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Anomaly in conformal quantum mechanics: From molecular physics to black holes
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A number of physical systems exhibit a particular form of asymptotic conformal invariance: within a
particular domain of distances, they are characterized by a long-range conformal interaction~inverse square
potential!, the apparent absence of dimensional scales, and an SO~2,1! symmetry algebra. Examples from
molecular physics to black holes are provided and discussed within a unified treatment. When such systems are
physically realized in the appropriate strong-coupling regime, the occurrence of quantum symmetry breaking is
possible. This anomaly is revealed by the failure of the symmetry generators to close the algebra in a manner
shown to be independent of the renormalization procedure.
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I. INTRODUCTION

An anomaly is defined as the symmetry breaking o
classical invariance at the quantum level. This intrigui
phenomenon has played a crucial role in theoretical phy
since its discovery in the 1960s@1#. In addition to its use in
particle phenomenology of the standard model@2# and its
extensions, it has been a fruitful tool for the study of conf
mal invariance in string theory@3#.

Surprisingly, the presence of an infinite number of degr
of freedom does not appear to be a prerequisite for the em
gence of anomalies. This fact was first recognized withi
model with conformal invariance: the two-dimensional co
tact interaction in quantum mechanics@4#. In conformal
quantum mechanics, a physical system is classically inv
ant under the most general combination of the following ti
reparametrizations: time translations, generated by
HamiltonianH; scale transformations, generated by the d
tion operatorD[tH2(p•r1r•p)/4; and translations of re
ciprocal time, generated by the special conformal opera
K[2tD2t2H1mr2/2. These generators define the nonco
pact SO(2,1)'SL(2,R) Lie algebra@5#

@D,H#52 i\H, @K,H#522i\D, @D,K#5 i\K.
~1!

This symmetry algebra has also been recognized in the
nonrelativistic particle@6#, the inverse square potential@7,8#,
the magnetic monopole@9#, the magnetic vortex@10#, and
various nonrelativistic quantum field theories@6,11,12#. Fur-
thermore, conformal quantum mechanics has been fe
ground for the study of singular potentials and renormali
tion, using Hamiltonian@13–15# as well as path integra
methods@16#. Most importantly, a variety of physical rea
izations of conformal quantum mechanics have been rece
identified, as discussed in the next section.

The main goals of this paper are~i! to illustrate the rel-
evance of conformal quantum mechanics for several phys
0556-2821/2003/68~12!/125013~13!/$20.00 68 1250
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problems, from molecular physics to black holes, and~ii ! to
show the details of the breakdown of the commutator alge
~1! for the long-range conformal interaction. In Sec. II w
introduce a number of examples that can be regarded
physical realizations of conformal quantum mechanics.
Sec. III we show that the origin of the anomaly can be trac
to the short-distance singular behavior of the conformal
teraction. In Sec. IV we introduce a generic class of re
space regulators, within the philosophy of the effective-fie
theory program. In Sec. V we compute the anomaly for
regularized theory and show that it is independent of
details of the ultraviolet physics, and in Sec. VI we comme
on various renormalization frameworks. After the conc
sions in Sec. VII, we summarize a number of technical
sults: a derivation of the anisotropic generalization of t
conformal long-range interaction~Appendix A!; a study of
interdimensional dependence~Appendix B!; a derivation of
the near-horizon properties of black holes~Appendix C!; and
a derivation of useful integral identities~Appendix D!.

II. RELEVANT PHYSICAL APPLICATIONS

In recent years, diverse examples of systems have b
studied from the viewpoint of the conformal algebra~1!, as-
sumed to be a representation of an approximate symm
within specific scale domains. In the applicable conforma
invariant domain, the relevant physics is described by
d-dimensionaleffectiveHamiltonian

H5
p2

2m
2

g

r 2
, ~2!

which involves a long-range conformal interaction; or, alt
natively, by its anisotropic counterpart

H5
p2

2m
2

g

r 2
F~V!, ~3!
©2003 The American Physical Society13-1
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where V stands for the angular variables andF(V) is a
generic anisotropy factor that accounts for the angular dep
dence. Equation~3! is discussed in Appendix A.

In the problems considered below,l52mg/\2 is the di-
mensionless form of the coupling constant andn5(d
22)/2; furthermore, the choice\5152m will be made for
the problem involving black holes. In all cases, the stro
coupling regime@14# is defined by the conditiong>g(* ),
with a critical dimensionless couplingl (* )[l l

(* )5( l 1n)2

~for angular momentuml ), when the Hamiltonian model~2!
is adopted@14#. In addition, in the strong-coupling regime, a
deduced in Sec. III, an uncontrolled oscillatory behavior
the Bessel functions of imaginary orderiQ makes the con-
formal system singular and regularization is called for. T
characteristic parameterQ5Al2( l 1n)2 strictly corre-
sponds to the Hamiltonian~2!; in physical applications, such
as those of Secs. II A, II B, and II C, we will define

Q[Qeff5Aleff2leff
(* ), ~4!

which will turn out to be crucial in parametrizing the anom
lous physics of the conformal system in the presence of s
metry breaking. In discussing these realizations, we will
plicitly use a subscript to emphasize the effective nature
the parameter of Eq.~4!—as arising from a reduction frame
work. The same notational convention will apply to the d
mensionality (deff). As shown in Appendix B, even whe
interdimensional equivalences are introduced, the value
the parameter~4! is a dimensional invariant.

A. Dipole-bound anions and anisotropic conformal interaction

The three-dimensional (deff53 or neff51/2) interaction
between an electron~chargeQ52e) and a polar molecule
~dipole momentp) was the first physical application to b
recognized as a realization of this anomaly@17#. When the
molecule is modeled as a point dipole, this interaction can
effectively described with an anisotropic long-range conf
mal interaction of the form~3!: V(r )52g cosu/r2, in which
the polar angleu is subtended from the direction of the d
pole moment. For this potential, the dimensionless coup
is l522mKepQ/\25p/p0, with m being the reduced mas
of the system andKe the electrostatic constant. Thus, th
relevant scale for phenomenological analyses is provided
p0'1.271D ~whereD stands for the Debye!.

As shown in Appendix A, in some sense, the generic
isotropic conformal interaction~3!—of which the electron-
molecule interaction is a particular case—can be reduce
an effective isotropicconformal interaction for the zero
angular-momentum channel@see Eq.~A7!#; this corresponds
to an effective Hamiltonian of the type~2!, with an appro-
priate effective couplingleff . More precisely, this equiva
lence is achieved, after separation of variables in spher
coordinates, at the level of the radial equation. In additi
the corresponding value ofleff is identical to the eigenvalue
g of the angular equation, which is a function of the dipo
couplingl. The effective conformal parameter~4! becomes

Qeff5Ag2neff
2 , ~5!
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whereleff
(* )5neff

2 for each eigenvalueg of the angular equa-
tion. When this outline is implemented, according to the p
cedure of Ref.@17# or its generalization of Appendix A, the
existence of a critical dipole momentp(* ) for binding is
predicted; the order of magnitude of its ‘‘conformal value
l (* )'1.279, orp(* )'1.625D, has been verified in numer
ous experiments@18,19#. In particular, when binding occurs
extended states known as dipole-bound anions are form
These conclusions have also been confirmed by detailedab
initio calculations@18,19# and by studies that incorporate th
effects of rotational degrees of freedom@20#, which also
modify slightly the value ofp(* ).

