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Extrinsic CPT violation in neutrino oscillations in matter
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We investigate matter-inducddr extrinsio CPT violation effects in neutrino oscillations in matter. Espe-
cially, we present approximate analytical formulas for @T-violating probability differences for three flavor
neutrino oscillations in matter with an arbitrary matter density profile. Note that we assume tHaPihe
invariance theorem holds, which means that@rT violation effects arise entirely because of the presence of
matter. As special cases of matter density profiles, we consider constant and step-function matter density
profiles, which are relevant for neutrino oscillation physics in accelerator and reactor long baseline experiments
as well as neutrino factories. Finally, the implications of extrifSRT violation on neutrino oscillations in
matter for several past, present, and future long baseline experiments are estimated.
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. INTRODUCTION However, the SU(3XSU(2)x U(1) standard mode{SM)
of elementary particle physics, for which tR#Ttheorem is

Recently, several studies ddPT violation [1-19] have  valid, is in very good agreement with all existing experimen-
been performed in order to incorporate the so-called Liquidtal data. Therefore, fundamen@PT violation is connected
Scintillator Neutrino Detector(LSND) anomaly [20-24 o physics beyond the SM such as string theory or models
within the description of standard three flavor neutrino oscilincluding extra dimensions, in whicBPT invariance could
lations. However, this requires a new mass squared diffelhe viplated.
ence different from the ones coming from atmosph{2&- The recent and the first results of the KamLAND experi-

26] and solar[27-33 neutrinos, which means that one ment141], which is a reactor long baseline neutrino oscilla-
would need to have three mass squared differences msteadtof . i ing the. flux f distant |
two—a scenario, which is not consistent with ordinary mod- ion experiment measuring the, flux from distant nuclear

els of three flavor neutrino oscillations. Therefore, in most Ofreggtors in Japan and S_OUth Kprea, strongly favpr the I'arge
the studies onCPT violation [4,6—8,10,13—1] different ~MiXing angle(LMA) solutlon region for solar neutrino oscil-
mass squared differences and mixing parameters are intrétions and the solar neutrino proble#2]. Therefore, they
duced phenomeno|ogica"y by hand for neutrinos and anmdlcate that there is no need for fundamel@ﬁ’lTVIOIatlon,
tineutrinos. This results, in the three neutrino flavor picture,-€., having different mass squared differences for solar neu-
in two mass Squared differences and four mixing parameter@inos and reactor antineutrinos. Thus, solar neutrino data and
for neutrinos and the same for antineutrinos, i.e., in totalKamLAND data can be simultaneously and consistently ac-
four mass squared differences and eight mixing parametersommodated with the same mass squared difference.
Thus, it is possible to have a different mass squared differ- In this paper, we investigate matter-induded extrinsio
ence describing the results of the LSND experiment otheCPT violation effects in neutrino oscillations in matter. In a
than the ones describing atmospheric and solar neutrino datprevious papef43], the interplay between fundamental and
It should be noted that the results of the LSND experimenmatter-induced violation effects has been discussed. In the
will be further tested by the MiniBooNE experimefR6], case ofCPTviolation effects, there exists no fundamenta
which started running in September 2002. Furthermore, itntrinsic) CPT violation effects if we assume that tH&PT
should be mentioned that the standard way of incorporatingheorem holds. This means that the matter-indu¢ed vio-
the LSND data is to introduce sterile neutrinos, and therefation is a pure effect of the simple fact that ordinary matter
fore, the introduction of fundament&@PT violation, some- consists of unequal numbers of particles and antiparticles.
times also calledyenuine CPviolation, serves as an alter- Matter-inducedCPT violation, sometimes also callefhke
native description to sterile neutrinos. However, neutrinoCPT violation, has been studied and illustrated in some pa-
oscillations between pure sterile flavors and active and sterilpers[5,12,44—47, in which numerical calculations &PT-
flavors have, in principle, been excluded by the SNO experiviolating asymmetries between survival probabilities for
ment[33,34,31. neutrinos and antineutrinos in different scenarios of atmo-
In CPT violation studies, theCPT invariance theorem spheric and long-baseline neutrino oscillation experiments
[38—40, a milestone of local quantum field theory, obvi- have been presented. Here we will try to perform a much
ously does not hold, and in addition, fundamental propertiesnore systematic study.
such as Lorentz invariance and locality may also be violated. The paper is organized as follows. In Sec. I, we discuss
the general formalism and properties GPT violation in
vacuum and in matter. In particular, we derive approximate
*Electronic address: magnus@theophys.kth.se analytical formulas for allCPT-violating probability differ-
"Electronic address: tommy@theophys.kth.se ences for three flavor neutrino oscillations in matter with an
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arbitrary matter density profile. The derivations are per- cpT
formed using first order perturbation theory in the small lep- 2 APIT=0, B=en.t ..., (6)

tonic mixing angled, ; for the neutrino and antineutrino evo- AT

lution operators as well as the fact thatmj,<Am3,

=Am3,, i.e., the solar mass squared difference is some or- > APST=0, a=epu,T, ... . 7)
ders of magnitude smaller than the atmospheric mass p=ep.. ...

squared difference. At the end of this section, we conside
two different explicit examples of.matter densny.proﬁle_s. For example, for three neutrino flavors, E¢® and (7) can
These are constant and step-function matter density proflleB.e written as’ the followina svstem of e' uatibns

In both cases, we present the first order perturbation theory gsy q

Note that not all of these equations are linearly independent.

formulas for theCPT probability differences as well as the APCPTL APCPTLAPCPT_( @)
useful corresponding low-energy region formulas. Next, in ee e er ’
Sec. lll, we discuss the implications for long baseline neu- AP25T+AP25T+AP25T:O’ 9)

trino oscillation experiments and potential neutrino factory
setups as well as solar and atmospheric neutrinos. We illu-

CPT CPT CPT_
minate the discussion with several tables and plots of the AP +APL HAPL =0, (10
CPT probability differences. Then, in Sec. IV, we present a cPT cPT CcPT_
summary of the obtained results as well as our conclusions. APge +AP,e +APL =0, 1D

Finally, in the Appendix, we give details of the general ana- cPT cPT cPT
lytical derivation of the evolution operators for neutrinos and APg, +AP., +APZ, =0, (12

antineutrinos.
APSPT+APSTT+APEPT=0. (13)

Il. GENERAL FORMALISM AND  CPT-VIOLATING Hence, there are nin€PT probability differences for neutri-
PROBABILITY DIFFERENCES nos and six equations relating theSeT probability differ-
A. Neutrino oscillation transition probabilities and CP, T, and  €nces. The rank of the corresponding system matrix for the
CPT violation above system of equations is five, which means that only five
of the six equations are linearly independent. Thus, five out
of the nineCPT probability differences can be expressed in
terms of the other four, i.e., there are, in fact, only f@RT
probability differences. Choosing, e.gAPgs ', APEPT,

APCPT and APSPT as the knownCPT probability differ-

ue i

Let us by P(v,—vp) denote the transition probability
from a neutrino flavor to a neutrino flavoB, and similarly,
for antineutrino flavors. Then, theCP, T, and CPT
(-violating) probability differences are given by

APSﬁPE P(vo—vg)— P(;Q—J,g), 1) ences, the other five can be expressed as
APCTPT: _APCPT_APCPT, (14)
APgs=P(va—vp) = P(rg—1,), 2) ) * o
APCPTZ —APCPT—APCPT (15)
- — mT ue mpo
APSE'=P(v,—vp)—P(vg—,), 3)
APSET=—APSET-APSET, (16)
wherea,B=¢e,u,7, ... . TheCP and T probability differ-
ences have previously been extensively studied in the litera- APSYT=—APEIT-APSTT, (17
ture [43,48-93. In this paper, we will study in detail the
CPT probability differences. Let us first discuss some gen- APSPT=APSET+APSPT+APSET
eral properties of th€PT probability differences. In general, cpT
i.e., both in vacuum and in matter, it follows from conserva- +AP,, . (18

tion of probability that o .
Furthermore, theCPT probability differences for neutrinos

are related to the ones for antineutrinos by

> P(v,—rvp) =1, B=eu,7, ..., (4 o
ATEMT, APSET: P(v,— Vﬁ)_P(Vﬁ—)Va)
> P(v,—rvp =1, a=eu,, ... . (5 == (P(jﬁ_)ja)_ P(v,—vg))
B=eu,7, ... cPT
= _APB_a , (19
In words, the sum of the transition probabilities of a given
neutrino (antineutring flavor into neutrinos(antineutrinos  wherea,B=e,u,7, ... . Thus, theCPT probability differ-
of all possible flavors is, of course, equal to one, i.e., theences for antineutrinos do not give any further information.
probability is conserved. Using the definitions of tB@®T For completeness, we shall also briefly consider the case

probability differences, Eq€4) and (5) can be rewritten as  of two neutrino flavors. In this case, we have
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APSET+APSIT=0, (20)
APSET+APSTT=0, (21)
APSET+APSET=0, (22)
APSIT+APSPT=0 (23)

from which one immediately obtains
APSET=APS = —APS T=—APLET. (24)

Thus, for two neutrino flavors there is only one linearly in-
dependentCPT probability difference, which we, e.g., can

choose aa\PSPT.
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In the next subsection, we discuss the Hamiltonians and
evolution operators for neutrinos and antineutrinos, which
we will use to calculate th€PT probability differences.

