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Probing submicron forces by interferometry of Bose-Einstein condensed atoms

Savas Dimopoulos* and Andrew A. Geraci†

Department of Physics, Stanford University, Stanford, California 94305, USA
~Received 26 June 2003; published 24 December 2003!

We propose a technique, using interferometry of Bose-Einstein condensed alkali atoms, for the detection of
submicron-range forces. It may extend present searches at 1 micron by 6 to 9 orders of magnitude, deep into
the theoretically interesting regime of 1000 times gravity. We give several examples of both four-dimensional
particles~moduli!, as well as higher-dimensional particles—vectors and scalars in a large bulk—that could
mediate forces accessible by this technique.
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I. INTRODUCTION

Some recent theoretical ideas point to the possibility
new physics, related to gravity, at the submillimeter regim
One is the preponderance of light gravitationally coup
moduli suggested by string theory@1,2#. Another is the pos-
sibility of large sub-mm-size dimensions and the partic
residing inside its bulk@3–5#. Yet another is suggested by th
magnitude of the vacuum energy@6#.

These ideas motivated some heroic experiments@7–11#
that have, in the past seven years, extended the searc
such forces from mm down to;20 microns. These experi
ments involve measuring the force between two macrosc
but small objects. A fundamental obstacle in searching
much smaller distances is that the size of these objects m
be reduced and therefore the expected signal force decre
at the same time, the electrostatic background van der W
force increases.

In this paper we suggest a possible way around this
stacle by considering the interaction of a macroscopic sys
with a pure quantum mechanical system consisting o
Bose-Einstein condensate. The latter has a significant ad
tage relative to a macroscopic system: its de Broglie ph
can be measured very precisely. In addition, it can be w
controlled and manipulated and its electromagnetic inte
tion with its environment is well understood—both theore
cally and experimentally. Because of these advantages
technique that we propose may extend current bounds
micron by 6 to 9 orders of magnitude, and be sensitive
forces as small as 1000 times gravity. The approach we
scribe thus explores a region of parameter space tha
complementary to the supermicron reach of upcoming
crocantilever and torsion balance experiments.

In Sec. II we update the analysis of macroscopic for
below 10 microns in theories with light moduli. In Sec. I
we consider new forces from bulk gauge fields or scalar
large extra dimensions, taking baryon number as an exam
In Sec. IV we propose our experimental technique and e
mate some of the important backgrounds. We conclude w
Sec. V.
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II. FORCES FROM LIGHT MODULI

In string theory the parameters of the standard model
pend on fields, called moduli, whose values determine
geometry of the extra dimensions. Moduli couple with gra
tational strength and typically remain massless until sup
symmetry is broken. So, they get a mass proportiona
;F/MPL , whereF is the scale where supersymmetry brea
ing originates. In theories with gravity-mediated supersy
metry breaking,F is (108 TeV)2 and the moduli have micro
scopic Compton wavelengths. However, as pointed ou
Ref. @1#, in theories of gauge-mediated supersymme
breaking,F can be as small as (10 TeV)2 and moduli can
have macroscopic Compton wavelengths and mediate m
roscopic forces of gravitational strength. The range and m
nitude of these forces, for a variety of moduli, were fir
estimated in Ref.@1# for AF in the range of 10 TeV to 100
TeV. At that time it seemed pointless to consider larger v
ues of F, since they lead to moduli Compton wavelengt
which were thought to be inaccessible to macroscopic-fo
experiments. In this paper we extend the scale ofAF up to
2000 TeV, which in turn considerably extends the predic
parameter space for moduli-dependent forces.

The upper limit for the value ofAF comes from cosmol-
ogy: In gauge-mediated supersymmetry breaking, the g
itino is the lightest supersymmetric particle, with ma
;F/MPL . Although light, its mass still must not exceed
keV to avoid overclosing the Universe@12#. This in turn
provides an upper limit of 2000 TeV onAF.

We focus on the three classes of moduli studied in R
@1# which couple directly to ordinary matter: the dilaton, th
gauge moduli and the Yukawa moduli. Moduli-depende
forces can occupy a substantially larger region of param
space than previously indicated. Although much recent
perimental progress has been made in the search for
sub-millimeter forces@11,13# there is ample potentially inter
esting parameter space awaiting further exploration.

A. Gluon modulus

We consider here a fieldf that couples only to the stan
dard model gluons. The effective coupling is given by@1#

L5
lg

8p2

f

M
Gmn

a Gamn, ~1!
©2003 The American Physical Society21-1
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FIG. 1. Experimental bounds and theoretic
expectations on new forces from potentials of t
form V(r )52GN(m1m2 /r )(11ae2r /l) below
1 cm. The projected reach of the first-round BE
experiments is shown as the upper ‘‘BEC Expe
ments’’ line. The lower line indicates the reac
with an improved sensitivity of 1027 Hz. Experi-
mental data are from Refs.@8–10,14,15#. The
shown theoretical expectations are discussed
the text.
-
y
is

he
is

p

l
al
-
en
as

y

-

e
e

out
e
in

ing
an

-
ov
e
unt-
lso

the
e

where lg is an undetermined coupling constant,M is ex-
pected to be of the order of the string scale 531017 GeV,
and the suppression factor 8p2 accounts for the gauge cou
pling depending on moduli only at higher order. In this wa
the coupling strength is weaker than that of the dilaton d
cussed in the following subsection.

Considering the contribution to its mass coming from t
interaction in Eq.~1!, the Compton wavelength of the field
@1#

lf5831024 m lg
21S M

531017 GeV
D

3
~100 TeV!2

F
~kN!21/2. ~2!

Here F is the fermion-scalar messenger mass-squared s
ting, k is a loop-integral factor of order 1, andN is the num-
ber of messenger multiplets.N,4 is required so that al
gauge couplings remain perturbative below the GUT sc
and a bound ofAF.30 TeV/AN can be imposed from con
straints on the right-handed selectron mass and a consist
condition that the messengers have non-negative m
squared@1#.

The coupling off to the nucleonN can be expressed b

L5Gf

mN

MPL
fc̄NcN , ~3!

whereGf is given by

Gf5
lg

8p2

MPL

M

^NuGmn
a GamnuN&
mN

.26lgS 531017 GeV

M D .

~4!
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The interaction in Eq.~3! yields a potential forf exchange
between particles of massm1 andm2 at a distancer:

V~r !5GNm1m2G f
2 E d3k

~2p!3

eikW•rW

kW21mf
2

. ~5!