In short, the central issue in this analysis—also shared
the other physical realizations discussed in this paper—is
existence of a conformally invariant domain whose ultrav
let boundary leads to the anomalous emergence of bo
states via renormalization. As a result, these states break
original conformal symmetry of the model and modify th
commutators~1!, as we will show in the next few sections
This simple fact alone captures the essence of the obse
critical dipole moment in polar molecules and leads to
analytical prediction for the energies of the conformal stat
as discussed in Sec. VI and Appendix A.

B. Near-horizon black hole physics

A generic class of applications of conformal quantum m
chanics arises from the near-horizon conformal invariance
black holes, its impact on their thermodynamics@21#, and its
extension to superconformal quantum mechanics@22#. In
particular, analyses based on the Hamiltonian~2! have been
used to explore horizon states@23,24# and to shed light on
black hole thermodynamics@24#. Another class of curren
applications@25# involves a many-body generalization of E
~2!: the Calogero model, which has also been directly link
to black holes@26#. These remarkable connections seem
confirm the conjecture that it is the horizon itself that e
codes the quantum properties of a black hole@27#.

In this context, we consider the spherically symmet
Reissner-Nordstro¨m geometry inD spacetime dimensions
whose metric

ds252 f ~r !dt21@ f ~r !#21dr21r 2dVD22 ~6!

is minimally coupled to a scalar fieldF(x) with action (c
51 and\51)

S52
1

2E dDxA2g@gmn]mF]nF1m2F2#. ~7!

In Eq. ~6!, dVD22 stands for the metric on the unit (D
22)-sphere, f (r )5122(aM /r )D231(bQ /r )2(D23), and
the lengthsaM andbQ are determined from the massM and
chargeQ of the black hole respectively@28#. In this ap-
proach, the conformal structure is revealed by a two-s
procedure discussed in Appendix C and consisting of:~a! a
reduction to an effective Schro¨dinger-like equation, to be
analyzed in its frequency (v) components;~b! the introduc-
tion of a near-horizon expansion in the variablex5r 2r 1

@with r 5r 6 being the roots off (r )50, andr 1>r 2]. Two
3-2
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distinct scenarios emerge from this reduction: the extre
and nonextremal cases, whenr 15r 2 and r 1Þr 2 , respec-
tively. We will omit any discussion of the extremal cas
which is known to pose a number of conceptual difficult
and is otherwise beyond the scope of the framework p
sented in this paper. As for the nonextremal case, the foll
ing facts arise from this reduction:

~i! The ensuing effective problem is described by an
teraction

V~x! }
~near horizon!

2x22, ~8!

which is conformally invariant with respect to the nea
horizon coordinatex.

~ii ! The effective Hamiltonian, still being ad-dimensional
realization of the conformal interaction, does not have
usual form corresponding to the radial part of a multidime
sional Schro¨dinger problem. In particular, the angular m
mentum variables appear at a higher order in the n
horizon expansion.

~iii ! The coupling constantleff is supercritical for all non-
zero frequencies. This can be seen from Eq.~C11!, which
implies that

Qeff5
v

u f 8~r 1!u
. ~9!

The conclusion from this procedure is that the relevant ph
ics occurs in the strong-coupling regime, in which the fram
work discussed in this paper can be applied.

C. Other applications

While Secs. II A and II B conform to the title of this pa
per, applications in other areas of physics are also lik
Among these, the Efimov effect@29,30# stands out. This ef-
fect is expected to arise in a three-body system with sh
range interactions, in which at least two of the two-bo
subsystems have virtual or bounds-states near zero energ
As in the case of the dipole-bound anions of Sec. II A, th
are spatially extended and weakly bound states. Unfo
nately, the combination of phenomenological parame
needed to form these states, together with their wea
bound nature, has defied experimental detection to d
Nonetheless, this effect is regarded as relevant in the des
tion of the three-body nucleon interaction@31#. The most
outstanding feature of these three-body interactions in th
spatial dimensions is the fact that these problems are red
to an effective equation with a long-range conformal inter
tion in the strong-coupling regime. In terms of possible e
perimental detection, this effect is currently being studied
the description of various systems, including helium trim
and nuclear three-body halos@30#.

The conformal nature of the effective interaction, for t
three-body systems described above, can be deduced a
lows. Typically, one starts by introducing hyperspherical c
ordinates with hyperradiusr[r , in a deff-dimensional con-
figuration space for the internal degrees of freedom; if
one-particle dynamics occurs in ad-dimensional space, the
12501
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deff52d for the internal dynamics of the three-body syste
~as the total number of coordinates is 3d, but d of them are
eliminated in favor of the center-of-mass coordinates!. Con-
sequently, when a hyperspherical adiabatic expansion@32# is
combined with a Faddeev decomposition of the wave fu
tion @33#, a reduction to adeff52d realization of our confor-
mal model~2! is obtained. These conclusions can be glean
from the conformal nature of the effective adiabatic pote
tials Veff(r ) arising from this reduction framework@30#,

Veff~r !52
geff

r 2
, leff5~d21!21Qeff

2 , deff52d,

~10!

where geff and leff are related as described after Eq.~3!.
Incidentally, due to the interdimensional equivalence of A
pendix B, this result is often quoted in its one-dimension
reduced form @from Eq. ~B4!#, l(d51)5leff2(d21)2

11/45Qeff
2 11/4. For example, for the all-important case

ordinary three-dimensional space,deff56 and leff54
1Qeff

2 . Furthermore, the coupling constant in Eq.~10! de-
pends upon the physical parameters defining the sys
when the scattering lengths are large, it is function of
three ratios of particle masses. In particular, for the low
angular eigenvalue of a three-body three-dimensional sys
of identical bosons with zero-range two-particle interactio
the characteristic conformal parameter~4! is approximately
given by the solution of the transcendental equation@30#

8 sinhS pQeff

6 D5A3QeffcoshS pQeff

2 D , ~11!

so that Qeff'1.006, which corresponds to the stron
coupling regime.

In short, the essential feature shared by the problems
cussed above is the existence of aneffectivedescription in
terms of SO~2,1! conformal invariance, which results from
prescribedreductionframework. We now turn our attention
to this generic effective problem, characterized by t
Hamiltonian of Eq.~2!. As different dimensionalities are re
quired for the applications to which Eq.~2! refers, we will
analyze this problem for the arbitraryd-dimensional case
Our goal is to investigate and characterize the possible r
ization of a conformal anomaly within this scope.

