, the total cross se
tion of the exclusivee11e2→J/c1hc process is found to
be about an order of magnitude larger than theoretical p
dictions @22–24#. That is@18#,

s~e11e2→J/c1hc!3B~hc→>4 charged!

5~0.03320.006
10.00760.009! pb. ~1!

The Belle Collaboration@18# also found a large cross sectio
for J/c inclusive production along with an open charm pa
the same final state process that we are going to discus

s~e1e2→J/c1cc̄!

s~e1e2→J/c1X!
50.5920.13

10.1560.12, ~2!

which is far greater than theoretical expectations@19–21#.
The newB-factory data, in some sense, pose a new ‘‘cris
in the study of quarkonium physics. Therefore, to reveal
problems lying behind the prevailing quarkonium producti
mechanisms~models! is currently an urgent task, and poss
bly has a long way to go. Nevertheless, the Belle ‘‘puzzl
does not really mean the failure of QCD based quarkoni
©2004 The American Physical Society15-1
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production mechanisms, like NRQCD and the color-sing
CS model. The ‘‘crisis’’ may stem from the unexplore
higher-order contributions, for instance, and other yet
known reasons within the framework of NRQCD.

The final establishment of NRQCD factorization as t
correct theory of quarkonium production and decays s
needs more tests. The universality of NRQCD matrix e
ments is one of the critical points to be verified. People h
tried many ways to discover the universality of the COM
different colliders; so far there is still no decisive result eith
proving or disproving it.

Quarkonium photoproduction ine1e2 collisions has been
investigated by several groups@25#; and, very recently, base
on leading order perturbative QCD analyses, Klasenet al.
@27# find that the new DELPHI@28# data evidently favor the
NRQCD formalism forJ/c production, but rather the con
ventional color-singlet model@29#, which is quite encourag
ing. Considering that the data accumulated at all four L
detectors at CERN may still tell us more about quarkoni
production in the future, we realize it is meaningful to inve
tigate quarkonium photoproduction in more detail. We fi
that, although superficially theg1g→J/c1c1 c̄ process
stands as a subleading order process~in the sense of strong
coupling in comparison with the resolved photon process!,
its contribution to quarkonium production is not really ne
essarily minor compared to other processes within the
prescription. In direct photon production, the process c
cerned here is obviously the leading-contribution proce
since in experiment theJ/c1g final state process is sup
pressed. In the case of resolved photon production, Ref.@27#
finds that single resolved photon processes give the domi
contribution. The resolved processes in general are s
pressed by the parton distribution probability, but may
compensation from the order of the coupling constant~s!. To
find whether direct or resolved processes dominate inJ/c
photoproduction at LEP, one needs to do a concrete calc
tion.

The remainder of the paper is organized as follows.
Sec. II, we give a description of our calculation procedure
Sec. III, our numerical results are presented, where the
oretical calculation ofJ/c1c1 c̄ photoproduction ate1e2

colliders is confronted with recent experimental results
LEP. Finally, we give our summary and conclusions.

II. PHYSICS MOTIVATION AND FORMALISM

As explained in the Introduction, we are going to add t
processg1g→J/c1c1 c̄ in e1e2 scattering to the analy
ses ofJ/c inclusive production at LEP II. Here, the collidin
photons can participate in the hard interaction either direc
or in resolved contributions through their hadronic comp
nents. As realized, both direct and resolved processes ca
of the same order within the energy distribution range we
interested in@27#. In this sense, since the process we consi
is perturbatively at subleading order relative to the resol
processes considered in@27#, it looks negligible at first
glance. However, the complexity of this process makes
order analyses nontransparent. Further, there is no obv
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reason to disregard this process while taking color-octet p
cesses into consideration. Therefore, to make an overal
timation of J/c photoproduction at LEP and draw conclu
sions without considering the new proposed process may
some risk, as shown in the next section. Of course, in
case of having enough events, as inspired byB-factory ex-
periments, one may expect that the process concerned w
clearly distinguished from other processes. In addition, si
the J/c1c1 c̄ final states have a relatively large invaria
mass, it is easy to imagine that the resolved-photon con
bution for this process will be less important than the dir
one, which is confirmed by our numerical evaluation. W
find in explicit calculation that the resolved-photon contrib
tion is really negligibly small.

