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Extrinsic CPT violation in neutrino oscillations in matter
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We investigate matter-induced~or extrinsic! CPT violation effects in neutrino oscillations in matter. Espe-
cially, we present approximate analytical formulas for theCPT-violating probability differences for three flavor
neutrino oscillations in matter with an arbitrary matter density profile. Note that we assume that theCPT
invariance theorem holds, which means that theCPTviolation effects arise entirely because of the presence of
matter. As special cases of matter density profiles, we consider constant and step-function matter density
profiles, which are relevant for neutrino oscillation physics in accelerator and reactor long baseline experiments
as well as neutrino factories. Finally, the implications of extrinsicCPT violation on neutrino oscillations in
matter for several past, present, and future long baseline experiments are estimated.
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I. INTRODUCTION

Recently, several studies onCPT violation @1–19# have
been performed in order to incorporate the so-called Liq
Scintillator Neutrino Detector~LSND! anomaly @20–22#
within the description of standard three flavor neutrino os
lations. However, this requires a new mass squared di
ence different from the ones coming from atmospheric@23–
26# and solar @27–35# neutrinos, which means that on
would need to have three mass squared differences inste
two—a scenario, which is not consistent with ordinary mo
els of three flavor neutrino oscillations. Therefore, in most
the studies onCPT violation @4,6–8,10,13–17#, different
mass squared differences and mixing parameters are i
duced phenomenologically by hand for neutrinos and
tineutrinos. This results, in the three neutrino flavor pictu
in two mass squared differences and four mixing parame
for neutrinos and the same for antineutrinos, i.e., in to
four mass squared differences and eight mixing parame
Thus, it is possible to have a different mass squared dif
ence describing the results of the LSND experiment ot
than the ones describing atmospheric and solar neutrino d
It should be noted that the results of the LSND experim
will be further tested by the MiniBooNE experiment@36#,
which started running in September 2002. Furthermore
should be mentioned that the standard way of incorpora
the LSND data is to introduce sterile neutrinos, and the
fore, the introduction of fundamentalCPT violation, some-
times also calledgenuine CPTviolation, serves as an alte
native description to sterile neutrinos. However, neutr
oscillations between pure sterile flavors and active and ste
flavors have, in principle, been excluded by the SNO exp
ment @33,34,37#.

In CPT violation studies, theCPT invariance theorem
@38–40#, a milestone of local quantum field theory, obv
ously does not hold, and in addition, fundamental proper
such as Lorentz invariance and locality may also be viola
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However, the SU(3)3SU(2)3U(1) standard model~SM!
of elementary particle physics, for which theCPT theorem is
valid, is in very good agreement with all existing experime
tal data. Therefore, fundamentalCPT violation is connected
to physics beyond the SM such as string theory or mod
including extra dimensions, in whichCPT invariance could
be violated.

The recent and the first results of the KamLAND expe
ment @41#, which is a reactor long baseline neutrino oscill

tion experiment measuring then̄e flux from distant nuclear
reactors in Japan and South Korea, strongly favor the la
mixing angle~LMA ! solution region for solar neutrino oscil
lations and the solar neutrino problem@42#. Therefore, they
indicate that there is no need for fundamentalCPTviolation,
i.e., having different mass squared differences for solar n
trinos and reactor antineutrinos. Thus, solar neutrino data
KamLAND data can be simultaneously and consistently
commodated with the same mass squared difference.

In this paper, we investigate matter-induced~or extrinsic!
CPT violation effects in neutrino oscillations in matter. In
previous paper@43#, the interplay between fundamental an
matter-inducedT violation effects has been discussed. In t
case ofCPTviolation effects, there exists no fundamental~or
intrinsic! CPT violation effects if we assume that theCPT
theorem holds. This means that the matter-inducedCPTvio-
lation is a pure effect of the simple fact that ordinary mat
consists of unequal numbers of particles and antipartic
Matter-inducedCPT violation, sometimes also calledfake
CPT violation, has been studied and illustrated in some
pers@5,12,44–47#, in which numerical calculations ofCPT-
violating asymmetries between survival probabilities f
neutrinos and antineutrinos in different scenarios of atm
spheric and long-baseline neutrino oscillation experime
have been presented. Here we will try to perform a mu
more systematic study.

The paper is organized as follows. In Sec. II, we discu
the general formalism and properties ofCPT violation in
vacuum and in matter. In particular, we derive approxim
analytical formulas for allCPT-violating probability differ-
ences for three flavor neutrino oscillations in matter with
©2004 The American Physical Society03-1



er
p
-

o
a
ide
s
le
o

e
in

eu
ry
ill
th
t a
n
a
nd

y

er

n
l,
a

en

th

ent.

the
five
out
in

n.
ase

M. JACOBSON AND T. OHLSSON PHYSICAL REVIEW D69, 013003 ~2004!
arbitrary matter density profile. The derivations are p
formed using first order perturbation theory in the small le
tonic mixing angleu13 for the neutrino and antineutrino evo
lution operators as well as the fact thatDm21

2 !Dm31
2

.Dm32
2 , i.e., the solar mass squared difference is some

ders of magnitude smaller than the atmospheric m
squared difference. At the end of this section, we cons
two different explicit examples of matter density profile
These are constant and step-function matter density profi
In both cases, we present the first order perturbation the
formulas for theCPT probability differences as well as th
useful corresponding low-energy region formulas. Next,
Sec. III, we discuss the implications for long baseline n
trino oscillation experiments and potential neutrino facto
setups as well as solar and atmospheric neutrinos. We
minate the discussion with several tables and plots of
CPT probability differences. Then, in Sec. IV, we presen
summary of the obtained results as well as our conclusio
Finally, in the Appendix, we give details of the general an
lytical derivation of the evolution operators for neutrinos a
antineutrinos.

II. GENERAL FORMALISM AND CPT-VIOLATING
PROBABILITY DIFFERENCES

A. Neutrino oscillation transition probabilities and CP, T, and
CPT violation

Let us by P(na→nb) denote the transition probabilit
from a neutrino flavora to a neutrino flavorb, and similarly,
for antineutrino flavors. Then, theCP, T, and CPT
~-violating! probability differences are given by

DPab
CP[P~na→nb!2P~ n̄a→ n̄b!, ~1!

DPab
T [P~na→nb!2P~nb→na!, ~2!

DPab
CPT[P~na→nb!2P~ n̄b→ n̄a!, ~3!

wherea,b5e,m,t, . . . . TheCP and T probability differ-
ences have previously been extensively studied in the lit
ture @43,48–93#. In this paper, we will study in detail the
CPT probability differences. Let us first discuss some ge
eral properties of theCPTprobability differences. In genera
i.e., both in vacuum and in matter, it follows from conserv
tion of probability that

(
a5e,m,t, . . .

P~na→nb!51, b5e,m,t, . . . , ~4!

(
b5e,m,t, . . .

P~na→nb!51, a5e,m,t, . . . . ~5!

In words, the sum of the transition probabilities of a giv
neutrino ~antineutrino! flavor into neutrinos~antineutrinos!
of all possible flavors is, of course, equal to one, i.e.,
probability is conserved. Using the definitions of theCPT
probability differences, Eqs.~4! and ~5! can be rewritten as
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a5e,m,t, . . .

DPab
CPT50, b5e,m,t, . . . , ~6!

(
b5e,m,t, . . .

DPab
CPT50, a5e,m,t, . . . . ~7!

Note that not all of these equations are linearly independ
For example, for three neutrino flavors, Eqs.~6! and~7! can
be written as the following system of equations

DPee
CPT1DPem

CPT1DPet
CPT50, ~8!

DPme
CPT1DPmm

CPT1DPmt
CPT50, ~9!

DPte
CPT1DPtm

CPT1DPtt
CPT50, ~10!

DPee
CPT1DPme

CPT1DPte
CPT50, ~11!

DPem
CPT1DPmm

CPT1DPtm
CPT50, ~12!

DPet
CPT1DPmt

CPT1DPtt
CPT50. ~13!

Hence, there are nineCPTprobability differences for neutri-
nos and six equations relating theseCPT probability differ-
ences. The rank of the corresponding system matrix for
above system of equations is five, which means that only
of the six equations are linearly independent. Thus, five
of the nineCPT probability differences can be expressed
terms of the other four, i.e., there are, in fact, only fourCPT
probability differences. Choosing, e.g.,DPee

CPT , DPem
CPT ,

DPme
CPT , and DPmm

CPT as the knownCPT probability differ-
ences, the other five can be expressed as

DPet
CPT52DPee

CPT2DPem
CPT , ~14!

DPmt
CPT52DPme

CPT2DPmm
CPT , ~15!

DPte
CPT52DPee

CPT2DPme
CPT , ~16!

DPtm
CPT52DPem

CPT2DPmm
CPT , ~17!

DPtt
CPT5DPee

CPT1DPem
CPT1DPme

CPT

1DPmm
CPT . ~18!

Furthermore, theCPT probability differences for neutrinos
are related to the ones for antineutrinos by

DPab
CPT5P~na→nb!2P~ n̄b→ n̄a!

52„P~ n̄b→ n̄a!2P~na→nb!…

52DPb̄ā
CPT , ~19!

wherea,b5e,m,t, . . . . Thus, theCPT probability differ-
ences for antineutrinos do not give any further informatio

For completeness, we shall also briefly consider the c
of two neutrino flavors. In this case, we have
3-2
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DPee
CPT1DPem

CPT50, ~20!

DPme
CPT1DPmm

CPT50, ~21!

DPee
CPT1DPme

CPT50, ~22!

DPem
CPT1DPmm

CPT50 ~23!

from which one immediately obtains

DPee
CPT5DPmm

CPT52DPem
CPT52DPme

CPT . ~24!

Thus, for two neutrino flavors there is only one linearly i
dependentCPT probability difference, which we, e.g., ca
choose asDPee

CPT .
Generally, for theT probability differences, we have

@43,65#

DPee
T 5DPmm

T 5DPtt
T 50, ~25!

DPem
T 5DPmt

T 5DPte
T 52DPme

T 52DPtm
T

52DPet
T ~26!

for three neutrino flavors and

DPee
T 5DPem

T 5DPme
T 5DPmm

T 50 ~27!

for two neutrino flavors. Thus, in the case of three neutr
flavors, there is only one linearly independentT probability
difference, whereas in the case of two neutrino flavors, n
trino oscillations areT-invariant irrespective of whether the
take place in vacuum or in matter.

Using the definitions~1!–~3!, one immediately observe
that theCP probability differences are directly related to th
T andCPTprobability differences by the following formula

DPab
CP1DPāb̄

T
5DPab

CPT and DPāb̄
CP

1DPab
T 5DPāb̄

CPT .
~28!

