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Discrete torsion in perturbative heterotic string theory
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In this paper we analyze discrete torsion in perturbative heterotic string theory. In previous work we have
given a purely mathematical explanation of discrete torsion as the choice of orbifold group acti@fietda
in the case thatiH=0; in this paper we perform the analogous calculations in heterotic strings wlliere
#0.

DOI: 10.1103/PhysRevD.68.126005 PACS nuni§erll.25.Mj, 11.25.Db, 11.25.Hf

I. INTRODUCTION down, we use the usual self-consistent bootstrap to work out
orbifold group actions on heterotB fields in Sec. VI.

Discrete torsion is a historically mysterious degree of Finally, in Sec. VII we conclude by discussing the differ-
freedom associated with orbifolds, originally discovered inences between orbifold group actions on heterBtitields.
[1]. In previous work, we explained discrete torsion for typeWe find that the differences between orbifold group actions
Il B fields[2—4] (as well as the M-theory three-form poten- on heteroticB fields (for fixed action on the gauge and tan-
tial C [5]). To summarize our results, we found tliascrete  gent bundlesis defined by the same data as for typeBll
torsion is the choice of orbifold group action on the B field. fields [2-4], and so we recover the usudd®(I',U(1)),
In particular, we showed that discrete torsion has nothing téwisted sector phases ff], and so forth.
do with string theoryper se but rather has a purely math-  This paper is a continuation of the papp4$ and[5], and

ematical understanding. so readers are encouraged to read them first.

However, in our previous work2—4] we assumed that
the curvature of theB field, namelyH, satisfied the usual Il. REVIEW OF CHERN-SIMONS FORMS
Bianchi identitydH=0. Unfortunately this is not the case ] o )
for heteroticB fields, where(as is well knowp dH=TrF Before we describe the heteroti:field in local coordi-
AF—TrRAR. So, strictly speaking, the results [@-4] do ~ nate patches, we shall first take a moment to review Chern-
not apply to the case of the heteroBdfield. Simons forms.

In this short paper we shall fill this gap in our understand-  For simplicity, we shall assume that Ff\F is normal-
ing by examining orbifold group actions on heterofic  1zed to be(the image of an integral cohomology class. As-
fields. At the end of the day, we find that the differenceSUme thatF is a connection on a principa-bundle with
between any two orbifold group actions on a heterBtield ~ transition functiongy,,; (defined with respect to some good
is defined by the same data as[R-4—so although het- covel, and letA* denote the connectiofthe gauge fieldin
erotic B fields look somewhat different from type B fields, ~ PatchU,. On overlaps,
and although orbifold group actions on heterdidields are

a__ -1 -1
twisted by comparison, the difference between any two orbi- A*=0,pAPG 5~ (d9.p) G -
fold group actions can be described the same way for het- i i o
erotic B fields as for type IIB fields. To set conventions, defife=dA+ A/\A, then it is trivial to

We begin by working out a complete description of het-Verify that F*=g,sF?g,;, and so TF®/\F*=TrF*
erotic B fields on local coordinate charts. Before we can/\F”.
accomplish that goal, however, we first review relevant facts Now, given some form that lies in the image of integral
concerning Chern-Simons forms in Sec. Il. Once we undercohomology, in principle one can construct the other ele-
stand Chern-Simons terms at a sufficiently deep level, wénents of a @ch—de Rham cocycle. The first step in this is
work out a local-coordinate chart description of heter@ic Well known:
fields in Sec. Ill.
Once we understand hetero®:fields sufficiently well, TrE*/AF*=dwg,
we proceed to study orbifold group actions. As heter&ic
fields are tied to gauge and tangent bundles, we first studyhere
orbifold group actions on principab-bundles with connec-
tion (for generaIG) ir! Sec. IV.(In.prgvious WOI’k[Z.—4:| we w%=Tr| A9AdA“+ EAQ/\Aa/\Aa
have exhaustively discussed princigadbundles with con- 3
nection forG Abelian; here we describe the general case.
Then, we discuss the induced orbifold group actions oris the usual Chern-Simons three-form.
Chern-Simons forms in Sec. V. Once we have the basics The second step is a little more obscure, but can also be
worked out. Note that

@ -1
*Email address: ersharpe@cgtp.duke.edu 03— wf= —Tr(g,5(dg.p) NdAP).
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Slncegaﬁdga[, is a closed form, and we are workmg on a bundle or the tangent bundle induce gauge transformations

good cover, there exists a functian,; such thatgaﬁdgaﬁ
=dA .z, and so we can write
w5— =dwgﬁ,
where
w5P=—Tr(A ,zd AP).