On the other hand, it is easy to attribute theg1g→J/c
1c1 c̄ process approximately to a simple fragmentation r
resentation, where charmonium is produced via charm qu
fragmentation. It is worthwhile to mention that the situatio
here is different from and more complicated than quar
nium production in, e.g.,Z0 decays, where the fragmentatio
mechanism works quite well, and the calculation can
greatly simplified by taking the fragmentation limit. Her
some ‘‘nonfragmenting’’ graphs are not negligible. Explic
numerical results given in the next section support this ar
ment.

Generally speaking, in photon-photon collisions the int
acting photons can either originate from the bremsstrahl
of high-energy electron-positron collision, beamstrahlu
or, theoretically, be obtained by Compton backscattering
laser light off linear acceleration~LINAC ! electron beams,
realizing photon-photon collision at a linear collider wi
approximately the same luminosity as that of thee1e2

beams. In this work we will study only the first case a
confront our result with the experimental data analyzed
cently by the DELPHI Collaboration of the LEP II exper
ment at CERN.

The source of photons from electron-positron bremsstr
lung can be well formulated in the Weizsa¨cker-Williams ap-
proximation@30#:

f g/e~x!5
ae.m.

2p F11~12x!2

x
log~Qmax

2 /Qmin
2 !

12me
2xS 1

Qmax
2

2
1

Qmin
2 D G , ~3!

where Qmin
2 5me

2x2/(12x)2 and Qmax
2 5(Eu)2(12x)

1Qmin
2 with x5Eg /Ee , u the experimental angular cut i

order to ensure that the photon is real, andE5Ee5As/2.
Our process of interest involves 20 Feynman diagra

Ten are shown in Fig. 1 and the remaining ten are just th
charge conjugates. It is evident that in this process
quarkonium can be formed in the CS configuration, wh
may be formulated coincidentally in both the CS model a
the NRQCD description at leading order.

Calculation of the promptJ/c production rate is carried
out by the standard procedure with the normalization of
spin projection operators for quarkonium production taken
5-2
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FIG. 1. Half of the Feynman diagrams of the discussedJ/c producing subprocessg1g→J/c1c1 c̄. The missing diagrams are th
charge conjugates of the ones shown and can be simply obtained by flipping the fermion flow directions.
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PS,Sz
~P;q!5 (

s1 ,s2

vS 2
2q;s2D ūS 2

1q;s1D
3K 1

2
,s1 ;

1

2
,s2US,SzL , ~4!

whereP, S, and Sz are, respectively, the quarkonium fou
momentum, its spin, and thez component of the spin;q is the
relative momentum of the heavy quarks; ands1 ,s2 represent
their spins. In the nonrelativistic limit, forS-wave states, to
leading order the covariant forms of the projection operat
are very simple:

P0,0~P;0!5
1

2A2
g5~P” 1M !, ~5!

P1,Sz
~P;0!5

1

2A2
e”* ~P,Sz!~P” 1M !, ~6!

respectively, for the pseudoscalar and vector quarkon
states. Hereem(P,Sz) denotes the polarization vector of th
spin-1 quarkonium state, andM52mc is its mass. Here,mc
is the charm quark mass. The projectors~5! and ~6! map a
QQ̄ pair into theS-wave states. In our study we also repe
previous calculations, whereJ/c prompt production was
considered; that is, theJ/c coming from higher excited stat
feeddown is taken into consideration. ForP-wave state pro-
duction, to leading order one needs to expand the rela
momentum of heavy quarks to first order. Of the spin p
jectors they are

P0,0
a ~P;0!5

1

2A2M
@gag5~P” 1M !1g5~P” 1M !ga#, ~7!
01401
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P1,Sz

a ~P;0!5
1

2A2M
@gae”* ~P” 1M !1e”* ~P” 1M !ga#, ~8!

respectively.
With the above spin projectors, the amplitudes for theg

1g→J/c1c1 c̄ process can be obtained; they are p
sented in the Appendix for reference and comparison. N
ertheless, the matrix element squared is too lengthy to
shown here. The whole calculation is evaluated by using
automatic Feynman diagram calculation~FDC! @31# pack-
age. Interested readers, who want to have the lengthy exp
sions and the correspondingFORTRAN program, are encour
aged either to download directly from the website or write
us.