When added to gravity, Eq.~5! describes an additional attrac
tive force:

V~r !52GN

m1m2

r
~11ae2r /lf!, ~6!

wherea is given byG f
2 /4p. In Ref. @1#, a range oflfg

and

a was obtained by takingAkN51 and by varyingAF be-
tween 30 and 100 TeV andlg

213M /(531017 GeV) be-
tween 1022 and 102. We here expand the range for th
SUSY scaleAF up to the limit of 2000 TeV imposed by th
gravitino problem and show the results in Fig. 1.

B. Dilaton

The dilaton couples to nucleons with a strength of ab
80 times gravity@1,16,17#, leading to an internucleon forc
of about 6400 times gravity. Since it couples to all fields
the theory, it is expected to receive a mass;F/M from its
strong coupling to the primordial supersymmetry-break
sector. This would make its Compton wavelength less th
1022 mm (100 TeV)2/F, which is too short to be experi
mentally observed. However, as Damour and Polyak
speculate@18#, since the dilaton potential is related to th
cosmological constant, the yet unknown mechanism acco
ing for the smallness of the cosmological constant may a
make the dilaton light. Since there is no good theory of
dilaton mass, the line labeled ‘‘dilaton’’ in Fig. 1 should b
terminated a point determined by experiment.
1-2
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C. Yukawa moduli

The Yukawa couplings of the standard model could a
depend on moduli which are relatively unaffected by Plan
scale physics, but obtain a mass due to~low-scale! supersym-
metry breaking@1#. A Yukawa modulusf may be coupled as
follows to up-type quarks and the Higgs bosonH:

L5l~f!qLūRHu1H.c., ~7!

along with analogous terms for down-type quarks a
charged leptons. Here flavor indices have been suppre
and we for simplicity assume one modulus per coupling.

Yukawa terms of the form in Eq.~7! contribute to an
effective potential forf:

V~f!5
8kNas

2

3~16p2!3
l†~f!l~f!F21V0~f!

where againF is the fermion-scalar messenger mass-squa
splitting, k is a loop-integral factor of order 1,N is the num-
ber of messenger multiplets, andV0 describes any additiona
unknown contribution to the potential not due to the opera
in Eq. ~7!. The coupling can be expanded around its mi
mum ^f&;M , whereM is of order string scale,

l~f!5l (0)1l (1)
~f2^f&!

M
1

1

2
l (2)

~f2^f&!2

M2
1•••

and a lower bound on the modulus mass can be obta
from the known term in

mf
2 5

16kNas
2

3~16p2!3
~l (1)21l (0)l (2)!

F2

M2
1

d2V0

df2 Uf5^f&.

For a particular flavor modulus, the couplingl (0)

52mq /A2vHq where v is the Higgs vacuum expectatio
value of 246 GeV, andHq equals sinb for up-type quarks
and cosb for down-type, where tanb is the ratio of the
Higgs’ vacuum expectation values. Using this result,
Compton wavelength becomes

lf51050 mm3as
21 F

~100 TeV!2

531017 GeV

M S GeV

mq
D

3S Hq

1

A2
D F S l (1)2

l (0)2
1

l (2)

l (0)D kNG21/2

.

We arrive at an expression larger than reported previousl
Ref. @1# due to a corrected numerical factor.

The long-range force potential can be determined by
lating the scalarf-quark coupling of Eq.~7! to the scalar
f-nucleon coupling. The fieldsf corresponding to up and
down quarks can generally have different couplings to
proton and the neutron, leading to small violations of t
equivalence principle. The scalar coupling of the fieldf to
the nucleonN is again expressed in terms of Eq.~3! where
12402
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Gf5
l (1)

l (0)

MPL

M

^Numqq̄quN&
mN

. ~8!

The results for the Compton wavelengths and the stren
of the moduli forces relative to gravity are plotted in Fig.
The areas are obtained by takingkN51, tanb51, l (2)

50, by varyingAF between 30 and 2000 TeV, and by var
ing l (0)/l (1)3M /(531017 GeV) between 1022 and 102.

III. FORCES FROM PARTICLES IN LARGE EXTRA
DIMENSIONS

In theories with large extra spatial dimensions the fun
mental scaleM* and the observed four-dimensional Plan
scaleM452.4331018 GeV are related by

M4
25M

*
n12Vn

wheren is the number of extra dimensions andVn is their
volume. In this framework, the standard model gauge a
matter content is confined to a 4-dimensional submanifo
and the graviton can propagate in all 41n dimensions. The
scenario provides an alternative solution to the gauge hie
chy problem@3–5#, as the fundamental scale can be of ord
TeV. Such a paradigm also predicts a modification to Ne
ton’s law of gravitation at distances nearby and below
length scale of compactification.

A. Gravitons in the bulk

The modification of Newton’s law of gravitation in theo
ries with large extra spatial dimensions has been studie
some detail@19,20#. For equal-size extra dimensions and t
roidal compactification, the volume satisfiesVn5(2pR)n

5Ln, and we have@5#

Rn5231031/n216 mm3S 1 TeV

M41n
D 112/n

.

For the case of two equal extra dimensions (n52), the ra-
dius of compactification is of order 1-millimeter forM41n
;TeV. However for this case, astrophysical bounds requ
the fundamental scaleM41n to be pushed above 1600 Te
@21#. At this scale the two equal-size radii are only 2.4
Requiring such a high energy scale in turn necessitates m
fine tuning for the framework to address the hierarchy pr
lem. For the case of 3 extra dimensionsM41n must exceed
60 TeV, and the radius becomes;.05 Å for equal-size di-
mensions. These limits are derived from Kaluza-Klein gra
tons that would be gravitationally trapped and remain a
halo surrounding neutron stars@21#. The constraints come
from neutron star heating via Kaluza-Klein graviton deca
Somewhat weaker limits are also obtained from EGR
gamma-ray flux measurements of nearby supernovae
neutron stars. Upcoming measurements planned with
GLAST satellite may improve bounds further or lead to
new discovery. Both sets of constraints are weakened if
dimensions are of unequal size, if there are additional
1-3
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S. DIMOPOULOS AND A. A. GERACI PHYSICAL REVIEW D68, 124021 ~2003!
decay channels such as other branes for the KK graviton
decay into, or if graviton emission is suppressed as in R
@23#.