III. CONFORMAL ANOMALY AND SHORT-DISTANCE
PHYSICS

Conformal symmetry is guaranteed at the quantum le
when the naive scaling of operators, described by the alge
~1!, is maintained. A measure of the deviation from this sc
ing is afforded by the ‘‘anomaly’’@34#

A~r ![
1

i\
@D,H#1H5F 11

1

2
ErGV~r ! ~12!

5
r d22

2
“•F rV~r !

r d22 G ~13!
3-3
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~valid for arbitraryd spatial dimensions!, in which 1 is the
identity operator andEr5r•“. At first sight, the right-hand
side of Eq.~12! appears to be zero for any scale-invaria
potential; however, upon closer examination, this appa
cancellation may break down atr 50, where the interaction
is singular. Equations~12! and~13! can be directly applied to
any of the interactions within the conformal quantum m
chanics class, and reduce to the familiar results known
the two-dimensional contact interaction@34,35#. However,
the most interesting case is provided by the Hamiltonian~2!,
whose symmetry breaking can be made apparent by m
of the formal d-dimensional identity “•@ r̂ /r d21#
5Vd21d (d)(r ), in whichVd21 is the surface area of the un
(d21)-sphereSd21; then,

A~r !52g
Vd21

2
r d22d (d)~r !. ~14!

Despite its misleading appearance, this term isnot identically
equal to zero, due to the singular nature of the interactio
r 50. The recognition of this remarkable singular term,
well as of its regularized and renormalized counterpa
leads to the central result of our paper: the proof of the
istence of a conformal anomaly.

However, two important points should be clarified. Fir
Eq. ~14! is merely a formal identity, whose physical meani
can only be manifested through appropriate integral exp
sions. Second, the coordinate singularity highlights the n
to determine the behavior of the wave function nearr 50.
Therefore, nontrivial consequences of Eq.~14! can only be
displayed by the expectation value with a normalized s
uC&,

d

dt
^D&C5^A~r !&C52g

Vd21

2 E ddrd (d)~r !ur nC~r !u2.

~15!

A similar analysis applies to the anisotropic interaction
Eq. ~3!; in this case,

d

dt
^D&C5^A~r !&C

52g
Vd21

2 E ddrd (d)~r !ur nC~r !u2F~V!.

~16!

It should be noticed that the intermediate steps leadin
Eqs. ~15! and ~16! are based on formal identities involvin
the d-dimensionald function. For the unregularized invers
square potential, the integrals in Eqs.~15! and~16! select the
limit r→0 of the productr nC(r ), which is known to be
proportional to a Bessel function of orderiQ, with Q de-
fined in Eq. ~4!. This limit is ill defined in the strong-
coupling regime, due to the uncontrolled oscillatory behav
of the Bessel functions of imaginary order. Consequently
regularization procedure is called for;inter alia, this proce-
dure will assign a meaningful value to Eqs.~15! and ~16!.
12501
t
nt

-
r

ns

at
s
s,
-

,

s-
d

te

f

to

r
a

IV. REGULARIZATION AND RENORMALIZATION:
THE EFFECTIVE-FIELD THEORY PROGRAM

The Hamiltonian~2!, in the strong-coupling regime, de
scribes an effective system with singular behavior for sho
distance scales. This interpretation, in which regularizat
and renormalization are mandatory, is inspired by
effective-field theory program@36#. The required regulariza
tion procedure is implemented in real space, where the u
violet physics is replaced over length scalesr &a. The effec-
tive theory that comes out of this renormalization is expec
to be applicable within a domain of energies of magnitu
uEu!Ea[\2/2ma2. The scaleEa defines an approximate
limit of the conformal regime from the ultraviolet side; e
fectively, this limit prevents the singular interaction fro
yielding unphysical divergent results for supercritical co
pling.

Specifically, we consider a generic class of regularizat
schemes that explicitly modify the ultraviolet physics; ea
scheme is described by a potentialV(,)(r ), for r &a, where
a is a small real-space regulator. An appropriate proced
for the selection of solutions of this singular conformal i
teraction was proposed in Ref.@37#, using a constant poten
tial for r &a. Our approach is based on a generalization
this method, in which a core interactionV(,)(r ) is intro-
duced.

Incidentally, in this section, we consider a coreV(,)(r )
[V(,)(r ) with central symmetryV(,)(r ). Even though this
condition is not strictly necessary, it leads to a tractable d
vation. Moreover, it is also consistent with the original rot
tional invariance of the isotropic singular interaction a
captures the singular behavior of the potential, which ori
nates from its radial dependence~even in the anisotropic
case!. The generalization for an anisotropic conformal inte
action is nontrivial, but when this interaction is reduced to
effective radial problem, the procedure developed in this s
tion can be applied.

The core interaction is subject to the conditions of fini
ness

2`,V0[min@V(,)~r !#[2
\2

2m

:

a2
~17!

and continuous matching with the external inverse squ
potential atr 5a,

V(,)~a!5V(.)~a!52g/a2. ~18!

It should be noticed that these restrictions imply thatV0,0
or :.0, and that:5l1§, where§.0 is the dimensionless
energy difference between the minimumV0 and the match-
ing value~18!. In addition, in this approach, the energies f
the interior problem will be conveniently redefined from th
minimum valueV0; specifically,

U~r ![V(,)~r !2V0 , Ẽ5E2V0 . ~19!

For the spherically symmetric long-range conformal int
action of Eq.~2!, central symmetry leads to the separab
solution
3-4
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C~r !5
Y̌lm~V!v~r !

r n
, E dVd21uY̌lm~V!u25Vd21 ,

~20!

in which Y̌lm(V) stands for the ultraspherical harmonics
Sd21 @38#, which have been conveniently redefined with
normalization integral equal to the solid angleVd21. Then,
the corresponding effective radial Schro¨dinger equation for
v(r ) becomes

H d2

dr2
1

1

r

d

dr
1Fk22

~ l 1n!2

r 2
2V~r !G J v~r !50, ~21!

where V(r )52mV(r )/\2 and k252mE/\2. In particular,
for bound states,k5 ik and Eq.~21! provides solutions of
the form

va~r !5H v (,)~r !5Bl ,nwl 1n~ k̃r ; k̃! for r<a,

v (.)~r !5Al ,nKiQ~kr ! for r>a,
~22!

in which KiQ(z) is the Macdonald function@39#, and where
k̃ is defined fromẼ5\2k̃2/2m, so thatk̃5A2k22V0, with
V052mV0 /\2,0. The regularizing core is arbitrary an
wl 1n( k̃r ; k̃) is a particular real solution in that region,

H d2

dr2
1

1

r

d

dr
1F k̃22

~ l 1n!2

r 2
2U~r !G J wl 1n~ k̃r ; k̃!50,

~23!

where U(r )5V(r )2V0; as an example,wl 1n( k̃r ; k̃) is a
Bessel function of orderl 1n when the potentialV(,)(r ) is a
constant.