III. NUMERICAL RESULTS

As stated above, we perform calculation of the Feynm
diagram algebra by a computerized program, where the
projector method was built in, and which is more suitable
evaluating complicated processes. The Feynman diag
analytic formulas, andFORTRAN source are generated by th
FDC. This program was employed in the past in calculat
the J/c electromagnetic production at electron-positron c
liders @32#, and in many other applications. In order to fu
ther assure the applicability of this program, in preparing t
work we repeated several other independent processes
compared with the results given in the literature. The num
cal calculation is performed in batches by a Monte Ca
subroutine also encoded in the FDC.

The overall differential cross section ofJ/c photoproduc-
tion can be obtained by the double convolution of the cr
sections of parton-parton~photon-photon! to J/c processes,
with the parton distribution functions photon distributio
densities given schematically by
5-3
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ds5E dx1dx2dt fg~x1! f g~x2!(
i , j ,k

E dxidxj

3 f i /g~xi ! f j /g~xj !ds i 1 j→c1k~xi ,xj !. ~9!

Here, f g(x) represents the photon density ine1e2 colli-
sions or at photon colliders, andf i /g(x)( i , j 5g,g,u,d,s) de-
notes the Glu¨ck-Reya-Schienbein parton distribution fun
tions in photon@33#. For direct photon-photon interaction,
is obvious thatf g/g(x) will be a delta function.

In doing numerical calculations, the general parame
are taken asa51/137.065, ^O J/c(3S1

[1] )&51.4 GeV3, mc

51.560.1 GeV,LQCD
(4) 5174 MeV @26#, and the strong cou

pling is running with the renormalization scalem5mT .
Here,mT5Amc

21pT
2 is the normally defined transverse ma

of J/c. The factor (J/c1c8)51.278 is used to include th
c8 contribution. Taking the nonrelativistic limit, theJ/c
mass is taken to be twice the charm quark mass, and the
charm pair has the same mass as the charm quark inJ/c,
otherwise the gauge invariance will be broken. To retain c
sistency with other analyses, our choice of parameters i
accordance with that taken in Ref.@27#. For details of the
choices, e.g., the magnitudes of color-octet matrix eleme
readers are recommended to refer to theCTEQ5L fit used by
@27#.

In Fig. 2 we present our process versus other theore
predictions@27# and the recent DELPHI experimental resu
@28#, where to avoid nonphotoproduction processes the
variant mass of thegg system is limited toW<35 GeV as in

FIG. 2. The transverse momentum distribution ofJ/c photopro-
duction in the LEP II experiment. The results for theg1g→J/c

1c1 c̄ process are confronted with the central values in a previ
study in Ref.@27# and the recent DELPHI experimental result@28#.
The upper bound of the shaded band is obtained at the renor
ization scaler 50.5(MT) andmc51.4, and the lower one atr 52
andmc51.6.
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the experiment. The maximum angle ensuring a real pho
in Eq. ~2!, umax, is taken to be 32 mrad. As shown in th
figure, the previously considered leading order CS proces
contribute less than the process we are considering
when the transverse momentum is larger than 1 GeV. W
the transverse momentum is small we know the diffract
interaction process will make the leading contribution f
J/c production. From the figure, the discrepancy betwe
experimental data and color-singlet calculations is redu

after including theg1g→J/c1c1 c̄ process, although the
CS contributions still fall below the data even with the op
mal choice of the errors. In drawing Fig. 2, the FDC w
used to recalculate the NRQCD and CSM processes f
@27# and numerical agreement with their results was o
tained.