From the four-dimensional point of view, the higher d
mensional graviton with momentum in the extra dimensio
appears as a massive particle, leading to a sum of Yuk
potentials from the tower of Kaluza-Klein~KK ! modes in
addition to the massless graviton potential. At distances
orderRn , only the lowest massive mode contributes sign
cantly while the higher modes are exponentially suppres
For distancesr !Rn , many modes contribute and change t
power law dependence of the force from the Newtonian 1r 2

to 1/r 21n. Corrections to the newtonian potential betwe
two massesm1 andm2 are typically parametrized accordin
to the form

V~r !52GN

m1m2

r
~11ae2r /l!

wherea and l characterize the strength relative to grav
and range of the new force, respectively. For distances
orderRn or greater, the rangel is the inverse of the lightes
KK mass and the strengtha equals its degeneracy@19,20#.
At shorter distances, more massive KK modes contribute
til eventually the power law behavior of the force chang
We adopt the convention of Refs.@19,20# and consider only
the leading term corresponding to the lightest massive
modes. For example in the cases of toriodal and sphe
compactification@19#

V~r !n-torus52
GNm1m2

r
~112n0e(2r /R0)!

V~r !n-sphere52
GNm1m2

r
„11~n11!e(2Anr/R)

…

for n0 equal radii of sizeR0.
Due to the stringent astrophysical constraints on two

three equal sized large extra dimensions, and their e
smaller size forn.3, it is unlikely in this case that the KK
gravitons can be observed at table-top experiments. H
ever, we stress that these constraints strictly apply to the
of equal extra dimensions. If the extra dimensions are no
equal size, it is possible some of the dimensions may be l
enough to be detected. To illustrate this we plot the case
(a,l) space for toroidal compactification with one or tw
large radii~amongst possibly many smaller radii!.

B. Gauged baryon number in the bulk

If in addition to the graviton there are bulk gauge pa
ticles, their effective four-dimensional gauge couplingg4

2 can
be many orders of magnitude stronger than gravity@5#. As a
particular case we consider gauged baryon numberB, with
the gauge symmetry spontaneously broken only on a dif
ent submanifold than our own. As discussed in Refs.@5,24#,
such a situation can lead to an enormous suppression o
proton decay rate. In the following we systematically explo
12402
to
f.

s
a

or
-
d.

of

n-
.

K
al

r
en

-
se

of
ge
in

-

r-

he
e

the parameter space for the force strength and range. Se
details are deferred to the Appendix.

Since ordinary matter is primarily composed of baryon
the mass of a macroscopic object is roughly in proportion
the number of baryons, apart from small effects due to bi
ing energy and the electron mass. The expected ratio of
gauge to gravitational forces will take the form

ag5
Fgauge

Fgrav
5

g4
2

4p

1

GNmp
2

~9!

where mp is the mass of the proton. The effective fou
dimensional gauge coupling is related to the massive
1n)-dimensional coupling by the volume of the extra d
mensions

1

g4
2

5
Vd

g(41n)
2

.

We can express the (41n)-dimensional coupling in terms o
an ultraviolet cutoff scale for the gauge theoryL which we
expect to be of orderM* : g41n

2 5L2nO” 41nr, where O” d

5V (d21) /(2p)d is the 1-loop suppression factor. If the co
efficient r is O(1), this signifies strong coupling in the (4
1n)-dimensional theory, as loop effects become compara
to the tree level. Expressing the 4-dimensional coupling
Eq. ~9! in terms of L;M* , we find the baryon-numbe
force can easily reach strengths of 1062108 times gravity,
and even higher magnitude for strong coupling with a la
number of extra dimensions.

To avoid conflict with experiment, the baryon numb
gauge field must acquire a mass. If the gauge symmetr
spontaneously broken by a scalar fieldx obtaining a vacuum
expectation valuêx&, the resulting mass of a gauge partic
Am becomesmA5g4^x&. Here again we assume thatx con-
denses on a brane other than our own. It was shown in
@25# that forces mediated by bulk gauge fields can be ex
nentially weaker than gravity if the bulk gauge symmetry
spontaneously broken on our brane. For^x&5bM* with b
of O(1), the Compton wavelengths are in an interesti
range for submillimeter experiments. A range of predict
parameter space is provided along with a more deta
analysis in the Appendix. A portion of the allowed pha
space appears in Figs. 1 and 2 for comparison with ot
submillimeter forces and experimental bounds.

Astrophysical bounds similar to those discussed for gra
tons@5,21,26# can also apply for gauge particles in the bu
In Supernova 1987A, about 1053 ergs of gravitational bind-
ing energy was released in a few seconds. One requirem
is therefore that the total luminosity of Kaluza-Klein pa
ticles does not exceed;1053 erg s21. The temperature of the
supernova is approximatelyT;30 MeV, and most KK par-
ticles are produced with an energy of order;100 MeV. The
constraints on the total luminosity for KK gravitons imp
M* .30 TeV forn52 extra dimensions@5#. For the case of
gauge particles in the bulk, we expect the same amoun
energy that would have gone into KK gravitons to now pr
duce KK gauge bosons, producing roughly the same num
1-4
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FIG. 2. Experimental bounds on new force
from potentials of the form V(r )5
2GN(m1m2 /r )(11ae2r /l) below 1 micron.
The projected reach of the first-round BEC e
periments is shown as the upper ‘‘BEC Expe
ments’’ line. The lower line indicates the reac
with an improved sensitivity of 1027 Hz. Experi-
mental data are adapted from a figure in R
@13#.
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of particles. However the rate of production for gravito
goes likeTn/M

*
21n and for gauge bosons likeTn22/M

*
n ,

which is more rapid. Therefore the constraints on the fun
mental scale due to graviton emission forn extra dimensions
apply for gauge particle emission withn12 dimensions. A
similar situation is discussed in Ref.@24# for the case of bulk
scalars. This implies the more stringent limit ofM* .
;30 TeV for the case ofn54 extra dimensions.

Neutron star limits.Kaluza-Klein excitations of the gaug
bosons can also become gravitationally trapped and rem
for some time in a cloud surrounding neutron stars. Th
subsequent decays into photons can in certain cases pro
observable gamma-ray signals detectable by EGRET.
decay width for such particles can be roughly computed

G5
M

*
2 T

MPl
2

, ~10!

whereT is the temperature, typically of order 30 MeV for
supernova. The lifetime becomes;10–10000 years forT
from 1 GeV–1 MeV.~The decay width for gravitons goes a
G;T3/MPl

