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Boulware state and semiclassical thermodynamics of black holes in a cavity
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A black hole, surrounded by a reflecting shell, acts as an effective starlike object with respect to the outer
region that leads to vacuum polarization outside, where the quantum fields are in the Boulware state. We find
the quantum correction to the Hawking temperature, taking into account this circumstance. It is proportional to
the integral of the trace of the total quantum stress-energy tensor over the whole space from the horizon to
infinity. For the shell, sufficiently close to the horizon, the leading term comes from the boundary contribution
of the Boulware state.
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One of the brightest features of black holes is the fact thategion should affect the Hawking temperature. Indeed, even
a black hole possesses thermal properties such as entrofyr a pure classical Schwarzschild geometry a massive shell
and temperature. These entities acquire the literal meaning inetween the horizon and infinity changes the Hawking tem-
the state of thermal equilibriurtthe Hartle-Hawking staje  perature(it can be easily seen if one matches the metric
For the system to achieve this state, two ingredients becomaside and outside the shelMore than that, in the situation
essential. First, one should take into account the presence ahder discussion the geometry deviates from the pure
guantum radiation around the hole. Quantum fields propagatchwarzschild one due to back reaction of quantum fields.
ing in a black hole background affect the geometry and, inThus, the value of the Hawking temperature should feel the
particular, change the surface gravity which determines th@resence of the quantum fields in the outer region. If the
value of the Hawking temperature. Second, Hawking radiaradius of the shell is large enough, the region between the
tion should be constrained inside a cavity that prevents quarshell and infinity does not contribute to physical quantities
tum fields from escaping to infinity. Thus, some overlap be-significantly, and neglecting vacuum polarization is a quite
tween quantum and boundary effects should exist in blackeasonable approximation. However, for a radius of the shell
hole thermodynamics. Consider a black hole enclosed insideompatible with the horizon, the effect becomes essential.
a perfectly reflecting shellmicrocanonical boundary condi- The aim of the present paper is to find explicitly quantum
tions). As the stress-energy tensor of quantum fields in thicorrections to the Hawking temperatufg, caused by these
state is bounded on the horizon, quantum back reaction leaddfects and, thus, elucidate the influence of the Boulware
to small corrections to the geometry and Hawking temperastate on black hole thermodynamics.
ture that can be calculated within the perturbative approach. Consider the metric of a black hole:
Such a program was realized for different types of fields
[1-6]. In doing so, it was usually implied that the region  ds?=—U(r)dt?+V~(r)dr?+r2(sif0d¢>+d6?).
outside the shell represents the usual vacuum, giving no con- (1)
tribution to thermodynamics. ) ) ) .
Meanwhile, actually the space outside the shell is noffom the Einstein equations it follows
empty. A black hole inside the shell, along with its Hawking
radiation, acts as a source of the gravitational field outside V(r)=1— 2m(r) m(r)=m+my(r), %)
and curves spacetime. Therefore, vacuum polarization is in- r 4
evitable outside and represents the Boulware gtaieuum
with respect to the Schwarzschild tijneather than a pure r 5 0 2
classical vacuum. In this state the average valdéy=T, mq(r)=47rf2mdrr (=To), U=Ve?,
of quantum fields certainly contribute to the mass, measured
by a distant observer. Here the tenddy is supposed to be C O (T=T9)
calculated in the mair{one-loop approximation as usual. 11,247,] drr——%
The correction to the mass due to the contribution of the o V(r)
vacuum polarization outside the shell does not affect the ge-
ometry of the spherically symmetric configuration inside. It is assumed that a reflecting shell is placed &R, so
The outer region does not contribute to the entropy eithethe geometry deviates from the Schwarzschildian one due to
since the Boulware state does not possess thermal propertiggiantum corrections. Far—«, —0 (provided the quan-
However, by contrast with the mass and entropy, the outetum stresses decay rapidly enougind the geometry ap-
proaches its Schwarzschildian form. Fet R, where a black
hole and thermal radiation are present at the temperajyre
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different states, do not coincide, there appears a jump. The - = B
total stress energy’,, including that of the shell, reads 6= | “RT(R)— fR drreTi™|. €)
v _ TvHH _ vB _ vS
0,=T,"O(R—1)+T,70(r—R)+T,>, 3