The results from the previous study appearing in the
ure are taken only at the central values. We notice that th
are large uncertainties remaining in both the previous an
ses and our calculation, shown as the shaded band. The
oretical errors come mainly from the influence of scale d
pendence (m50.5mT ,mT,2mT), the nonperturbative matrix
element uncertainty, and the variation of the charm qu
mass (mc51.560.1 GeV). The strong scale and mass d
pendence imply that the higher-order relativistic and rad
tive corrections will be large.

As shown in Fig. 2, theg1g→J/c1c1 c̄ process can-
not be reproduced by the fragmentation mechanism@11#

~simply multiplying g1g→c1 c̄ by 2.431024), even on
the high-pT side. This finding means that the nonfragmen
tionlike graphs existing in this process are not negligible
the high-energy and high-pT limit. This characteristic sug-
gests thatBc photoproduction and hadroproduction, wi
their similar topology of Feynman graphs, cannot simply
replaced by a fragmentation mechanism.

In Fig. 3 we present the invariant mass, angular, rapid

and pseudorapidity distributions of theg1g→J/c1c1 c̄
process. The invariant mass of colliding photons starts a
GeV as a physical requirement and ends at 35 GeV as
posed in the DELPHI experiment. The~pseudo!rapidity var-
ies from22 to 2 as also performed in the experiment.

To show the influence of the renormalization scale a
charm quark mass, in Table I we present the dependenc
them of the total cross section. Here,r means the fraction of
the renormalization scalem on the charmonium transvers
mass. That is,m5rmT , wherepT is theJ/c transverse mo-
mentum. The total cross sections are obtained under the
ditions A(10).pT.1.0 GeV, W,35 GeV, and uhu,2,
whereW and h are the final state invariant mass andJ/c
pseudorapidity, respectively.

It is evident that both the renormalization scale and
charm quark mass induce large uncertainties on the t
cross section. Between them, the scale dependence is
important. Under the same physical cut and parameter in
we find that the new process at linear colliders~LCs!, e.g.,
TESLA, gives a total cross section of 0.41 pb at the cen
values of the scale and charm quark mass, which is la

s

al-
5-4
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than the total cross section at LEP as shown in Table I. T
means that the new process can surely be measured with
accuracy at future LCs.

IV. DISCUSSION AND CONCLUSIONS

In this work we performed a calculation of theg1g

→J/c1c1 c̄ process ofJ/c photoproduction ine1e2 in-
teractions in LEP II experiments, which was not taken in
consideration in previous analyses. We find that this proc
is quite large in photon-photon collisions at LEP. The imp
tance of including this process lies in two aspects.~1! It is
the dominant process among all the CS subprocesses
transverse momentum greater than 1 GeV. Since in the l
pT region the diffractive interaction will be overwhelmingl
large, to have a clear signal of it one needs to focus on
large-pT area. ~2! Considering the large uncertainties st
remaining in the color-octet matrix elements, in attempt
either to fix these uncertainties or to test the accuracy
QCD perturbative calculations, it is very necessary to inclu
this new process.

The new process we considered is unique relative to o
processes ofJ/c production ine1e2 scattering. It is obvi-
ously necessary to obtain gauge invariance for the total
plitude. We performed a check and found that there is ga
invariance. It was also checked for other processes with
aim of giving us more confidence in our results. In practi
we performed the gauge invariance check in two differ
ways. At the amplitude level, we replaced the photon po
ization vector~s! by the corresponding momentum, then re
located the independent terms and numerically calculated
amplitude squared; in the other method, we did the repla

FIG. 3. From upper left to lower right, mass distributio
ds/dMgg ; angular distributionds/d cosu; rapidity distribution
ds/dy; and pseudorapidity distributionds/dh.
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ment at the squared matrix element level and then evalu
it. In both cases a large cancellation happened, and up to
precision limit of theFORTRAN program they became zero.

We found that the uncertainty induced by scale variat
is quite large, which means the higher-order correctio
could be big. The uncertainties remaining in the quarkoni
nonperturbative matrix elements and charm quark mass
also sources of theoretical prediction errors.