In addition, there also exist local 1-formasy”” and local
functions h g, filling out the rest of the €ch—de Rham
cocycle. We can summarize this data as follows:

TrFeAFe=dos,

w3~ =dwgﬁ,
wgﬁ-i- wﬁy-i- wl*= dw”‘ﬁy,

Byé_

ayd afBo__
w7 W+ wy

wfﬂ)/: d |Og haﬁ,y(s,
5ha575: 1.

Somewhat more formally, we have described=TxF as

the curvature of a 2-gerbe associated to the principal

G-bundle with connection.

This discussion is somewhat complicated, but a simple

version also exists for T¥. We can write
TrE*=dTrA¢,

Tr A Tr AP=—Tr(d0,s) 0.4
=d(Trlogga.p),
=d(log detg,z),

o(detg,g) =1.

Formally, we have described Fr as the curvature of a
0-gerbe[a principalU(1) bundle with connectighassoci-
ated to the principaG-bundle with connection. In fact, this
associated 0-gerbe is precisely the determinant bundle.

IIl. HETEROTIC B FIELDS

We are now ready to discuss tiBefield in perturbative
heterotic strings. First recall that the curvatiieof the B
field obeys

dH=TrFAF—-TrRAR.

With this in mind, to each open skt, in a good cover, we
associate a three-forld® and a two-formB* related as

H=dB"+ w3 — w3g.

of B. Specifically, if under a gauge transformation
w3~ w3~ Tr(dANDAY),
then one must simultaneously have
BB+ Tr(AdA?)

so thatH® remains invariant. Since the connections on the
gauge and tangent bundles on overlapping patches are re-
lated by gauge transformatior(glefined by the transition
functions, we find that in general, the difference between
two-formsB“ on overlapping patches is given by

B—BP=dA" - wif+ wih )
for some local one-forma*?.

Note that as a consequence of the expression alhdVe,
=H# on overlapping patches, i.eH“:H|Ua for some

globally-defined three-fornil.
Next, adding the expressioli$) on each double overlap
in a triple overlap, we are forced to conclude that

AP+ AT AT = 3B — 0§87+ d log h] 2)

aBy
lfor someU (1)-valued functlon$1aﬁy defined on triple over-
aps.

Finally, from adding the expressio8) on each triple
overlap in a quadruple overlap, we are forced to conclude
that

(h555)(aye) " (haps) (hag,) ™= (hG sy H(hGy).
()

Note this means that at the level oB¢h cohomology, the
3- cochalnshiﬁya and haﬁ'y5 are cohomologous; their differ-
ence is a coboundary defined by ﬂfn% 3y -

To summarize, we have found that the heter8tiiteld is
described, in local coordinate patches, by a globally-defined
three-formH, local two-formsB¢, local one-formsA“?, and

local U(1)-valued funcuonﬁwaﬁy obeying
dH=TrFAF—-TrRAR,
H|Ua=dB“+ W3F— W3R,
B*—Bf=dA* - w3+ w3f,
AP+ AP+ A= 0B — wif7+dloght .,

(hGys)(hS,) " H(hE ) (hEg) 7t

=(hf 50 (M50

Next, how are thé fields on overlapping patches related? More formally, the heteroti® field defines a map between
Recall that as part of the Green-Schwarz anomaly cancelladhe 2-gerbes with connection associated to the gauge and
tion mechanism, gauge transformations of either the gaugengent bundles.
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IV. ORBIFOLD GROUP ACTION ON PRINCIPAL the relationship between bundle automorphisms and gauge
G-BUNDLES transformations less transparent.
So far we have argued that the difference between any
. O two orbifold group actions on a princip@ bundle is defined
fold group actions on principall(1) bundies. In order to by a set of gauge transformations. This is very reminiscent of

discuss orbifald group ac_tions if‘ heterotic string theor_y,[2_4] where we argued that the difference between any two
however, we need to examine orbifold group actions on PIiNG rpifold group actions on a principal(1) bundle or on &
cipal G-bundles for more general Lie groufs