2 , leading to lifetimes of order 63109 years.!
However, the situation can be quite different depending
the symmetry that is gauged. ForB2zL, where nonzeroz
denotes an admixture of lepton number, there are de
channels into neutrinos. In this case Eq.~10! is a good ap-
proximation and the decays can occur on a time scale of2

years. Such a situation provides little direct observa
gamma signal for EGRET. Also KK annihilation into pos
trons is possible, but the resulting gamma rays from posi
nium annihilation are of too low energy to be a use
EGRET source. In the case of pureB, wherez50, the life-
time given in Eq.~10! has to be amended since the dec
into photons occurs only at higher order. The decay width
this case is multiplied by an additional factor of (a/2p)2 due
to a virtual fermion loop. This increases the lifetime by
12402
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factor of ;106, making it more comparable to the gravito
case at;1.33108 years. The resulting improvement in th
bound onf KK as compared with the graviton case is about
times. For bulk gauge particles, the bound on the compa
fication scale varies withf KK as M* mina( f KK)21/n. In this
situation, the bounds that applied forn extra dimensions in
the graviton case now apply ton12 extra dimensions. How-
ever, even in the case of pureB further limits cannot be
derived from these neutron star gamma rays and excess
due to direct reabsorption of the KK gauge particles throu
inverse bremstrahlung, which occurs on a rapid time sc
and is not loop-suppressed. In this way, there would not
enough remaining KK gauge particles to contribute to he
ing or gamma ray limits. KK reabsorption for the case
gravitons was taken into account in Ref.@22# and in this case
the results did not appreciably change the graviton lim
quoted in Ref.@21#. As was the case for graviton decays, t
constraints may be even further weakened if the dimens
are of unequal size, or if there are additional fast decay ch
nels such as ‘‘photons’’ on other branes for the KK partic
to decay into.

C. Yukawa messengers

An additional possibility is that scalar particles may i
habit the bulk of extra dimensions and mediate macrosco
forces, such as the Yukawa messengers considered in
@24#. The messenger fields could be responsible for comm
nicating flavor symmetry breaking from other branes to o
brane, and for example can attribute the weakness of l
generation Yukawa couplings to geometrical power-law s
pression or exponential suppression due to the mass o
messenger fields. In this framework, the vast variation
strengths of the Yukawa couplings is recast as a variatio
distances to other branes. However, even if the messe
fields do not condense on our brane, they can still med
forces much stronger than gravity. If the messenger fie
1-5
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S. DIMOPOULOS AND A. A. GERACI PHYSICAL REVIEW D68, 124021 ~2003!
acquire mass due to supersymmetry breaking on our w
their Compton wavelength can be in the submillimeter ran
As was the case with gauged baryon number, the coup
strength for such forces due to the zero mode can be l
even if the extra dimensions are small enough to make
Kaluza-Klein modes too heavy to be detected in submillim
ter experiments. The coupling strengthr;v/MPl where here
v is the Higgs vacuum expectation value of 174 GeV a
here MPl is the reduced Planck scale of 2.4331018 GeV.
Comparing to gravity,r2/(GNmnucleon

2 );106. As with the
vectors described in the previous section, similar astroph
cal constraints apply to the scalars in the bulk as discusse
Ref. @24#.

IV. USING BOSE-EINSTEIN CONDENSED ATOMS TO
PROBE „SUB…MICRON DISTANCES

In recent years the field of atomic interferometry has p
duced a series of amazing measurements, including
tremely high precision measurements of the acceleration
to the Earth’s gravity at the level of a part per billion
better. These advances have been made possible due
remarkable techniques developed for trapping and coo
alkali atoms~see, for example, the 1998 Nobel lectures
Chu, Cohen-Tannoudji, and Phillips@27#!. Among recent ex-
periments have been a series of atomic-fountain type m
surements where an atomic beam is launched upwards
allowed to accumulate a phase shift in the Earth’s grav
tional field in a Mach-Zehnder-type interferometer config
ration@28#. Similar experiments have also been carried ou
perform sensitive measurements of gravity gradients@29#.
Such precision techniques can also be used to measure
deviations from Newton’s constant at short distances. Am
the challenges of applying such systems to study gra
from nearby macroscopic objects is obtaining the optimiz
beam size and divergence necessary to allow a short r
interaction to be carried out in a systematic way over a lo
enough time period. Typical spatial extents and veloc
spreads are of order mm and cm/s respectively, making
micron experiments difficult. Experiments involving atom
trapped at fixed separation from a source mass surface a
this respect preferable.

Since its first experimental realization in 1995, Bos
Einstein condensation of alkali gases has become a wi
growing area of research~see, for example, the 2001 Nob
lectures of Cornell, Ketterle, and Wieman@30# or Ref. @31#
for a recent review!. Interference of atomic de Broglie wave
which develop a relative phase shift due to the Earth’s gr
ity has been observed in vertical arrays of trapped Bo
Einstein condensed atoms@32#. The traps were located at th
antinodes of a laser standing wave, with the trap well de
determined by the laser intensity.

In the following we describe a setup involving arrays
Bose-Einstein condensed atoms trapped nearby a surfa
the nodes or antinodes of a laser standing wave. The trap
thus loaded with atoms in coherent superpositions of st
localized at differing distances from the surface. For ea
potential well, the de Broglie phase of the center of m
wave function of the atoms evolves according to the inter
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tion potential of the local environment. The wave function
atoms localized at different potential wells of the laser c
accumulate a differential phase shift due to the distance
pendence of the interaction potential with the wall. The p
tential will generally be a superposition of the Casimir–v
der Waals potential along with other backgrounds and po
bly new short-range interactions. By adequately subtrac
out the Casimir interaction and other background interacti
as we discuss below, significant improvements can be m
over previous searches for new forces below 1 micron.
particular the improvements could be 6 to 9 orders of m
nitude at 1 micron, allowing forces of 1000 to 106 times
gravity to be detected at these distances. Such short le
scales have been relatively inaccessible to tabletop tor
balance and micro-cantilever experiments due to the ne
sity of having nearby moving macroscopic mechanical pa
and the unfavorable scaling of the gravitational force w
their size.

A. Experimental setup and geometry

We consider87Rubidium atoms prepared in coherent s
perpositions of states localized at the nodes or antinodes
standing wave of an infrared laser of wavelengthl las. For a
laser wavelength that is red detuned from the dominant
bidium D2 line, the atoms are attracted to regions of h
laser intensity, corresponding to trapping at the antinodes.
the other hand, for blue detuned light the potential minim
occur at the nodes of the standing wave. In the first case
potential wells will be centered at distances (l las/4,
3l las/4, . . . ) from the surface, in the case of normal las
incidence. For blue detuning the wells are located at d
tances (l las/2,l las, . . . ) from the surface. The effective we
separation and surface separation can readily be made la
in the case of oblique incidence at angleu, wherek'

2 ,k2

and the effective wavelength determining the trap spac
becomesl5l las/cosu. Thus a variety of surface and we
separations are attainable depending on the trap geom
The atomic well depths can be adjusted by varying the la
intensity to overcome the atom-surface interaction poten
and the Earth’s gravitational field. Transverse confinem
can be achieved for example through the Gaussian enve
of the beam in the case of red detuning, or with additio
laser beams.