We also compared the pure fragmentation result with
full calculation, and find that the situation of quarkoniu
production here differs from that inZ0 decays, where the
fragmentation scheme can almost reproduce the full Fe
man diagram calculation results. It is noticed that, after c
sidering our proposed process, the preliminary DELPHI d
are still not explainable by the CSM alone, and the col
octet scenario is still necessary. Nevertheless, since large
certainties remain in both CS and NRQCD analyses, qua
tative conclusions for the universality of color-octet matr
elements are still hard to reach. In our opinion, to have a
next to leading order~NLO! calculation of promptJ/c pro-
duction would be critical on this point and beyond. Althoug
the present DELPHI data are just marginal for observing
g1g→J/c1c1 c̄ signal, it would still be interesting for
experimenters to see whether the accumulated LEP data
sufficient to find it. In any case, at LCs this new proce
should be observed with high precision. It is also noticed t
in previous NLO calculations ofJ/c photoproduction at
HERA @12,34#, the similar order processg1g→J/c(c8)
1c1 c̄ was missing. Naive estimation tells us that the mi
ing part there should not be so important as in the case
photon-photon interactions. A detailed investigation of th
will be presented elsewhere.

ACKNOWLEDGMENTS

C.-F.Q. would like to thank J. P. Ma for discussions
related issues and ITP for their hospitality while part of th
work was done. This work was supported in part by t
National Science Foundation of China with Contracts N
19805015 and No. 90103013 and by the Chinese Acade
of Sciences under Project No. KJCX2-SW-N02.

APPENDIX

We give the matrix elements of the processg1g→J/c
1c1 c̄. Here,e1 ,e2 ,e3 are the polarizations of initial pho
tons andJ/c, respectively; andpi ( i 51,2,3) are their corre-
sponding momenta.

TABLE I. Renormalization scale and charm quark mass dep
dence of the total cross section.

mc51.4 GeV mc51.5 GeV mc51.6 GeV

r 50.5 0.82 pb 0.54 pb 0.37 pb
r 51 0.47 pb 0.31 pb 0.21 pb
r 52 0.30 pb 0.20 pb 0.14 pb
5-5
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M5cū~p4!~c1p3̂e 3̂p1̂e 1̂1c2p3̂e 3̂1c3e 2̂p1̂p3̂e 1̂1c4e 2̂p1̂e 3̂e 1̂1c5e 2̂p3̂e 3̂p1̂e 1̂1c6e 2̂p3̂e 3̂p1̂

1c7e 2̂p3̂e 3̂e 1̂1c8e 2̂e 1̂1c10e 2̂p3̂e 1̂1c11e 2̂p3̂e 3̂1c12e 2̂p3̂1c13e 2̂e 3̂e 1̂1c14e 2̂e 3̂1c15e 2̂p1̂e 1̂

1c16e 2̂p1̂e 3̂1c17e 2̂1c18e 3̂p1̂e 1̂1c19e 3̂e 1̂1c20e 3̂1c211c22p1̂e 1̂1c23p3̂p1̂e 1̂1c24p3̂e 1̂

1c25p3̂1c26e 1̂1c27p1̂1c28p3̂p1̂1c29e 3̂p1̂1c30p1̂p3̂e 3̂1c31e 2̂p1̂p3̂1c32e 2̂p1̂!v~p5!, ~A1!

where

c25
4096a2as

2^O J/c~3S1
[1] !&~J/c1c8!p4

6561mc
, ci5 (

j 51,20
ci , j y j , ~A2!

y15@4x3x10~2mc
22x822x101x15!#

21, y25@22x3~2mc
21x15!~4mc

212x15!#
21,

y35@2x3x8~2mc
21x15!#

21, y45@2x3x8~2mc
22x222x31x14!#

21,

y55@22x4~2mc
21x14!~4mc

212x14!#
21, y65@2x4x8~2mc

21x14!#
21,

y75@2x4x8~2mc
22x222x41x15!#

21, y85@2x8~2mc
21x15!~2mc

21x141x1512x19!#
21,

y95@2x8~2mc
21x14!~2x12x22x8!#21, y105@2x2~2mc

21x14!~2x12x22x8!#21, ~A3!