In vacuum, whereCPT invariance holds, one hasDPab
CPT

5DPāb̄
CPT

50, which means thatDPab
CP52DPāb̄

T and

DPāb̄
CP

52DPab
T . Furthermore, using again the definitio

~1!, one finds thatDPab
CP52DPāb̄

CP . Thus, DPab
CP5DPab

T

and DPāb̄
CP

5DPāb̄
T , i.e., theCP probability differences for

neutrinos~antineutrinos! are given by the correspondingT
probability differences for neutrinos~antineutrinos!. How-
ever, in matter,CPT invariance is no longer valid in genera
and thus, one hasDPab

CPTÞ0, which means that we need t
know both theT andCPT probability differences in order to
determine theCP probability differences. Moreover, in
vacuum, it follows in general thatP(na→nb)5P( n̄b

→ n̄a) and in particular thatP(na→na)5P( n̄a→ n̄a),
which leads toDPaa

CP50. Therefore,CP violation effects
cannot occur in disappearance channels (na→na), but only
in appearance channels (na→nb , whereaÞb) @52#, while
in matter one has in generalDPaa

CPÞ0.
01300
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In the next subsection, we discuss the Hamiltonians
evolution operators for neutrinos and antineutrinos, wh
we will use to calculate theCPT probability differences.

B. Hamiltonians and evolution operators for neutrinos and
antineutrinos

If neutrinos are massive and mixed, then the neutrino
vor fieldsna , wherea5e,m,t, . . . , arelinear combinations
of the neutrino mass eigenfieldsna , where a51,2,3, . . . ,
i.e.,

na5 (
a51

n

Uaana , a5e,m,t, . . . , ~29!

wheren is the number of neutrino flavors and theUaa’s are
the matrix elements of the unitary leptonic mixing matrixU
@133,134#. Thus, we have the following relation between t
neutrino flavor and mass states@94,95#

una&5 (
a51

n

Uaa* una&, a5e,m,t, . . . , ~30!

wherena is the ath neutrino mass state for a neutrino wi
definite 3-momentum p, energy Ea5Ama

21p2.p
1ma

2/(2p) ~if ma!p), and negative helicity. Herema is the
mass of theath neutrino mass eigenstate andp[upu. Simi-
larly, for antineutrinos, we have

un̄a&5 (
a51

n

Uaaun̄a&, a5e,m,t, . . . . ~31!

In the ultrarelativistic approximation, the quantum mecha
cal time evolution of the neutrino states and the neutr
oscillations are governed by the Schro¨dinger equation

i
d

dt
un~ t !&5H~ t !un~ t !&, ~32!

whereun(t)& is the neutrino vector of state andH(t) is the
time-dependent Hamiltonian of the system, which is differe
for neutrinos and antineutrinos and its form also depends
in which basis it is given~see the Appendix for the differen
expressions of the Hamiltonian!. Hence, the neutrino evolu
tion ~i.e., the solution to the Schro¨dinger equation! is given
by

un~ t !&5e2 i * t0

t H(t8)dt8un~ t0!&, ~33!

where the exponential function is time-ordered. Note tha
one assumes that neutrinos are stable and that they ar
absorbed in matter, then the HamiltonianH(t) is Hermitian.
This will be assumed throughout this paper. Furthermore
is convenient to define the evolution operator~or the evolu-
tion matrix! S(t,t0) as

un~ t !&5S~ t,t0!un~ t0!&, S~ t,t0![e2 i * t0

t H(t8)dt8, ~34!

which has the following obvious properties
3-3
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S~ t,t0!5S~ t,t1!S~ t1 ,t0!, ~35!

S~ t0 ,t0!51, ~36!

S~ t,t0!S~ t,t0!†51. ~37!

The last property is the unitarity condition, which follow
directly from the Hermiticity of the HamiltonianH(t).

Neutrinos are produced in weak interaction processe
flavor statesuna&, wherea5e,m,t, . . . . Between a source
the production point of neutrinos, and a detector, neutri
evolve as mass eigenstatesuna&, wherea51,2,3, . . . , i.e.,
states with definite mass. Thus, if at timet5t0 the neutrino
vector of state isuna&[una(t0)&, then at a timet we have

una~ t !&5 (
a51

n

@S~ t,t0!#aaUaa* una&. ~38!

The neutrino oscillation probability amplitude from a ne
trino flavor a to a neutrino flavorb is defined as

Aab[^nbuna~ t !&5 (
a51

n

Uba@S~ t,t0!#aaUaa* ,

a,b5e,m,t, . . . . ~39!

Then, the neutrino oscillation transition probability forna
→nb is given by

P~na→nb![uAabu2

5 (
a51

n

(
b51

n

Uaa* UbaUabUbb*

3@S~ t,t0!#aa@S~ t,t0!#bb* , ~40!

wherea,b5e,m,t, . . . .
The oscillation transition probabilities for antineutrino

are obtained by making the replacementsUaa→Uaa* and

S(t,t0)→S̄(t,t0) @i.e.,V(t)→2V(t), whereV(t) is the mat-
ter potential defined in the Appendix#, which lead to

P~ n̄a→ n̄b!5 (
a51

n

(
b51

n

UaaUba* Uab* Ubb

3@S̄~ t,t0!#aa@S̄~ t,t0!#bb*

5$a↔b%

5 (
a51

n

(
b51

n

Uaa* UbaUabUbb*

3@S̄~ t,t0!#aa* @S̄~ t,t0!#bb , ~41!

wherea,b5e,m,t, . . . .
01300
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In the next subsection, we calculate theCPT probability
differences both in vacuum and in matter.

C. CPT probability differences

In vacuum, the matter potential is zero, i.e.,V(t)
50 ;t, and therefore, the evolution operators for neutrin

and antineutrinos are the same, i.e.,S(t,t0)5S̄(t,t0)
5e2 iH mL, where Hm5diag(E1 ,E2 , . . . ,En) is the free
Hamiltonian andL.t2t0 is the baseline length. Note tha
the Hamiltonians in vacuum for neutrinos and antineutrin
are the same, since we have assumed theCPT theorem.
Thus, using Eqs.~40! and ~41!, it directly follows that

DPab
CPT5P~na→nb!2P~ n̄b→ n̄a!50, ~42!

which means that there is simply no~intrinsic! CPTviolation
in neutrino oscillations in vacuum. Note that this gene
result holds for any number of neutrino flavors. Furthermo
note that even though there is no intrinsicCPT violation
effects in vacuum, there could be intrinsicCP and T viola-
tion effects induced by a nonzeroCP ~or T) violation phase
dCP , which could, if sizeable enough, be measured by v
long baseline neutrino oscillation experiments in the futu
@96#.

In matter, the situation is slightly more complicated th
in vacuum. However, the technique is the same, i.e., the
trinsic CPT probability differences are given by difference
of different matrix elements of the evolution operators f
neutrinos and antineutrinos.

The probability amplitude of neutrino flavor transition
are the matrix elements of the evolution operators:

A~na→nb!5@S~ t,t0!#ba5@Sf~ t,t0!#ba , ~43!

A~ n̄a→ n̄b!5@S̄~ t,t0!#ba5@S̄f~ t,t0!#ba . ~44!

Thus, we have the extrinsicCPT probability differences

DPab
CPT5u@Sf~ t,t0!#bau22u@S̄f~ t,t0!#abu2. ~45!

In the case of three neutrino flavors with the evoluti
operators for neutrinos and antineutrinos as in Eqs.~A35!
and ~A40!, respectively, the differentDPab

CPT’s are now eas-
ily found, but the expressions are quite unwieldy. TheCPT
probability differenceDPee

CPT to first order in perturbation
theory is found to be given by~see the Appendix for defini-
tions of different quantities!
3-4
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DPee
CPT.uSf ,11u22uS̄f ,11u25uau22uāu25ub̄u22ubu2

5cos2V1
sin2V

4V2 S cos 2u12d~ t2t0!2E
t0

t

V~ t8!dt8D 2

2cos2V̄2
sin2V̄

4V̄2 S cos 2u12d~ t2t0!1E
t0

t

V~ t8!dt8D 2

5
1

4 S sin2V̄

V̄2
2

sin2V

V2 D sin22u12d
2~ t2t0!2, ~46!

which is equal to zero in vacuum, in whichV(t)50 ;t. Note that in the case ofT violation all diagonal elements, i.e.,DPaa
T ,

wherea5e,m,t, are trivially equal to zero@cf. Eq. ~25!#. This is obviously not the case forCPTviolation if matter is present.
Similarly, we find

DPem
CPT.uSf ,21u22uS̄f ,12u25uc23b* 1 is23f Cu22uc23b̄2 is23f̄ Āu2

5c23
2 ~ ubu22ub̄u2!1s23

2 ~ uCu22uĀu2!1 is23c23~b f C2b* f * C* 1b̄* f̄ Ā2b̄ f̄ * Ā* !, ~47!

DPet
CPT.uSf ,31u22uS̄f ,13u25us23b* 2 ic23f Cu22u2s23b̄2 ic23f̄ Āu2

5c23
2 ~ uCu22uĀu2!1s23

2 ~ ubu22ub̄u2!2 is23c23~b f C2b* f * C* 1b̄* f̄ Ā2b̄ f̄ * Ā* !, ~48!

DPme
CPT.uSf ,12u22uS̄f ,21u25uc23b2 is23f Au22uc23b̄* 1 is23f̄ C̄u2

5c23
2 ~ ubu22ub̄u2!1s23

2 ~ uAu22uC̄u2!1 is23c23~b f * A* 2b* f A2b̄ f̄ C̄1b̄* f̄ * C̄* !, ~49!

DPte
CPT.uSf ,13u22uS̄f ,31u25u2s23b2 ic23f Au22us23b̄* 2 ic23f̄ C̄u2

5c23
2 ~ uAu22uC̄u2!1s23

2 ~ ubu22ub̄u2!2 is23c23~b f * A* 2b* f A2b̄ f̄ C̄1b̄* f̄ * C̄* !, ~50!

DPmm
CPT.uSf ,22u22uS̄f ,22u25uc23

2 a* 1s23
2 f 2 is23c23f ~B1D !u22uc23

2 ā* 1s23
2 f̄ 2 is23c23f̄ ~B̄1D̄ !u2

5c23
4 ~ uau22uāu2!2 is23c23

3 ~a f B2a* f * B* 1a f D2a* f * D* 2ā f̄ B̄1ā* f̄ * B̄* 2ā f̄ D̄1ā* f̄ * D̄* !

1s23
2 c23

2 ~a f 1a* f * 1uBu21uDu21BD* 1B* D2ā f̄ 2ā* f̄ * 2uB̄u22uD̄u22B̄D̄* 2B̄* D̄ !

2 is23
3 c23~B2B* 1D2D* 2B̄1B̄* 2D̄1D̄* !, ~51!

DPmt
CPT.uSf ,32u22uS̄f ,23u25u2s23c23~a* 2 f !1 i f ~s23

2 B2c23
2 D !u22u2s23c23~ ā* 2 f̄ !2 i f̄ ~c23

2 B̄2s23
2 D̄ !u2

5c23
4 ~ uDu22uB̄u2!1 is23c23

3 ~a f D2a* f * D* 2D1D* 2ā f̄ B̄1ā* f̄ * B̄* 1B̄2B̄* !

1s23
2 c23

2 ~ uau22a f 2a* f * 2BD* 2B* D2uāu21ā f̄ 1ā* f̄ * 1B̄D̄* 1B̄* D̄ !

