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Neutrino electroweak radius
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We study a combination of amplitudes for neutrino scattering that can isolate a~gauge-invariant! difference
of chirality-preserving neutrino electroweak radii fornm andnt . This involves both photon andZm exchange
contributions. It is shown that the construction singles out the contributions of the hypercharge gauge fieldBm

in the standard model. We comment on how gauge-dependent terms from the charge radii cancel with other
terms in the relative electroweak radii.
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I. INTRODUCTION

Electromagnetic properties of neutrinos are of fundam
tal importance and serve as a probe of whether neutrinos
Dirac or Majorana particles and of new physics beyond
standard model~SM! @1–30#. In general, the matrix elemen
of the electromagnetic current between initial and final n
trinos c j andck with 4-momentap andp8 is

^ck~p8!uJluc j~p!&

5ec̄k~p8!H gl@F1
V~q2!1F1

A~q2!g5#

1 i
slrqr

mnk
1mn j

@F2
V~q2!1F2

A~q2!g5#

1ql@F3
V~q2!1F3

A~q2!g5#J c j~p!, ~1.1!

wheree is the electromagnetic coupling andq5p2p8. The
form factorsFn

V,A are matrices in the space of neutrino ma
eigenstates, and their (k j) elements appear in the above am
plitude @31#. In the diagonal casej 5k, eF2

V(0) j j /(2mn j
) is

the magnetic dipole moment of the mass eigenstaten j and
2 ieF2

A(0) j j /(2mn j
) gives the electric dipole moment. A

Dirac neutrino in the standard model generalized to inclu
such masses has a magnetic momentmn j

53eGFmn j
/(8p2A2) @9#, while in models with right-

handed charged currents, this quantity also involves te
depending on charged lepton masses@5,8#. A Dirac neutrino
may also have aCP-violating electric dipole moment~e.g.
@14#!. For a Majorana neutrino, withc j5c j

c , these operators
vanish identically, so thatmn j

5dn j
50. ~Below, for peda-

gogical purposes we shall consider a special case where
trino masses vanish.!

It is also of interest to consider the chirality-preservi
termsc̄kglc j andc̄kglg5c j in Eq. ~1.1! and the associate
form factorsF1

V(q2) andF1
A(q2). Although the electric neu-
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trality of the neutrino means thatF1
V(0) j j 50, one may con-

sider the Taylor series expansions ofF1
V,A(q2) j j as functions

of q2, in particular,

^r 2&n j
56

dF1
V~q2! j j

dq2 U
q250

~1.2!

which is the neutrino charge radius squared. This is of
called simply the neutrino charge radius, and we shall foll
this convention. By itself, the neutrino charge radius
gauge-dependent and hence is not a physical observable@1,7#
~contrary to the recent claim in Refs.@28,29#!. Explicit cal-
culations in unified renormalizable electroweak gauge th
ries@7# using theRj gauge@37,2# clearly displayed the gaug
dependence of various quantities including the charge rad

It is useful to consider the construction of a gaug
independent set of amplitudes involving the chiralit
preserving terms in Eq.~1.1! that can serve to characteriz
neutrino properties. In this paper we shall discuss the c
struction of a set obtained from differences of neutrino sc
tering amplitudes, giving details of our note@30# and how
this relates to, and differs from, the recent approach of R
@27–29#. Since our focus here is on constraints from gau
invariance and since for the chirality-preserving terms un
consideration, neutrino masses do not play as importa
role as they do in the chirality-flipping terms in Eq.~1.1!, we
shall make the simplification of working within the standa
model with massless neutrinos.~These simplifications were
also made in Refs.@27–29# and@30#.! For this massless neu
trino case, Dirac and Majorana neutrinos are equivalent,
there is no lepton mixing, so that the neutrino mass a
group eigenstates coincide. From Eq.~1.1! the relevant ma-
trix element is then

^c j~p8!uJluc j~p!&5ec̄ j~p8!gl~12g5!F1~q2! jc j~p!,
~1.3!

where F1
V(q2) j j 5F1

A(q2) j j [F1(q2) j . ~We will often drop
the subscriptj where it is obvious from the context.!
©2004 The American Physical Society07-1
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II. NEUTRINO SCATTERING REACTIONS

To begin, consider the tree and one-loop scattering am
tudes for the reaction

nm~p!1e~k!→nm~p8!1e~k8! ~2.1!