To set conventions, assume we have a bundle with co field is defined by a set of gauge transformations. However,

: : , o here is an important difference in the present case—
nection described b¥‘ Ad})—yalugd g?uge fielda (ong for. although the difference between any two orbifold group ac-
each element , of a “good invariant” cover, as described in

o : : tions is a set of gauge transformations, the gauge transforma-
[2.4) and transition functiong,;, obeying tions do not form a representation of the orbifold group in
general.
Specifically, from Eq/(5) we find that

In prior work [2,4] we have exhaustively discussed orbi-

A“=0,5APg, 5~ (d9,5)0.5

=1. _
9as98ydye $2197= (%) "Xg5 67 (v%). ©)
Proceeding as ifi2—4], define @ch cochaing? b
g -4 ¥ DY In order for the gauge transformatiog, to define a repre-
g* 9a5=(73)(9aﬁ)(7’%)_1- (4)  sentation of the orbifold group, we would have needed
$2192= (g% $71)(42?), but we see that this will only be true

From expanding §:9,)" g in two different ways, we are ¢ %2 commutes withg} ¢%*, which will not be true in gen-
led to demand eral “

0192, % 91\, G2 5 However, in very special cases one can sometimes still
o =97 DY) ®)  recover a description of orbifold Wilson lines for principal
G-bundles with connection in terms of HoG)/G, the
description most familiar to physicists. Specialize to the ca-
nonically trivial bundle(i.e.,g,z=1 for all «,3) over some
N TV Tt g g\—1 path-connected space, with connection identically zero. On
gr A= (Ya) A%(Ya) T+ (Ya)d(7e) ®  this principal G-bundle with connection there is a canonical
Now, in [2—4] we pointed out that both orbifold)(1) trivial orbifold group action, defined by taking?=1 for all

wilson lines and discrete torsion arise as the differences bel € r and_alla. Th_ere s also a family of nontrivial orb|f_old
tween orbifold group actiongPut another way, the set of group actions, defined by taking, to be constant maps into

) Up @ ; e 9= : i i
orbifold group actions is only a set in general, not a groupC (-€- ¥a="7°lu,), forming a representation of the orbifold

but it is acted upon by a group in those caskst us attempt ~ group:

to repeat that analysis here. LetY),(y%) define a pair of 10 (g1
orbifold group actions on some principalbundle with con- Y= (") (v%2).
nection, as above. Define

and from demanding consistency Af on overlaps, we are
led to derive(as in[4])

In other words, each set ¢y} defining an orbifold group
action defines an element of HoMG). The reader can
easily check that such?® yield a well-defined orbifold group
action on the canonically trivial princip&@-bundle with zero
connection.
®) Now, we should be slightly careful. Not all of the ele-
ments of Hom[",G) define distinct orbifold group actions
on this special bundle with connection. Under a constant
gauge transformations, the connection transforms as
A% pA%p 1. As a result, given an orbifold group action
defined by constan{d as

$a=(v2) 179 )
By expressingy* g,4 in terms of these two actions, we find
¢ggaﬁz gaﬁ¢% .

The expression above forpf) shows that ¢9) defines a

base-preserving automorphism of the princigadbundle

([6], Sec. 5.5. Base-preserving automorphisms of a principal

G-bundle are gauge transformations, so this means it (

defines a gauge transformation of the bundle. X A@_ (Y AQ)( A0 1
The reader will probably be slightly confused to hear that grAT=(Y)AD )

Eqg. (8) implies that @9) defines a gauge transformation. i

After all, one usually thinks of gauge transformations of

bundles as being global maps in®) and if (¢9) defines a H(g*AY) d 1=(19)(pA%p 1) (99) 1

global map, then one would expect thatd=¢3 on

U,NUg, not Eq.(8). Unfortunately, working at the level of which can be rewritten as

Cech cochains means implicitly working in local trivializa-

tions, and for generdb, including local trivializations makes g*A%= (¢ 1y9p)(AY) (P 1y9¢p) L.

f we gauge-transform by constatt we get
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In other words, a constant gauge transformatmmthis spe- AN g,,03) %+ AC(gy,0,03)¢
cial bundle with connectionwill map an orbifold group ac-
tion defined by{y9} to an orbifold group action defined by =g5A®)(g;,02)*+ AC)(g10,,05)“+d log yI1 929,