2 is23
3 c23~a f B2a* f * B* 2B1B* 2ā f̄ D̄1ā* f̄ * D̄* 1D̄2D̄* !1s23

4 ~ uBu22uD̄u2!, ~52!
013003-5
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DPtm
CPT.uSf ,23u22uS̄f ,32u25u2s23c23~a* 2 f !2 i f ~c23

2 B2s23
2 D !u22u2s23c23~ ā* 2 f̄ !1 i f̄ ~s23

2 B̄2c23
2 D̄ !u2

5c23
4 ~ uBu22uD̄u2!1 is23c23

3 ~a f B2a* f * B* 2B1B* 2ā f̄ D̄1ā* f̄ * D̄* 1D̄2D̄* !

1s23
2 c23

2 ~ uau22a f 2a* f * 2BD* 2B* D2uāu21ā f̄ 1ā* f̄ * 1B̄D̄* 1B̄* D̄ !

2 is23
3 c23~a f D2a* f * D* 2D1D* 2ā f̄ B̄1ā* f̄ * B̄* 1B̄2B̄* !1s23

4 ~ uDu22uB̄u2!, ~53!

DPtt
CPT.uSf ,33u22uS̄f ,33u25us23

2 a* 1c23
2 f 1 is23c23f ~B1D !u22us23

2 ā* 1c23
2 f̄ 1 is23c23f̄ ~B̄1D̄ !u2

5 is23c23
3 ~B2B* 1D2D* 2B̄1B̄* 2D̄1D̄* !

1s23
2 c23

2 ~a f 1a* f * 1uBu21uDu21BD* 1B* D2ā f̄ 2ā* f̄ * 2uB̄u22uD̄u22B̄D̄* 2B̄* D̄ !

1 is23
3 c23~a f B2a* f * B* 1a f D2a* f * D* 2ā f̄ B̄1ā* f̄ * B̄* 2ā f̄ D̄1ā* f̄ * D̄* !1s23

4 ~ uau22uāu2!. ~54!
on
o
t
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i-

t so
n
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Note thatDPee
CPT is the onlyCPT probability difference that

is uniquely determined by the~1,2!-subsector of the full
three flavor neutrino evolution, see the explicit expressi
of the evolution operators for neutrinos and antineutrin
@Eqs. ~A35! and ~A40!#. Thus, it is completely independen
of theCP violation phasedCP @12# as well as the fundamen
tal neutrino parametersDm31

2 .Dm32
2 , u13, andu23.

Now, using conservation of probability, i.e., Eqs.~8!–
~13!, we find the relations

(
a5e,m,t

DPea
CPT5uCu22uĀu250, ~55!

(
a5e,m,t

DPae
CPT5uAu22uC̄u250, ~56!

(
a5e,m,t

DPma
CPT1 (

a5e,m,t
DPta

CPT

5 (
a5e,m,t

DPam
CPT1 (

a5e,m,t
DPat

CPT

5uBu21uDu22uB̄u22uD̄u250. ~57!

Thus, theCPT probability differences can be further simpl
fied and we obtain

DPee
CPT.ub̄u22ubu2, ~58!

DPem
CPT.c23

2 ~ ubu22ub̄u2!22c23s23I~b f C2b̄ f̄ * Ā* !,
~59!

DPet
CPT.s23

2 ~ ubu22ub̄u2!12c23s23I~b f C2b̄ f̄ * Ā* !,
~60!

DPme
CPT.c23

2 ~ ubu22ub̄u2!22c23s23I~b f * A* 2b̄ f̄ C̄!, ~61!

DPte
CPT.s23

2 ~ ubu22ub̄u2!12c23s23I~b f * A* 2b̄ f̄ C̄!, ~62!
01300
s
s

where we have only displayed theCPT probability differ-
encesDPee

CPT , DPem
CPT , DPet

CPT , DPme
CPT , andDPte

CPT , since
the remaining ones are too lengthy expressions and no
illuminating. In the following, we will restrict our discussio
only to thoseCPT probability differences displayed above
Furthermore, from the definition of the parametersa andb in
Eq. ~A13!, we can conclude that ub/au}d2/D2

5(Dm21
2 /Dm31

2 )2, and thus, the ratioub/au is small, since
Dm21

2 !Dm31
2 . In Ref. @43#, it has been shown that

uI b,t~ t,t0!/I a* ,t~ t,t0!u;uI b,t0
* ~ t,t0!/I a* ,t0

* ~ t,t0!u;d2/D2,

and therefore, it also holds that

u Ī b,t~ t,t0!/ Ī a* ,t~ t,t0!u;u Ī b,t0
* ~ t,t0!/ Ī a* ,t0

* ~ t,t0!u;d2/D2.

Thus, the contributions of the integralsI b,t(t,t0), I b,t0
* (t,t0),

Ī b,t(t,t0), andĪ b,t0
* (t,t0) are suppressed by a factor ofd2/D2

in Eqs.~59!–~62!. Using this to reduce the arguments of th
imaginary parts in Eqs.~59!–~62! further, we obtain the fol-
lowing:

b f C2b̄ f̄ * Ā* .b f a* I a* ,t0
* 2b̄ f̄ * a Īa* ,t

* , ~63!

b f * A* 2b̄ f̄ C̄.b f * a* I a* ,t
* 2b̄ f āĪ a* ,t0

* . ~64!

D. Examples of matter density profiles

We have now derived the general analytical expressi
for the CPT violation probability differences. Next, we wil
calculate some of theCPT violation probability differences
for some specific examples of matter density profiles. T
will be done for constant matter density and step-funct
matter density.
3-6
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1. Constant matter density profiles

The simplest example of a matter density profile~except
for vacuum! is the one of constant matter density or const
electron density. In this case, the matter potential is given
V(t)5V5const;t. Furthermore, if the distance betwee
source and detector~i.e., the neutrino propagation pat
length or baseline length! is L and the neutrino energy isEn ,
then we can define the following useful quantities

v[
d

2
AFcos 2u122

V

d
G2

1sin22u12, ~65!

v̄[
d

2
AFcos 2u121

V

d
G2

1sin22u12, ~66!

D̃5D2
1

2
~V1d!5

d

2
S 2

D

d
212

V

d
D , ~67!

DS5D2
1

2
~2V1d!5

d

2 S 2
D

d
211

V

d D ,

~68!
01300
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um[
1

2
arccosS d cos 2u122V

2v D , ~69!

ūm[
1

2
arccosS d cos 2u121V

2v̄
D , ~70!

whered[Dm21
2 /(2En) , D[Dm31

2 /(2En) .Dm32
2 /(2En) , and

u12 is the solar mixing angle. Then, we have~see the Appen-
dix!

a~ t,0!5cosvt1 i cos 2umsinvt, ~71!

ā~ t,0!5cosv̄t1 i cos 2ūmsinv̄t, ~72!

b~ t,0!52 i sin 2umsinvt, ~73!

b̄~ t,0!52 i sin 2ūmsinv̄t, ~74!

f ~ t,0!5e2 i D̃t, ~75!

f̄ ~ t,0!5e2 iDD t, ~76!

where 0<t<L, which yield
ubu22ub̄u25sin22ums22sin22ūms̄25s12
2 c12

2 d2S s2

v2
2

s̄2

v̄2D , ~77!

I~b f C2b̄ f̄ * Ā* !.s12c12s13d~D2s12
2 d!H S s̄2

v̄2
2

s2

v2D cosdCP1~D2c12
2 d!F ~ D̃̄ s̄2v̄ sin D̃̄L !s̄

v̄2~v̄22 D̃̄2!
2

~D̃s2v sinD̃L !s

v2~v22D̃2! G cosdCP

1~D2c12
2 d!F ~cosD̃̄L2 c̄!s̄

v̄~v̄22 D̃̄2!
2

~cosD̃L2c!s

v~v22D̃2! G sindCPJ , ~78!

I~b f * A* 2b̄ f̄ C̄!.s12c12s13d~D2s12
2 d!H S s̄2

v̄2
2

s2

v2D cosdCP1~D2c12
2 d!F ~ D̃̄ s̄2v̄ sin D̃̄L !s̄

v̄2~v̄22 D̃̄2!
2

~D̃s2v sinD̃L !s

v2~v22D̃2! G cosdCP

2~D2c12
2 d!F ~cosD̃̄L2 c̄!s̄

v̄~v̄22 D̃̄2!
2

~cosD̃L2c!s

v~v22D̃2! G sindCPJ , ~79!

wheres[sinvL, s̄[sinv̄L, c[cosvL, andc̄[cosv̄L. Note that the only difference between the imaginary parts in Eqs.~78!
and ~79! is the signs in front of the sindCP terms, i.e., applying the replacementdCP→2dCP , one comes fromI(b f C

2b̄ f̄ * Ā* ) to I(b f * A* 2b̄ f̄ C̄), and vice versa. Thus, inserting Eqs.~77!–~79! into Eqs. ~58!–~62!, we obtain theCPT
probability differences in matter of constant density as

DPee
CPT.2s12

2 c12
2 d2S sin2vL

v2
2

sin2v̄L

v̄2 D , ~80!
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DPem
CPT.s12

2 c12
2 c23

2 d2S sin2vL

v2
2

sin2v̄L

v̄2 D 22s12c12s13s23c23d~D2s12
2 d!H S sin2v̄L

v̄2
2

sin2vL

v2 D cosdCP

1~D2c12
2 d!F ~ D̃̄ s̄2v̄ sin D̃̄L !s̄

v̄2~v̄22 D̃̄2!
2

~D̃s2v sinD̃L !s

v2~v22D̃2! G cosdCP

1~D2c12
2 d!F ~cosD̃̄L2 c̄!s̄

v̄~v̄22 D̃̄2!
2

~cosD̃L2c!s

v~v22D̃2! G sindCPJ , ~81!

DPet
CPT.s12

2 c12
2 s23

2 d2S sin2vL

v2
2

sin2v̄L

v̄2 D 12s12c12s13s23c23d~D2s12
2 d!H S sin2v̄L

v̄2
2

sin2vL

v2 D cosdCP

1~D2c12
2 d!F ~ D̃̄ s̄2v̄ sin D̃̄L !s̄

v̄2~v̄22 D̃̄2!
2

~D̃s2v sinD̃L !s

v2~v22D̃2! G cosdCP

1~D2c12
2 d!F ~cosD̃̄L2 c̄!s̄

v̄~v̄22 D̃̄2!
2

~cosD̃L2c!s

v~v22D̃2! G sindCPJ , ~82!

DPme
CPT.s12

2 c12
2 c23

2 d2S sin2vL

v2
2

sin2v̄L

v̄2 D 22s12c12s13s23c23d~D2s12
2 d!H S sin2v̄L

v̄2
2

sin2vL

v2 D cosdCP

1~D2c12
2 d!F ~ D̃̄ s̄2v̄ sin D̃̄L !s̄

v̄2~v̄22 D̃̄2!
2

~D̃s2v sinD̃L !s

v2~v22D̃2! G cosdCP

2~D2c12
2 d!F ~cosD̃̄L2 c̄!s̄

v̄~v̄22 D̃̄2!
2

~cosD̃L2c!s

v~v22D̃2! G sindCPJ , ~83!