~where all the particles appearing in the above process
physical, on-shell particles!. The four-momentum transfe
squared is denotedt5q2 and the center-of-mass energ
squared is denoteds. Consider next the high-energy lim
s/me

2@1 and specialize to the amplitude for the reaction

nm~p!1eR~k!→nm~p8!1eR~k8!, ~2.2!

whereeR5PRe denotes a right-handed electron~to be pre-
cise the helicity plus electron which does not coincide w
the right-handed electron specified byPR in the presence o
the nonvanishing electron mass!, where PR,L5(1/2)(1
6g5) are chirality projection operators. The tree-level d
gram for this reaction involves the exchange of aZ boson in
the t-channel. An important simplifying approximation
that the electron mass is neglected for this high-energy l
even forq250, except for an infinitesimal electron mass
internal fermion lines to control infrared divergences. W
this approximation of neglecting the electron mass, so th
positive-helicity electron is equivalent to a right-handed el
tron, the contribution of the box diagram with 2W exchange,
shown in Fig. 1, vanishes. As a result, one can extract
contributions from the one-photon and one-Z exchange dia-
grams with one-loop self-energy and vertex corrections
gether with 2Z exchange box diagrams, shown in the Appe
dix. This amplitude with right-handed massless electron
gauge-independent and constitutes a part of the phys
S-matrix.

We remark on a related but different approach to
analysis of the matrix element. In Refs.@27–29#, the authors
write the Feynman diagrams defined in theRj gauge and
then apply the ‘‘pinch technique,’’ previously discussed
@32,33#, to the complete set of Feynman diagrams contrib
ing to this S-matrix element. This technique involves a
arrangement of various Feynman diagrams for an elemen
the physical S-matrix before the calculation of loop integra
For a tree-level amplitude contributing to a physical S-ma
element, it is trivial to redefine the Feynman rules given
the Rj gauge to those of the background Feynman gaug
one uses dimensional regularization, for example, all
Feynman diagrams are finite at the one-loop level also,
thus the rearrangement of Feynman diagrams is justified.
starting Feynman rules are identical in the conventional
mulation and with this pinch technique, and thus the resu
also identical, provided that the method is well-defined.

After this rearrangement, one obtains the amplitudes w
ten in terms of the Feynman gauge in the background fi
method@34–36,19#, which exhibits theU(1)em symmetry of
the electromagnetic interaction explicitly. This rearrang
ment of various Feynman diagrams and the cancellation
the gauge parameterj for the physical process is consiste
with the general formulation of gauge theory. It therefo
follows that physical results obtained via the conventio
01300
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formulation of gauge theories and via the use of this pin
technique must be the same, since the Feynman gauge i
background field method is one of the allowed gauge con
tions. However the Feynman gauge in the background fi
method has no privileged position among various poss
gauge conditions. For example, theU(1)em symmetry of the
electromagnetic interaction remains intact in a nonlinearRj

gauge@37# also.

III. METHOD USING DIFFERENCES OF NEUTRINO
REACTIONS

One way to separate the contributions of the 2Z exchange
box diagrams from those of the one-photon and one-Z ex-
changes involves the ‘‘neutrino-antineutrino method’’ u
lized in Refs.@28,29# ~see Ref.@15# for earlier related work!,
in which one considers the sumds(nmeR→nmeR)/dq2

1ds( n̄meR→ n̄meR)/dq2, specifically theq2→0 limit.1

The idea underlying the neutrino-antineutrino method
simplified and the basic physical idea is precisely stated
gauge-independent way if one compares the process~2.2! to
the process with the charge-conjugated electron~i.e., posi-
tron! ~see also Ref.@15#!

nm~p!1eL
1~k!→nm~p8!1eL

1~k8!. ~3.3!

In the massless electron case, the only interaction of
right-handed electron is given by

Lint52g8ēRgmBmeR ~3.4!

1The crucial Eq.~2! in Ref. @28#, which is the basis of the analysi
of Refs.@28,29#

v̄~p1!gmPLv~p2!52ū~p2!gmPRu~p1!, ~3.1!

is however not justified, as can be confirmed by considering
time component of the current forp15p2; in this case, this relation
leads to

uuPLv~p1!uu252uuPRu~p1!uu2 ~3.2!

and thusPLv(p1)5PRu(p1)50.