For definiteness we consider a standing wave with an
fective trap spacing ofl/25420 nm. We also take the sepa
ration of the first trap and the surface to be 420 nm. T
proposed geometry is illustrated in Fig. 3. The laser is
flected from a 420 nm thick shield of gold. The period
source mass consists of alternating regions of more and
dense material, for example gold and silver. Although le
dense materials are preferable for the Yukawa force contr
silver is chosen for the similarity of its diamagnetic respon
to that of gold to ameliorate possible problems with magne
backgrounds. The source masses are taken to be 100 mic
wide by 100 microns deep by 10 microns tall. The sou
mass can be moved as a whole laterally by a piezo-elec
device over several hundreds of microns. To reduce temp
ture changes in the Casimir shield as the source mass mo
1-6
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FIG. 3. Proposed experimental arrangeme
The standing wave cavity formed by reflectio
from the Au Casimir shield is used to trap BE
atoms in the two potential wells nearest to th
periodic source mass array.
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a very small space is left open directly behind the shield.
consider a population, by;106 atoms, of the first two po-
tential wells closest to the surface, denoted by A and
respectively. The atoms will be spread out in a pancake-
configuration with a transverse extent of a few microns. T
wells must be loaded with a fixed initial relative phase b
tween the two parts of the condensate. The optical wells
be loaded for example by ramping up the laser field a
evaporative cooling. The population of only the first tw
wells can be achieved perhaps through magnetic or op
techniques to translate the lattice closer to the shield w
until the destruction of any extra occupied wells occurs. T
de Broglie phase of the wave function localized at the fi
well ~A! will evolve more rapidly than that of the wave func
tion at the second~B! due to the atom-surface interactio
potential. After an interrogation time of 1–10 s, the las
intensity can be rapidly turned down, allowing the wa
packets to escape, spread out, and overlap spatially. Th
sulting interference pattern can then be detected using op
fluorescence. If the accumulated phase difference is due
Yukawa-type interaction with the surface, the phase diff
ence will change depending on whether a silver or gold s
tion of the sense mass is positioned behind the Cas
shield. A series of such experiments can be performed s
that between each experiment the source mass patte
moved laterally behind the screen. Depending on wheth
more or less dense region of material is behind the shield
resulting phase shift will display a periodic behavior. On t
other hand, the Casimir-Polder interaction will be largely t
same due to the gold Casimir shield. Also, any patch fie
that contribute to the interaction can be rejected as a c
mon mode. The magnitude of the Casimir-Polder interact
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at 420 nm is some 8 times the gravitational interaction w
the Earth. Due to its gigantic magnitude, it is crucial then
consider the finite-thickness corrections to the Casimir
tential to estimate the potential reach of the experimen
setup.

B. Sensitivity

Scaling.We compute the difference in the frequency
which the de Broglie phase evolves for adjacent popula
wells of the laser near the surface due to a Yukawa-t
potential of strengtha and rangel. Taking the thickness of
the source masses to ber and 2r and the atom-wall separa
tion to ber, the potential difference can be roughly approx
mated as

dV~r !;2aGNmrrdr ~11!

where we consider a Yukawa potential of rangel;r and
takedr;r , so that we have

dV~l!;2aGNmrl2. ~12!

Herem denotes the mass of an individual atom. For examp
taking Rubidium-87 and a gold wall, the corresponding f
quency shift forl51 mm is 1.5a310210 Hz. To obtain a
more precise estimate, we numerically integrate the Newt
ian plus Yukawa potential.

With ;106 atoms in the condensate, we estimate
minimal detectable phase shift per shot as 1023 radians. For
a conservative estimate of 1 s interrogation time, the minima
resolvable frequency shift is 1.631024 Hz. This corre-
sponds to an acceleration sensitivity of roughly 1027 g,
1-7
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whereg is the acceleration of the Earth’s gravitational fie
at the surface, where we again take a trap spacing ofl/2
5420 nm. Ultimately, an improvement could be obtained
an averaging over 104 shots, allowing the phase shift to b
detected at the 1025 level. This along with increasing th
interrogation time to 10 s yields a minimal detectable f
quency shift of 1.631027 Hz, corresponding to an acceler
tion sensitivity of order 10210 g. Obtaining larger interroga
tion times may be difficult due to loss of coherence fro
collisions or laser instability@33#. In the following we as-
sume a sensitivity of 1.631024 Hz. Also, the systematic ef
fects we consider in the following sections are not gener
problematic at this level, however may be more challeng
for a measurement with 1027 Hz sensitivity as will be dis-
cussed.

Using this minimal detectable frequency shift and the n
merical results for the Yukawa potential, we generate a p
of the alpha-lambda reach in Figs. 1 and 2. Such an exp
ment is particularly favorable in the submicron length sca
where macroscopic cantilever and torsion balance exp
ments become increasingly more challenging.

For the geometry described above with a BEC-surf
separation of 0.42 microns and well separation of 0.42
crons, we evaluate the frequency shift of the potential w
due to a Yukawa potential of strengtha. For lambda of
1 mm, we find 1.2310210a Hz for the frequency shift, al-
lowing alpha of;106 to be probed. A plot of the projecte
sensitivity on alpha-lambda space appears in Figs. 1 and
the upper ‘‘BEC Experiments’’ line. We also indicate th
projected improvement possible with the sensitivity taken
the 1027 Hz level as the thick lower line. In Figs. 1 and
the upper ‘‘BEC Experiments’’ curve is calculated for a su
face separation, trap spacing, and shield thickness of 420
with 1 second interrogation time and a single shot. In Fig
the lower curve is also computed at a well separation, sur
separation, and shield thickness of 420 nm. The lower lin
Fig. 1 has been computed for a shield thickness, trap spac
and surface separation scaled from 420 nm to 600 nm. H
we assume 10 seconds of interrogation time and ave
over 104 shots, corresponding to 1027 Hz sensitivity. The
larger scale of 600 nm becomes advantageous for mea
ments nearl51 mm as it can better suppress the Casim
background. We note that for these geometries the sensit
levels off above 1 times gravity at large lambda. By scal
the geometry and trap spacing together, the estimated s
tivity roughly follows Eq.~12! so that 13 gravity is achiev-
able at;30 microns. These larger length scales are also
cessible by upcoming microcantilever or torsion oscilla
experiments. Therefore in Figs. 1 and 2 we have emphas
the reach at the micron scale and below.