The solution~22! can be completely determined by e
forcing the following three additional physical condition
~a! continuity atr 5a of the radial wave function;~b! conti-
nuity at r 5a of the logarithmic derivative of the radial wav
function; and~c! normalization of the wave function. In wha
follows, these conditions will be stated using the auxilia
parameters

j5ka, j̃5 k̃a, ~24!

which satisfy Eq.~19!, i.e.,

j̃21j25:. ~25!

Consequently, these conditions~a!–~c! become, respectively

Bl ,nwl 1n~ j̃; k̃!5Al ,nKiQ~j!, ~26!

Ll 1n
(,) ~ j̃; k̃!5L iQ

(.)~j!, ~27!

and @cf. Eq. ~20!#

E ddr uC~r !u25Vd21E
0

`

drr uv~r !u251, ~28!
12501
where we have conveniently redefined the logarithmic
rivatives fromL iQ

(.)(j)[Ej@ ln KiQ(j)#, with Ej5j]/]j, and

similarly for Ll 1n
(,) ( j̃; k̃) in terms of wl 1n( j̃; k̃). Explicitly,

Eq. ~28! takes the form

Vd21@Bl ,n
2 k̃22Jl 1n~ j̃; k̃!1Al ,n

2 k22KiQ~j!#51, ~29!

in which the normalization constants can be chosen to
real, and where

KiQ~j![E
j

`

dzz@KiQ~z!#2 ~30!

and

Jl 1n~ j̃; k̃![E
0

j̃
dzz@wl 1n~z; k̃!#2. ~31!

Equations~26! and ~29! then provide the values of the con
stantsAl ,n andBl ,n ; for example,

Bl ,n5
k

AVd21
H j2

j̃2
Jl 1n~ j̃; k̃!1Fwl 1n~ j̃; k̃!

KiQ~j!
G2

KiQ~j!J 21/2

.

~32!

For reasons that will become clear in the next section, i
convenient to rewrite Eqs.~30! and ~31! in an alternative
way, using the generalized Lommel integrals of Appendix
First, the integral defined by Eq.~30!, which applies to the
external domain (r>a), can be expressed as

KiQ~j!5
1

2
@KiQ~j!#2M iQ

(.)~j!, ~33!

where

M iQ
(.)~j![@L iQ

(.)~j!#21Q22j2. ~34!

Similarly, the integral defined by Eq.~31!, which applies to
the internal domain (r<a), takes the form

Jl 1n~ j̃; k̃!5
1

2
@wl 1n~ j̃; k̃!#2M l 1n

(,) ~ j̃; k̃!1Ul 1n~ j̃; k̃!,

~35!

where

M l 1n
(,) ~ j̃; k̃![@L l 1n

(,) ~ j̃; k̃!#21@ j̃22~ l 1n!22 j̃2Ǔ~ j̃; k̃!#
~36!

and

Ul 1n~ j̃; k̃![E
0

j̃
dzz@wl 1n~z; k̃!#2F S 11

1

2
EzD Ǔ~z; k̃!G ,

~37!

with Ǔ[U/Ẽ andEz5z]/]z. The Lommel integral relation
~33! appears to be simpler than Eq.~35! because of the ab
sence of an extra coreǓ(z; k̃) in the external domain.
3-5
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In addition, the continuity conditions of the potential, E
~18!, and of the logarithmic derivatives, Eq.~27!, imply the
equality of the ‘‘matching functions’’~34! and ~36!, i.e.,

M l 1n
(,) ~ j̃; k̃!5M iQ

(.)~j!. ~38!

As a corollary, a combined Lommel relation can be obtain
by elimination of the matching functions from Eqs.~33!
and ~35!,

Jl 1n~ j̃; k̃!2Ul 1n~ j̃; k̃!5Fwl 1n~ j̃; k̃!

KiQ~j!
G2

KiQ~j!. ~39!

Even though the implementation of a renormalization p
cedure is a necessary condition for the emergence of
conformal anomaly, the actual details of this procedure
not explicitly required. It suffices to know that these deta
are to be consistently derived from Eqs.~24!–~39!, which
permit the exact evaluation of all relevant expectation valu
and by enforcing the finiteness of a particular bound s
energy.

V. COMPUTATION OF THE CONFORMAL ANOMALY

The value of the anomalous part of the commuta
@D,H# is given as the ‘‘anomaly’’A(r ) in Eq. ~12!. In Sec.
III, this quantity was computed for the unregularized inve
square potential in terms of the formal identity~14!; this
expression, in turn, led to an ill-defined expectation va
~15!. This difficulty can be overcome when the singular co
formal interaction is regularized according to the gene
scheme introduced in Sec. IV. Then, Eq.~12! will in prin-
ciple yield two different contributions: one forr<a and one
for r>a, with the latter being of the form~14!; thus,

Aa~r !5F S 11
1

2
Er DV(,)~r !Gu~a2r !

2g
Vd21

2
r d22d (d)~r !u~r 2a!, ~40!

whereu(z) stands for the Heaviside function, is the regul
ized counterpart of Eq.~14!. Explicitly, this leads to an ex-
pectation value

d

dt
^D&C5@^Aa~r !&Ca

(,)1^Aa~r !&Ca

(.)#, ~41!

where the integration range is split into the two regions
<r<a and r>a. Moreover, the identically vanishing sec
ond term

^Aa~r !&Ca

(.)50 ~42!

in Eq. ~40! shows that the source of the conformal anom
is confined to an arbitrarily small region about the orig
This result can be confirmed from a straightforward repla
ment of Eq.~12! by A(r )52 1

2 (d22)V(r )1 1
2“•$rV(r )%,

which is identically equal to zero for any domain that e
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cludes the origin, when applied to any homogeneous po
tial of degree22 ~a defining characteristic of the extern
conformal interaction!.

Once Eq.~42! is established, the anomaly can be co
puted from the contribution arising from the ultraviolet d
main r<a,

d

dt
^D&C5^Aa~r !&Ca

(,)5E
r<a

ddr F S 11
1

2
Er DV~r !G uCa~r !u2.

~43!

In Eq. ~43!, V(r )[V(,)(r ) can be replaced using Eq.~19!,
andCa(r ) using Eqs.~20! and~22!; when these substitution
are made and the dimensionless variablej̃ in Eq. ~24! is
introduced, Eq.~43! becomes

d

dt
^D&C5

Vd21Bl ,n
2

k̃2 E
0

j̃
dzz@wl 1n~z; k̃!#2

3H S 11
1

2
EzD FV01US z

k̃
D G J . ~44!