DPte
CPT.s12

2 c12
2 s23

2 d2S sin2vL

v2
2

sin2v̄L

v̄2 D 12s12c12s13s23c23d~D2s12
2 d!H S sin2v̄L

v̄2
2

sin2vL

v2 D cosdCP

1~D2c12
2 d!F ~ D̃̄ s̄2v̄ sin D̃̄L !s̄

v̄2~v̄22 D̃̄2!
2

~D̃s2v sinD̃L !s

v2~v22D̃2! G cosdCP

2~D2c12
2 d!F ~cosD̃̄L2 c̄!s̄

v̄~v̄22 D̃̄2!
2

~cosD̃L2c!s

v~v22D̃2! G sindCPJ . ~84!
x-
ral

s-
al

et-

se
It is again interesting to observe that theCPT probability
differenceDPee

CPT contains only a constant term in the mi
ing parameterdCP , i.e., it is independent of theCP violation
phasedCP , whereas the otherCPT probability differences
contain such terms, but in addition also sindCP and cosdCP
terms~in the case ofCP violation, see, e.g., Ref.@81#!. Na-
ively, one would not expect any sindCP terms in theCPT
01300
probability differences, since they do not arise in the gene
case of theT probability difference as an effect of the pre
ence of matter, but are there because of the fundamentT
violation that is caused by theCP violation phasedCP @43#.
However, since constant matter density profiles are symm
ric with respect to the baseline lengthL, theT violation prob-
ability difference is anyway actually equal to zero in the
3-8
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cases. Furthermore, we note that if one makes the repl
ment dCP→2dCP , then DPem

CPT→DPme
CPT and DPet

CPT

→DPte
CPT and in the case thatdCP50 one hasDPem

CPT

5DPme
CPT and DPet

CPT5DPte
CPT . Moreover, in the case o

degenerate neutrino massesm15m2 or for extremely high
neutrino energies,En→`, the quantityd5Dm21

2 /(2En) goes

to zero and so dob and b̄ ~see the second point in th
discussion at the end of the Appendix about the relation

tweenV and V̄), which in turn means that theCPT prob-
ability differences in Eqs.~58!–~62! as well as in Eqs.~80!–
~84! will vanish, i.e.,DPab

CPT→0 whend→0. This can be
understood as follows. In the case whenDm21

2 !Dm31
2 ~i.e.,

d!D) or in the limit d→0, we have that the neutrino mas
hierarchy parameterj[Dm21

2 /Dm31
2 5d/D also goes to zero

If j→0, then Pee→12sin22u13(sin2(C13DL)/C13
2 ), where
01300
e-

e-

C13[Asin22u131(2V/D2cos 2u13)
2. Now, since we have

only calculated theCPT probability differences to first orde
in perturbation theory in the small leptonic mixing angleu13

~see the Appendix!, we have thatPee→1 whenj→0. Using
Pee51 together with the unitarity conditions~4! and~5!, we
find that Pmm5Ptt51 and Pem5Pme5Pmt5Ptm50,
which means that neutrino oscillations will not occur in th
limit. A similar argument applies for the case of antineut
nos. Thus, theCPT probability differencesDPab

CPT→0 up to
first order in perturbation theory inu13 when d→0 ~i.e.,
whend is completely negligible compared withD). There-
fore, there are no extrinsicCPT violation effects up to first
order inu13 whend→0.

In the low-energy regionV&d!D, we find after some
tedious calculations that
DPee
CPT.8s12

2 c12
2 cos 2u12S dL cos

dL

2
22 sin

dL

2 D sin
dL

2

V

d
1O„~V/d!3

…, ~85!

DPem
CPT.28s12

2 c12
2 c23

2 cos 2u12S dL cos
dL

2
22 sin

dL

2 D sin
dL

2

V

d

216s12c12
3 s13s23c23cosdCPcos 2u12S dL cos

dL

2
22 sin

dL

2 D sin
dL

2

V

d

216s12c12s13s23c23sindCPH cos 2u12FdL cosdL2cosDLS dL cos
dL

2
22 sin

dL

2 D2sindLG
1dL sin

dL

2
sinDLJ V

d
1O„~V/d!3

…, ~86!

DPet
CPT.28s12

2 c12
2 s23

2 cos 2u12S dL cos
dL

2
22 sin

dL

2 D sin
dL

2

V

d

116s12c12
3 s13s23c23cosdCPcos 2u12S dL cos

dL

2
22 sin

dL

2 D sin
dL

2

V

d

116s12c12s13s23c23sindCPH cos 2u12FdL cosdL2cosDLS dL cos
dL

2
22 sin

dL

2 D2sindLG
1dL sin

dL

2
sinDLJ V

d
1O„~V/d!3

…, ~87!

DPme
CPT.28s12

2 c12
2 c23

2 cos 2u12S dL cos
dL

2
22 sin

dL

2 D sin
dL

2

V

d

216s12c12
3 s13s23c23cosdCPcos 2u12S dL cos

dL

2
22 sin

dL

2 D sin
dL

2

V

d

116s12c12s13s23c23sindCPH cos 2u12FdL cosdL2cosDLS dL cos
dL

2
22 sin

dL

2 D2sindLG
1dL sin

dL

2
sinDLJ V

d
1O„~V/d!3

…, ~88!
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DPte
CPT.28s12

2 c12
2 s23

2 cos 2u12S dL cos
dL

2
22 sin

dL

2 D sin
dL

2

V

d

116s12c12
3 s13s23c23cosdCPcos 2u12S dL cos

dL

2
22 sin

dL

2 D sin
dL

2

V

d

216s12c12s13s23c23sindCPH cos 2u12FdL cosdL2cosDLS dL cos
dL

2
22 sin

dL

2 D2sindLG
1dL sin

dL

2
sinDLJ V

d
1O„~V/d!3

…. ~89!
a
ng

er
o
s

te
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y

Note that there are, of course, no terms in theCPTprobabil-
ity differences that are constant in the matter potentialV,
since in the limitV→0, i.e., in vacuum, theCPTprobability
differences must vanish, because in vacuum they are equ
zero@cf., Eq.~42!#. Furthermore, we observe that the leadi
order terms in theCPT probability differences are linear in
the matter potentialV, whereas the next-to-leading ord
terms are cubic, i.e., there are no second order terms. H
ever, we do not show the explicit forms of the cubic term
since they are quite lengthy. Actually, for symmetric mat
density profiles it holds that the oscillation transition pro
abilities in matter for neutrinos and antineutrinos,P(na

→nb ;V) and P( n̄a→ n̄b ;V), respectively, are related b
g

-

01300
l to

w-
,
r
-

P(na→nb ;V)5P( n̄b→ n̄a ;2V) @see Ref.@60# and Eqs.
~40! and ~41!#. Hence, in this case, theCPT probability
differences DPab

CPT(V)5P(na→nb ;V)2P( n̄b→ n̄a ;V)
5P(na→nb ;V)2P(na→nb ;2V)[ f (V)2 f (2V) are al-
ways odd functions with respect to the~symmetric! matter
potential V, since DPab

CPT(2V)5 f (2V)2 f (V)52@ f (V)
2 f (2V)#52DPab

CPT(V) @97#.
Introducing the Jarlskog invariant@98,99#

J[s12c12s13c13
2 s23c23sindCP.s12c12s13s23c23sindCP ,

~90!

we can, e.g., write theCPT probability differenceDPem
CPT as
DPem
CPT.2c23

2 DPee
CPT216c12

2 cos 2u12J cotdCPS dL cos
dL

2
22 sin

dL

2 D sin
dL

2

V

d

216JH cos 2u12FdL cosdL2cosDLS dL cos
dL

2
22 sin

dL

2 D2sindLG1dL sin
dL

2
sinDLJ V

d
1O~~V/d!3!.

~91!
es,
rs

tial

se,
In the case of maximal solar mixing, i.e., if the solar mixin
angleu125p/4, then we have

DPee
CPT.0, ~92!

which is also obtained using Eq.~80!, and

DPem
CPT.216JdL sin

dL

2
sinDL

V

d
.2DPme

CPT , ~93!

where in this caseJ5 1
2 s13s23c23sindCP. Thus, we would not

be able to observe any extrinsicCPT violation in the ne

→ne and n̄e→ n̄e channels. However, it would still be pos
sible to do so in thene→nm and n̄e→ n̄m channels. Further-
more, note that if in additiondCP50, then alsoDPem

CPT and
DPme

CPT vanish, sinceJ}sindCP.
2. Step-function matter density profiles

Next, we consider step-function matter density profil
i.e., matter density profiles consisting of two different laye
of constant densities. Let the widths of the two layers beL1
andL2, respectively, and the corresponding matter poten
V1 andV2. Furthermore, we again letEn denote the neutrino
energy. Similar to the constant matter density profile ca
we define the quantities

v i[
d

2
AFcos 2u122

Vi

d
G2

1sin22u12, ~94!

v̄ i[
d

2
AFcos 2u121

Vi

d
G2

1sin22u12, ~95!

D̃ i5D2
1

2
~Vi1d!5

d

2 S 2
D

d
212

Vi

d D , ~96!
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DS i5D2
1

2
~2Vi1d!5

d

2 S 2
D

d
211

Vi

d D , ~97!

um,i[
1

2
arccosS d cos 2u122Vi

2v i
D , ~98!

ūm,i[
1

2
arccosS d cos 2u121Vi

2v̄ i
D , ~99!

with i 51,2 denoting the two different layers, where aga
d[Dm21

2 /(2En) , D[Dm31
2 /(2En) , andu12 is the solar mix-

ing angle. We divide the time interval of the neutrino evo
tion into two parts: 0<t,L1 and L1<t<L, whereL[L1

1L2. In the first interval, the parametersa, ā, b, b̄, f, and
f̄ are given by the well-known evolution in constant mat
density, i.e., by Eqs.~71!–~76! with the replacementsv

→v1 , v̄→v̄1 , D̃→D̃1 , D̃̄→ D̃̄1 , um→um,1 , and ūm

→ ūm,1 , whereas in the second interval, they are given b

a~ t,t0!5c1c282s1s28cos~2um,122um,2!

1 i ~s1c28cos 2um,11s28c1cos 2um,2!, ~100!

ā~ t,t0!5 c̄1c̄282 s̄1s̄28cos~2ūm,122ūm,2!

1 i ~ s̄1c̄28cos 2ūm,11 s̄28c̄1cos 2ūm,2!, ~101!

b~ t,t0!5s1s28sin~2um,122um,2!

2 i ~s1c28sin 2um,11s28c1sin 2um,2!, ~102!

b̄~ t,t0!5 s̄1s̄28sin~2ūm,122ūm,2!