B. Hamiltonians and evolution operators for neutrinos and
antineutrinos

If neutrinos are massive and mixed, then the neutrino fla-
vor fieldsv,,, wherea=e,u, 7, .. ., arelinear combinations
of the neutrino mass eigenfields,, wherea=1,23 ...,
ie.,

n
Va:E UpaVa, a=€,u,7, ..., (29
a=1

wheren is the number of neutrino flavors and tbe,’'s are

Generally, for theT probability differences, we have the matrix elements of the unitary leptonic mixing matix

(43,65 [133,134. Thus, we have the following relation between the
. T . neutrino flavor and mass statg®4,95
APl=AP, =AP] =0, (25) )
T _ApT —ApT — T _ T W= u* . A=€,U,T, ..., 30
APL =AP] =APT=—APT = AP, [va)= 2, Utalva), a=ep,7 (30
— T
=~ AP, (26) where v, is the ath neutrino mass state for a neutrino with
ini - =4/ 2 22
for three neutrino flavors and def'glte 3 momentum p, energy .E.a ma+p P
+m3/(2p) (if m,<<p), and negative helicity. Here, is the
API =AP] =APT =APT =0 (27y ~mass of theath neutrino mass eigenstate ape:|p|. Simi-
" H pb larly, for antineutrinos, we have
for two neutrino flavors. Thus, in the case of three neutrino n

flavors, there is only one linearly independdnprobability

difference, whereas in the case of two neutrino flavors, neu-
trino oscillations arél-invariant irrespective of whether they

take place in vacuum or in matter.

|;a>:a21 Uaa|;a>’ a=€,U,T, ... . (31

In the ultrarelativistic approximation, the quantum mechani-

Using the definitiong1)—(3), one immediately observes cal time evolution of the neutrino__ states and the neutrino
that theCP probability differences are directly related to the 0scillations are governed by the Sctirnger equation

T andCPT probability differences by the following formulas

CP T _ CPT CcP T _ CPT
APSP+AP=APS)T and AP +AP],=APS] o

In vacuum, whereCPT invariance holds, one hasP

_ ApCPT
=APS

CET
=0, which means thatAPSg’:—APITB and

APE—;=—APZB. Furthermore, using again the definition

(1), one finds thatAPSf=—APE. Thus, APSS=AP],
andAP%=AP1—B, i.e., theCP probability differences for

neutrinos(antineutrinog are given by the corresponding
probability differences for neutrino&ntineutrinos How-

ever, in matterCPT invariance is no longer valid in general,
and thus, one ha& PSP T+0, which means that we need to

know both theT and CPT probability differences in order to

determine theCP probability differences. Moreover, in

vacuum, it follows in general thatP(v,—vg)=P(vg

—wv,) and in particular thatP(v,—v,)=P(v,—v,),

which leads toAPSP=0. Therefore,CP violation effects
cannot occur in disappearance channels-¢v,), but only
in appearance channels (— vz, wherea# g8) [52], while
in matter one has in generalP$P+0.

d
IV (O)=HO[v(1), (32

where|v(t)) is the neutrino vector of state arid(t) is the
time-dependent Hamiltonian of the system, which is different
for neutrinos and antineutrinos and its form also depends on
in which basis it is giverisee the Appendix for the different
expressions of the HamiltoniarHence, the neutrino evolu-
tion (i.e., the solution to the Schdiger equationis given

by

() =

V(t0)>1 (33)

where the exponential function is time-ordered. Note that if
one assumes that neutrinos are stable and that they are not
absorbed in matter, then the Hamiltoniafit) is Hermitian.
This will be assumed throughout this paper. Furthermore, it
is convenient to define the evolution operator the evolu-
tion matrix S(t,ty) as

(1) =S(t,to)| p(to)), S(t,tg)=e 1M (34

which has the following obvious properties
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S(t,t)=S(t,t1)S(t;,tp), (39
S(to,to) =1, (36)
S(t,to)S(t,te) T=1. (37)

The last property is the unitarity condition, which follows
directly from the Hermiticity of the Hamiltoniaf(t).

Neutrinos are produced in weak interaction processes &3

flavor state$v,), wherea=e,u,, ... . Between a source,

PHYSICAL REVIEW D59, 013003 (2004

In the next subsection, we calculate 88T probability
differences both in vacuum and in matter.

C. CPT probability differences

In vacuum, the matter potential is zero, i.e/(t)
=0 Vt, and therefore, the evolution operators for neutrinos
d antineutrinos are the same, i.€5(t,tg)=5(t,tg)

=e Hml where H,=diagE;.E,, ... E,) is the free

the production point of neutrinos, and a detector, neutrinoglamiltonian andL=t—t, is the baseline length. Note that

evolve as mass eigenstates,), wherea=1,2,3 ..., i.e.,
states with definite mass. Thus, if at tirtve ty the neutrino
vector of state i$v,)=|v,(ty)), then at a time we have

lva<t>>=a§1 [S(t,to) JaaU%alva)- (39)

The neutrino oscillation probability amplitude from a neu-
trino flavor « to a neutrino flavoiB is defined as

*
aa’

Aap=(vgl va()= 2, Ugal S(t,to) Jaal

a,B=e,u,7, ... . (39

Then, the neutrino oscillation transition probability for,
—vpg Is given by
— 2
P( Vo= V,B)_|Aa,8|
n n
=2 2 U
a=1 b=1

X [S(tuto)]aa[s(tuto)];b'

*

aal gal abU %
(40)

wherea,B=¢€,u,7, ... .

The oscillation transition probabilities for antineutrinos
are obtained by making the replacemetts,—U%, and
S(t,tg) — S(t,to) [i.e., V(t)— —V(t), whereV(t) is the mat-
ter potential defined in the Appendjxwhich lead to

n

P(ja_)jﬂ) = 2

a=1 b=

n

luaa paY U gb
X[S(t,to) Jaal S(t,to) Ty
~{a—b}
n n
= U* Uz U, U%
a§=:l b§=:l aa™~ Ba~ ab™ gb

X[S(t,to) 12 S(t,t0) Tbb. (41)

wherea,B=¢€,u,7, ... .

the Hamiltonians in vacuum for neutrinos and antineutrinos
are the same, since we have assumed G theorem.
Thus, using Eqs(40) and(41), it directly follows that

APSET=P(v,— 1) —P(vg—1,)=0, (42)

which means that there is simply fiatrinsic) CPT violation

in neutrino oscillations in vacuum. Note that this general
result holds for any number of neutrino flavors. Furthermore,
note that even though there is no intringi®T violation
effects in vacuum, there could be intring® and T viola-
tion effects induced by a nonzef@P (or T) violation phase
écp, Which could, if sizeable enough, be measured by very
long baseline neutrino oscillation experiments in the future
[96].

In matter, the situation is slightly more complicated than
in vacuum. However, the technique is the same, i.e., the ex-
trinsic CPT probability differences are given by differences
of different matrix elements of the evolution operators for
neutrinos and antineutrinos.

The probability amplitude of neutrino flavor transitions
are the matrix elements of the evolution operators:

A(v,—vg) =[S(t,to) 1 ga=[St(t,to) ] ga (43)

A(vy— 1) =[S(t,t0) g =[St(t,t0) 1 g - (44)

Thus, we have the extrinsiCPT probability differences

APSET=[Si(t,to) 1 pal >~ I[St(t,to) Tapl®.  (45)

In the case of three neutrino flavors with the evolution
operators for neutrinos and antineutrinos as in E485)
and (A40), respectively, the differerd PS;™'s are now eas-
ily found, but the expressions are quite unwieldy. TGRT
probability differenceAPSET to first order in perturbation
theory is found to be given bgsee the Appendix for defini-

tions of different quantitios
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APEE =S 11l* =[Sy a1l*= |l >~ [a]*=| B|*~| BI?

§Q+Sin29( 20,,6(t—to) ftV(t’)dt’)z 20 SO 20,,6(t t)+ftV(t')dt’)2
=Co COoSs - - —CO —— Ccos —
402 R 402 R )y
1/sirfQ sirfQ
_ _ H 2+ 2
_Z< = 02 )S|n220125 (t—tg)?, (46)

which is equal to zero in vacuum, in whisk(t) =0 Vt. Note that in the case df violation all diagonal elements, i.eA,PIm,

wherea=e,u, , are trivially equal to zerfcf. Eq.(25)]. This is obviously not the case f@PT violation if matter is present.
Similarly, we find

A|:)§::,13T:|Sf,21|2_ |§f,12|2:|C235* +i323fC|2_|C23E_i523m2

= 54| B12— | BI?) + S5 |C|2 | Al]?) +ispaCoq BIC— B* £+ C* + g A BT A*), (47)
APSTPT:|Sf'31|2—|§f’13|2=|3233*—ic23fC|2—|—323E—ic23f_A|2

_ 2 2_|Aal2 2 2_ 12y _; _ nkfk(k L DKFA . DFRAK

=Coa(|C|*—|A|9) +s54(| BI*— [ B]?) —ispaCoa BFC— B* ¥ C* + p* fA— BF* A¥), (48)

A P,CLST: |Sf,12|2_ |§f,21|2: |coaB—isaf AlP— |023E* + iS23f_C|2

= 54| B12— | BI?) + S5 |A|2 = |C|?) +ispaCoq BT * A* — B* A~ BIC+ B* F*C*), (49)
AP T=|S; 147~ |§f,31|2: | — SpaB—iCosf A|2—|spaB8* —iC,5f C|2

= C54(|AI2=|Cl?) + 54| BI2— | BI?) —ispaC s BT* A* — B* fA— BIC+ g* F*C*), (50)
APSPT= S 2%~ | Sy 2% = | C3aer* + S54f —iS3Caf (B+D)|2—|Csa* + S35 — iSpeCof (B+D)|?

=ciy|al?~|a]?) —isyciafB—a* *B* + afD— a* f*D* — afB+ a* f*B* — afD + a* f*D*)

+82.02,(af + a* f* +|B|?+|D|?+BD* + B*D — af — o* f* —|B|?—|D|?~BD* —B*D)

—i83,,5(B—B* +D—D*—B+B* —D+D*), (51)
APCPT=|St 32—~ [St 242 =| — SaaCasl @* — ) +if (5B~ C55D) |~ | — SpaCos(@* — ) —if (3B~ s3D)|?