Despite its cumbersome appearance, the integral in Eq.~44!
can be easily evaluated once the definitions~31! and~37! are
introduced, so that

1

E

d

dt
^D&C5

1

E

Vd21Bl ,n
2

k̃2
@V0Jl 1n~ j̃; k̃!1ẼUl 1n~ j̃; k̃!#

~45!

5
Vd21Bl ,n

2

k2 H j2

j̃2
Jl 1n~ j̃; k̃!

1@Jl 1n~ j̃; k̃!2Ul 1n~ j̃; k̃!#J , ~46!

whereV0 was replaced through the relation~19! or ~25!, and
E52\2k2/2m. Furthermore, in Eq.~46!, the difference
Jl 1n( j̃; k̃)2Ul 1n( j̃; k̃) can be evaluated employing Eq.~39!,
so that

1

E

d

dt
^D&C5

Vd21Bl ,n
2

k2 H j2

j̃2
Jl 1n~ j̃; k̃!

1Fwl 1n~ j̃; k̃!

KiQ~j!
G2

KiQ~j!J . ~47!

Finally, the coefficientBl ,n can be eliminated using Eq.~32!,
which shows that the right-hand side of Eq.~47! is identi-
cally equal to one foranybound state. This remarkable sim
plification concludes the proof that the anomaly defined
Eq. ~12! is indeed given by

d

dt
^D&C5E, ~48!
3-6
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whereE is the energy of the corresponding stationary n
malized state.

In short, we have validated the relation~48!—which
agrees with theformal prediction from properties of expec
tation values@34#. This validation has been established usi
a generic regularization procedure. Therefore, regardles
the renormalization framework used, ananomaly is gener-
ated. The generality of Eq.~48! makes it available for a
variety of physical applications, and is anecessary condition
when the theory is renormalized.

VI. RENORMALIZATION FRAMEWORKS

In the previous section we showed that the property~48!
and related symmetry-breaking results are independent o
details of the regularization procedure. Because of thegen-
erality of the real-space regularization approach presente
this paper, these results extend the two-dimensional ana
of Ref. @40# in a number of nontrivial ways:

~i! For arbitrary renormalization frameworks, other th
the ‘‘intrinsic’’ one of Ref. @40# ~see below!.

~ii ! For any dimensionalityd. Again, the two-dimensiona
case of Ref.@40# has unique features that considerably si
plify the derivation within the intrinsic framework. This i
particularly relevant because the physical applications
appear to be most interesting ared-dimensional realizations
of this phenomenon, withd[deffÞ2.

~iii ! For any bound state and angular momentum chan
~and not just for thel 50 channel associated with the groun
state considered in Refs.@34,35,40#!.

In this section we highlight the relevance of these res
with an overview of the real-space ‘‘effective,’’ ‘‘intrinsic,’
and ‘‘core’’ renormalization frameworks~according to the
presentation of Ref.@41#!, and discuss their relationship t
the present anomaly calculation. Despite their apparent
ferences, these frameworks share the basic physical req
ment that the system is renormalized under the assump
that the ultraviolet physics dictates the possible existenc
bound states of finite energy; the corresponding energieE
and values ofk}AuEu are then required to remain finite.

In order to facilitate the implementation of this renorma
ization program, it is convenient to display the specific lim
iting form that Eq.~27! takes whena→0; more precisely,

cot@a,~Q,ka!# ;
~ka!1! 1

Q
L (,)~: !, ~49!

whereL (,)( k̃a; k̃) ;
(ka!1)

L (,)(:) and

a~Q,ka![QF lnS ka

2 D1gQG , ~50!

with gQ52$phase@G(11 iQ)#%/Q ~which reduces to the
Euler-Mascheroni constantg @42# in the limit Q→0).

In the effective renormalization framework, the system
regularized maintaining finite values ofuEu!Ea[\2/2ma2.
This condition defines an asymptotic conformally invaria
domain; within that domain, the conditionka!1 limits the
ultraviolet applicability of this effective scheme. Most im
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portantly, this condition is systematically applied to deri
physical predictions in a direct manner, within the prescr
tions of Sec. IV. As a result, Eq.~49! leads to the bound-stat
energy levels@41#

En5E0expS 2
2pn

Q D , ~51!

in which E0,0 is an arbitrary proportionality constant. Th
derivation also shows that, as ultraviolet physics sets in
uEu*Ea ~that is, forka*1), no claim can be made as to th
nature of the states on these deeper scales.

A few comments are in order regarding Eq.~51!. First, it
explicitly displays a breakdown of the conformal symmet
by the introduction of a scaleuE0u and an associated se
quence of bound states. Second, the scaleuE0u arises from
the renormalization procedure. Third, as a renormalizat
scale,uE0u cannot be predicted by the conformal model a
it is to be adjusted experimentally. Fourth, once the exp
mental determination is carried out, an unambiguous pre
tion @from Eqs.~48! and ~51!# follows,

En11

En
5

d^D&Cn11

dt

d^D&Cn

dt

5expS 2
2p

Q D , ~52!

within the range of applicability,ka!1. This is in agree-
ment with the conclusions of phenomenological analyses
the Efimov effect@30#.

The alternative intrinsic and core frameworks are char
terized by the fact that the limitj5ka→0 is strictly applied
before drawing any conclusions about the physics. The
fore, in order to keep the bound-state energies andk values
finite, a running coupling parameter is explicitly introduced
so that Eq.~49! is still maintained in this limit. The running
parameter is either the conformal couplingg, in the intrinsic
framework, or the strength: of the regularizing core inter-
action, in the core framework.

In the case of the intrinsic framework, the dependencg
5g(a), equivalent toQ5Q(a), is enforced. This leads to
the asymptotic running behaviorQ;0, which ensures tha
the left-hand side of Eq.~49! remains well defined. This
limiting procedure leads to the renormalization framework
Refs. @13,14#; in particular, Eq.~52! @with the conditionQ
;0] implies the existence of a single bound state. In
original form, the renormalization framework of Ref
@13,14# was based upon a Dirichlet boundary conditio
which we now reinterpret as aneffectiveDirichlet boundary

condition @16# u(r 5a) ;
(a→0)

0, for the reduced radial wave
function u(r )5Arv(r ). This result is guaranteed by th
prefactor Ar , regardless of the behavior ofv(r ). As for
v(r ), two distinct cases should be considered:~i! the special
case characterized by the simultaneous assignmentsd52, l
50, and constantV(,)(r ) @or, to be more precise, with§
5uV 0ua22l5o(a2)], for which j̃5 k̃a5O(Q) and

cosa(Q,ka) ;
(a→0)

0; ~ii ! the generic case, characterized byd
Þ2, or lÞ0, or V(,)(r ) not being constant, for which the
3-7
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variable j̃5 k̃a acquires anonvanishing limit value A:

5A( l 1n)21§ @as either (l 1n)Þ0 or §Þ0], and

sina(Q,ka) ;
(a→0)

0.