x15p1•p2 , x25p1•p3 , x35p1•p4 , x45p1•p5 , x55p1•e1 , x65p1•e2 ,

x75p1•e3 , x85p2•p3 , x95p2•p4 , x105p2•p5 , x115p2•e1 , x125p2•e2 ,

x135p2•e3 , x145p3•p4 , x155p3•p5 , x165p3•e1 , x175p3•e2 , x185p3•e3 ,

x195p4•p5 , x205p4•e1 , x215p4•e2 , x225p4•e3 , x235p5•e1 , x245p5•e2 ,

x255p5•e3 , x265e1•e2 , x275e1•e3 , x285e2•e3 , ~A4!

c15@4x24~4y101y313y413y61y713y814y9!14x21~2y31y41y62y72y8!

14x17~2y1012y412y61y812y9!#, ~A5!

c25$x26@4x8~2y82y9!18x4~y101y61y712y9!18x3~2y62y72y9!

14x2~y1022y622y7!18x1~2y101y61y7!18~2mc
2y82x10y81x15y8!#

1@8x24x23~3y61y71y8!18x23x21~y62y71y8!18x24x20~2y323y41y8!18x21x20~y32y41y8!

14x24x16~2y1013y82y9!14x21x16~y101y81y9!116~2x17x20y41x17x23y6!#%, ~A6!

c35@4x7~y1023y32y41y62y71y9!14x25~22y101y32y42y61y723y822y9!

14x22~2y1013y31y41y613y71y812y9!14x13~y1022y322y71y9!#, ~A7!

c45$16mc
2~22y322y71y8!1@4x8~2y1012y312y72y9!14x2~2y1013y31y42y61y72y9!

14x15~2y102y31y41y62y713y812y9!14x14~22y1023y32y42y623y72y822y9!#%, ~A8!

c554mc~2y12y102y22y32y42y52y62y72y82y9!, ~A9!

c65@4x23~y1024y624y713y82y9!14x20~23y1024y624y72y825y9!

14x16~2y1024y624y71y823y9!#, ~A10!

c75@4x8~y81y9!18x4~2y101y61y71y8!14x3~2y1012y312y414y614y71y814y9!

14x2~4y614y713y9!14x1~y1024y624y723y9!14~27mc
2y815x10y825x15y823x19y8!#, ~A11!
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c85$mc
2@16x7~y1014y32y81y9!196x25y8#1@8x25x2~2y31y42y8!

18x22x2~2y1023y32y42y82y9!18x7x15~y32y41y8!18x7x14~y1013y31y41y81y9!

18~3x13x15y812x13x2y313x14x25y823x15x22y823x25x8y822x7x8y3!#%, ~A12!

c1058mcx7~y101y51y61y71y9!, ~A13!

c115mc@8x23~2y52y62y71y8!18x20~y11y21y31y41y8!14x16~y101y81y9!#, ~A14!

c125$x27@4x8~2y82y9!18x4~2y102y62y7!18x3~2y1023y623y723y9!

14x2~y1026y626y724y9!18x1~2y1013y613y712y9!18~2mc
2y82x10y81x15y8!#

1@8x7x23~22y1012y614y723y8!18x25x23~y62y71y8!18x23x22~2y623y713y8!

18x7x20~y1023y32y413y613y713y9!18x25x20~y32y42y8!18x22x20~3y31y41y8!

14x7x16~2y1016y616y72y813y9!14x25x16~2y102y82y9!14x22x16~y101y81y9!

116x23x13~y72y8!216x13x20y3#%, ~A15!

c135$mc@12x8~2y82y9!18x4~y1022y622y72y82y9!18x3~y122y102y32y423y623y724y9!

14x2~23y1022y528y628y722y8210y9!18x15~4y81y9!124x1~y61y71y9!