=c34(|D|?~|B[?) +isyciy af D— a* f*D* —D+D* —af B+ a* f*B* + B—B*)
+52,024| a|?— af — a* f* —BD* —B*D—|a|?+ af + o* f* + BD* + B*D)
—is3Cox(afB—a* f*B* —B+B* —afD+a* f*D* + D —D*)+si(|B|?—|D|?), (52

013003-5



M. JACOBSON AND T. OHLSSON PHYSICAL REVIEW D59, 013003 (2004

APCIT=|St 2d? [St 33 %= | — SpaCasl@* — 1) —if (3B~ S5D) >~ |~ SpaCosl@* — 1) +if (5B~ c5D)|?
=c34(|B|?—|D|?) +ispciyafB—a* *B* —B+B* —afD+a* f*D* + D—D¥)
+52,024| a|?— af — a* f* —BD* —B*D—|a|?+ af + o* f* + BD* + B*D)

—isdCoy(afD—a* f*D* —D+D* — afB+a* f*B* + B—B*) +s5(|D|?— |B|?), (53

APSPT=|S 32— |S; 3d%=|S5sa* + C2of +i5,3C5f (B+ D)|?—|Shea* + C34f +iSpsCosf (B+D)|?
=iS,4o4B—B*+D—D*-B+B*—D+D*)

+52.02,(af + a* f* +|B|?+|D|?+BD* + B*D — af — o* f* —|B|?~|D|?~BD* —B*D)

+is3,Cos afB—a* f*B* + afD—a* f*D* — afB+a* f*B* —afD+a* f*D*) +siy(|a|?—|a]?). (54

Note thatA PSP T is the onlyCPT probability difference that where we have only displayed tf@PT probability differ-

is uniquely determined by thél,2)-subsector of the full encesAPgs ™, APSTT, APCPT, APSET, andAPS]T, since
three flavor neutrino evolution, see the explicit expressionshe remaining ones are too lengthy expressions and not so
of the evolution operators for neutrinos and antineutrinoslluminating. In the following, we will restrict our discussion
[Egs. (A35) and (A40)]. Thus, it is completely independent only to thoseCPT probability differences displayed above.

of the CP violation phases:p [12] as well as the fundamen- Furthermore, from the definition of the parametaiendb in

tal neutrino parameterSm3,=Am3,, 6,5, and 63. Eq. (f\13),2 we can conclude that |b/ale &% A?
Now, using conservation of probability, i.e., Eq®)—- =(Am3/Am3)? and thus, the ratigb/al is small, since
(13), we find the relations Am3,<Am3,. In Ref.[43], it has been shown that
a;ﬂ T APSPT=|C|2~|A]?=0, (55 |IB‘t(t,to)/Ia*'t(t,t0)|~|I;}’to(t,to)/lZ*'to(t,t0)|~52/A2’
S APCPT=|A]2—|C|?=0 (56) and therefore, it also holds that
ae 1
a=e,u, T

15 (t o)/ 1 g (t,t) |~ 15, (tto)/ 1%, (t,tg)|~ 8% A2
APOTTe S PR [15.(tt0) 1o e(tto) [~ [T 1 (Lto) 1 (Eit0)]

a=e,u,7 pa a=e,um,T e

Thus, the contributions of the integrdlg(t,t,), |;§,t0(t:t0),

_ CPT CPT

= 2 APSPT+ X AP

s s T g4(t, o), andl_};vto(t,to) are suppressed by a factor &ff/ A2

in Egs.(59)—(62). Using this to reduce the arguments of the

=|B|?+|D|%~|B|2~|D|?=0. (57)  imaginary parts in Eq459)—(62) further, we obtain the fol-
lowing:

Thus, theCPT probability differences can be further simpli-

fied and we obtain ,BfC—WK*:,Bfa*I’;* ,to—ﬁ‘a'_’;*,p 63)
APETT=[BI2- Bl (58)
APS:T2C§3(|,3|2_|E|2)_20235233(ﬁfc_ﬁx*), ﬁf*A*—,BfC:,Bf*a*IZ*’t—,BfaIZ*’tO. (64
(59
CPT 2 s 1 =in N —_— D. Examples of matter density profiles
APer =Sl | BI"=| A7)+ 2C2s8030(BTC = BT AT), (60) We have now derived the general analytical expressions

for the CPT violation probability differences. Next, we will
calculate some of th€PT violation probability differences
for some specific examples of matter density profiles. This

cPT 2 s =ip e T will be done for constant matter density and step-function
AP =s5| 8| — | B|*) +2C58,33(BT*A* = BTC), (62 matter density.

APSET=c24(| 81?1 B|?) — 258,53 Bf* A* — BfC), (61)
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1. Constant matter density profiles 1 5¢0s 20,,—V
The simplest le of a matter density prof Om= _arcc‘)’% ) 69
plest example of a matter density profgecept 2 20
for vacuun is the one of constant matter density or constant
electron density. In this case, the matter potential is given by _ 1 5€0S 20,5+ V
V(t)=V=constVt. Furthermore, if the distance between 0= Earcco —_—, (70
source and detectofi.e., the neutrino propagation path 20

length or baseline lengtlis L and the neutrino energy 5,

= Am?2 — Am?2 A2
then we can define the following useful quantities where 5=Am3,/(2E,) , A=Ams/(2E,) ~Am3,/(2E,) , and

61, is the solar mixing angle. Then, we hafsze the Appen-

_ dix)
8 V|?
“’EE 00821912—5 +5if26,,, (65) a(t,0)=coswt+i cos 20,,sinwt, (72
a(t,0)=coswt +i cos 20,sinwt, (72)
_ 4 V|? o '
=5 0052012+E +5sirf26,,, (66) B(t,00=—i sin 2¢,,sinwt, (73
1 s/ A v B(t,0)=—i sin 26,,Sinwt, (74
A=A——(V+&)=—|2——1——|, 67) -
o ) f(t,00=e 4, (79
= 1 S A V Tt ) — a—iAt
A T(— L P f(t,00=e 13, (76)
A=A 2( V+6) 2(28 1+5,

(68 where O<t<L, which yield

2 = ¢ &
|,8|2—|,8|2=S|n220m52—S|r1220m52=sf2c§252(—2—:2 , 77
w w

— ) 2 g2 , .| (As—wsinAL)s (As—wsinAL)s
J(BFC— BF*A*)=51£18130(A —8150) | | = — — | €0SOcpt+ (A —CL0)| ——————————5 5 =5 |C0Sécp
0w o w?( 2_32) 0w (w =A%)
) (cosAL—c)s (cosAL—c)s|
+(A—ci,0) — SiNdcp | » (78

w(a?—1?) w(w?—2?)

I pp— ) 2 &2 , .| (As—wsinAL)s (As—wsinAL)s
J(BT*A* — BFC)=5,,C1,5136(A — S7,0) = COSScpt (A —Ciy0) — - o s COSdcp
0 w ;2(_2_32) o (w°—A°)
) (cosAL—c)s (cosAL—c)s|
—(A—c1,0) - Sindcp [, (79

w(0?-32)  @(@’-1?)

wheres=sinwL, s=sinwlL, c=coswL, andc=coswL. Note that the only difference between the imaginary parts in &&s.
and (79) is the signs in front of the sifi.p terms, i.e., applying the replacemefitp— — écp, one comes fronti(BfC
- Bf*A*) to J(Bf*A* —BfC), and vice versa. Thus, inserting Eq3.7)—(79) into Egs. (58)—(62), we obtain theCPT
probability differences in matter of constant density as

sifol  sirfol
2 > —, (80)

CPT_ _ o2 A2
AF)ee - S;120125 ;2
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P 2 2 5 of SPL  sirfol ) sifwl  sirfol
APg, '=S1,C1,530 5 T T=5 | ~ 2512£15513523C230( A — S1,0) = — — —— | COSécp
w w w
) (As—wsinAl)s (As—wsinAL)s
T(A=C) | —————— 5 5 =5 |C0Sdcp
wz(wz_zz) 0 (w =A%)
, | cosAL—c)s (cosAL—c)s|
+(A—C0)| —— — %2 SiNdcp | » (81
i w(wZ—AZ) (1)((1) - )
CPT 2 2 5 o SiPoL sirfwl 5 sifwl  sirfol
APg; '=81£155530 5~ = | 7281015813523C236( A — S1,0) v 5 | COSdcp
w w w
) (As—wsinAl)s (As—wsinAl)s
TA-CRO)| ————— o e COSOcp
wZ(wZ_AZ) (O] ((,z) —A )
) (cosAL—c)s (cosAL—c)s|
+(A—c7,0) —— = sin &, , (82
12 I 2_R2 cp
I w(wZ_AZ) w(w )
CPT 2 2 o o SIPoL sirfwl ) sifwl  sirfol
AP e =S1L1L530 5 T T=5 | ~ 2512£12513523C230( A — S1,0) =~~~ | C0Sécp
w w w w
5 (As—wsinAl)s (As—wsinAL)s
TA—Cd)| —————— 5 7 3 COSdcp
w2(w?—1A2) o (0 =A%)
) (cosAL—c)s (cosAL—c)s|
—(A—c7,9) — — — sin S, , (83
12 = 2_7}2 CcP
I w(wZ_A2) (1)((1) )
P 2 2 2 of SiPoL  sirfel ) sifwl  sirfol
APZy =S87,01,8230 5~ T=5 | 7 2512£12513573C230( A — S1,0) =~ —— | COSécp
w w w w
) (As—wsinAl)s (As—wsinkL)s
TA-Cd)| ————— 5 COSécp
w2(w2_A2) (O] ((U —A )
) (cosAL—c)s (cosAL—c)s|
—(A—c1,0) —— ——|siné (84)
12 E— 2_32 cpP
I w(wZ_AZ) w(w - )