The smallness of the variablej̃ for case~i! above is the
main reason for the simplicity of the derivation of Ref.@40#.
In effect, in this case, Eq.~43! can be approximated using th
small-argument behavior of Bessel functions without exp
itly computing full-fledged Lommel integrals. Thus

Jl 1n50( k̃a) ;
(a→0)

Q2/2 and uBl 50,n50u

5uAl 50,n50KiQ(ka)/J0( k̃a)u ;
(a→0)

k/(ApQ), leading to

d^D&C /dt ;
(a→0)

2pB0,0
2 J0( k̃a)V0 / k̃2 ;

(a→0)
E, as discussed in

Ref. @40#. By contrast, for the generic case~ii !, the analysis
presented in this paper, based on the theory develope
Sec. IV and Appendix D, is inescapable.

Finally, in the core renormalization framework, th
strength of the core interaction becomes a running coup
parameter::5:(a), but the conformal couplingg remains
constant@15,43#. As a result, Eq.~49! provides the limit-
cycle running that has been used in renormalization anal
of the three-body problem@15,31,43#.

Incidentally, the ‘‘effective’’ renormalization framework
discussed in Ref.@41# ~and summarized in this section! leads
directly to a characterization of the thermodynamics of bla
holes. In essence, this amounts to a reinterpretation o
Hooft’s brick wall method@27#, in which ultraviolet ‘‘new’’
physics sets in within a distance of the order of the Pla
scale from the horizon. The computation of Appendix
shows that the leading behavior near the horizon is con
mal and nontrivial, in that the effective system is placed
the supercritical regime. This asymptotic leading contrib
tion, governed by the effective conformal interaction,
quires renormalization and provides the correct thermo
namics@44#. It should be noticed that there is analternative
treatment, based upon the method of self-adjoint extensi
which has been recently discussed in Refs.@23,24#.

VII. CONCLUSIONS

Realizations of the conformal anomaly involve a brea
down of the associated SO~2,1! algebra. In this paper we
have shown that the actual emergence and value of the
formal anomaly rely upon the application of a renormaliz
tion procedure, but are otherwise independent of the de
of the ultraviolet physics. In this sense, the results deri
herein are robust and totally general. As such, they are
tended to shed light on the physics of any system wit
conformally invariant domain for which the short-distan
physics dictates the existence of bound states.

In particular, the dipole-bound anions of molecular phy
ics and the Efimov effect are physical realizations of t
unusual anomaly. In addition, the intriguing near-horiz
physics of black holes appears to suggest yet another
ample of this ubiquitous phenomenon; the details of the th
modynamics arising from this conformal description will b
reported elsewhere.
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APPENDIX A: ANISOTROPIC LONG-RANGE
CONFORMAL INTERACTION AND CONFORMAL

BEHAVIOR OF DIPOLE-BOUND ANIONS

In this appendix we show the mathematical procedure
reduces the anisotropic inverse square potential to aneffec-
tive isotropic interaction.

The Schro¨dinger equation for the Hamiltonian~3! can be
separated in spherical coordinates by means of

C~r !5
J~V!u~r !

r n11/2
, ~A1!

with normalization

E dVd21uJ~V!u251. ~A2!

As a result, the angular partJ(V) of the wave function is
no longer a solution to Laplace’s equation on the unitd
21)-sphereSd21; instead, it satisfies the modified equatio

ÂJ~V!5gJ~V!, ~A3!

where

Â52L21lF~V! ~A4!

and L25L2/\2 is the dimensionless squared angular m
mentum. The corresponding radial equation

d2u~r !

dr2
1S k21

g2n211/4

r 2 D u~r !50 ~A5!

is coupled to Eq.~A3! through the separation constantg.
Equation~A5! can be compared against the radial equat
of an isotropic inverse square potential, which is obtained
another Liouville transformation@45# of the form ~A1!, but
with ultraspherical harmonics instead ofJ(V) and for
Veff(r )}r 22 without angular dependence; the effective equ
tion

d2u~r !

dr2
1Fk21

leff2~ l 1n!211/4

r 2 Gu~r !50 ~A6!

is identical to Eq.~A5! when the following identifications are
made:

Veff~r !52
geff

r 2
, geff5

\2

2m
leff , leffu l 505g. ~A7!
3-8
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Consequently, Eq.~A5! can be thought of as the radial pa
of a d-dimensionaleffective isotropicconformal interaction
for l 50.

Furthermore, the valuesg are quantized from the angula
equation~A3! and depend upon the couplingl of the aniso-
tropic potential. This relationship can be made more expl
by expanding, in the ultraspherical-harmonic basisYlm(V),
the anisotropy factor

F~V!5(
l ,m

FlmYlm~V! ~A8!

and the angular wave function

J~V!5(
l ,m

J lmYlm~V!. ~A9!

This decomposition yields the matrix counterpart of E
~A3!, whence the anticipated relationship can be forma
displayed by the infinite secular determinant

D~g,l![detM ~g,l!, M ~g,l!52A~l!1g1,
~A10!

in which 1 is the identity matrix; the matrix elements in E
~A10! are

^ lmuM ~g,l!u l 8m8&5@ l ~ l 12n!1g#d l l 8dmm8

2l (
l 9,m9

I lm,l 8m8; l 9m9Fl 9m9 ,

~A11!
he

s
pi

-
e

o
en

12501
it

.
y

where

I lm,l 8m8; l 9m95E dVd21Ylm* ~V!Yl 9m9~V!Yl 8m8~V!.

~A12!

Finally, the componentsJ lm of the angular wave function
can be formally obtained for every eigenvalueg in the usual
way, and satisfy@from Eq. ~A2!#

(
l ,m

uJ lmu251. ~A13!

As an example of this general theory, one can consider
particular three-dimensional case (n51/2) of the electron-
polar molecule interaction described in Sec. II A. In th
case, the matrix elements~A11! become

^ lmuM ~g,l!u l 8m8&

5@ l ~ l 11!1g#d l l 8dmm8

2lHA ~ l 1m!~ l 2m!

~2l 21!~2l 11!
d l 8,l 21dmm8

1A~ l 1m11!~ l 2m11!