C. Systematics

1. Atomic interactions

Atomic interactions in general will also produce diffe
ences in the chemical potential of the two parts of the c
densate, leading to relative phase differences that would
cur in addition to those caused by the different
gravitational potential. As one possible solution, care co
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be taken to have an approximately equal number of atom
the two clouds, perhaps by using 2D lattice configuratio
where arrays of single atoms are confined transversely
well as longitudinally@33#. Alternatively the Feshbach reso
nance could in principle be used to highly suppress ato
interactions@34#. For example, it has been shown that t
s-wave scattering length can in this way be tuned over s
eral orders of magnitude and set effectively to zero, th
turning off the chemical potential due to atomic interaction

2. Thermal fluctuations

Finite temperature fluctuations of the BEC phase m
present an additional experimental challenge, common to
terferometry using BEC. For example, such effects ha
been studied theoretically and experimentally@35# for
highly-elongated condensates where they are shown to
come problematic, as the system becomes quasi-o
dimensional. Care should be taken to keep a three dim
sional nature to the condensate to minimize this effect. A
a finite temperature in the surroundingmaterialsmay pose
an experimental challenge. Thermal currents in metals in
local environment can produce magnetic field fluctuatio
which can limit the condensate lifetime@36#. Such fluctua-
tions can be minimized by lowering the system temperatu
using lower-conductivity materials, and minimizing th
thickness and transverse area of the reflecting shield.

3. Casimir background

Finite thickness and conductivity.The frequency shift due
to the bare Casimir force is quite large~on the order of 8
kHz!. However, in the case of infinite conductivity, thedif-
ferential frequency shift between regions of metal of varyin
thickness is zero. In practice, the finite conductivity of t
metal as well as its finite thickness has to be taken into
count. It was shown in Ref.@7# for the case of two meta
walls that the differential Casimir background due to diffe
ences in thickness rapidly dominates the Yukawa force
thickness and plate separation decreases, thus making
surements of gravitational strength Yukawa forces diffic
below a few microns. The geometry studied consisted o
semi-infinite probe mass of finite conductivity separated b
distanceD from a finite conductivity source mass of thick
nessD. The result for the Casimir force and a gravitation
strength Yukawa force of rangeD was then compared to th
case source mass thickness 2D. It was shown that the differ-
ential Casimir background due to differences in thickne
becomes comparable to the differential Yukawa force at d
tances of about 3 microns and rapidly dominates the Yuka
force below this length scale. In this work we show that
replacing the metal probe mass with a dielectric, or with
atom in particular, the differential Casimir force is conside
ably smaller, making the domination over the Yukawa pote
tial less severe at submicron lengths. Following Refs.@7,37#
we employ a reflection-based model for computing the C
simir force between two walls. We obtain similar results
Ref. @7# for metallic walls. Also, we obtain a reduction facto
hF ~defined precisely in Ref.@37#! which describes the re
duction of the Casimir force at small separations and
1-8
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PROBING SUBMICRON FORCES BY INTERFEROMETRY . . . PHYSICAL REVIEW D68, 124021 ~2003!
finite conductivity, that agrees well with the results of th
reference in the case of semi-infinite walls. The parame
hF is defined as

FC5hFFP ~13!

whereFP is the perfect conductor result. The integral expr
sion

hF5
120

p4 E0

`

dKK2E
0

K

dV(
p

r p
2

e2K2r p
2

~14!

giveshF in terms of the reflection amplitudesr p which can
depend on the polarization, conductivity, frequency, and w
thickness@37#. Here K5kL and V5v(L/c) are the wave
number and frequency measured with respect to the ca
lengthL.

The Casimir force between the mirrors can be expres
in terms of the imaginary part of the dielectric function of t
walls. For metallic walls, the dielectric function is

e~ iv!511
~vp!2

v~v1g!

where we assume a Drude model for the metals, andvp and
g are the plasma frequency and relaxation frequency, res
tively. The magnitude of the Casimir force changes rapi
as the length scales of thickness and separation approac
plasma wavelengthlp . The expression for the reduction fa
tor hF which describes the fraction of the perfect metal C
simir result can be written as an integral over all frequenc
and wave numbers. In particular, the low-frequency respo
of the dielectric function of metals diverges asv→0. By
replacing one of the walls with a dielectrice, the low-
frequency response becomes weaker and contributes le
the Casimir force. As a consistency check, we evaluate
expression for a dielectric wall and metal wall using both
reflection model of Ref.@37# and by numerically integrating
the zero-temperature Lifshitz result directly@38#. The two
numerical calculations agree to a part in 105. After demon-
strating the equivalence of the two models for the se
infinite case of dielectric and metal walls, we proceed w
the reflection model to study the finite thickness depende
We find the result is less sensitive to the thickness of
source metal, which improves the situation considerably
new force detection below 3mm. The reduction factor for
the Casimir forcehF for the two walls is computed for the
case of wall thicknessD and 2D, for wall separationL. We
define the quantity

Dh5
hF

(2D,L5D)2hF
(D,L5D)

hF
(D,L5D)

~15!

which expresses the fractional differential Casimir force
the source walls of different thickness. We list a table
values ofDh for probe walls of metal and dielectric mater
als below. We also note that the interaction between
dielectric walls is much more sensitive to their thickness, d
to the lack of screening present in metals. For example,
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find Dh can be as large as 1 percent forD51 mm ande
510, which compares rather poorly with the metal-dielect
case.

To achieve the limit of the atom-wall interaction, we co
sider rarifying the dielectric medium. This technique w
used by Lifshitz to derive the individual atomic van d
Waals potential. We also add the dominant resonance
Rubidium D2 line. The dielectric function satisfies

e~ iv!5114pna~ iv!

wherea is the dynamical polarizability andn is the number
density of atoms. Considering the dominant D2 line at 7
nm with an oscillator strength of nearly 1, we approxima
the polarizability as

a~ iv!5
v0

2 a0

v0
21v2

.

The role of the parametere(0)21 is now played by the
quantity 4pna0. For 87Rb, we havea052.7310223 cm3,
and even for a high number density of ordern;4
31016 cm23 we obtaine(0)21 of ;1025, indicating even
more favorable scaling ofDh than shown in Table I for
1023.

It remains to estimate the minimal detectable alpha du
a Yukawa potential limited by the differential Casimir forc
The Casimir potential due to the atom at distancer from an
infinitely conducting surface can be written

UC52
3\c

8p

a0

r 4
. ~16!

In practice we expect corrections due to the finite conduc
ity and the dynamical polarizability of the atom. The fini
conductivity correction is less than a factor of 2 reduction
the length scales of interest. Equation~16! is strictly valid in
the limit of large separation, at length scales greater t
l/2p where nowl is the wavelength which contributes t
the atom’s polarizability. For lengths below this scale, t
Casimir screening due to retardation becomes less effec
and the power law changes to 1/r 3 corresponding to the van
der Waals interaction. For Rb, the dominant wavelength
780 nm and since we are interested in length scales ab

TABLE I. Estimates for the differential Casimir force between
gold source mass of thicknessD versus 2D, and a semi-infinite
probe mass of varying materials. Smaller values indicate less
sitivity to the differential thickness.