2 i ~ s̄1c̄28sin 2ūm,11 s̄28c̄1sin 2ūm,2!, ~103!

f ~ t,t0!5e2 i [ D̃1(L12t0)1D̃2(t2L1)] , ~104!

f̄ ~ t,t0!5e2 i [DD 1(L12t0)1DD 2(t2L1)] , ~105!

where si[sinviLi , ci[cosviLi , s̄i[sinv̄iLi , and c̄i

5cosv̄iLi with i 51,2 and s28[sinv2t, c28[cosv2t, s̄28

[sinv̄2t, and c̄28[cosv̄2t with t5t2L1.
Now, we will take a quick look at the general way o

deriving expressions for theCPT probability differences for
the step-function matter density profile. However, in th
case, the derivations are quite cumbersome and we will o
present the results for theCPT probability difference
DPee

CPT .
Similar to the case of constant matter density, we obt

theCPTprobability differenceDPee
CPT for step-function mat-

ter density profiles as
01300
-

r

ly

in

DPee
CPT.~s1c2cos 2um,11s2c1cos 2um,2!

2

1@c1c22s1s2cos 2~um,12um,2!#
2

2~ s̄1c̄2cos 2ūm,11 s̄2c̄1cos 2ūm,2!
2

1@ c̄1c̄22 s̄1s̄2cos 2~ ūm,12 ūm,2!#
2. ~106!

In the low-energy regionV1,2&d!D, we find that

DPee
CPT.8s12

2 c12
2 cos 2u12FdS L1

V1

d
1L2

V2

d D cos
d~L11L2!

2

22S V1

d
sin

dL1

2
cos

dL2

2

1
V2

d
sin

dL2

2
cos

dL1

2 D Gsin
d~L11L2!

2

1O„~V1 /d!2,~V2 /d!2,V1V2 /d2
…. ~107!

One observes that theCPT probability differenceDPee
CPT is

completely symmetric with respect to the exchange of lay
1 and 2. Furthermore, in the limitV1,2→V and L1,2→L/2,
one recovers theCPT probability difference for constan
matter density~as one should!, see Eq.~85!.

III. NUMERICAL ANALYSIS AND IMPLICATIONS FOR
NEUTRINO OSCILLATION EXPERIMENTS

In general, the three flavor neutrino oscillation transiti
probabilities in matterPab[P(na→nb) are complicated
~mostly trigonometric! functions depending on nine param
eters

Pab5Pab„Dm21
2 ,Dm31

2 ,u12,u13,u23,dCP ;En ,L,V~L !…,

a,b5e,m,t, ~108!

whereDm21
2 andDm31

2 are the neutrino mass squared diffe
ences,u12, u13, u23, and dCP are the leptonic mixing pa-
rameters,En is the neutrino energy,L is the baseline length
and finally, V(L) is the matter potential, which generall
depends onL. Naturally, theCPTprobability differences de-
pend on the same parameters as the neutrino oscillation
sition probabilities. The neutrino mass squared differen
and the leptonic mixing parameters are fundamental par
eters given by Nature, and thus, do not vary in any exp
mental setup, whereas the neutrino energy, the base
length, and the matter potential depend on the specific
periment that is studied.

The present values of the fundamental neutrino para
eters are given in Table I. These values are motivated
recent global fits to different kinds of neutrino oscillatio
data. All results within this study are, unless otherw
stated, calculated for the best-fit values given in Table
Furthermore, we assume a normal neutrino mass hiera
spectrum, i.e.,Dm21

2 !Dm31
2 with Dm31

2 512.531023 eV2.
For the leptonic mixing angleu13, we only allow values
below the CHOOZ upper bound, i.e., sin22u13&0.1 or u13
&9.2°. For theCP violation phase, we use different value
3-11
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TABLE I. Present values of the fundamental neutrino parameters.

Parameter Best-fit value Range References

Dm21
2 7.131025 eV2 ;(6 –9)31025 eV2 ~99.73% C.L.! @27–35,37,42,100,101#

uDm31
2 u 2.531023 eV2 (1.6 –3.9)31023 eV2 ~90% C.L.! @23–26#

u12 34° 27° –44°~99.73% C.L.! @27–35,37,42,100,101#
u13 0–9.2°~90% C.L.! @102–104#
u23 45° 37° –45°~90% C.L.! @23–26#
dCP @0,2p!
o
r
in
a

and
of

del

ea-
between 0 and 2p, i.e., dCPP@0,2p). Note that there is no
CP violation if dCPP$0,p%, whereas the effects ofCP vio-
lation are maximal ifdCPP$p/2,3p/2%.

As realistic examples, let us now investigate the effects
extrinsic CPT violation on the transition probabilities fo
neutrino oscillations in matter for various experiment
which the neutrinos traverse the Earth. Such experiments
01300
f

re,

e.g., so-called long baseline experiments, atmospheric
solar neutrino oscillation experiments. In some analyses
these experiments, the Preliminary Reference Earth Mo
~PREM! matter density profile@105# has been used, which
has been obtained from geophysics using seismic wave m
surements. However, the~mantle-core-mantle! step-function
matter density profile@135# is an excellent approximation to
llation
e
iments,
HOOZ,
ver, we
TABLE II. Accelerator and reactor long baseline experiments including measurable neutrino osci
channels, average neutrino energies (En), approximate baseline lengths~L! as well as references to th
respective experiments. The CHOOZ, KamLAND, and Palo Verde experiments are reactor exper
whereas the other experiments are accelerator experiments. Furthermore, the BooNE, MiniBooNE, C
LSND, NuTeV, and Palo Verde experiments are sometimes called short baseline experiments. Howe
will use the term long baseline experiments for all experiments in this table.

Experiment Channels En L References

BNL NWG nm→ne 1 GeV 400 km, 2540 km @107–109#

BooNE Hnm→ne

n̄m→n̄e

(0.5–1.5) GeV 1 km @110#

MiniBooNE Hnm→ne

n̄m→n̄e

(0.5–1.5) GeV 500 m @111#

CHOOZ n̄e→ n̄e ;3 MeV 1030 m @102–104#

ICARUS Hnm→ne

nm→nt

17 GeV 743 km @112–114#

JHF-Kamioka Hnm→ne

nm→nm

(0.4–1.0) GeV 295 km @115#

K2K Hnm→ne

nm→nm

1.3 GeV 250 km @116,117#

KamLAND n̄e→ n̄e ;3 MeV ;180 km @41#

LSND Hnm→ne

n̄m→n̄e

48 MeV 30 m @20–22#

MINOS Hnm→ne

nm→nm

(3 –18) GeV 735 km @118–120#

NuMI I/II Hnm→ne

n̄m→n̄e

1.4 GeV/0.7 GeV 712 km/987 km @121#

NuTeV Hnm→ne

n̄m→n̄e

75 GeV, 200 GeV (915–1235) m @122#

OPERA nm→nt 17 GeV 743 km @114,123#

Palo Verde n̄e→ n̄e ;3 MeV 750 m, 890 m @124–127#
3-12
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TABLE III. Estimates of theCPTprobability differences for the different long baseline experiments lis
in Table II. The fundamental neutrino parameters used areDm21

2 57.131025 eV2, Dm31
2 52.531023 eV2,

u12534°, u1359.2°, u23545°, anddCP50. Furthermore, we have used constant matter density pro
with r53 g/cm3 as approximations of the continental Earth crust.

Experiment CPT probability differences
Quantities Numerical Analytical Analytical~low-energy!

BNL NWG DPme
CPT 0.010 3.631024 1.731026

BNL NWG DPme
CPT 0.032 1.231023 2.731023

BooNE DPme
CPT 6.6310213 5.1310214 2.0310217

MiniBooNE DPme
CPT 4.1310214 3.2310215 22.0310217

CHOOZ DPee
CPT 23.631025 23.731029 23.731029

ICARUS DPme
CPT 4.031025 3.131026 4.131029

DPmt
CPT 23.831025

JHF-Kamioka DPme
CPT 3.831023 2.231024 5.031027

DPmm
CPT 21.331024

K2K DPme
CPT 1.031023 7.231025 1.231027

DPmm
CPT 25.331025

KamLAND DPee
CPT 20.033 20.040 20.040

LSND DPme
CPT 4.8310215 3.7310216 1.9310218

MINOS DPme
CPT 1.931024 1.431025 1.931028

DPmm
CPT 21.131025

NuMI I DPme
CPT 0.026 22.731025 6.231026

NuMI II DPme
CPT 2.631023 22.431024 1.831024

NuTeV DPme
CPT 1.6310218 1.2310219 22.6310215

NuTeV DPme
CPT 8.2310220 6.4310221 21.5310215

OPERA DPmt
CPT 23.831025

Palo Verde DPee
CPT 21.231025 21.131029 21.131029

Palo Verde DPee
CPT 22.231025 22.131029 22.131029
t
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the PREM matter density profile@106#, whereas the constan
matter density profile serves as a very good approximatio
long baseline experiments that have baselines that do
enter the core of the Earth. Thus, we use these approx
tions for our calculations.

The equatorial radius of the Earth and the radius of
core of the Earth areR% .6371 km andr .3486 km, re-
spectively, which means that the thickness of the mantle
the Earth isR% 2r .2885 km. From the geometry of th
Earth, one finds that the relation between the maximal de
of the baseline, and the baseline lengthL is given by

,5R% 2AR%

2 2
L2

4
@or L52A,~2R% 2, !#. ~109!

Hence, in order for the neutrinos also to traverse the cor
the Earth, i.e.,,>R% 2r , the baseline length needs to beL
*10670 km. This means that for experiments with base
lengths shorter than 10670 km, we can safely use the c
stant matter density profile. For ‘‘shorter’’ long baseline e
periments (L&3000 km) we use the average matter dens
of the continental Earth crust,rcrust.3 g/cm3, whereas for
‘‘longer’’ long baseline experiments (3000 km&L
&10670 km) we use the average matter density of
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mantle of the Earth,rmantle.4.5 g/cm3. Furthermore, the
matter potentialV[V(L) expressed in terms of the matte
densityr[r(L) is given by

V.
1

A2
GF

1

mN
r.3.78310214 eV•r@g/cm3#, ~110!

wherer@g/cm3# is the matter density given in units of g/cm3.
Let us now investigate when it is possible to use the lo

energy approximations for theCPT probability differences
derived in the previous section. In these approximations,
have assumed that the matter potentialV is smaller than the
parameterd, i.e.,V&d!D. Now, the parameterd is a func-
tion of the neutrino energyEn :

d5
Dm21

2

2En
.3.5531025 eV•En@eV#21, ~111!

whereEn@eV# is the neutrino energy in eV. Thus, combinin
Eqs.~110! and ~111!, we find that

En&0.943109 eV•r@g/cm3#21, ~112!
3-13



d
al
al

M. JACOBSON AND T. OHLSSON PHYSICAL REVIEW D69, 013003 ~2004!
FIG. 1. TheCPT probability differencesDPee
CPT andDPme

CPT plotted as functions of the neutrino energyEn . The baseline lengths use
are 1 km~left column!, 250 km ~middle column!, and 750 km~right column! with r53 g/cm3. Dotted curves correspond to numeric
calculations using the evolution operator method and Cayley-Hamilton formalism@128–130#, whereas solid curves correspond to analytic
calculations using Eqs.~80! and ~83!. The fundamental neutrino parameters used areDm21

2 57.131025 eV2, Dm31
2 52.531023 eV2, u12

534°, u1359.2°, u23545°, anddCP50.
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which means that for the continental Earth crust (rcrust
.3 g/cm3) the neutrino energyEn must be smaller than
about 0.31 GeV in order for the low-energy approximatio
to be valid.