FIG. 1. 2W-exchange graph, whose contribution vanishes
e5eR in the SM.
7-2
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whereBm stands for the hypercharge gauge field associa
with the U(1)Y factor of the standard model. Recall thatBm
is a linear combination of the photonAm andZm fields sat-
isfying

g8Bm5
g8

Ag21~g8!2
~gAm2g8Zm!5eAm2G sin2uWZm

~3.5!

with g and g8, respectively, standing for theSU(2)L and
U(1)Y gauge coupling constants andG5Ag21(g8)2. If one
rewrites the interaction~3.4! with the charge-conjugate
variables defined by

e~x!52C21~ec!T~x!, ē~x!5~ec!T~x!C, ~3.6!

it can be expressed equivalently~considering a suitable limi
of the point-splitting definition of the current and the an
commuting property of the electron field! as

Lint5g8ec
LgmBmeL

c . ~3.7!

If one compares the above two processes~2.2! and~3.3! with
the identical kinematical configurations, one can distingu
the amplitudes with odd powers ing8Bm ~in the electron
sector! from the amplitudes with even powers ing8Bm ~i.e.,
the 2Zm exchange box diagrams!, except for the wave func
tion PLu(k) for eL

c replacingPRu(k) for eR , by noting that

^eL
c~x!ec

L~y!&5PL^ec~x!ec~y!&PR5PL^e~x!ē~y!&PR
~3.8!

in the Dyson expansion of the S-matrix. The appearanc
the positive-energy solutions in both cases2 and the differ-
ence betweenPLu(k) and PRu(k) do not matter in the
evaluation of the forward cross section@28,29#. The interfer-
ence term of box diagrams with theZm-exchange tree dia
gram, which is the relevant quantity in the lowest order p
cess beyond the tree process, thus changes sign betwee

2We expand the generic Dirac field as

c~x!5(
s
E d3p

A~2p!32p0

@u~p,s!b~p,s!e2 ipx

1v~p,s!d†~p,s!eipx#

with the charge conjugation relations

CgmC2152~gm!T, Cg5C215g5
T ,

vT~p,s!C5ū~p,s!, 2C21v̄T5u~p,s!,

C†C51,CT52C.

We then have

cc~x!52C21c̄T5(
s
E d3p

A~2p!32p0

@v~p,s!b†~p,s!eipx

1u~p,s!d~p,s!e2 ipx#.
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above two processes. One can thus eliminate theZm box
diagram contributions by a physical operation by consider
the sum of the two cross sections~in the limit q2→0)

ds~nm1eR→nm1eR!

dq2
1

ds~nm1eL
c→nm1eL

c !

dq2
.

~3.9!

That is, sinceds/dq25uAtreeu212 Re(AtreeA12 loop* ) plus
higher-order terms, and since for the second term,Atree re-
verses sign for the reaction witheR replaced byeL

c while the
2Z exchange graphs do not, this sum removes terms from
2Z exchange box diagrams. These terms from the 2Z box
diagrams are gauge-independent by themselves, as ca
explicitly confirmed; the gauge parameter forZm cancels
among the box and crossed diagrams~see also@20,23#!. The
physical separation of the 2Z exchange contributions is thu
perfectly consistent with the basic principle of gauge theo

This physical separation of these box diagrams is an
portant operation, but it is clear that what one measures a
this separation is the form factor of the neutrino detected
the hypercharge gauge fieldBm , which is a linear combina-
tion of the physical fieldsAm and Zm . The neutrino-
antineutrino method with a massless electron gives a ph
cal basis for writing the gauge-independent one-lo
amplitude~by excluding the 2Z box diagrams and neglectin
the wave function renormalization factors for simplicity!

e2ūRFF1~q2!

q2
1

FZ
nn~q2!1FZ

ee~q2!

q22MZ
2

2
PZZ~q2!

~q22MZ
2!2

2
PgZ~q2!

q2~q22MZ
2!

GgauRn̄mga~12g5!nm .

~3.10!

Here F1(q2) and FZ
nn(q2) denote thenm vertex functions

measured byBm , andFZ
ee(q2) is the electron vertex function

measured byZm . The self-energy correctionsPZZ(q2) and
PgZ(q2) stand for the two-point functions forBm-Zm cou-
pling. The gauge independence of Eq.~3.10! is established
by a simple argument of the gauge independence of
physical S-matrix without referring to the technical deta
such as the pinch technique or the background field meth

IV. RELATIVE ELECTROWEAK RADII

One can further consider the difference of Eq.~3.10! and
the corresponding amplitude withnm replaced bynt by mea-
suring the difference@28,29#

Fds~nm1eR→nm1eR!

dq2
1

ds~nm1eL
c→nm1eL

c !

dq2 G
2Fds~nt1eR→nt1eR!

dq2
1

ds~nt1eL
c→nt1eL

c !

dq2 G .