{¢~1y9¢}. Conversely, any two orbifold group actions that
differ by conjugation by a constant map can be related by»%1%2= (% )(g3+%% )(\9L92)(\T192)(\ 94 %2),
gauge transformation. Thus, on the canonical trivial bundle 7 7 7 7 7
with trivial connection, distinct orbifold group actions are (N9192:93) (g ) 91.92)
defined by elements of Horfi(G)/G, where modding ou® p p
is ?phne by conjugqUon. N . . :()\329293)()\%393)(),3192'93)(7?31:92:93)71,
us, on canonically trivial bundles with zero connection,
we find a family of orbifold group actions defined by y91:92:9304) (, 9102.03.04)
Hom(I",G)/G. This result is often used in discussions of "¢ “«
heterotic orbifolds—for example, it can be found [i7]. :(7’91'9293'94)(792'93'94)(92 y91:92:93)
We should emphasize that the occurrence of “ “ “
Hom(I",G)/G above for non-AbeliarG is much more re-  for some formsA®(g)®, AM(g)*#, A®)(g;,9,), V?YEY’
strictive than its occurrence for Abelig®. For nor_1—AbeI|an i:lb-gZ, and ,yilv92193 which define the orbifold group action
e e Tl Horl ) ony [t specil s o o the conesponding pinipal bunles wihcomnecion
G, Hom(',G)/G=Hom(T',G) is ubiquitous—for Abelian As a much simpler example, it is very straightforward to

. i : . ork out the orbifold group action induced on the 0-gerbe
G, elements of this group define differences between orbifol determinant bundleassociated to some principal bundle
group actions on arfyprincipal G-bundle with connection.

with connection. Recall that the 0-gerbe with connection has

curvature TiF, local connections TA“, and transition func-

V. ORBIFOLD GROUP ACTIONS ON INDUCED GERBES tions deig, 5. Also recall that the orbifold group action on a
Before we can understand orbifold group actions on hetPrincipal G-bundle with connection is described by functions

erotic B fields, we first need to work out the orbifold group Ya, Where

actions on the €ch—de Rham cocycles associated td- Tr * RGO\ A Oy —1 g g\ -1

AF and TrR/AR, as induced by orbifold group actions on grAT=(ra)A%(va) T+ (7a)d(ya)

the corresponding bundles with connection.

* — (A9 gy—1

As mentioned previously, thee€h—de Rham cocycle de- 9% 9ap=(¥a) (Gap)(vp) ",
scription of TrF/\F and TrRAR is descpbmg the connec- 9292 _ (g% 91 (492)
tion on an associated 2-gerbe. The orbifold group action on Ya 2Ya NV )

the gauge and tangent bundles will induce an orbifold grou
action on these associated 2-gerbes with connection. No
orbifold group actions on 2-gerbes with connection were pre- g*TrF=TrF,
viously studied in[5], so we can borrow the results of that
paper to write, in general,

\%rom this description, it is easy to compute that

grTrA=TrA“+Tr((y2)d(¥2) ™),
g* 05=w5+dAP(g)",
=TrA*+d log(dety?),
g* 05=wsP+dAM(g) P+ AP (g)*~ AP)(g)~,
dety?192=(dety??) (g3 dety??)
0* 0P7’= w7 +dlogvd, + AM(g)*#
so we see explicitly that the orbifold group action on a prin-

+AM(g)Ar+ AM(g) 7, cipal G-bundle with connection defines an orbifold group
. . action on the associated 0-gerfmeterminant bund)ewith
g*haﬁyéz(haﬁ'yé)(v%yﬁ)(vg'yﬁ) (ngﬁﬁ)(vgﬁy) ’ connection.
A®N(g1go) = AP(gy) *+ 93 AP (g1)*+dA®)(gy,95)°, VI. ORBIFOLD GROUP ACTIONS

ON HETEROTIC B FIELDS
AM(g19,) = AM(g,) “P+g5 AN (gy) P~ AP)(gy,9,)"
Now that we have described heteroBcfields on local
+A®)(g,0,)#—dlog ?\ilﬁ’gz, coordinate patches, and described the orbifold group actions
induced on Chern-Simons forms by orbifold group actions
on principal bundles with connection, we are finally ready to
UIn that reference, the group Hol(G)/G is described in a rather WOTk out orbifold group actions on heterot&fields.