D Dhmetal-metal Dhmetal-dielectric Dhmetal-dielectric

(mm) e5100 e51.001

.1 931025 331025 231025

.3 531026 131029 9310211

.6 231026 1310210 4310212

1 831027 1310210 4310213
1-9



.

t

w
,

io
.

a
e
ic
m
ll-
f
er
th

a-
tia
h
no

a

he
an
th
ud
ha
l
s

f
l

ur-

e is
-
e
the
this

ion.
up-
ld

ce
t. A
tion
its

di-
on-

o,
ider-
ge

n-
ties
by

ex-
ne

or
ply
80

sen-
ful
rom
ly
ma

of
etic
o-

r–

ll

.
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100 nm, the form in Eq.~16! is a reasonable approximation
We now multiply the parameterDh by the difference in
Casimir potentials of the wells obtained through Eq.~16! to
obtain an estimate of the difference in potential shift due
the metal walls of the two thicknesses. The resultingDdUC
we compare withDdUYukawa. ~Here D signifies the change
from a region of thicknessD to 2D, and d signifies the
different locations of the condensates A and B. In Fig. 4
abbreviate both byd5Dd.! In order to illustrate the scaling
we consider a setup with equal lengthD for l, the well
spacing, and the atom-wall separation, and compare reg
of metal thicknessD and 2D. We display the results in Fig
4 and take a Yukawa force of gravitational strength,a51.
For comparison we include as a dotted line the estim
adapted from Ref.@7# which illustrates the scaling of th
differential a51 Yukawa and Casimir forces for a metall
probe wall in place of the atoms. The situation for the ato
wall setup is more optimistic than that of the metallic wa
wall setup~shown in Fig. 5 of Ref.@7#! by several orders o
magnitude between 200 nm and 3 microns. In Fig. 4 th
are two separately labeled vertical axes shown since
atom-wall Yukawa detection limit due to the differential C
simir background is determined by the ratio of the poten
differences, whereas for the metallic wall-wall system t
relevant quantity is the ratio of the forces. This does
prevent a direct comparison of thea reach of the two sys-
tems however. For example, we see from the figure thata of
103 can be reached at .6 microns in the metal-atom case
at about 1.5 microns in the metal-metal case.

Temperature effect.The temperature dependence of t
Casimir force becomes quite weak for low temperatures
small separations. However, it is important to estimate
temperature-dependent contribution since the full magnit
of the Casimir force is so large. A perturbation approach
been developed in Ref.@39#. We employ the parallel meta
plate expression valid for separations below 2 microns a
function of temperatureT:

FIG. 4. Estimate for the Yukawa detection limit due to Casimi
van der Waals background for Yukawa rangel5D and strength
relative to gravitya51 is shown as the solid line for the atom-wa
system. The well spacing and atom-wall separation are alsoD, and
we compare regions of metal thicknessD and 2D. The metal-metal
case studied in Ref.@7# is shown as a dotted line for comparison
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DhF~T!5S 4

3t5
1

2d

a

15

p2

3z~3!

t4 D Dt . . . , ~17!

where t5Teff /T, Teff5\c/2akB , d5lp/2p, and a is the
plate separation. Taking a separation ofa5840 nm, a gold
surface oflp5136 nm, we find for a room temperature o
295 K, the parametert54.6. This amounts to a fractiona
change in the Casimir forceDhF5.0012Dt and writing Dt
as t(dT/T), we have

DhF~295 K!50.00553
dT

T
. . . ~18!

which can be a significant effect. If the entire reflecting s
face changes temperature by 1026 K during the measure-
ments, the frequency shift is at the 1027 level. For the pro-
posed initial parameters the sensitivity to wall temperatur
at the;mK level. However, most of the Casimir force re
sults from the wall material closest to the atom, which w
suggest to take as a shield of uniform material, and have
pattern of varying density source masses separated from
material by a small distance to prevent heating upon mot
Even though a small temperature gradient could be s
ported across the shield wall, it is unlikely that the shie
surface temperature will vary periodically with the sour
mass density, as the two are not in direct thermal contac
periodic temperature gradient in the source mass distribu
itself changes the expected Casimir force very little, as
effect comes in only at the level ofDh due to the thickness
of material calculated in the previous section. As an ad
tional handle, the temperature of the surfaces can be c
trolled externally to quantify the effect experimentally. Als
decreasing the temperature improves the situation cons
ably, yielding a sensitivity to a full wall temperature chan
of ;1023 K at 77 K and only to;10 K at liquid helium
temperature for frequency shifts of 1027 Hz.

Isotope effect.A unique feature of atomic systems in co
trast to macroscopic objects is that the electrical proper
and mass of the atom can be toggled in a precise way
taking advantage of other stable atomic isotopes. For
ample, by using85Rb, and comparing to an experiment do
with 87Rb, one expects the force to change at the 1022 level,
while the Casimir force changes only at the 1024–1025

level. To verify this claim, we compute the Casimir force f
each isotope according to the Lifshitz model, and sim
change the wavelength of the dominant transition from 7
nm to 780.1 nm. Although this technique decreases the
sitivity to alpha by 2 orders of magnitude, it may be use
for doing measurements at around 100 nm separation f
the surface, where the differential Casimir force rapid
dominates over the Yukawa force due to the finite plas
wavelength of the metal.

4. Magnetic and other backgrounds

Magnetic susceptibility.Local magnetic field gradients
can be caused by the variation in magnetic susceptibility
the two source mass materials. For a background magn
field, e.g. from the Earth, the induced magnetic dipole m
1-10
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PROBING SUBMICRON FORCES BY INTERFEROMETRY . . . PHYSICAL REVIEW D68, 124021 ~2003!
ment in the materials produces a field which varies in pr
imity to the two materials. The induced magnetization in
paramagnetic or diamagnetic material satisfies

MW 5
xm

~11xm!m0
BW .

Now the induced field due to the magnetized materials
roughly approximate using the expression for a magneti
sphere

B~z!5
2m0Ma3

3z3
5

2xm

~11xm!
B0

a3

3z3

wherea is the sphere radius andBW 0 is the background mag
netic field responsible for the induced magnetization. We fi
the differential field to be

DBz~z!5
2Dx

~11x!
B0

a3

z3 S Dz

z D
;

2

100
DxB

where in the last line we assumeDz5420 nm and we take
the radius to bea550 mm. Silver and gold are both diamag
netic, with a differential susceptibility of .631025. We esti-
mate DB;1027B. The frequency shift due to magnet
fields for Rubidium is 1.4 MHz/Gauss, so to obtain 1024 Hz
resolution only requires a magnetic field shielding ofB0
,1 mG. One can further alleviate the constraints on ba
ground magnetic fields by choosing materials that have m
similar magnetic susceptibility either in pure form or throu
selective doping. Although not problematic for the initi
proposed parameters, extending the Yukawa sensitivity d
to the ;1027 Hz will require more extensive magnet
shielding or precisely tailored alloy or doped materials.