~2l 11!~2l 13!
d l 8,l 11dmm8J , ~A14!

which correspond to a matrix of block-diagonal form wi
respect tom and tridiagonal inl. Then, the secular determ
nant ~A10! factors out in the formD(g,l)5PmDm(g,l),
with the reduced determinantDm(g,l) in them sector; thus,
for given m, the equation detM (g,l)50 implies that
Dm~g,l!5U g 2
l

A3
A12m2 0 •••

2
l

A3
A12m2 ~21g! 2

l

A15
A42m2

•••

0 2
l

A15
A42m2 ~61g! •••

••• ••• ••• •••

U50. ~A15!
g

a
t

-

tally
,

Equation~A15! has been used for the determination of t
critical dipole momentl (* )'1.279 @17# when g5g (* )

51/4. When the determinant is expanded~to high orders!,
additional roots appear for the critical conditiong (* )51/4
and for different values ofm. This pattern also illustrate
how one would completely solve the generic anisotro
problem: Eq.~A15! or its generalization~A10! can be used
to obtain the eigenvaluesg that correspond to a given cou
pling l; these eigenvalues replace the usual angular mom
tum numbers. In the molecular physics case described ab
the values ofg can be easily evaluated numerically. Wh
c

n-
ve,

l,l (* ), no such values produce binding; a first ‘‘bindin
eigenvalue’’g0,0 is obtained whenl>l (* ), for the first root
with m50; as the strengthl of the interaction increases,
second binding eigenvalueg0,1 is produced for the first roo
with m51, whenl'7.58 orp'9.63 D; the next eigenvalue
g1,0 arises from the second root withm50; etc. Foreach
one of these values ofg5g j ,m , an energy spectrum of con
formal states is governed by Eq.~51!, with Qeff given by Eq.
~5!. These bound states have been observed experimen
@18,19# for the case wheng0,0 is the only binding eigenvalue
3-9
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a condition that corresponds to typical molecular dipole m
ments.

Most importantly, this analysis confirms that the confo
mal anisotropic problem can be reduced to the isotropic o
and the same symmetry-breaking considerations apply.

APPENDIX B: DIMENSIONALITIES
AND INTERDIMENSIONAL DEPENDENCE

Thespatial dimensionality deff of a physical realization of
conformal quantum mechanics is best characterized or
fined as the dimension of the configuration space needed
a complete description of the dynamics within the conform
approximation. Typically, this quantity can be directly ide
tified from the nature of the radial variable used in the d
scription of scale and conformal symmetries.

For instance, with this convention, molecular anions c
be naturally seen as a three-dimensional realization (deff
53); the Efimov effect, in ad-dimensional one-particle
space, as a (2d)-dimensional realization (deff52d); and the
near-horizon conformal physics of black holes, inD5d11
spacetime dimensions, as ad-dimensional realization (deff
5d).

Of course, there is a certain degree of arbitrariness in
selection ofdeff , due to the existence of a formal relationsh
connecting problems of different dimensionalities. This c
be seen from the reduced Schro¨dinger-like radial equation o
a conformal problem~2!,

d2u~r !

dr2
1Fk21

l2~ l 1n!211/4

r 2 Gu~r !50. ~B1!

Equation~B1! depends on the number of spatial dimensio
only through the combinationl 1n, a property known as
interdimensional dependence@46#. As a consequence, the ra
dial part of the solutions for any two conformal problems a
identical when their coupling constants are related by

l~d8; l 8!5l~d; l !1~ l 8211d8/2!22~ l 211d/2!2.
~B2!

Moreover,

Q~d8!5Q~d! ~B3!

is a dimensional invariantof these formal transformations
Correspondingly, the conformal physics is totally determin
by the invariant value of this parameter.

However, the interdimensional equivalence of Eq.~B2! is
severely limited by the fact that the full-fledged solutio
~wave functions! are not identical, because the angular m
menta are different in different dimensionalities. The on
exception to this is the formal equivalence among thel 50
angular momentum channels of problems with arbitrary
mensionalities~as these channels do not involve addition
dimension-dependent angular variables!; in particular, an ef-
fective one-dimensional coupling can always be introdu
for a d-dimensional problem withl 50:
12501
-

-
e,

e-
or
l

-

n

e

n

s

d

-

i-
l

d

l~d851;l 850!5l~d; l 50!1
1

4
2

~d22!2

4
. ~B4!

Even in the special case of the equivalence described
Eq. ~B4!, the full-fledged wave functions still retain a trac
of the ‘‘physical dimensionality’’d, because~with an obvious
notation! u(r )[Cud51(r )5r (d21)/2Cud(r ); for example, in
the case of the three-dimensional Efimov effect, the fu
fledged wave functions are of the formC(r )}r 25/2u(r ),
reflecting the fact thatdeff56.

The example of the near-horizon conformal behavior
black holes presents a number of peculiar features that
serve a separate treatment in Appendix C.

APPENDIX C: NEAR-HORIZON CONFORMAL
BEHAVIOR OF BLACK HOLES

In this appendix we present an algebraic derivation of
conformal invariance exhibited near the horizon of a bla
hole.

From Eqs.~6! and ~7!, it follows that the equation of
motion satisfied by the scalar field in the black-hole gravi
tional background is

~h2m2!F[
1

A2g
]m~A2ggmn]nF!2m2F52

1

f
F̈1 f F9

1S f 81
~D22! f

r DF81
1

r 2
nD22F2m2F

50, ~C1!

where the dots stand for time derivatives and the primes
radial derivatives in the chosen coordinate description of
background, whilenD22 is the Laplacian on the unit (D
22)-sphere. In addition, by separation of the time and
gular variables,

F~ t,r ,V!5e2 ivtw lm~r !Ylm~V!, ~C2!

Eq. ~C1! turns into

w9~r !1S f 8

f
1

~D22!

r Dw8~r !1S v2

f 2
2

m2

f
2

a

r 2f
D w~r !50,

~C3!

with a5 l ( l 1D23) being the eigenvalue of the operato
2nD22. Equation~C3! can be further reduced, by means
a Liouville transformation@45#

w~r !5g~r !u~r !,

g~r !5expH 2
1

2E F f 8

f
1

~D22!

r GdrJ 5 f 21/2r 2(D22)/2,

~C4!

to its normal or canonical form

u9~r !1I ~r !u~r !50, ~C5!
3-10
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with normal invariant

I ~r !5
v2

f 2
2

m2

f
2F ~D22!~D24!

4
1

a

f G 1

r 2

2
1

2

f 9

f
1

1

4

f 82

f 2
2

~D22! f 8

2r f
. ~C6!

The conformal behavior of the Schro¨dinger-like equation
~C5! near the horizon can be studied by means of an exp
sion in the variable

x5r 2r 1 , ~C7!

with r 5r 1 being the largest root off (r )50. Thenonextre-
mal case is characterized by the condition

f 18 [ f 8~r 1!Þ0, ~C8!

equivalent tor 1Þr 2 . Then,

f ~r !5 f 18 x@11O~x!#,

f 8~r !5 f 18 @11O~x!#,

f 9~r !5 f 19 @11O~x!#, ~C9!

where f 19 [ f 9(r 1). Thus, with corrective multiplicative fac
tors of the order @11O(x)#, it follows that f 9/ f
; f 19 /( f 18 x) and f 8/ f ;1/x, while r;r 1 , so that the only
leading terms in Eq. ~C6! are v2/ f 2;v2/( f 18 x)2 and
f 82/(4 f 2);1/(4x2). As a result, Eq.~C5! is asymptotically
reduced to the conformally invariant form

u9~x!1F1

4
1

v2

~ f 18 !2Gx22@11O~x!#u~x!50, ~C10!

where, by abuse of notation, we have replacedu(r ) by u(x).
Equation~C10! indicates the existence of anasymptotic con-
formal symmetrydriven by the effective interaction

Veff~x!52
leff

x2
,

leff5n21Qeff
2 , Qeff

2 5F v

f 8~r 1!
G 2

, ~C11!

as follows by rewriting Eq.~C10! in the d-dimensional for-
mat of Eq.~B1!. This proves the claims made in Sec. II
and, in particular, Eqs.~8! and ~9!.