obscure fashion. Specifically, it is described in terms of root and ~ First, recall that in the Green-Schwarz mechanism, gauge
weight lattices, and only for the special cdde Z,,. transformations of the bundle which induce

2Assuming, as always, that the princip@tbundle with connec-

tion admits an action of the orbifold grodp. wz—>w3—Tr(dA/NdA?)
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the B field transforms as

BB+ Tr(AdAY)

(so thatH remains invariant From this fact and the fact that

under the action of the orbifold group,
0*w3= w3+ dA@)(g)?,

we see that, in general,

g* Ba:Ba_A(Z,F)(g)a+A(Z,R)(g)a+ dA(l,B)(g)a
(10)
for some local one-formd (28 (g)®.
Also note that this implies thag*H=H. In fact, we

should have expected this—sinkkhas no gauge transfor-
mations, any well-defined orbifold group action must niv&p
back into precisely itself.

From the fact that

B”—B'B=dA“'3—waB+w2g
we can derive that
g*AaB:AaB+ A(l,B)(g)a_A(l,B)(g)B+A(1,F)(g)aﬁ
~ AR (g)*F+dlog kY (12)

for some local function<? ;.
From the fact that

AP+ AP+ AT = o IRT— w§BY+d logh®

aBy

we can derive that

g haﬁy_(haﬁy)(vaﬁy) 1( aﬁy)(KQB)(Kﬁ'y)(K'yQ)
12

From expanding gqlgz)*hgﬁ7 in two different ways, we
find that

()\Fgl 92) 1()\R91 gz)( 9192) (K )(ggK )(hgl 92)

X(hgH92)~1 (13)

for some local functiong®%2.
From writing Kifng in two different ways, we find that

Fg1,97, RO;.,97, — , ,
(,yagl 92 93)(,ya91 92 93) 1(h3192 93)(g>3\— hil 92)

=(hil'gzgg)(h32’g3). (14

From expanding g¢;9,)*B“ in two different ways, we
find

—dAGP(gy,9,) 7+ dACR(g,,0,)“+dA1B)(g,g,)*
=dA18)(g,)*+g5dATB)(gy)® (15)

and from expandingd;g,)* A“? in two different ways, we
find

PHYSICAL REVIEW B8, 126005 (2003

S[A®B(g19,)*—ABF(gy,02)”
+AGR(g1,95)*+d logh)! ]

= 5[ AB)(gp)*+g5 AB)(gy) ] (16)
which we combine to conclude that
AB)(g19,)*~ABF(g1,0,)"
+ABR(gy,95)*+dlogh)!*2
=A1B(gg) "+ gz A (g (17

To summarize, we have discovered that an orbifold group
action on a heteroti8 field is defined by

g*H=H,
g* Ba:Ba_A(Z,F)(g)a+ A(Z,R)(g)a+ dA(l,B)(g)a,
g*AaB:AaB+ A(l,B)(g)a_A(l,B)(g)B+ A(l,F)(g)a,B
~ AR (g)*P+dlog kY,
g haﬁy (hal[-}y)(vaﬂ'y) 1( Vaﬁy)(Kag)(Kgy)( K9 )
()\Fgl 92) 1()\R91 92)(K9192)
( )(g* 91 )(hgl 92)(h91 92) l
(hglgzvgs)(gg h91v92)

, , Fg1.92,03\ — Rg;.92,
:(hil 9293)(h32 93)(,yagl 92 93) l( ,yagl 92 93),

AC®)(g1g,)*+dloghy!®?

= ACP(gy,g,)" -
+g5 A (gy)”

ABR(gy,092)“+ A8 (g,)*

for someA®)(g)?, k9,, andh? 9 introduced to define
the orbifold group action on the heterot&field. Note that

this is the same set of data needed to define an orbifold group
action on aB field for the caselH=0 [2—4]; the difference

in the present case is that the orbifold group action is warped
by the interaction with the gauge and tangent bundles.

VII. DIFFERENCES BETWEEN ORBIFOLD GROUP
ACTIONS

In [2—4], the groupH?(I",U(1)) was recovered when de-
scribing the differences between orbifold group action®on
fields such thadH=0. With that in mind, we shall now
examine the differences between orbifold group actions on
heteroticB fields.