18~23x10y81x14y91x19y81x9y8!#18mc
3~7y814y9!%, ~A16!

c145$mc
2@64x23~y72y8!116~2x16y824x20y3!#

1@16x8x23~2y71y8!18x23x2~y1023y625y713y82y9!

18x20x2~22y1013y31y424y624y724y9!14x8x16~y81y9!18x4x16~22y101y61y7!

18x3x16~y1013y613y713y9!14x2x16~22y1022y622y71y82y9!18x23x15~2y61y7!

18x20x15~2y31y412y8!14x16x15~y101y81y9!18x23x14~y613y723y8!

18x20x14~23y32y42y8!14x16x14~2y102y82y9!18x16x1~y1023y623y722y9!

18~x10x16y812x20x8y3!#%, ~A17!

c155mc@8x7~y122y31y62y7!18x25~2y101y21y32y42y61y722y82y9!

18x22~2y112y1012y32y512y71y812y9!18x13~2y32y7!#, ~A18!

c165mc@8x23~y1023y623y712y82y9!18x20~22y1023y623y72y824y9!

14x16~23y1022y528y628y71y827y9!#, ~A19!

c175„x27$mc@8x8~y812y9!116x4~22y101y61y7!132x3~y61y71y9!116x2~2y1012y612y712y9!

116x15~2y82y9!116x1~y1022y622y72y9!116~x10y82x14y9!#132mc
3~2y822y9!%

1mc@16x7x23~y62y71y8!116x25x23~2y61y72y8!116x23x22~2y512y723y8!

116x7x20~2y11y1012y31y9!116x25x20~2y22y31y412y8!116x22x20~y122y3!18x7x16~y101y81y9!

18x25x16~y101y81y9!116x23x13~2y712y8!116x20x13~y32y8!18~x13x16y822x16x22y8!#…, ~A20!

c185mc@8x24~4y101y313y413y61y712y814y9!18x21~y1012y412y62y81y9!

14x17~5y1012y213y315y415y613y713y815y9!#, ~A21!
014015-7
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c195$8mc
2~5x17y824x24y8!1@16x24x2~2y1012y61y71y812y9!18x21x2~y1012y61y9!

14x8x17~2y82y9!116x4x17~2y72y8!18x3x17~2y102y32y42y623y72y82y9!

14x2x17~4y1014y624y71y813y9!18x17x1~y613y71y9!

18~24x10x17y82x14x24y813x15x17y82x15x21y822x15x24y813x17x19y81x24x8y8!#%, ~A22!

c205„x26$mc@8x8~2y822y9!116x4~y101y61y712y9!116x15~y81y9!116x1~2y102y9!

18~22x10y812x14y91x2y10!#132mc
3~y812y9!%1mc@16x24x23~3y61y72y8!116x24x20~2y323y4!

116x21x20~22y41y8!18x23x17~5y613y723y822y9!18x20x17~22y223y325y42y822y9!

18x24x16~23y102y823y9!116x21x16~2y102y9!14x17x16~25y1023y829y9!132x21x23y6#…, ~A23!

c215„x26$32mc
2x7~y1022y612y722y9!1@16x8x7~y62y71y9!132x25x2~y61y9!

116x22x2~2y1022y7!132x7x15~2y62y9!116x7x14~y1012y7!116x2x13~2y61y72y9!#%

1x27$mc
2@32x17~2y81y9!164x24y8#1@16x24x2~23y1024y622y72y823y9!116x21x2~2y1022y62y9!

116x3x17~y101y61y71y9!18x2x17~23y1024y623y9!18x17x15~22y81y9!116x17x1~2y62y72y9!

18~2x10x17y81x14x17y912x14x24y812x15x24y81x17x8y822x24x8y8!#%

1x28$mc
2@32x23~y62y71y8!132x20~y32y41y8!116x16~y1013y82y9!#

1@16x23x2~y1013y72y81y9!116x20x2~2y102y31y613y712y9!116x4x16~y101y61y71y9!

18x2x16~4y1012y616y72y814y9!18x16x15~2y82y9!116x23x14~2y71y8!116x20x14~y31y8!