In Table II, we list several past, present, and future lo
baseline experiments of accelerator and reactor types inc
ing their specific parameter sets for which we are going
estimate the extrinsicCPTviolation effects. From the value
of the neutrino energies given in this table we can concl
that the low-energy approximations for theCPT probability
differences are applicable for the reactor experiments inc
ing the LSND accelerator experiment, but not for the acc
erator experiments in general.

Using the values of the fundamental neutrino parame
given in Table I as well as the approximate values of
neutrino energy and baseline length for the different lo
baseline experiments given in Table II, we obtain estima
of the CPT probability differences, which are presented
Table III. From the values in Table III we observe that the
are three different experiments with fairly large estimates
the CPT probability differences. These experiments are
KamLAND, BNL NWG, and NuMI experiments, which wil
later in this paper be studied in more detail. In general, th
is a rather large discrepancy among the values coming f
the numerical, analytical, and low-energy approximation c
culations. This is mainly due to the oscillatory behavior
the CPT probability differences. Therefore, these values c
change drastically with a small modification of the input p
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rameter values. Thus, this can explain the somewhat diffe
values of the different calculations. However, in most of t
cases, the order of magnitude of the different calculations
in agreement. Note that for all reactor experiments the a
lytical and low-energy approximation estimates agree co
pletely, since the neutrino energies are low enough for th
experiments in order for the low-energy approximations
be valid. Moreover, we have calculated theCPT probability
differenceDPme

CPT for two potential neutrino factory setup
using the analytical formula~83!. In general, these setups a
very long baseline experiments that even penetrate
Earth’s mantle in addition to the Earth’s crust. For our c
culations we used a constant matter density profile withr
5rmantle.4.5 g/cm3. Furthermore, we chose the neutrin
energy to be 50 GeV as well as the baseline lengths 3000
and 7000 km, respectively. For these parameter values
obtained DPme

CPT.3.031025 (3000 km) andDPme
CPT.1.8

31025 (7000 km). Thus, the extrinsicCPT violation is
practically negligible for a future neutrino factory.

Next, in Fig. 1, we plot theCPT probability differences
DPee

CPT and DPme
CPT as functions of the neutrino energyEn

for three different characteristic baseline lengths: 1 km, 2
km, and 750 km. From these plots we observe that theCPT
probability differences increase with increasing basel
length L. Furthermore, we note that for increasing neutri
energyEn the extrinsicCPTviolation effects disappear, sinc
the CPT probability differences go to zero in the limit whe
3-14
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FIG. 2. TheCPT probability differenceDPee
CPT for the KamLAND experiment. The left-hand side plot shows its dependence on

neutrino energyEn , whereas the right-hand side plot shows its dependence on the baseline lengthL. The solid and dotted curves ar
analytical and numerical results, respectively. The diamonds (L) indicate the central values of the KamLAND experiment. The parame
used are the same as for Fig. 1.
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En→`. We also note thatDPee
CPT andDPme

CPT are basically
of the same order of magnitude. In this figure, the numer
curves consist of a modulation of two oscillations: one sl
oscillation with larger amplitude and lower frequency a
another fast oscillation with smaller amplitude and high
frequency. On the other hand, the analytical curves consis
one oscillation only and they are therefore not able to rep
duce the oscillations with smaller amplitudes and higher
quencies. However, the agreement between the two cu
are very good considering the oscillations with larger am
tudes and lower frequencies. In principle, the analyti
curves are running averages of the numerical ones, an
fact, the fast oscillations cannot be resolved by any reali
detector due to limited energy resolution making the anal
cal calculations excellent approximations of the numeri
ones.

Let us now investigate some of the most interesting
periments in more detail for which the extrinsicCPT viola-
tion effects may be sizeable. In Fig. 2, we plot theCPT
probability differenceDPee

CPT as functions of both the neu
trino energyEn and the baseline lengthL centered around
values of these parameters characteristic for the KamLA
experiment. We observe that for neutrino energies around
average neutrino energy of the KamLAND experiment
CPT probability differenceDPee

CPT could be as large a
3–5 % making the extrinsicCPT violation non-negligible.
This means that the transition probabilitiesP(ne→ne) and
P( n̄e→ n̄e) are not equal to each other for energies and ba
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line lengths typical for the KamLAND experiment. Thus,
one would be able to find a source of electron neutrinos w
the same neutrino energy as the reactor electron antineut
coming from the KamLAND experiment, then one wou
be able to measure such effects. Furthermore, for
KamLAND experiment the agreement between the analyt
formula ~80! and the low-energy approximation~89! is ex-
cellent, i.e., it is not possible to distinguish the results
these formulas from each other in the plots.

Next, in Figs. 3–6, we present some plots for the topi
accelerator long baseline experiments BNL NWG, JH
Kamioka, K2K, and NuMI, which have approximately th
same neutrino energies, but different baseline lengths
these figures, we plot theCPT probability differenceDPme

CPT

as functions of the neutrino energyEn and the baseline
lengthL as well as the neutrino energyEn for three different
values of theCPviolation phasedCP corresponding to noCP
violation (dCP50), ‘‘intermediate’’ CP violation (dCP
5p/4), and maximalCP violation (dCP5p/2), respec-
tively. We note that in all cases the low-energy approxim
tion curves are upper envelopes to the analytical curves.
thermore, we note that theCPT probability difference
DPme

CPT is larger for long baseline experiments with long
baseline lengths and it does not change radically for differ
values of theCP violation phasedCP .

Finally, in Fig. 7, we present numerical calculation
shown as density plots of theCPTprobability differences for
neutrinos traversing the Earth, which are functions of
3-15
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FIG. 3. TheCPTprobability differenceDPme
CPT for the BNL NWG experiment~baseline length: 2540 km!. The left-hand side plot shows

its dependence on the neutrino energyEn ~solid curve5analytical calculation; dashed curve5low-energy approximation!, the middle plot
shows its dependence on the baseline lengthL ~solid curve5analytical calculation; dashed curve5 low-energy approximation!, and the
right-hand side plot shows the dependence onEn for three different values ofdCP : 0 ~solid curve!, p/4 ~dotted curve!, andp/2 ~dashed
curve!. The diamonds (L) indicate the central values of the BNL NWG experiment. The other parameters used are the same as fo
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nadir angleh and the neutrino energyEn . The numerical
calculations are based on the evolution operator method
Cayley-Hamilton formalism introduced and developed
Refs.@128–130# and the parameter values used are given
the figure caption. The nadir angleh is related to the baselin
lengthL as follows. A nadir angle ofh50 corresponds to a
baseline length ofL52R% , whereash590° corresponds to
L50. As h varies from 0 to 90°, the baseline lengthL be-
comes shorter and shorter. At an angle larger thanh0
[arcsin(r/R%).33.17°, the baseline no longer traverse t
core of the Earth. TheCPT probability differences in Fig. 7
might be of special interest for atmospheric~and to some
extent solar! neutrino oscillation studies, since the plo
cover all nadir angle values and neutrino energies betw
100 MeV and 100 GeV. We note from these plots that
some specific values of the nadir angle and the neutrino
ergy theCPT violation effects are rather sizable.
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IV. SUMMARY AND CONCLUSIONS

In conclusion, we have studied extrinsicCPTviolation in
three flavor neutrino oscillations, i.e.,CPTviolation induced
purely by matter in an intrinsicallyCPT-conserving context.
This has been done by studying theCPT probability differ-
ences for arbitrary matter density profiles in general and
constant matter density profiles and to some extent s
function matter density profiles in particular. We have us
an analytical approximation based on first order perturba
theory and a low-energy approximation derived from th
approximation as well as numerical calculations using
evolution operator method and Cayley-Hamilton formalis
The different methods have then been applied to a numbe
accelerator and reactor long baseline experiments as we
possible future neutrino factory setups. In addition, their
lidity and usefulness have been discussed. Furthermore
n the

e

FIG. 4. TheCPT probability differenceDPme
CPT for the JHF-Kamioka experiment. The left-hand side plot shows its dependence o

neutrino energyEn ~dotted curve5numerical calculation, solid curve5analytical calculation, and dashed curve5 low-energy approximation!,
the middle plot shows its dependence on the baseline lengthL ~solid curve5analytical calculation!, and the right-hand side plot shows th
dependence onEn for three different values ofdCP : 0 ~solid curve!, p/4 ~dotted curve!, andp/2 ~dashed curve!. The diamonds (L) indicate
the central values of the JHF-Kamioka experiment. The other parameters used are the same as for Fig. 1.
3-16



trino

e

EXTRINSIC CPT VIOLATION IN NEUTRINO . . . PHYSICAL REVIEW D 69, 013003 ~2004!
FIG. 5. TheCPT probability differenceDPme
CPT for the K2K experiment. The left-hand side plot shows its dependence on the neu

energyEn ~dotted curve5numerical calculation, solid curve5analytical calculation, and dashed curve5 low-energy approximation!, the
middle plot shows its dependence on the baseline lengthL ~solid curve5analytical calculation!, and the right-hand side plot shows th
dependence onEn for three different values ofdCP : 0 ~solid curve!, p/4 ~dotted curve!, andp/2 ~dashed curve!. The diamonds (L) indicate
the central values of the K2K experiment. The other parameters used are the same as for Fig. 1.
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mospheric and solar neutrinos have been studied numeri
using a step-function matter density profile approximation
the PREM matter density profile. Our results show that
extrinsicCPT probability differences can be as large as 5
for certain experiments, but be completely negligible
other experiments. Moreover, we have found that in gen
the CPT probability differences increase with increasin
baseline length and decrease with increasing neutrino en
All this implies that extrinsicCPT violation may affect neu-
trino oscillation experiments in a significant way. Therefo
we propose to the experimental collaborations to investig
the effects of extrinsicCPT violation in their respective ex
perimental setups. However, it seems that for most neut
oscillation experiments extrinsicCPT violation effects can
safely be ignored.