It is again interesting to observe that tRdT probability

probability differences, since they do not arise in the general

differenceA Pgep T contains only a constant term in the mix- case of theT probability difference as an effect of the pres-

ing parametebcp, i.€., it is independent of théP violation
phasedcp, Whereas the othe€PT probability differences
contain such terms, but in addition also 8ip and coS5:p
terms(in the case ofCP violation, see, e.g., Ref81]). Na-
ively, one would not expect any séiap terms in theCPT

ence of matter, but are there because of the fundam@&ntal
violation that is caused by th@P violation phases:p [43].
However, since constant matter density profiles are symmet-
ric with respect to the baseline lendththeT violation prob-
ability difference is anyway actually equal to zero in these
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cases. Furthermore, we note that if one makes the replace: — \/si?2¢,,+ (2V/A —cos 2,9)2. Now, since we have

ment Scp— —dcp, then APGFT—APSET and APSTT
—APST and in the case thabcp=0 one hasAPg]T
=APSET and APGTT=APSST. Moreover, in the case of
degenerate neutrino masses=m, or for extremely high
neutrino energiesk ,—«, the quantity(S:Am%l/(ZE,,) goes

only calculated theCPT probability differences to first order
in perturbation theory in the small leptonic mixing anglg
(see the Appendixwe have thaP.s—1 whené—0. Using
P..=1 together with the unitarity conditiorid) and(5), we
find that P,,=P,,=1 and P.,=P,.=P,,=P., =0,

to zero and so dg and B (see the second point in the which means that neutrino oscillations will not occur in this
discussion at the end of the Appendix about the relation belimit. A similar argument applies for the case of antineutri-

tween() and 6), which in turn means that th€PT prob-
ability differences in Eqs(58)—(62) as well as in Eqs(80)—

(84) will vanish, i.e., APSZ™—0 when5—0. This can be
understood as follows. In the case whem3,<Am3, (i.e.,

nos. Thus, th€PT probability differences\PS;™—0 up to
first order in perturbation theory i#,3 when 6—0 (i.e.,
when & is completely negligible compared with). There-
fore, there are no extrinsiCPT violation effects up to first

8<A) or in the limit -0, we have that the neutrino mass Order in 6,3 when 6—0.

hierarchy parametef= Am3,/Am3,= 6/A also goes to zero.
If ¢—0, then Pge—1—sirnf26,4(sirf(C;3AL)/C%), where

In the low-energy regioV=6<A, we find after some
tedious calculations that

CPT > SL oLy oLV 3
APgs =8s7,£1,0S 204, oL cos—-— 2 sin—-|sin—- +O((V16)°), (85
oL oL oLV
APgFT= —8s7,c3,c5,08 2:912( 3L cos—-—2 sin7) sin—-
3 oL oLy 6LV
— 165, 5C75513523C23C0SOcpCOS 20, SL c037 -2 sm7 S|n7 5
_ oL oL )
— 16S15C15513523C235IN O p{ COS 2045 SL coséL —cosAL| SL cos7 -2 sm? —sindL
oL V
+ 6L sin—-sinAL 3+(9((V/5)3), (86)
oL oL oLV
APSPT= —8s7,c2,52.c05 20;,| 5L cos—- — 2 sin—- | sin— —
4 2 2 2 6
3 oL oLy LV
+ 16S15C75513523C23C0SOc pCOS 201,| L cos7 -2 sm7 sm7 5
) SL oL )
+ 16S15C15513523C23SIN O pj COS 2045 SL cosSL —cosAL| SL cos7 -2 sm7 —sindL
oL | \%
+ 6L S|n7smAL 3+(’)((V/5)3), (87
oL oLy oLV
APGET=—8s7,c7,c5,c08 2912( Sl cos—-—2 sm7) sin—- >
3 SL oLy oLV
— 165,,C75513523C23C0SOpCOS 201, L 0037 -2 sm7 sm7 5
. oL oL .
+ 16S15C15513523C238IN dcpj COS 2014 SL coséL —cosAL| SL 0057 -2 S|n7 —sindL
oL . Vv 3
+ 6L sm7smAL 5+O((V/5) ), (89
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oL

APSST=—8s7,c1,55,c08 2912( >

oL
+ 168, 5C3,515575C»3C0S S pCOS 2012( 5L cos—

oL SL
— 16515C15513523C235IN O¢ p( cos 2012[ 6L coséL —cosA L( oL cos7 -2 sin—) —sinédL

8L \Y;
+ 6L sm7smAL] 57 O((V/6)3).

Note that there are, of course, no terms in @T probabil-
ity differences that are constant in the matter poterial
since in the limitV—0, i.e., in vacuum, th€PT probability

differences must vanish, because in vacuum they are equal to
zero[cf., EqQ.(42)]. Furthermore, we observe that the leading

order terms in theCPT probability differences are linear in

the matter potentiaV, whereas the next-to-leading order
terms are cubic, i.e., there are no second order terms. How-
ever, we do not show the explicit forms of the cubic terms,
since they are quite lengthy. Actually, for symmetric matter
density profiles it holds that the oscillation transition prob-

abilities in matter for neutrinos and antineutrind3(v,,
—wvg;V) and P(v,—vg;V), respectively, are related by

AP = —c3APSE T—16c%,c0s 26;,] cot 5CP(

- 16J[ COS 201,

In the case of maximal solar mixing, i.e.,
angle 6,,= /4, then we have

APSPT=0, (92)
which is also obtained using E¢0), and
oL \Y
APSPT=—1605L sin—-sinAL <=— APSET, (93

where in this casd=%s,35,5C,s5iN &cp. Thus, we would not

be able to observe any extrins@€PT violation in the v,

— v, and ve— v, channels. However, it would still be pos-
sible to do so in there— v, and?eﬂ;ﬂ channels. Further-

more, note that if in additiodcp=0, then alsaAP$YT and

APSET vanish, sincelecsindcp.

oL cos— —2 sin—

oL
oL 0037 —2 sin—

oL oL .
SL coséL —cosAL| L cos7 -2 sm7 —sindL

if the solar mixing

PHYSICAL REVIEW D59, 013003 (2004

oL oLV
2 Sm?}
y |2tV
2— SII"I2 SII’]2 5

2

(89

P(v,—vg;V)=P(vg—r,,—V) [see Ref.[60] and Egs.
(40) and (41)]. Hence in this case, th€PT probablllty
differences  APSET(V)=P(v,—v5;V) = P(v5—v,;V)
P(v,—vg:V)— P(V —vg,—V)=f(V)-f(-V) are al-
ways odd funcuons with respect to tlisymmetri¢ matter
potential V, since APSET(—V)=f(—V)—f(V)=—[f(V)
f(=V)]=- APCPT(V) [97].

Introducing the Jarlskog invariaf®8,99

J= 312012513C535230235in Ocp=S12C12513523C23SIN S¢cp ( )
90

we can, e.g., write th€PT probability differenceA PS as

oL oLV
2 S|n75
Sl Vv
+6Lsm75|nAL 5+(’)((V/5)3).
(93)

2. Step-function matter density profiles

Next, we consider step-function matter density profiles,
i.e., matter density profiles consisting of two different layers
of constant densities. Let the widths of the two layerd_he
andL,, respectively, and the corresponding matter potential
V, andV,. Furthermore, we again I&, denote the neutrino
energy. Similar to the constant matter density profile case,
we define the quantities

o Vi 2
w== CO0S 20— — +Si|’]22012, (94)
2 1)
_ 8 2
wiEE C052012+§ +Sil']22012, (95
BimA- 2V - o[22 -1 %
i= ( )= 5_ - 5 (96)
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O PR VAP S] P P
i=A-5(=Vito)=5| 25 -1+ 5/, (97)
1 8C0S 201,—V;

Omi= 5 arcco 50 , (98
i

— 1 8C0S 2015+ V,

Hm,iEEarcco — | (99
Wi

with i=1,2 denoting the two different layers, where again
6=Am3,/(2E,), A=Am3/(2E,) , and d;, is the solar mix-
ing angle. We divide the time interval of the neutrino evolu-
tion into two parts: Gst<L,; andL,<t<L, whereL=L,

+L,. In the first interval, the parametess «, 8, S, f, and

f are given by the well-known evolution in constant matter
density, i.e., by Eqs(71)—(76) with the replacementso
—w;, w—w;, A-A;, A-Ag, 6m— 0m1, and O
—Jm,l, whereas in the second interval, they are given by

a(t,tg)=C1C5— 515502611~ 26 2)

+i(51€5C0S 20, 1+5,€1C0S 26y, ), (100
a(t,to) = 1€~ 515,C08 201~ 20 )

+i(5,C5C08S 20y, 1+ 55C1C0S 2y, 5),  (101)
B(t ,to) = Slsésin(Z Bm’l— 2 omyz)

—i(81€58iN 260, 1+ 55€4SiN 26, ,), (102
B(t,t) = 5153826 1~ 20, 2)

—i(51C5SiN 20, 1+ 55C1SIN 20, ,), (103
f(t’to):e_i[zl(l-l_to)"'KZ(t_Ll)]’ (104
f_(t,to):e_i[A:l(Ll_tO)"'A;Z(t_Ll)], (105

where s;=sinwl;, c;=coswl;, s=sinwl;, and c;
=coswL; with i=1,2 and s,=sinw,r, C,=COSw,7, S}
=sinw,7, andc,=cosw,r with 7=t—L ;.

Now, we will take a quick look at the general way of

deriving expressions for th€PT probability differences for
the step-function matter density profile. However, in this

PHYSICAL REVIEW D 69, 013003 (2004

APSPT=(s,c,c08 26, 1+ 5,¢1C08 26, 5)?
+[€1C—515,€08 A 1~ O ) 12
— (51C5C08S 2 1+ S,C1COS 2, 5)?
+[€16,— 515,608 A 01— O o) I°. (106

In the low-energy regioV, ,< <A, we find that

2 o(Ly+Ly)

\
cos—

V
APSPT=8s2.c2.cos 2612[ 5( L, gl Lo

.

vV, oL, oL,
+?SmTCOST

v, 6Ly
"2

sL,
COST

|

+O((V116)%,(V216)? V1V, 18%).

_o(L1+Ly)
sin————

(107

One observes that tHePT probability differenceA PSS T is
completely symmetric with respect to the exchange of layers
1 and 2. Furthermore, in the lim¥, ,—V andL,,—L/2,

one recovers theCPT probability difference for constant
matter density(as one should see Eq(85).