18x16x14~y101y8!18~22x1x16y1022x10x16y822x15x20y412x15x23y62x16x8y812x20x8y422x23x8y6!#%

1@16x7x23x17~23y71y8!116x23x22x17~y72y8!116x7x20x17~2y101y32y623y72y9!

116x22x20x17~2y32y8!116x7x24x16~2y1013y61y71y812y9!116x7x21x16~y62y7!

18x7x17x16~y1012y626y71y81y9!18x22x17x16~2y102y82y9!

116~x13x16x24y82x13x17x20y41x13x17x23y62x16x22x24y82x16x24x25y81x17x20x25y42x17x23x25y6!#…, ~A24!

c225„x28$16mc
2~y102y31y41y62y71y81y9!1@8x8~2y102y42y62y9!

18x2~2y101y32y62y9!18x15~y101y41y612y81y9!18x14~2y32y72y8!#%

1@8x7x17~y102y31y61y9!18x25x17~2y102y42y622y82y9!

18x22x17~y31y71y8!18x17x13~y101y41y61y9!#…, ~A25!

c2358x28mc~2y22y32y72y8!, ~A26!

c245$x28@4x8~y81y9!116x4~y71y8!18x3~y101y31y41y613y71y81y9!

14x2~y1012y616y712y9!18x1~2y623y72y9!18~25mc
2y814x10y824x15y823x19y8!#

1@16x7x24~22y1022y62y72y822y9!18x7x21~2y1022y62y9!14x7x17~25y1026y622y72y825y9!

18~2x13x24y81x17x25y81x21x25y81x22x24y812x24x25y8!#%, ~A27!

c255mcx28@16x23~2y71y8!116x20~y21y31y8!18x16y8#, ~A28!
014015-8
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c265„x28$mc@8x8~2y81y9!132x4~y71y8!116x3~y101y41y612y71y81y9!

18x2~y1012y616y712y812y9!116x1~2y622y72y9!116~3x10y82x14y824x15y823x19y8!#2112mc
3y8%

1mc@16x7x24~23y1023y62y722y823y9!116x7x21~2y1022y62y9!

18x7x17~24y1025y623y72y824y9!

116~2x13x24y81x17x25y81x21x25y81x22x24y812x24x25y8!#…, ~A29!

c275$mcx27@16x24~3y1013y61y71y813y9!116x21~y1012y61y9!18x17~4y1015y613y71y814y9!#

1mcx28@16x23~2y622y71y8!116x20~2y102y622y72y82y9!18x16~2y1022y626y72y9!#

1mcx26@16x7~y62y71y9!116x25~2y61y72y822y9!116x22~y102y512y7!116x13~2y71y9!#%, ~A30!

c285$x27@8x24~3y1013y61y71y813y9!18x21~y62y7!14x17~3y1014y61y813y9!#

1x28@8x23~2y102y623y712y82y9!18x20~22y102y623y72y822y9!14x16~23y1022y626y71y8

23y9!#1x26@8x7~y62y71y9!18x25~2y61y72y822y9!18x22~y101y613y71y9!18x13~22y71y9!#%,

~A31!

c295„x26$16mc
2~2y1012y622y71y813y9!1@8x8~2y61y722y9!116x2~2y62y9!18x15~2y61y813y9!

18x14~2y1022y7!#%1@8x23x17~y613y722y8!18x20x17~y101y613y71y81y9!

18x24x16~23y1023y62y72y823y9!18x21x16~2y61y7!18x17x16~2y102y613y72y82y9!#…, ~A32!

c3058x26mc~2y52y62y72y9!, ~A33!

c3158x27mc~y101y51y61y71y9!, ~A34!

c325„x27$16mc
2~y1014y72y81y9!1@8x2~y62y7!18x15~2y102y61y72y82y9!

18x14~2y101y613y712y9!216x8y7#%1@8x7x16~y1012y71y9!18x25x16~22y71y8!

18x22x16~23y1022y624y723y9!18x16x13~y101y613y71y9!#…. ~A35!
.
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