It is convenient to rewrite Eq8) in terms of the total

where d(r) is the step Heaviside function aﬁ'c};s describes MasS

the contribution from the shell. It is implied that we work in M oi=m+m H(r+ R) + mB(R, o) (10)
the one-loop approximation, so the streséghich are re- tot ' o

sponsible for quantum correctionare calculated with re- \yhere

spect to the unperturbed classical background, i.e., the

Schwarzschild geometry. Then it follows from the conserva- - R oM

tion law 6},;,=0 with u=r in the Schwarzschild back- m=e(r ,R):—47Tf2md” To

ground or from the general formalisf#] that nonzero com-

ponents oﬂ'ff, necessary to maintain equilibrium, are equal

to mB(R, )= —47rf drr2Tg8. (12)
R
$S_ T60S_ R rHH rB .
T =Ty =— 550— RIT, " (R—T,°(R)]. (4  With the same accuracy,
— -1
In general the Euclidean version of met(l possesses a Th=(87Myo) “(1+7), (12)
conical singularity at the horizon=r . =2m. The only way 4

to avoid it is to_f,et the te_ererature equal 1'59 its Hawking y= 77 RS[T:—iHr(R)_T:B(R)]
value Ty=(47) k=(47) U (r,)V'(r.)]"? wherex Mot
is the surface gravity. Then

— - 2
Ty=(8am) [1+87riTo(r ) lexd¥(r)]. (5 . drr T"],

Making use of the component of the conservation law, one where we took into account that the conformal anomaly does
obtains in the Schwarzschild background not depend on the state.
With Egs.(3) and(4) at hand, it can be rewritten in terms
1 al/x o — 00 1 of the total stress-energy tensor as

J
i
G ar 2m m[r 6i- (r 0)} ©
1 4
r y=— drr 0’ - (13
Mtot 2m

Consider for definiteness the scalar massless field. Then ex-
plicit approximate calculations of the stress-energy tensor This expression include$) bulk contributions from quan-
show [8,9] that in the Boulware stat§”~r 6 whenr tum fields in the Hartle-Hawking state inside the shéil)
—00, sorSTl’i—>0 asr—«. Then it f0||ows from Eqs(6),  the boundary term, an(i) bulk contributions from quantum
(3), and(4) that fields in the Boulware state outside the shell. In Hé&D]
only (i) and (ii) were calculated. Now we generalize that
result for the entire system to take vacuum polarization
gr=(ry) [f drr?T =R TR - T3(R)] into account.
The quantityy in Eq. (13) split into two parts—y;, de-
pending only on thd"" , andy,, depending only o 2.

3 . .
=T . (7) " The latter quantity has, for massless fields, the stru¢tes
The back reaction strength is governed by the small param- TB_ KT r+ 6 AZ B’ (14)
eter e=%/m?<1 which is assumed to cause small correc- z Hlr re\? ’
tions to the Schwarzschild metrigz<1. Then, replacing’ -

by 1+ and taking into account the regularity condition

To(r +)=Ti(r ) which follows from Eq.(6) and the finite-  \yhere tensora” » andB, are finite everywhere, including the
ness ofT?, at the horizon in the Hartle-Hawking state, we horizon and infinity, anc is the numerical factor, singled
obtain out for convenience.

For largeR the termT"M"(R) tends to the constant, while
T4 and T} behave liker ¢, and y,/y;~(r, /R)®. There-
fore, for R>r, we return to the situation considered in
[1-6]. However, forR~2r_,, the corrections due to the
Boulware state can be significant. Wha-r , ,

Tu=(8mm) Y(1+6), 6=6,+6, (8)

AT arrtb oy [R oy 2iHH
5= —— | R3TMHH(R)— | drr2TiH |,
2m
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r -2
52—8wriT{B(R)zCTﬁri( 1- —) ,

C=—8mAj(r,)K. (15)

For conformal fields K=27%/45 Aj(r,)=-3%, C
=473/45. The quantitys can be rewritten as

e
R

5=¢eD (16)

where the small parameter=#/m? governs the back reac-

tion strength andD=C1/#7*=1/11520r. As & is the
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dominates the correction. In doing sg>>0. If the radius of

the shell decreases furthé’r;B diverges like (+r . /R) 2,
quantum back reaction fails to be small, and the perturbation
theory ceases to work.

There are two points, typical of treatment in an infinite
space. First, usually the Hartle-Hawking and Boulware states
appear in essentially different contexts: the first one is rel-
evant for a black hole metric, while the second one applies to
the background, typical of a relativistic star. Second, the rel-
evancy of vacuum polarization in black hole thermodynam-
ics implies, as a rule, the presence of massive fields. We saw,
however, that account for the finiteness of the system, con-
taining a black hole, leads to the overlap between both types

product of the small and big quantities, it is possible hat ¢ giates; so the Boulware state does affect black hole ther-
<1 and, thus, perturbation theory is still valid. Then themodynamics even in the case of massless fields.
fractional contribution of the Boulware state to the mass con-

tains an additional factor (2r . /R) and is also small, so
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with the same accuracy=35. We can see that, for shells, for Mathematical Physics, where this work was brought to
sufficiently close to the horizon, the Boulware contribution completion, for hospitality.
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