IIl. NUMERICAL ANALYSIS AND IMPLICATIONS FOR
NEUTRINO OSCILLATION EXPERIMENTS

In general, the three flavor neutrino oscillation transition
probabilities in matterP ,,=P(v,—v;) are complicated
(mostly trigonometri¢ functions depending on nine param-
eters

Pos=Pag(AM3; , Am5), 012,013,053, 5cp;E, L, V(L)),

a’B:e’M7T’ (108)

whereAm3, andAm3; are the neutrino mass squared differ-
ences,f,, 613, 03, and Scp are the leptonic mixing pa-
rametersE, is the neutrino energy, is the baseline length,
and finally, V(L) is the matter potential, which generally
depends or.. Naturally, theCPT probability differences de-
pend on the same parameters as the neutrino oscillation tran-
sition probabilities. The neutrino mass squared differences
and the leptonic mixing parameters are fundamental param-
eters given by Nature, and thus, do not vary in any experi-
mental setup, whereas the neutrino energy, the baseline
length, and the matter potential depend on the specific ex-
periment that is studied.

The present values of the fundamental neutrino param-
eters are given in Table |. These values are motivated by
recent global fits to different kinds of neutrino oscillation
data. All results within this study are, unless otherwise

case, the derivations are quite cumbersome and we will onlgtated, calculated for the best-fit values given in Table I.

present the results for th&€PT probability difference
APSET,

Furthermore, we assume a normal neutrino mass hierarchy
spectrum, i.e.Ama,<Am3; with Am3,=+2.5x10 3 eV2,

Similar to the case of constant matter density, we obtairFor the leptonic mixing angle,3, we only allow values

the CPT probability differenceA PS. T for step-function mat-
ter density profiles as

below the CHOOZ upper bound, i.e., €#;,<0.1 or 63
=9.2°. For theCP violation phase, we use different values

013003-11



M. JACOBSON AND T. OHLSSON

PHYSICAL REVIEW 59, 013003 (2004

TABLE |. Present values of the fundamental neutrino parameters.

Parameter Best-fit value Range References
AmZ, 7.1x10%eV?2  ~(6-9)x10 ®eV? (99.73% C.L)  [27-35,37,42,100,101
|Am3| 2.5x107 % eV? (1.6-3.9x 1072 eV? (90% C.L) [23-2§

61 27°-44°(99.73% C.L) [27-35,37,42,100,1Q1
613 0-9.2°(90% C.L) [102-104

623 37°-45°(90% C.L) [23-2§

bcp [0,2m)

between 0 and 2, i.e., Scpe[0,27). Note that there is no e.g., so-called long baseline experiments, atmospheric and

CP violation if écpe{0,7}, whereas the effects @P vio-

lation are maximal ifcpe{m/2,37/2}.

solar neutrino oscillation experiments. In some analyses of

these experiments, the Preliminary Reference Earth Model
As realistic examples, let us now investigate the effects of PREM) matter density profild 105] has been used, which
extrinsic CPT violation on the transition probabilities for has been obtained from geophysics using seismic wave mea-
neutrino oscillations in matter for various experiment insurements. However, thenantle-core-mant)estep-function
which the neutrinos traverse the Earth. Such experiments armatter density profil§135] is an excellent approximation to

TABLE II. Accelerator and reactor long baseline experiments including measurable neutrino oscillation
channels, average neutrino energi€s)( approximate baseline lengtlik) as well as references to the
respective experiments. The CHOOZ, KamLAND, and Palo Verde experiments are reactor experiments,
whereas the other experiments are accelerator experiments. Furthermore, the BooNE, MiniBooNE, CHOOZ,
LSND, NuTeV, and Palo Verde experiments are sometimes called short baseline experiments. However, we
will use the term long baseline experiments for all experiments in this table.

Experiment Channels E, L References
BNL NWG v, — Ve 1 GeV 400 km, 2540 km [107-109
V,— Ve
BooNE - (0.5-1.5) GeV 1 km [110]
v, — Ve
- Vy—Ve
MiniBooNE - (0.5-1.5) GeV 500 m [111]
V,— Ve
CHOOZ Ve— Ve ~3 MeV 1030 m [102-104
v, — Ve
ICARUS 17 GeV 743 km [112-114
v, =V,
. Vy—Ve
JHF-Kamioka (0.4-1.0) GeVv 295 km [115]
v,V
V,—Ve
K2K 1.3 GeV 250 km [116,117
Vu—Vu
KamLAND Ve— Ve ~3 MeV ~180 km [41]
v, — Ve
LSND A 48 MeV 30m [20-27
V,— Ve
V,— Ve
MINOS (3-18) GeV 735 km [118-12Q
V,—V,
V,— Ve
NuMI /11 I 1.4 GeV/0.7 GeV 712 km/987 km [127]
v, — Ve
v, — Ve
NuTeV R 75 GeV, 200 GeV (915-1235) m [122]
V,— Ve
OPERA v, =V, 17 GeV 743 km [114,123
Palo Verde Ve Ve ~3 MeV 750 m, 890 m [124-127
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TABLE IIl. Estimates of theCPT probability differences for the different long baseline experiments listed
in Table II. The fundamental neutrino parameters usedAang,=7.1xX 10 ° eV?, Am3,=2.5x10 % e\?,
0,,=34°, 0,3=9.2°, 0,3=45°, andd-p=0. Furthermore, we have used constant matter density profiles
with p=3 glcn? as approximations of the continental Earth crust.

Experiment CPT probability differences
Quantities Numerical Analytical Analyticdlow-energy
BNL NWG APLET 0.010 3.6¢107* 1.7x10°°
BNL NWG APET 0.032 12103 2.7x10°3
BooNE APET 6.6<10° " 5.1x10° ™ 2.0x10°"
MiniBooNE APET 4.1x10 3.2<10° % —2.0x10"
CHOOZ APSET —-3.6x10°° —3.7x10°° —3.7x10°°
ICARUS APSET 4.0x10°° 3.1x10°° 4.1x10°°
APET —-3.8x10°°
JHF-Kamioka APCET 3.8x10°3 2.2x10°* 5.0<10" 7
AP.PT -1.3x10°*
K2K APCET 1.0x10°3 7.2}10°° 1.2x1077
APPT -53x10°°
KamLAND APSET —-0.033 —0.040 —0.040
LSND APSET 4.8x10°1 3.7x10°1 1.9x10 18
MINOS APET 1.9x10°* 1.4x10°° 1.9x10°8
APPT -1.1x10°5
NuMI | APLET 0.026 —2.7x10°° 6.2<10°°
NuMI 11 APET 2.6x10°° —2.4x10°4 1.8<10°*
NuTeV APET 1.6x10° '8 1.2x10°1° —2.6x10 %
NuTeV APET 8.2x10 % 6.4<10° % ~15x10715
OPERA APET —-3.8x10°°
Palo Verde APSET —-1.2x10°° -1.1x10°° -1.1x10°°
Palo Verde APSET —-2.2x10°5 —-2.1x10°° -2.1x10°°

the PREM matter density profil[d06], whereas the constant mantle of the Earthpmane=4.5 g/lcni. Furthermore, the
matter density profile serves as a very good approximation tenatter potentiaM=V(L) expressed in terms of the matter
long baseline experiments that have baselines that do nefensityp=p(L) is given by
enter the core of the Earth. Thus, we use these approxima-
tions for our calculations.
The equatorial radius of the Earth and the radius of the 1 o
core of the Earth ardR,=6371 km andr=3486 km, re- VA—“EC':‘Fm_’\lP”—“:‘)’-78>< 10" eV-p[glen?], (110
spectively, which means that the thickness of the mantle of
the Earth isR;—r=2885 km. From the geometry of the
Earth, one finds that the relation between the maximal depttvherep[ g/cn?] is the matter density given in units of g/ém
of the baseling and the baseline lengthis given by Let us now investigate when it is possible to use the low-
energy approximations for th€PT probability differences
derived in the previous section. In these approximations, we
, L have assumed that the matter poteritias smaller than the
€=Ry— \JR5— 7 [orL=2V¢(2R;—0)]. (109 parametew, i.e., V=5<A. Now, the parametes is a func-
tion of the neutrino energk ,:

Hence, in order for the neutrinos also to traverse the core of Am?
the Earth, i.e.f=R,—r, the baseline length needs to be 6= ——2=355¢10°5 eV-E,[eV] !, (112
=10670 km. This means that for experiments with baseline 2E
lengths shorter than 10670 km, we can safely use the con-

stant matter density profile. For “shorter” long baseline eX-\vhereE [eV] is the neutrino energy in eV. Thus, combining
periments [=3000 km) we use the average matter denSityEqs.(llF)) and (111), we find that

of the continental Earth cruspe.,s=3 g/cn?, whereas for ’

“longer” long baseline experiments (3000 kel

=10670 km) we use the average matter density of the E,=<0.94x10° eV-p[glcn?] 1, (112

v
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FIG. 1. TheCPT probability differencess PSS and APSET plotted as functions of the neutrino enery. The baseline lengths used
are 1 km(left column, 250 km (middle column, and 750 km(right column with p=3 g/cn?. Dotted curves correspond to numerical
calculations using the evolution operator method and Cayley-Hamilton formglia&-13Q, whereas solid curves correspond to analytical
calculations using Eq¢80) and (83). The fundamental neutrino parameters usedamg,=7.1x10 ° eV?, Am3,=2.5x10 ° eV?, 6,
=34°, 613=9.2°, 6,3=45°, andS:p=0.

which means that for the continental Earth crugk.(; rametervalues. Thus, this can explain the somewhat different
=3 g/cn?) the neutrino energyE, must be smaller than values of the different calculations. However, in most of the
about 0.31 GeV in order for the low-energy approximationscases, the order of magnitude of the different calculations are
to be valid. in agreement. Note that for all reactor experiments the ana-
In Table I, we list several past, present, and future longytical and low-energy approximation estimates agree com-
baseline experiments of accelerator and reactor types inclughietely, since the neutrino energies are low enough for these
ing their specific parameter sets for which we are going tQyperiments in order for the low-energy approximations to
estimate thg extrinsi@PTv!olatiqn ef_fects. From the values pe yalid. Moreover, we have calculated 6T probability
of the neutrino energies given in this table we can Concmd%iﬁerenceAP%T for two potential neutrino factory setups

that the low-energy approximations for tiPT probability using the analytical formuléB3). In general, these setups are

differences are applicable for the reactor experiments includ- : :
) X very long baseline experiments that even penetrate the
ing the LSND accelerator experiment, but not for the accel_Earth’s mantle in addition to the Earth’s crust. For our cal-
erator experiments in general. '