~4.1!
7-3
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In this way one can eliminate the common termsFZ
ee(q2),

PZZ(q2), andPgZ(q2) in the two amplitudes, since one ca
measure the amplitude~3.10! and itsnt analogue themselve
as interference terms with the leading tree-levelZ exchange
diagram. One thus arrives at the physical quantity measu
by the hypercharge gauge fieldBm

e2 lim
q2→0

FF1~q2!

q2
1

FZ
nn~q2!

q22MZ
2GU

nm

2e2 lim
q2→0

FF1~q2!

q2
1

FZ
nn~q2!

q22MZ
2GU

nt

~4.2!

which is gauge-independent. The gauge independence o
~4.2! is equivalent to the gauge independence of Eq.~3.10!
and itsnt analogue. However, the physical separation of
photon exchange contributions from theZm exchange contri-
butions in Eq.~4.2!, namely the separation ofF1(q2) from
FZ

nn(q2), is not obvious in the standard model. Indeed, p
vious detailed calculations@7,18# of F1(q2)/q2uq250 show
that the subleading term of the orderml

2/MW
2 with l 5m or t

in the relative charge radius~squared!

D^r 2&56 lim
q2→0

FF1~q2!

q2 U
nm

2
F1~q2!

q2 U
nt

G ~4.3!

depends on the gauge parameter inRj gauge and diverges a
j→0 like

3g2

128p2MW
2 Fmm

2 2mt
2

MW
2 G lnS 1

j D ~4.4!

@see Eqs.~2.30! and ~2.54! in @7# and also Eq.~4a! in @18#,
which confirmed the calculation in@7##. This shows that a
gauge-independent separation ofF1(q2) from FZ

nn(q2) in
Eq. ~4.2! is not possible, since if it were possible, the abo
gauge parameter would not appear. The leading contribu
to the relative charge radius~squared! in Eq. ~4.3! ~see, for
example,@7,18#!

D^r 2& leading5
g2

16p2MW
2 F ln

MW
2

mm
2

2 ln
MW

2

mt
2 G ~4.5!

is formally gauge-independent, but we emphasize that
separation of the leading term from the subleading term
not well-defined for the gauge-dependent relative charge
dius, since the subleading term can be made arbitrarily la
by gauge choice, as is evident in Eq.~4.4!.

The relative electroweak radius defined in Eq.~4.2! as a
combination ofF1(q2) and FZ

nn(q2) is gauge-independen
and only in this combination can one separate the lead
term from the subleading term. Our analysis of Eq.~4.5! is
consistent with the result in Refs.@28,29#, which obtains
DFZ

nn(0)50 up to terms of the order@38# ml
2/MW

2 with l
01300
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5m or t; that is, the leading term ofDFZ
nn(0)50 vanishes

and is thus gauge independent. The leading term of the ga
independent electroweak radius in Eq.~4.2! thus agrees with
the value~4.5!, which is, in fact, gauge-independent. Th
subleading term inDFZ

nn(0) is nonvanishing and is require
to cancel the gauge dependence of the subleading term
DF1(q2)/q2 at q250 in Eq. ~4.2!, namely, Eq.~4.4!.

We emphasize that the nonvanishing subleading term
DFZ

nn(0) is a manifestation of the gauge dependence of
relative neutrino charge radius in the pinch technique; tha
one cannot eliminate theZm contamination in a gauge
invariant manner, since only the combination~4.2! is gauge-
independent. The nonexistence of a strictly gau
independent relative neutrino charge radius thus persists
in the conventional formulation and with the pinch tec
nique. Our analysis in the framework of conventional gau
theory thus clearly explains what is going on in the comp
cated pinch technique analysis in@28,29#. Moreover, our
analysis shows that the result for the gauge-independent
tive neutrino charge radius in@28,29# arises from the extra
approximation of neglecting the subleading terms and
from the use of the pinch technique. If one neglects the s
leading terms, one can readily establish the gauge inde
dence of the relative neutrino charge radius in the conv
tional formulation also. The pinch technique does n
produce any result different from that of the convention
formulation.