Finally, we want to mention that in this paper, we ha
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assumed that theCPT invariance theorem holds, whic
means that there will be no room for intrinsicCPT violation
effects in our study, and therefore, theCPT probability dif-
ferences will only contain extrinsicCPTviolation effects due
to matter effects. However, it has been suggested in the
erature that there might be small intrinsicCPT violation ef-
fects in neutrino oscillations@2,3#, which might be entangled
with the extrinsicCPTviolation effects. The question if suc
intrinsic and the extrinsicCPTviolation effects could be dis-
entangled from each other in, for example, realistic lon
baseline neutrino oscillation experiments is still open@12#
and it was not the purpose of the present study. Actually,
deserves an own complete systematic study. However, su
study would be highly model dependent, since intrinsicCPT
violation is not present in the SM. Furthermore, it should
noted that in the above mentioned references, Refs.@2,3#, the
n the

nt.
FIG. 6. TheCPT probability differenceDPme
CPT for the NuMI phase II experiment. The left-hand side plot shows its dependence o

neutrino energyEn ~dotted curve5numerical calculation, solid curve5analytical calculation, and dashed curve5 low-energy approximation!,
the middle plot shows its dependence on the baseline lengthL ~dotted curve5numerical calculation, solid curve5analytical calculation, and
dashed curve5 low-energy approximation!, and the right-hand side plot shows the dependence onEn for three different values ofdCP : 0
~solid curve!, p/4 ~dotted curve!, andp/2 ~dashed curve!. The diamonds (L) indicate the central values of the NuMI phase II experime
The other parameters used are the same as for Fig. 1.
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FIG. 7. The CPT probability
differences DPab

CPT (a,b
5e,m,t) plotted as functions of
the nadir angleh and the neutrino
energy En . The different plots
show DPee

CPT ~upper-left!, DPem
CPT

~upper-middle!, DPet
CPT ~upper-

right!, DPme
CPT ~middle-left!,

DPmm
CPT ~middle-middle!, DPmt

CPT

~middle-right!, DPte
CPT ~down-

left!, DPmt
CPT ~down-middle!, and

DPtt
CPT ~down-right!. The funda-

mental neutrino parameters use
are Dm21

2 57.131025 eV2, Dm31
2

52.531023 eV2, u12534°, u13

59.2°, u23545°, and dCP50.
Furthermore, we have used th
mantle-core-mantle step-functio
approximation of the Earth matte
density profile.
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intrinsic CPT violation effects were only studied in neutrin
oscillations with two flavors and not with three.
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APPENDIX: EVOLUTION OPERATORS

Neutrino oscillations are governed by the Schro¨dinger
equation@see Eq.~32!#

i
d

dt
un~ t !&5H~ t !un~ t !&. ~A1!

Insertingun(t)&5S(t,t0)un(t0)& @Eq. ~34!# yields the Schro¨-
dinger equation for the evolution operator

i
d

dt
S~ t,t0!5H~ t !S~ t,t0!, ~A2!

which we write in flavor basis as

i
d

dt
Sf~ t,t0!5Hf~ t !Sf~ t,t0!. ~A3!
01300
-
ch

In what follows, we will assume that the number of neutri
flavors is equal to three, i.e.,n53. Thus, the total Hamil-
tonian in flavor basis for neutrinos is given by

Hf~ t !5H f1Vf~ t !5UHmU†1Vf~ t !, ~A4!

where

Hm5S 0 0 0

0 d 0

0 0 D
D and Vf~ t !5S V~ t ! 0 0

0 0 0

0 0 0
D

are the free Hamiltonian in mass basis and the matter po
tial in flavor basis, respectively, andU is the leptonic mixing
matrix @136#. Here d[Dm21

2 /(2En ), D[Dm31
2 /(2En ), and

V(t)5A2GFNe(t) is the charged-current contribution o
electron neutrinos to the matter potential, whereGF
.1.16639310223 eV22 is the Fermi weak coupling con
stant andNe(t)5Ye r(t)/mN is the electron number densit
with Ye being average number of electrons per nucleon~in
the Earth: Ye.1/2), mN.939.565330 MeV the nucleon
mass, andr[r(t) the matter density. The sign of the matt
potential depends on the presence of neutrinos or antine
nos. In the case of antineutrinos, one has to change the
by the replacementV(t)→2V(t). Thus, the total Hamil-
tonian in flavor basis for antineutrinos is given by

H̄f~ t !5H f2Vf~ t !5UHmU†2Vf~ t !. ~A5!

DecomposingU5O23U13O125O23U8, we can write the
total Hamiltonian in flavor basis as
3-18
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Hf~ t !5O23FU8S 0 0 0

0 d 0

0 0 D
D U8†1S V~ t ! 0 0

0 0 0

0 0 0
D GO23

T

[O23H~ t !O23
T . ~A6!

Here we use the following parametrization for the orthogo
matricesO23 andO12 and the unitary matrixU13

O235S 1 0 0

0 c23 s23

0 2s23 c23

D ,

U135S c13 0 s13e
2 idCP

0 1 0

2s13e
idCP 0 c13

D ,

O125S c12 s12 0

2s12 c12 0

0 0 1
D ,
01300
l

wheresab[sinuab andcab[cosuab. Hereu12, u13, andu23
are the ordinary vacuum mixing angles anddCP is the CP
violation phase. This means thatU is given by the standard
parameterization of the leptonic mixing matrix andU8 is
given by

U85S c13c12 c13s12 s13e
2 idCP

2s12 c12 0

2s13c12e
idCP 2s13s12e

idCP c13

D .

~A7!

InsertingHf(t)5O23H(t)O23
T into the Schro¨dinger equa-

tion, we obtain

i
d

dt
S~ t,t0!5H~ t !S~ t,t0!, ~A8!

whereS(t,t0)[O23
T Sf(t,t0)O23. Thus, the HamiltonianH(t)

can be written as
H~ t !5S c13
2 s12

2 d1s13
2 D1V~ t ! c13c12s12d c13s13~D2s12

2 d!e2 idCP

c13c12s12d c12
2 d 2s13c12s12e

2 idCPd

c13s13~D2s12
2 d!eidCP 2s13c12s12e

idCPd s13
2 s12

2 d1c13
2 D

D . ~A9!

Series expansions ofs13 andc13 whenu13 is small, i.e.,s135u131O(u13
3 ) andc13511O(u13

2 ), gives up to second order inu13

H~ t !.S ds12
2 1V~ t ! dc12s12 u13~D2ds12

2 !e2 idCP

dc12s12 dc12
2 2u13dc12s12e

2 idCP

u13~D2ds12
2 !eidCP 2u13dc12s12e

idCP D
D . ~A10!

SeparatingH(t) in independent and dependent parts ofu13 yields

H~ t !5H0~ t !1H8, H85H11H2 , ~A11!

where

H0~ t !5S s12
2 d1V~ t ! c12s12d 0

c12s12d c12
2 d 0

0 0 D
D [S h~ t !

0
0

0 0 D
D , ~A12!

H15S 0 0 u13~D2s12
2 d!e2 idCP

0 0 2u13c12s12e
2 idCPd

u13~D2s12
2 d!eidCP 2u13c12s12e

idCPd 0
D [S 0 0 a

0 0 b

a* b* 0
D , ~A13!

H25O~u13
2 !. ~A14!
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Here the HamiltonianH1 is of orderu13, whereas the HamiltonianH2 is of orderu13
2 . Note that the HamiltonianH8 is

independent of timet. Furthermore, the time-dependent HamiltonianH0(t) is only dependent on the mixing angleu12.
Inserting Eq.~A11! as well asS(t,t0)[S0(t,t0)S1(t,t0) into Eq. ~A8! gives

i S d

dt
S0~ t,t0! DS1~ t,t0!1 iS0~ t,t0!

d

dt
S1~ t,t0!5H0~ t !S0~ t,t0!S1~ t,t0!1H1S0~ t,t0!S1~ t,t0!. ~A15!

Now, assuming thatidS0(t,t0)/dt5H0(t)S0(t,t0) holds implies that we have the equationidS1(t,t0)/dt5H1(t)S1(t,t0),
whereH1(t)[S0

21(t,t0)H1S0(t,t0), which can be integrated to give the integral equation

S1~ t,t0!512 i E
t0

t

H1~ t8!S1~ t8,t0!dt8512 i E
t0

t

S0
21~ t8,t0!H1S0~ t8,t0!S1~ t8,t0!dt8. ~A16!

Thus, from first order perturbation theory we obtain@43,48#

S~ t,t0!.S0~ t,t0!2 iS0~ t,t0!E
t0

t

S0
21~ t8,t0!H1S0~ t8,t0!dt8. ~A17!

Since we assumed before thatidS0(t,t0)/dt5H0(t)S0(t,t0) holds, we now have to findS0(t,t0). We observe that the
232 submatrix in the upper-left corner ofH0(t) in Eq. ~A12!, i.e., h(t), is not traceless. Making this submatrix tracele
yields

H̃05H0~ t !2
1

2
trh~ t !13

5S 2
1

2
~c12

2 2s12
2 !d1

1

2
V~ t ! c12s12d 0

c12s12d
1

2
~c12

2 2s12
2 !d2

1

2
V~ t ! 0

0 0 D2
1

2
@V~ t !1d#

D . ~A18!

Note that, in general, any term proportional to the identity matrix13 can be added to or subtracted from the HamiltonianH0(t)
without affecting the neutrino oscillation probabilities. In particular, a term such that the 232 submatrixh(t) in the upper-left
corner ofH0(t) becomes traceless@see Eq.~A18!#. Furthermore, note that the new HamiltonianH̃0(t) will not be traceless and
that the (3,3)-element ofH0(t) will, of course, also be changed by such a transformation.

Instead of solvingidS0(t,t0)/dt5H0(t)S0(t,t0), we have now to solveidS0(t,t0)/dt5H̃0(t)S0(t,t0)1 1
2 tr h(t)S0(t,t0).

The solution to this equation,S0(t,t0), has the general form@43,131,132#

S0~ t,t0!5S a~ t,t0! b~ t,t0! 0

2b* ~ t,t0! a* ~ t,t0! 0

0 0 f ~ t,t0!
D , ~A19!

where the functionsa(t,t0) and b(t,t0) describe the two flavor neutrino evolution in the (1,2)-subsector, in which th
32 submatrixh of H0 acts as the Hamiltonian. In the end of this appendix, we will derive the analytical expressions f
functionsa(t,t0) andb(t,t0). The functionf (t,t0) can, however, immediately be determined to be

f ~ t,t0!5e2 i * t0

t D̃(t8)dt8[e2 iF(t,t0), ~A20!

whereD̃(t)[D2 1
2 @V(t)1d# and
013003-20
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F~ t,t0![E
t0

t

D̃~ t8!dt85E
t0

t H D2
1

2
@V~ t8!1d#J dt85S D2

d

2D ~ t2t0!2
1

2Et0

t

V~ t8!dt8.

Now, inserting Eqs.~A13! and ~A19! into Eq. ~A17! yields

S~ t,t0!.S a~ t,t0! b~ t,t0! 2 i f ~ t,t0!A~ t,t0!

2b* ~ t,t0! a* ~ t,t0! 2 i f ~ t,t0!B~ t,t0!

2 i f ~ t,t0!C~ t,t0! 2 i f ~ t,t0!D~ t,t0! f ~ t,t0!
D , ~A21!

where

A~ t,t0!5 f * ~ t,t0!$a@a~ t,t0!I a* ,t0
~ t,t0!1b~ t,t0!I b* ,t0

~ t,t0!#1b@b~ t,t0!I a,t0
~ t,t0!2a~ t,t0!I b,t0

~ t,t0!#%, ~A22!

B~ t,t0!5 f * ~ t,t0!$a@a* ~ t,t0!I b* ,t0
~ t,t0!2b* ~ t,t0!I a* ,t0

~ t,t0!#1b@a* ~ t,t0!I a,t0
~ t,t0!1b* ~ t,t0!I b,t0

~ t,t0!#%,
~A23!