Using the values of the fundamental neutrino parameter§tlations we used a constant matter density profile with
given in Table | as well as the approximate values of the™ Pmante=4-5 g/cni. Furthermore, we chose the neutrino
neutrino energy and baseline length for the different longENergy o be 50 GeV as well as the baseline lengths 3000 km
baseline experiments given in Table I, we obtain estimate@nd 7000 km,PTrespectlver. For these parameteLTvaIues, we
of the CPT probability differences, which are presented in Obtained AP T=3.0x10"° (3000 km) andAP;Z'=1.8
Table I1l. From the values in Table IIl we observe that thereX 10™> (7000 km). Thus, the extrinsiCPT violation is
are three different experiments with fairly large estimates ofractically negligible for a future neutrino factory.
the CPT probability differences. These experiments are the Next, in Fig. 1, we plot theCPT probability differences
KamLAND, BNL NWG, and NuMI experiments, which will APSET and APSET as functions of the neutrino energs,
later in this paper be studied in more detail. In general, thergor three different characteristic baseline lengths: 1 km, 250
is a rather large discrepancy among the values coming frorkm, and 750 km. From these plots we observe thatGR&
the numerical, analytical, and low-energy approximation calprobability differences increase with increasing baseline
culations. This is mainly due to the oscillatory behavior oflength L. Furthermore, we note that for increasing neutrino
the CPT probability differences. Therefore, these values carenergyE , the extrinsicCPT violation effects disappear, since
change drastically with a small modification of the input pa-the CPT probability differences go to zero in the limit when

013003-14



EXTRINSIC CPTVIOLATION IN NEUTRINO . .. PHYSICAL REVIEW D 69, 013003 (2004

0.04 T T IIIIIII T T T TTTTT

0.02 [

CPT

ee

-0.02 pr

20,04

_0.066 1 1 IIIIIII’7 1 1 IIIIII8
10 10 108 100 150 200 250 300

E, [eV] L [km]

FIG. 2. TheCPT probability diﬁerenceAPngT for the KamLAND experiment. The left-hand side plot shows its dependence on the
neutrino energyE,, whereas the right-hand side plot shows its dependence on the baseline Llefidth solid and dotted curves are
analytical and numerical results, respectively. The diamord} ihdicate the central values of the KamLAND experiment. The parameters
used are the same as for Fig. 1.

E,—. We also note thaAPSST and APCPT are basically  line lengths typical for the KamLAND experiment. Thus, if

of the same order of magnitude. In this figure, the numericabne would be able to find a source of electron neutrinos with
curves consist of a modulation of two oscillations: one slowthe same neutrino energy as the reactor electron antineutrinos
oscillation with larger amplitude and lower frequency andcoming from the KamLAND experiment, then one would
another fast oscillation with smaller amplitude and higherbe able to measure such effects. Furthermore, for the
frequency. On the other hand, the analytical curves consist ®amLAND experiment the agreement between the analytical

one oscillation only and they are therefore not able to reproformula (80) and the low-energy approximatiq@®9) is ex-
duce the oscillations with smaller amplitudes and higher frecellent, i.e., it is not possible to distinguish the results of

quencies. However, the agreement between the two curv@fese formulas from each other in the plots.

are very good considering the oscillations with larger ampli-  Next, in Figs. 3—6, we present some plots for the topical
tudes and lower frequencies. In principle, the analyticalaccelerator long baseline experiments BNL NWG, JHF-
curves are running averages of the numerical ones, and Kamioka, K2K, and NuMI, which have approximately the
fact, the fast oscillations cannot be resolved by any realistigame neutrino energies, but different baseline lengths. In
detector due to limited energy resolution making the analytithese figures, we plot th@PT probability differenceA PSET

cal calculations excellent approximations of the numericals functions of the neutrino enerdy, and the baseline
ones. lengthL as well as the neutrino energy, for three different

Let us now investigate some of the most interesting exya|yes of theCP violation phasesep corresponding to nGP
periments in more detail for which the extring®PT viola-  \io1ation (5cp=0), “intermediate” CP violation (Scp

tion eﬁ_e_cts may be sizgg?le. In Fig. 2, we plot tB&T =m/4), and maximalCP violation (Scp=/2), respec-
probability differenceAP¢, * as functions of both the neu- tjyely. We note that in all cases the low-energy approxima-
trino energyE, and the baseline length centered around tjon curves are upper envelopes to the analytical curves. Fur-

values of these parameters characteristic for the KamLANQhermore, we note that th€€PT probability difference
experiment. We observe that for neutrino energies around thgpggT is larger for long baseline experiments with longer

average neutrino energy of the KamLAND experiment theyasejine lengths and it does not change radically for different
CPT probability differenceAPg. " could be as large as gjues of theCP violation phasedcp.

3-5% making the extrinsi€PT violation non-negligible. Finally, in Fig. 7, we present numerical calculations
This means that the transition probabilitiP¢ve— ve) and  shown as density plots of tH@PT probability differences for
P(ve— ve) are not equal to each other for energies and baseseutrinos traversing the Earth, which are functions of the
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FIG. 3. TheCPT probability differenceA P$Z " for the BNL NWG experimentbaseline length: 2540 KmThe left-hand side plot shows
its dependence on the neutrino enekjy(solid curve=analytical calculation; dashed curvidw-energy approximation the middle plot
shows its dependence on the baseline lergiisolid curve=analytical calculation; dashed curvelow-energy approximation and the
right-hand side plot shows the dependenceEgrfor three different values ofcp: O (solid curve, =/4 (dotted curvg and /2 (dashed
curve. The diamonds ¢ ) indicate the central values of the BNL NWG experiment. The other parameters used are the same as for Fig. 1.

nadir angleh and the neutrino energ¢,. The numerical IV. SUMMARY AND CONCLUSIONS
calculations are based on the evolution operator method and In conclusion. we have studied extrin€®T violation in
Cayley-Hamilton formalism introduced and developed in i o . C
Refs.[128—130 and the parameter values used are given inthree flavor neutr!no o;cﬂlguqns, |.é:,PTV|oIat|9n induced

the figure caption. The nadir andies related to the baseline Purely by matter in an intrinsicallPT-conserving context.
lengthL as follows. A nadir angle oh=0 corresponds to a 1S has been done by studying t&&T probability differ-
baseline length of = 2R., , whereash=90° corresponds to €NCeS for arbitrary ma_tter der_15|ty profiles in general and for
L=0. As h varies from 0 to 90°, the baseline lendthbe- ~ constant matter density profiles and to some extent step-
comes shorter and shorter. At an angle larger thgn function matter density profiles in particular. We have used
=arcsinf/R;)=33.17°, the baseline no longer traverse the@n analytical approximation based on first order perturbation
core of the Earth. ThEPT probability differences in Fig. 7 theory and a low-energy approximation derived from this
might be of special interest for atmosphefand to some approximation as well as numerical calculations using the
extent solar neutrino oscillation studies, since the plots evolution operator method and Cayley-Hamilton formalism.
cover all nadir angle values and neutrino energies betweehhe different methods have then been applied to a number of
100 MeV and 100 GeV. We note from these plots that foraccelerator and reactor long baseline experiments as well as
some specific values of the nadir angle and the neutrino erpossible future neutrino factory setups. In addition, their va-
ergy theCPT violation effects are rather sizable. lidity and usefulness have been discussed. Furthermore, at-

T T T T T T T 4)(1()-4 T T T T 0.005 T T T TTTTT T

T 4
0
0.04 _| 3x10
3 4
2 20.02 — 210 -0.005
< ]
0 - 4 ]
1 1x10 -0.01 - -
-0.02 ' — i i
7IIIIII|_|JSIIIIII|,|19IIIII|_|,|j10 O S . S . _50.015 . 1 1 1 IIIIII9 1
10 10 10 10 1x10° 2x10° 3x10” 4x10° 5x10° 10 10
E, [eV] L [m] E, [eV]

FIG. 4. TheCPT probability differenceA PﬁET for the JHF-Kamioka experiment. The left-hand side plot shows its dependence on the
neutrino energ¥, (dotted curve= numerical calculation, solid curveanalytical calculation, and dashed curew-energy approximation

the middle plot shows its dependence on the baseline ldn@sblid curve=analytical calculatiopy and the right-hand side plot shows the
dependence oB,, for three different values af.p: 0 (solid curve, 7/4 (dotted curvg andw/2 (dashed cunje The diamonds ¢ ) indicate

the central values of the JHF-Kamioka experiment. The other parameters used are the same as for Fig. 1.
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FIG. 5. TheCPT probability differenceA PSE™ for the K2K experiment. The left-hand side plot shows its dependence on the neutrino
energyE, (dotted curve=numerical calculation, solid cureeanalytical calculation, and dashed curdew-energy approximation the
middle plot shows its dependence on the baseline lehgtolid curve=analytical calculatiop and the right-hand side plot shows the
dependence oB,, for three different values af.p: O (solid curve, 7/4 (dotted curvg and/2 (dashed curje The diamonds ¢ ) indicate
the central values of the K2K experiment. The other parameters used are the same as for Fig. 1.

mospheric and solar neutrinos have been studied numericalgssumed that the€CPT invariance theorem holds, which

using a step-function matter density profile approximation tomeans that there will be no room for intring&PT violation

the PREM matter density profile. Our results show that theeffects in our study, and therefore, tRdT probability dif-

extrinsic CPT probability differences can be as large as 5%ferences will only contain extrinsiCPT violation effects due

for certain experiments, but be completely negligible forto matter effects. However, it has been suggested in the lit-

other experiments. Moreover, we have found that in generadrature that there might be small intrin€€@T violation ef-

the CPT probability differences increase with increasing fects in neutrino oscillationg2,3], which might be entangled

baseline length and decrease with increasing neutrino energyith the extrinsicCPT violation effects. The question if such