Our analysis clearly shows that the relative neutri
charge radius is not gauge-independent, much less the ch
radius for an individual species of neutrino. As for the d
tailed analysis on the basis of the pinch technique@39#, this
may be useful to confirm the gauge independence of
physical S-matrix element. But one cannot infer that ea
part of the total amplitude separately has a gau
independent physical meaning simply because the gauge
rameter formally disappeared in the operation of the pin
technique; the Feynman rules in the Feynman gauge wo
always be free of gauge parameters in such a sense. Onl
total amplitude for the S-matrix is gauge-independent. Wi
out the photon pole in the above neutrino scattering proc
no general principle can be used to argue for the gauge
dependence of the one-photon exchange amplitude. To e
lish the gauge independence of the relative neutrino cha
radius, one would need to restore the gauge parameter in
photon exchange diagrams without changing the neut
charge radius, as is demonstrated for the case of the m
magnetic moment in Ref.@2#. This is, however, equivalent to
the gauge parameter independence of the vertex correc
to the photon exchange diagrams by themselves before
applies the pinch technique.

Our analysis suggests that a useful quantity is the ‘‘re
tive electroweak radius’’ in Eq.~4.2! measured by the hyper
charge gauge fieldBm in the standard model. This relativ
electroweak radius is gauge-independent, and its lead
term agrees with the leading term of the relative neutr
charge radius in Refs.@27–29# defined by the Feynman
gauge in the background field method. We believe that
definition of the relative electroweak radius is conceptua
simple and clear.
7-4
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V. DISCUSSION AND CONCLUSION

The notion of the physical neutrino charge radi
~squared! would be important in the analysis of observab
in gauge theory if this quantity were gauge-invariant. Ho
ever, as was established long ago@1,7#, it is not gauge-
invariant and hence is not a physical observable~contrary to
the recent claim in Refs.@28,29#!. In this paper, in the limit
s/me

2@1, we have constructed for the standard model a co
bination of terms that provides a gauge-invariant quan
that may be regarded as a relative electroweak chira
preserving quantity, a sort of gauge-invariant generaliza
of a neutrino charge radius. We have shown that this invol
the hypercharge gauge fieldBm in a natural way. But, as in
@30#, we do not find that the relative neutrino charge rad
~measured by the photon! is gauge-invariant; the result i
Refs. @27–29# is primarily a result of the neglect in thes
references of subleading terms.

Since one motivation for studying the neutrino charge
dius would be to probe for new physics, we note that,
general, using the reactionnm1eR→nm1eR does not sim-
plify the analysis. Consider models beyond the stand
model with strong-electroweak gauge groupsGLR5SU(3)c
01300
-

-
y
-
n
s

s

-

rd

3SU(2)L3SU(2)R3U(1)B2L and G4225SU(4)PS3SU(2)L
3SU(2)R , where PS stands for Pati-Salam@40#. Here the
first step in the extraction process fails; theAL

6 andAR
6 mix

to form the mass eigenstatesW1,2
6 , and hence one is not abl

to remove the 2W exchange diagrams by consideringnm
1eR→nm1eR . The standard model is thus special in allow
ing the separation of single-particle, i.e.,Bm , exchange dia-
grams from the box diagrams.

Neutrino masses affect neutrino electromagnetic prop
ties, and our analysis also applies to the gauge-depend
of both the vector neutrino charge radiusdF1

V(q2)/dq2uq250

~which vanishes anyway for Majorana neutrinos! and the
axial-vector analoguedF1

A(q2)/dq2uq250.
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APPENDIX

In this appendix we display one-loop diagrams in Figs. 2–6 for the reactionnm1eR→nm1eR in the SM, in addition to the
2W-exchange diagram, whose contribution vanishes forme→0. We show these graphs for unitary gauge, but have analy
the process in the fullRj gauge.
FIG. 2. 2Z-exchange graphs.
 FIG. 3. Graphs contributing toFg(t).
7-5
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FIG. 4. Graphs contributing toFZ
nn(t).
01300
FIG. 5. Graph~a! contributing toFZ
ee(t). For e5eR , the con-

tributions from graphs~b! and ~c! vanish in the SM.
7-6
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FIG. 6. Graphs contributing to~a! PZZ(t) and ~b! PZg(t). The filled dots denote~a! diagonal and~b! nondiagonal vector boson
propagator corrections.
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