C~ t,t0!5a* I a* ,t0
* ~ t,t0!2b* I b,t0

* ~ t,t0!, ~A24!

D~ t,t0!5a* I b* ,t0
* ~ t,t0!1b* I a,t0

* ~ t,t0! ~A25!

with

I w,t0
~ t,t0!5E

t0

t

w~ t8,t0! f ~ t8,t0!dt8, w5a,a* ,b,b* . ~A26!

Equations~A22! and ~A23! can be further simplified using the following:

S0~ t1 ,t !5S0~ t1 ,t0!S0
†~ t,t0!5S a~ t1 ,t0! b~ t1 ,t0! 0

2b* ~ t1 ,t0! a* ~ t1 ,t0! 0

0 0 f ~ t1 ,t0!
D S a* ~ t,t0! 2b~ t,t0! 0

b* ~ t,t0! a~ t,t0! 0

0 0 f * ~ t,t0!
D

5S a~ t1 ,t ! b~ t1 ,t ! 0

2b* ~ t1 ,t ! a* ~ t1 ,t ! 0

0 0 f ~ t1 ,t !
D . ~A27!

Considering Eq.~A27!, one immediately finds that

a~ t1 ,t0!a* ~ t,t0!1b~ t1 ,t0!b* ~ t,t0!5a~ t1 ,t !, ~A28!

2a~ t1 ,t0!b~ t,t0!1b~ t1 ,t0!a~ t,t0!5b~ t1 ,t !, ~A29!

2b* ~ t1 ,t0!a* ~ t,t0!1a* ~ t1 ,t0!b* ~ t,t0!52b* ~ t1 ,t !, ~A30!

a* ~ t1 ,t0!a~ t,t0!1b* ~ t1 ,t0!b~ t,t0!5a* ~ t1 ,t !, ~A31!

f ~ t1 ,t0! f * ~ t,t0!5 f ~ t1 ,t !. ~A32!

Thus, using Eqs.~A28!–~A32! as well as the identityu f (t,t0)u25 f (t,t0) f * (t,t0)51, one can write Eqs.~A22! and~A23! as

A~ t,t0!5aIa* ,t~ t,t0!2bIb,t~ t,t0!, ~A33!

B~ t,t0!5aIb* ,t~ t,t0!1bIa,t~ t,t0!. ~A34!

Now, rotatingS(t,t0) back to the original basis, one finds the evolution operator for neutrinos in the flavor basis
013003-21
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Sf~ t,t0!5O23
T S~ t,t0!O23.S a c23b2 is23f A 2s23b2 ic23f A

2c23b* 2 is23f C S22 S23

s23b* 2 ic23f C S32 S33

D [~Sf ,ab!, ~A35!

where

S22[c23
2 a* 1s23

2 f 2 is23c23f ~B1D !, ~A36!

S23[2s23c23~a* 2 f !2 i f ~c23
2 B2s23

2 D !, ~A37!

S32[2s23c23~a* 2 f !1 i f ~s23
2 B2c23

2 D !, ~A38!

S33[s23
2 a* 1c23

2 f 1 is23c23f ~B1D ! ~A39!

with the notationa[a(t,t0), b[b(t,t0), f [ f (t,t0), A[A(t,t0), B[B(t,t0), C[C(t,t0), andD[D(t,t0).
Similarly, replacing the total Hamiltonian for neutrinos~A4! with the total Hamiltonian for antineutrinos~A5! in the

Schrödinger equation~A3!, the evolution operator for antineutrinos in the flavor basis becomes

S̄f~ t,t0!.S ā c23b̄2 is23f̄ Ā 2s23b̄2 ic23f̄ Ā

2c23b̄* 2 is23f̄ C̄ S̄22 S̄23

s23b̄* 2 ic23f̄ C̄ S̄32 S̄33

D [~S̄f ,ab!, ~A40!

where

S̄22[c23
2 ā* 1s23

2 f̄ 2 is23c23f̄ ~B̄1D̄ !, ~A41!

S̄23[2s23c23~ ā* 2 f̄ !2 i f̄ ~c23
2 B̄2s23

2 D̄ !, ~A42!

S̄32[2s23c23~ ā* 2 f̄ !1 i f̄ ~s23
2 B̄2c23

2 D̄ !, ~A43!

S̄33[s23
2 ā* 1c23

2 f̄ 1 is23c23f̄ ~B̄1D̄ ! ~A44!

with the same type of notation as in the neutrino case.
We will now derive the general analytical expressions for the functionsa(t,t0) and b(t,t0). In order to perform this

derivation, we study the evolution operator in the (1,2)-subsector, which is a separate problem in the rotated basis
solution is independent from the total three flavor neutrino problem. We assume that the evolution operator
(1,2)-subsector,S(1,2)(t,t0), satisfies the Schro¨dinger equation for neutrinos

i
d

dt
S(1,2)~ t,t0!5h~ t !S(1,2)~ t,t0!, ~A45!

whereh(t) is the Hamiltonian and it is given by

h~ t !5S s12
2 d1V~ t ! s12c12d

s12c12d c12
2 d D

5S 2
1

2
~c12

2 2s12
2 !d1

1

2
V~ t ! s12c12d

s12c12d
1

2
~c12

2 2s12
2 !d2

1

2
V~ t !

D 1
1

2
@d1V~ t !#12 , ~A46!

see Eqs.~A12! and ~A18!. Note that the term proportional to the identity matrix12 in the Hamiltonianh(t) does not affect
neutrino oscillations, since such a term will only generate a phase factor. Thus, we need not consider this term. In
013003-22
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note that the same term has been subracted from the HamiltonianH0(t) @see Eq.~A18!# for the total three flavor neutrino
problem. Thus, it also in this case only gives rise to a phase factor in the three flavor neutrino evolution operatorS0(t,t0) @see
Eq. ~A19!#, which does not affect the neutrino oscillations.

The solution to the Schro¨dinger equation in the (1,2)-subsector is

S(1,2)~ t,t0!5e2 i * t0

t h(t8)dt8[e2 iH (t,t0), ~A47!

where the integrated Hamiltonian,H(t,t0), is given by

H~ t,t0!5
1

2 S 2cos 2u12d~ t2t0!1E
t0

t

V~ t8!dt8 sin 2u12d~ t2t0!

sin 2u12d~ t2t0! cos 2u12d~ t2t0!2E
t0

t

V~ t8!dt8
D . ~A48!

SinceH(t,t0) is a 232 matrix, the solution can be written on the following form@43#

S(1,2)~ t,t0!5cosA2detH~ t,t0!122 i
1

A2detH~ t,t0!
sinA2detH~ t,t0!H~ t,t0!, ~A49!

where the determinant ofH(t,t0), detH(t,t0), is given by

det H~ t,t0!52
1

4 Fcos 2u12d~ t2t0!2E
t0

t

V~ t8!dt8G2

2
1

4
sin22u12d

2~ t2t0!2

52
1

4 Fd2~ t2t0!222cos 2u12d~ t2t0!E
t0

t

V~ t8!dt81S E
t0

t

V~ t8!dt8D 2G . ~A50!

Furthermore, the eigenvalues ofH(t,t0) can be found from the characteristic equation det„H(t,t0)2V12…50, which yields
V56A2det H(t,t0). Note that in vacuum, i.e.,V(t)50 ;t, it holds thatV2uV(t)505 1

4 d2(t2t0)2[Vvac
2 . Now, if one writes

the evolution operatorS(1,2)(t,t0) as

S(1,2)~ t,t0!5S a~ t,t0! b~ t,t0!

2b* ~ t,t0! a* ~ t,t0!
D , ~A51!

then, using Eq.~A49!, one can identify the functionsa(t,t0) andb(t,t0). We obtain

a~ t,t0!5cosV1 i
sinV

2V Fcos 2u12d~ t2t0!2E
t0

t

V~ t8!dt8G , ~A52!

b~ t,t0!52 i
sinV

2V
sin 2u12d~ t2t0!, ~A53!

where again

V56A2detH~ t,t0!56
d~ t2t0!

2
AFcos 2u122

1

d~ t2t0!
E

t0

t

V~ t8!dt8G2

1sin22u12. ~A54!

Similarly, for antineutrinos the functionsā(t,t0) and b̄(t,t0) become

ā~ t,t0!5cosV̄1 i
sinV̄

2V̄
Fcos 2u12d~ t2t0!1E

t0

t

V~ t8!dt8G , ~A55!
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b̄~ t,t0!52 i
sinV̄

2V̄
sin 2u12d~ t2t0!, ~A56!

which we, in principle, obtain by making the replacementV(t)→2V(t) in the expressions for the functionsa(t,t0) and
b(t,t0). Here

V̄56
d~ t2t0!

2
AFcos 2u121

1

d~ t2t0!
E

t0

t

V~ t8!dt8G2

1sin22u12. ~A57!
te

ti

ce
to

.,

er
Note thatV in Eq. ~A54! and V̄ in Eq. ~A57! only differ
with respect to the sign in front of the integral of the mat

potential. Thus, from the expressions forV and V̄ we find
that

V̄25V21cos 2u12d~ t2t0!E
t0

t

V~ t8!dt8. ~A58!

Let us now consider some special cases when the rela

betweenV andV̄ becomes simpler. In the case that

~i! t2t050, one findsV5V̄50, which is a trivial and
noninteresting case.

~ii ! d50, we have degenerated neutrino massesm1
5m2 ~and negligible solar mass squared differen!
or extremely high neutrino energy and this leads

V25V̄25 1
4 @* t0

t V(t8)dt8#2, which implies that V̄
56V. Thus, in addition, we havea5cosV
2isinV/(2V)* t0

t V(t8)dt8, ā5cosV1isinV/(2V)

3* t0
t V(t8)dt85a* ,andb5b̄50.

~iii ! cos 2u1250 ~e.g.,u12545°), we have maximal mix-
ing in the (1,2)-subsector and this leads toV25V̄2

5 1
4 d2(t2t0)21 1

4 @* t0
t V(t8)dt8#2, which again im-
ys

J.

er

01300
r

on

plies thatV̄56V. In this case, we finda5cosV

2isinV/(2V)* t0
t V(t8)dt8, ā5cosV1isinV/(2V)

3* t0
t V(t8)dt85a* , and b5b̄52 isinV/(2V)d(t

2t0).

~iv! * t0
t V(t8)dt850, one obtains V25V̄25 1

4 d2(t

2t0)2, which also implies thatV̄56V. Further-
more, one hasa5ā5cosV1isinV/(2V)cos 2u12

3d(t2t0) and b5b̄52 isinV/(2V)sin 2u12
3d(t2t0).

In addition, if we have close to maximal mixing, i.e
u12&45°, then we can writeu125p/42e, wheree is a small
parameter. Making a series expansion with the paramete
as a small expansion parameter, we obtain

cos 2u1252e2
4

3
e31O~e5!, ~A59!

V̄56FV1
1

V
d~ t2t0!E

t0

t

V~ t8!dt8e1O(e2)G .
~A60!
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