All this implies that extrinsicdCPT violation may affect neu- intrinsic and the extrinsi€PT violation effects could be dis-

trino oscillation experiments in a significant way. Therefore,entangled from each other in, for example, realistic long-

we propose to the experimental collaborations to investigatbaseline neutrino oscillation experiments is still ogé2]

the effects of extrinsi€CPT violation in their respective ex- and it was not the purpose of the present study. Actually, this

perimental setups. However, it seems that for most neutrindeserves an own complete systematic study. However, such a

oscillation experiments extrinsi€PT violation effects can study would be highly model dependent, since intrirGRT

safely be ignored. violation is not present in the SM. Furthermore, it should be
Finally, we want to mention that in this paper, we havenoted that in the above mentioned references, R2f3}, the

0.2 \‘IIIII T T IIIIIII T TT

CPT

10° 10° 50x10°  1.0x10°  1.5x10° 10° 10

E, [eV] L [m] E, [eV]

FIG. 6. TheCPT probability differenceA ng'T for the NuMI phase Il experiment. The left-hand side plot shows its dependence on the
neutrino energ¥, (dotted curve= numerical calculation, solid curveanalytical calculation, and dashed curiew-energy approximation
the middle plot shows its dependence on the baseline ldn@ibtted curve- numerical calculation, solid curveanalytical calculation, and
dashed curve low-energy approximation and the right-hand side plot shows the dependenck ofor three different values ofcp: O
(solid curve, /4 (dotted curvg, and /2 (dashed curve The diamonds ¢ ) indicate the central values of the NuMI phase Il experiment.
The other parameters used are the same as for Fig. 1.
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0.2 FIG. 7. The CPT probability

0 differences  APSET (o
=e,u,7) plotted as functions of
the nadir anglén and the neutrino
energy E,. The different plots
show APSET (upper-lefy, APSFT
(upper-middig, APSPT (upper-
right,  APSET  (middle-lefb,
APSPT (middle-middlg, APSET
(middle-righy, APSPT  (down-
left), APSPT (down-middlg, and
APSPT (down-righy. The funda-
mental neutrino parameters used
are Am3,=7.1x 10 ° eV?, Am3;
=2.5x10"% eV?, 0,,=34°, 055
=9.2°, 0,3=45°, and Scp=0.
Furthermore, we have used the
0 mantle-core-mantle step-function
approximation of the Earth matter
density profile.
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intrinsic CPT violation effects were only studied in neutrino In what follows, we will assume that the number of neutrino

oscillations with two flavors and not with three.
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APPENDIX: EVOLUTION OPERATORS

Neutrino oscillations are governed by the Sdlinger
equation[see Eq(32)]

d
I (0)=HD)[p(1). (A1)

Inserting| v(t)) = S(t,to) | v(to)) [EQ. (34)] yields the Schre
dinger equation for the evolution operator

d
iaS(t,to)=H(t)S(t,to), (A2)
which we write in flavor basis as
d
|asf(tvt0):Hf(t)sf(tvto)- (A3)

000 V(t) 0 0
Ho=[ 0 ¢ 0] and V¢(t)=| 0 0 O
0 0 A 0O 0 O

are the free Hamiltonian in mass basis and the matter poten-
tial in flavor basis, respectively, andlis the leptonic mixing
matrix [136]. Here 6=Am3,/(2E,), A=Am3,/(2E,), and
V(t)=J2GgNg(t) is the charged-current contribution of
electron neutrinos to the matter potential, whe@G:-
=1.1663% 10 2 eV~ ? is the Fermi weak coupling con-
stant andNg(t) =Y. p(t)/my is the electron number density
with Y, being average number of electrons per nucléon
the Earth:Y=1/2), my=939.565330 MeV the nucleon
mass, ang=p(t) the matter density. The sign of the matter
potential depends on the presence of neutrinos or antineutri-
nos. In the case of antineutrinos, one has to change the sign
by the replacemen¥(t)— —V(t). Thus, the total Hamil-
tonian in flavor basis for antineutrinos is given by
Hi(t)=H;=Vi(t)=UHn U= V((t). (A5)
DecomposingJ = 0,3U150,,=0,3U", we can write the
total Hamiltonian in flavor basis as
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0 0O V(t) 0 0
0O 0 A 0 0 0
=0yH(1)0%;. (A6)

Here we use the following parametrization for the orthogonal

matricesO,3 and O, and the unitary matrixJ 5

1 0 0
Ox=| 0 Ca Sp3f,
0 —sy3 Cy3

PHYSICAL REVIEW D 69, 013003 (2004

wheres,,=sin 6, andC,,=Cc0S6,,. Here 6,5, 013, and b3
are the ordinary vacuum mixing angles adgr is the CP
violation phase. This means thdtis given by the standard
parameterization of the leptonic mixing matrix akd is
given by

—is
C13C12 C13S12 Sie CP
U'= —S12 C12 0
B i5
—S13C10€ CP — 513518 CP C13

(A7)

InsertingH¢(t) = O,3H (1) O35 into the Schrdinger equa-

Ci3 0 sS4 %P tion, we obtain
Us=| 0 1 o0 |,
_ i d
a0 i S(tt) =H(DS(L ), (A8)
Cp S O
Opp=| —S12 €12 O, whereS(t,to) = 01:5(t,to) On3. Thus, the Hamiltoniak (t)
0 0 1 can be written as
|
ClaST,0+STA + V(1) C13C155120 C13813(A —si,8)e %P
H(t)= C13C128120 ) —S1C15518 1 9CPS (A9)
C13513(A —55,0)€'%CP  — 55,816/ %P S557,0+ ClgA

Series expansions ef; andc,;3whend,5is small, i.e. S;3= 643+ (9(0?3) andc3=1+ 0(053), gives up to second order th

82, V(1) 6C12812 015(A— 8s5y)e'%cP
H(t)= 0C15812 8¢, — 0135C 55187 °cP (A10)
O15(A— 855)€1°CP  — 0;35C;,5,,€'°CP A
SeparatingH(t) in independent and dependent parts9¢f yields
H(t)=Hy(t)+H', H'=H;+H,, (A11)
where
S50+ V(1) C181,8 0 ht) 0
Ho(t)=| C128126 cid 0= 0, (Al12)
0 0 A 00A
0 0 015 A—s2,6)e %P 0 0 a
Hy = 0 0 —0,€1,8,27'%P5 | =[ 0 0O b, (A13)
O15(A—53,0)€'%CP  — ;15516 °CPS 0 a* b* 0
H,=0(62,). (A14)
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Here the HamiltoniarH, is of order 6,3, whereas the HamiltoniaHl, is of ordereig. Note that the Hamiltoniatd’ is
independent of time. Furthermore, the time-dependent Hamiltonkdg(t) is only dependent on the mixing anghg,.
Inserting Eq.(A11) as well asS(t,tg)=Sy(t,tp)Si(t,tp) into Eq. (A8) gives

d d
[ (mso(mo)) Si(t,to) + iSo(t,to)asl(t:to) =Ho(1)Sp(t,t) Sy(t,to) + H1Se(t,t0) Si(t o). (A15)

Now, assuming thaid Sy(t,tg)/dt=Hq(t)Sy(t,tg) holds implies that we have the equatiahS, (t,ty)/dt=H(t)S(t,tp),
whereH (t)=S; *(t,to)H,So(t,t), Which can be integrated to give the integral equation

t t
Sl(t,to)=l—if Hl(t’)Sl(t’,to)dt’=Jl—if So H(t,to)H 1 So(t' tg) Sy(t/ to)dt’. (A16)
Thus, from first order perturbation theory we obtfdi3,48
. t _1
S(t'tO)ZSO(thO)_ISO(t!tO)L SO (t’,to)Hlso(t,,to)dt,. (Al?)
0

Since we assumed before thaltSy(t,ty)/dt=Hg(t)Sy(t,ty) holds, we now have to fin&y(t,ty). We observe that the
2X2 submatrix in the upper-left corner &fy(t) in Eq. (A12), i.e., h(t), is not traceless. Making this submatrix traceless
yields

~ 1
HOZ Ho(t) _5 tl’h(t)13

1 ) 5 1
- E(Clz_ ST o+ EV(t) C125120 0
1 5 5 1
= ClZSlZ(s E (012_ 512) 5_ Ev(t) 0 . (A18)
1
0 0 A= 5[Vt + 0]

Note that, in general, any term proportional to the identity mayigan be added to or subtracted from the Hamiltorig(t)
without affecting the neutrino oscillation probabilities. In particular, a term such thattiz ubmatrixh(t) in the upper-left

corner ofH(t) becomes tracelegsee Eq(A18)]. Furthermore, note that the new Hamiltonidg(t) will not be traceless and
that the (3,3)-element dfl,(t) will, of course, also be changed by such a transformation.

Instead of solvingdSy(t,t)/dt=Hq(t)So(t,to), We have now to solved Sy(t,te)/dt=Ho(t)So(t,to) + 5 tr h(t) So(t,to).
The solution to this equatior$y(t,ty), has the general forf#3,131,132

a(tato) B(t,to) O
SO(tvtO): _ﬂ*(tato) a*(t:to) 0 y (Alg)
0 0 f(tty)

where the functionse(t,tg) and B(t,ty) describe the two flavor neutrino evolution in the (1,2)-subsector, in which the 2
X 2 submatrixh of H, acts as the Hamiltonian. In the end of this appendix, we will derive the analytical expressions for the
functionsa(t,tg) and B(t,tg). The functionf(t,ty) can, however, immediately be determined to be

f(ttg) =e iA1= 12t (A20)

whereA (t)=A— 1[V(t)+ &] and
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— ' ’ ’ ! 1 ’ ’ g 10t ’ ’
cb(t,to)=ftOA(t )dt —LO{A—E[V(t )+ 8] dt —(A—E)(t—to)—ELOV(t )dt'.