A final remark is in order. The effective Hamiltonia
~C10! did not fall ‘‘automatically’’ within thed-dimensional
format of Eq. ~B1!. The extra terms2@( l 1n)221/4)]/r 2,
usually obtained by reduction of a multidimensional Sch¨-
dinger equation in flat space, are still present, but at hig
orders in the expansion with respect to the near-horizon
ordinatex; in Eq. ~C6!, they correspond to
12501
n-

er
o-

2F ~D22!~D24!

4
1

a

f G 1

r 2

52F ~ l 1n!2

f
2

1

4
1n2S 12

1

f D G 1

r 2
5OS 1

xD ~C12!

@with n5(d22)/25(D23)/2]. Thus, the angular
momentum—together with its associated dimensiona
variable—decouples from the conformal interaction~C11! in
the near-horizon limit. It should be noticed that we had
rewrite Eq.~C10! in the l 50, d-dimensional format in order
to present this problem within our unified conformal mod
~2!. Alternatively, one could write Eq.~C11! in a simpler
one-dimensional reduced form@from Eq. ~B4!#, l(d51)
5leff2n211/45Qeff

2 11/4, with the same value for the di
mensional invariantQeff .

APPENDIX D: GENERALIZED LOMMEL INTEGRALS

In this appendix we derive a generalization of the Lo
mel integrals@47# for an arbitrary Sturm-Liouville problem

L̂xv~x!5m%~x!v~x!, ~D1!

L̂x52H d

dx Fp~x!
d

dxG1q~x!J , ~D2!

and apply it to the reduced radial Schro¨dinger equation~21!.
These generalized integrals are needed for the exact ev
tion of expectation values in the anomaly calculation.

In what follows, we rewrite the differential equation~D1!
in the form

d

dx
@p~x!v8~x!#52@a2%~x!1q~x!#v~x!, ~D3!

with an eigenvaluem5a2 and where the prime stands for
derivative with respect tox; moreover,v(x) can be chosen to
be a real function. Next, after conveniently multiplying bo
sides by 2p(x)v8(x), and integrating them with respect tox,
Eq. ~D3! turns into

@p~x!v8~x!#2ux1

x2

52E
x1

x2
dxp~x!@a2%~x!1q~x!#

d

dx
@v~x!#2, ~D4!

in which both the lower (x1) and upper limits (x2) are com-
pletely arbitrary. Finally, after integration by parts and re
rangement of terms, Eq.~D4! leads to
3-11
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H. E. CAMBLONG AND C. R. ORDÓÑEZ PHYSICAL REVIEW D 68, 125013 ~2003!
a2E
x1

x2
dx@p~x!%~x!#8@v~x!#2

5@v~x!#2H Fp~x!
v8~x!

v~x! G2

1p~x!@a2%~x!1q~x!#J U
x1

x2

2E
x1

x2
dx@p~x!q~x!#8@v~x!#2, ~D5!

which generalizes the well-known second Lommel integ
@47# of the theory of Bessel functions. A similar procedu
could be applied for a generalization of the first Lomm
integral, but this is not needed for the present purposes.

The integral relation~D5! can be rewritten in a convenien
form for the reduced radial Schro¨dinger equation~21!, which
is of the generalized Bessel form

H d2

dx2
1

1

x

d

dx
1@a22W~x!#J v~x!50. ~D6!

This is a particular case of the Sturm-Liouville equati
~D3!, with density function%(x)5x, p(x)5x, and q(x)
52xW(x); however, it is also true that a straightforward s
of two Liouville transformations@45# makes Eqs.~D1! and
~D6! formally equivalent to each other. For Eq.~D6!,
@p(x)q(x)#852@x2W(x)#8, and the final term in Eq.~D5!
can be evaluated with the help of

d

dx
@W~x!x2#52xS 11

1

2
ExDW~x!, ~D7!

where1 is the identity operator andEx5x]/]x, as in Sec. IV.
As a consequence, Eq.~D5! becomes
e,

d

c.

12501
l

l

t

a2E
x1

x2
dxx@v~x!#2

5
1

2
@v~x!#2$@L~x!#21@~ax!22x2W~x!#%ux1

x2

1E
x1

x2
dxx@v~x!#2S 11

1

2
ExDW~x!, ~D8!

whereL(x)5xv8(x)/v(x) and both limits are still arbitrary.
Equation~D8! is the desired generalization that can be
rectly applied to the reduced Schro¨dinger equations~21! and
~23! to derive Eqs.~33! and ~35!, as we will show next.

First, for the interior problem (r<a), Eq. ~D8! turns into
Eq. ~35!, by means of the substitutions

x5r , a5 k̃, x2W~x!5~ l 1n!21r 2U~r !,

v~x!5wl 1n~ k̃r ; k̃!, z5 k̃r , ~D9!

and with integration intervalzP@0,j̃ #, wherej̃5 k̃a. For this
case, whenr 2U(r )→0, that is, for regular core potentials
the behavior of the differential equation at the origin impli
that the contribution from the first term on the right-ha
side of Eq.~D8! is zero forr 50.

Second, in a similar manner, for the exterior problemr
>a), Eq. ~D8! turns into Eq.~33!, by means of the substi
tutions

x5r , a5k5 ik, x2W~x!5~ l 1n!22l52Q2,

v~x!5KiQ~kr !, z5kr , ~D10!

and with integration intervalzP@j,`#, with j5ka. Here,
the behavior of the differential equation at infinity implie
that the contribution from the first term on the right-ha
side of Eq.~D8! is also zero at that point.
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@42# Reference@38#, Vol. I, Chap. I.
@43# M. Bawin and S.A. Coon, Phys. Rev. A67, 042712~2003!.
@44# The black-hole entropy ind dimensions is proportional to the

‘‘area’’ of the outer-horizon hypersurface: Ref.@28#.
@45# A. R. Forsyth,A Treatise on Differential Equations, 6th ed.

~Macmillan, London, 1929!, Secs. 58–60.
@46# J. H. Van Vleck, inWave Mechanics, the First Fifty Years,

edited by W. C. Priceet al. ~Butterworth, London, 1973!, p.
26.

@47# G. N. Watson,A Treatise on the Theory of Bessel Function,
2nd ed. ~Cambridge University Press, Cambridge, Englan
1944!, Sec. 5.11.
3-13