Assume the orbifold group actions on the gauge and tan-
gent bundles are fixed. Let the data defining the two orbifold
group actions on the heteroti&field be distinguished by an
overline. Define
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)

B
g _ _aB
Tos=="
ap

A

A(g)*=A1B(g)*—AT(g),

91.92
91.92__ _ ¢
W, Fgl,gg )

o

From the expressions

g* Ba:Ba_A(Z,F)(g)a+ A(Z,R)(g)a+ dA(l,B)(g)a

=B = AGD(g)*+ AR (g) +dAI(g),
we see that

dA(g)*=0. (18

From writing g* A*# in two different ways, we find that

A(9)*—A(g)#=dlogT),. (19

B
aBy

(T9,5)(TY)(T2,)=1.

From the equations above, we see thatTfg are tran-
sition functions for a principal (1) bundle with connection
defined byA(g)“, and that connection is flat.

By dividing the expressions for‘i’tllg92 and Kilﬁ‘gz, we find
that

From writingg*h in two different ways, we find that

(20

Tos = (TG T () ) (@)~ (21)

__ From subtracting the expressions for"#(g)* and
A1B)(g)«, we find that

A(9102)“—dlog M 2=A(gy)“+ g5 A(g1)*. (22

These two expressions tell us that tk€'9? define
connection-preserving bundle isomorphisms

w9192: Th2 R g;T91_>T9192_
Finally, by dividing the expressions

Fg1.95, R0;,92, — , ,
(yagl 92 93)(7a91 92 93) 1(h(9;192 93)(g§ h!il 92)

— (hgl ~9293)(h92 ,93)
( ,ngl .92 ,93)( 'ngl 192 r93) - l(ﬁglgz v93)(g§ﬁ91 r92)
— (ﬁglygzgs)(mz ’93)

we find that

(wglgz,g:;)(gg wgvaZ) — (wglrQZQB)(wQnge')_ (23)

PHYSICAL REVIEW D 68, 126005 (2003

This means that the connection-preserving bundle mor-
phismsw91:92 must make the following diagram commute:

91.9
Tg3®g§(T92® g’z"Tgl) w=1=2 Tg3®g§T9192
szxgsl lwglgzxgs
T9203® (g,gq)* T 9192893 T09293  (24)

So far we have recovered the fact that the difference be-
tween two orbifold group actions on heteroBdields (with
fixed orbifold group actions on the gauge and tangent
bundles is defined by the same data as Bfields such that
dH=0 [2—4]: namely, pairs T%, w91'92) of bundlesT? with
flat connection and connecting morphism81-92 making
diagram(24) commute.

Also, orbifold group actions oB fields are subject to the
same equivalences as iR-4]. If «5:T9—T'9 is a
connection-preserving isomorphism of princigalbundles,
then we can replace the datd9%w9:-92) with the data
(T"9, kg,4,0 091920 (kq,® a5 Kg,) -1,

Since the differences between orbifold group actions on
heteroticB fields are defined by precisely the same data as
for type 11 B fields[2—4], we recover the groupl?(I",U(1))
as well as the twisted-sector phases[bf in precisely the
same fashion ag2—4].

VIIl. CONCLUSIONS

In this paper we have outlined a purely mathematical un-
derstanding of discrete torsion for heterofdields, as op-
posed to type IB fields, thereby filling a gap present in the
earlier work[2—4]. Specifically, after working out a gerbe-
like description of heterotiB fields, and after discussing
orbifold group actions on principab-bundles with connec-
tion for non-AbelianG, we use a self-consistent bootsti@p
the style of[4]) to construct orbifold group actions oB
fields. Discrete torsion arises in the same fashion 2,
namely in terms of the difference between orbifold group
actions.

As in [2—4], the results in this paper do not assume that
the orbifold group acts freely. Also as [2—4], we do not
assume the heterotifield has vanishing curvatuféhough,
as in[2-4], one needs to check that orbifold group actions
on a given field configuration actually exist before attempt-
ing to formally classify them

Finally, as in[2—4], our analysis does not assume any
features of string theory. As if2—4], discrete torsion can be
understood in a purely mathematical framework, without any
reference to string theory. In other words, there is nothing
“inherently stringy” about discrete torsion.

One loose end we have had difficulty tying up involves
the level-matching conditions of heterotic orbifolds. We
strongly suspect that satisfying the level-matching conditions
is equivalent to the statement that the orbifold group actions
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