Now, inserting Eqs(A13) and(A19) into Eq. (A17) yields

a(tvtO) ﬁ(t,to) _|f(t,to)A(t,t0)
S(t,tg) = —B* (L) a* (t,to) —if(t,t0)B(t,to) |, (A21)
—if(t,ty)C(t,tg) —if(t,tg)D(t,tp) f(t,tg)
where
A(t,tg) =¥ (tto){al a(t,to)l w1 (t,to) + B(L,to) g ¢ (t.to) I+ DI B(L o) 4 (Lto) —a(tito)l g (Lito) I} (A22)
B(trtO):f*(titO){a[a*(t1t0)|E*,to(tvtO)_IB*(titO)la*,to(titO)]+b[a*(tatO)la,to(t1t0)+ﬁ*(tvtO)Iﬁ,to(LtO)]}v
(A23)
C(t,t0)=a*Iz*vto(t,to)—b*I’f;’to(t,to), (A24)
D(t,to)za*lz*‘to(t,tO)er*Izyto(t,to) (A25)
with
t
I%to(t’tO):Jt o(t' to)f(t',to)dt’, o=a,a*,B,B*. (A26)
Equations(A22) and (A23) can be further simplified using the following:
a(ty,to) B(t1,to) 0 a*(t,tg) —B(t,ty) 0
So(t1,1)=So(t1,te)Sh(t,te)=| —B*(t1,te) a*(ty,to) 0 B*(t,tg)  a(t,tp) 0
0 0 f(t1,to) 0 0 f*(1,tp)
a(ty,t) Byt 0
=| —B*(ty,1) a*(ty,t) 0 . (A27)
0 0 f(ty,t)
Considering Eq(A27), one immediately finds that
a(ty,to)a™ (t,to) + B(ty,to) B* (t,tg) = a(ty, 1), (A28)
—a(ty,to) B(t,to) + B(ty,to) a(t,to) = B(ty,1), (A29)
— B (ty,to) a™ (t,tg) + a™ (t,t0) B* (t,tg) = — B* (ty,1), (A30)
a*(tl!IO)a(t1t0)+ﬁ*(tlato)ﬁ(tvto):a*(tlit)! (A31)
f(tl,to)f*(t,to):f(tl,t). (A32)

Thus, using EqsiA28)—(A32) as well as the identityf (t,to)|>=f(t,to) f*(t,t;)=1, one can write Eq¥A22) and(A23) as
A(t,to)=al gy (t,t) = bl 5(1, o), (A33)
B(t,to) =al ge 1(t,to) + bl 44(t,to). (A34)

Now, rotatingS(t,tg) back to the original basis, one finds the evolution operator for neutrinos in the flavor basis
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(04 C23B_i323fA _323B_iC23fA
Si(t,tg) = 02S(t,t) Opz=| —C23B” —isfC S S23 =(St.a0), (A35)
SpaB* —icsfC Ss Ss3
where
Spp=Chaa* +S55f —iS5C5f (B+D), (A36)
Spa=—SpCoda* — ) —if (c3,B—s3D), (A37)
Sa=—SpCod a* — ) +if (s3B—c3D), (A38)
Sga=Sha0r* + Casf +i5y5Co5f (B+ D) (A39)

with the notationa= a(t,tp), B=pB(t,tg), F=T(t,tg), A=A(t,ty), B=B(t,ty), C=C(t,tg), andD=D(t,tg).
Similarly, replacing the total Hamiltonian for neutringd4) with the total Hamiltonian for antineutrino@\5) in the
Schralinger equatior{A3), the evolution operator for antineutrinos in the flavor basis becomes

o 023E_i523f_A _523E_iC23f_A
§f(t,t0)2 _C23E* _iSZE §22 §23 E(gf,ab)i (A4O)
5235* - iCzsf_C §32 §33
where
Spp=Chaa* +53,f —i5,4C,5f (B+ D), (A41)
Spg=—SpCog(a* — ) —if (5B~ S5D), (A42)
Sa=—SyCog @* — ) +if( 5535_ ngﬁ), (A43)
Syg=S35a* +C34f +i5pCp3f (B+D) (A44)

with the same type of notation as in the neutrino case.

We will now derive the general analytical expressions for the functieftsty) and B(t,tg). In order to perform this
derivation, we study the evolution operator in the (1,2)-subsector, which is a separate problem in the rotated basis, and its
solution is independent from the total three flavor neutrino problem. We assume that the evolution operator in the
(1,2)-subsectorg; 5(t,to), satisfies the Schdinger equation for neutrinos

d
'as(l,z)(tyto) =h(t)S(1,2(t,to), (A45)

whereh(t) is the Hamiltonian and it is given by

STV 810150

h(t)=
S12C126 )
1 ) ) 1
- E(Clz_ S1p) 6+ EV(t) S12C120 1
= + =[5+ V(1)]l,, (A46)
1, , 1 2
$12C120 E(CH_ s7,)0— EV(t)

see Eqs(A12) and (A18). Note that the term proportional to the identity mattixin the Hamiltonianh(t) does not affect
neutrino oscillations, since such a term will only generate a phase factor. Thus, we need not consider this term. In addition,
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note that the same term has been subracted from the Hamiltbhjén) [see Eq.(A18)] for the total three flavor neutrino
problem. Thus, it also in this case only gives rise to a phase factor in the three flavor neutrino evolution Sgératd{see

Eq. (A19)], which does not affect the neutrino oscillations.
The solution to the Schringer equation in the (1,2)-subsector is

Suaftto)=e i =g M), (A47)

where the integrated HamiltoniaH,(t,ty), is given by

t
—cos2t9125(t—t0)+J’ V(t")dt’ Sin 260,,6(t—tg)
t
H(tto)= 5 ’ t (A48)
Sin 260,,6(t—tg) cosZleé(t—to)—f V(t")dt’
to
SinceH(t,tg) is a 2X2 matrix, the solution can be written on the following fofdS]
Si1 2(1,to) detH(t,tg)1 — i detH(t,tg)H(t,tp) (A49)
to)=cos\/—detH(t,tg)l,—i siny/—detH (t,to)H(t,to),
(1,2) 0 0/42 \/W(t,to) 0 0
where the determinant ¢f(t,ty), detH(t,t), is given by
1 t 2 1q
detH(t,t0)=—Z cosZBlzb‘(t—to)—j V(t’)dt’} —Zsir12201252(t—t0)2
to
1 t t 2
-2 52(t—t0)2—2coswlzﬁ(t—to)f V(t")dt' + fV(t’)dt’) } (A50)
to to

Furthermore, the eigenvalues Hf(t,ty) can be found from the characteristic equation(idét,ty) —1,)=0, which yields
Q== /—detH(t,ty). Note that in vacuum, i.eV/(t) =0 Vt, it holds that2|y_o= 5 8*(t—to)>=QZ,.. Now, if one writes
the evolution operato$; »(t,to) as

a(t,ty) B(t,to)
= A51
8(1,2)(tat0) (_B*(t,to) a*(t,to) ' ( 5 )
then, using Eq(A49), one can identify the functions(t,ty) and B(t,ty). We obtain
~sin() t
a(t,to)zcosﬂﬂﬁ cosmlzﬁ(t—to)—f V(t")dt'|, (A52)
to
_sinQ)
B(t,tg)=—i—==—5sin 20,,6(t—1yp), (A53)
2Q
where again
S(t—tg) 1 t 2
QO ==*+—detH(t,ty)== C0S 2015~ —f V(t")dt' | +sirf26,,. (A54)
2 o(t—tg) Jtg
Similarly, for antineutrinos the functions(t,t,) and 8(t,t,) become
— — . sinQ) t
a(t,to)zcosﬂﬂﬁ c0320126(t—t0)+f V(t")dt'|, (A55)
to
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— _sinQ)
ﬂ(t,to) =—1 ES"’] 20125(t_

PHYSICAL REVIEW D59, 013003 (2004

to), (A56)

which we, in principle, obtain by making the replacem#fft) — —V(t) in the expressions for the functiongt,t;) and

B(t,ty). Here

Q=

S(t—to) \/
T2

1

C0S 20+ ——
12 S(t—

2

t
J V(t")dt' | +sirf26,,. (A57)
to

to)

Note thatQ) in Eq. (A54) and Q in Eq. (A57) only differ
with respect to the sign in front of the integral_of the matter

potential. Thus, from the expressions farand () we find
that

I t
02=02+c0s 20,,6(t—ty) Jt V(t')dt'.  (A58)
0

Let us now consider some special cases when the relation

between andQ becomes simpler. In the case that
(i) t—ty=0, one findsQQ=Q =0, which is a trivial and
noninteresting case.
(i) 6=0, we have degenerated neutrino masses

plies thatQ=+Q. In this case, we findv=cos()
—isinQ/(ZQ)inV(t’)dt’, a=cosQ+isinQ/(2Q)
xf%OV(t’)dt’za*, and B=B=—isinQ/(2Q) 5(t
—tg). B

(iv) f{OV(t')dt’=0, obtains 02=02=38(t
—tg)?, which also implies thay=+Q. Further-
more, one haSa’Za:CO_SQ+iSinQ/(ZQ)COSZ912

X 6(t—tg) and  B=pB=—isinQ/(2Q)sin 26,
X 8(t—tg).

one

In addition, if we have close to maximal mixing, i.e.,
0,,<45°, then we can writé,= w/4— €, wheree is a small

=m, (and negligible solar mass squared differgnce parameter. Making a series expansion with the parameter
or extremely high neutrino energy and this leads toas a small expansion parameter, we obtain

szf_lzz%[f}OV(t’)dt’]z, which implies that Q)
==(. Thus, in addition, we havea=cos(}
—isinQ/(20) [L V(t')dt',  a=cosQ+isinQ/(202)
xf{OV(t')dt':a*,andﬁzﬁzo.

cos X;,=0 (e.g.,0,,=45°), we have maximal mix-
ing in the (1,2)-subsector and this leads(18= )2
=36%(t—to)?+ Z[J,V(t')dt']?, which again im-

(iii)

4
COS 20;,=2€— 3 e+ 0(€%), (A59)

Q=+

1 t ’ ' 2
Q+55(t—to)JtOV(t )dt' e+ O(e2) .
(A60)
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