Gravity as a background.Although heavy nearby object
can be easily detected, this is not expected to be problem
since they in general cannot exhibit the periodicity of t
source mass pattern. We note that in order to avoid acqui
a differential background signal at the 1027 Hz level due to
the gravitational attraction of the proof masses themse
~which is only power-law suppressed and so remains sig
cant at distances much greater than thel of interest below
1 mm), it is necessary to limit the vertical extent of the pro
masses to be less than approximately 100mm.

Finally, we list a number of other systematic backgroun
which are not expected to be problematic due to comm
mode rejection. They include patch field effects on the s
face of the reflecting metal shield, the roughness of the
face of the shield, the background Earth’s gravitational fie

We conclude this section with a table summarizing
expected frequency shifts of selected systematics as
compare to the Yukawa signal~see Table II!. Improvements
beyond the level we discuss may be attainable by tailor
materials to have more similar conductivity, magnetic s
ceptibility, and by going to low temperatures.
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V. DISCUSSION

The search for short-distance modifications to Newton
gravity has rapidly expanded over the past seven years.
have illustrated several possible examples of submillime
physics that may occupy a vast amount of still unexplo
parameter space. We have also described an experim
technique involving interference from arrays of Bos
Einstein condensed atoms that could extend the searc
several orders of magnitude below a micron. Such te
niques, if successful, allow access to an area of phase s
that is complementary to the supermicron reach of upcom
torsion oscillator and microcantilever experiments and co
lead to exciting discoveries.
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APPENDIX

In this appendix we estimate the range and strength
forces due to gauged baryon number in the bulk. The mas
a macroscopic object is roughly in proportion to the numb
of baryons, and the expected ratio of the gauge to grav
tional forces takes the form

a5
Fgauge

Fgrav
5

g4
2

4p

1

GNmp
2

~A1!

wheremp is the mass of the proton. As discussed in the te
we take the (41n)-dimensional gauge coupling asg41n

2

5L2nO” 41nr, where L is the ultraviolet cutoff scale and

TABLE II. Summary of selected systematic effects. The thr
backgrounds, Newtonian,D Casimir, and magnetic, are evaluate
for a surface separation, trap spacing, and shield thickness of
nm. Scaling these distances from 420 nm to 600 nm causes
differential Casimir signal to drop below the 1027 Hz level.

Yukawa signal
l D f (Hz)

1 mm 1.2310210 a
.6 mm 3.6310211 a
.3 mm 3.4310212 a
.1 mm 1.8310215 a
Background

Newton 6.531029 Hz
Casimir 8283 Hz
Dh 7310211

D Casimir 5.731027 Hz

Magnetic 331025 Hz3
Dx

1026
B ~mG!
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FIG. 5. Interaction strength and range fo
gauged baryon number in the bulk.a51 corre-
sponds to a force of Newtonian gravitation
strength. For illustration, the case ofb51 is
shown as the right-most parallelogram andb
52 appears shifted to the left. The ranges f
strong and weak coupling in 3 and 6 extra dime
sions are shown. The upper limit shown for th
strong-coupling region in the case of 3 extra d
mensions terminates at smaller alpha as sho
The weak-coupling lower boundary is identic
for both cases.
e
e
ts

p
e

u
-
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y

er

av-
on

the

ing
O” d5V (d21) /(2p)d is the 1-loop suppression factor. If th
coefficient r is O(1), this signifies strong coupling at th
scaleL in the (41n)-dimensional theory, as loop effec
become comparable to the tree level. UsingVd21
52pd/2/G(d/2), we find the familiar 4-dimensional loo
factor O” 4516p2. For three extra dimensions the factor b
comesO” 751538p4 and for six extra dimensionsO” 10512
31024p5. The effective 4D gauge coupling satisfies

1

g4
2
5

Vd

g(41n)
2

5S M4

M*
D 2 1

Vn2dM
*
n2d

1

O” d14r
S Ld

M
*
d D

where in the second line we have assumed that the ga
bosons propagate ind<n of the extra dimensions. For defi
niteness, we consider the case of gauge bosons living in
extra dimensions (n5d), and the expression simplifies to

g4
25S M

*
2

M4
2 D O” n14•rS M

*
n

Ln D , ~A2!

so then the ratio of forces becomes

a5
g4

2

4p

1

GNmp
2

~A3!

5S M
*
2

mp
2 D 25

O” n14•r

4p S M
*
n

Ln D . ~A4!

The factor of 25 appears as the square of the approxim
ratio between 1/AGN and the reduced Planck mass. ForM*
of order TeV, already the force becomes;1 million times
gravity. If the gauge symmetry is spontaneously broken b
12402
-

ge

all

te

a

scalar fieldx obtaining a vacuum expectation value^x&, the
resulting mass of a gauge particleAm becomes

mA5g4^x&. ~A5!

Here again we assume thatx condenses on a brane oth
than our own. It was shown in Ref.@25# that forces mediated
by bulk gauge fields can be exponentially weaker than gr
ity if the bulk gauge symmetry is spontaneously broken
our brane.

We parametrize the vacuum expectation value ofx as

^x&5b•L ~A6!

where beta is a numerical coefficient of order 1, so that
Compton wavelength is written

lA5
1

O” n14•r

M4

M
*
2

1

b

Ln/2

M
*
n/2

. ~A7!

If the scaleL is somewhat smaller thanM* , the Compton
wavelength becomes shorter and the strengthag increases.
For example, if one imagines new physics arising from str
theory at scaleMs , we have the relation

Ms
21n

gs
2

;M
*
21n

so that

Ms5M* ~gs
2!1/(21n)<M* . ~A8!

where we have identified the Lagrangian

E d4xA2gRM
*
21nVn5E d4xA2gRM4

2 ~A9!

with a type I string Lagrangian@4#
1-12
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E d4x
1

gs
2

Ms
21nVnA2gR.

If L is associated with physics at the string scale, it is p
sible the coefficientb is greater than 1.

In order to illustrate the phase space encompassed
these forces, in Fig. 5 we plota versuslA , where for sim-
plicity we set L5M* and we vary the parameterr from
1/(103O” d14) for weak coupling, to 1 for strong coupling
We varyM from 1 TeV to 100 TeV, and showb between 1
*

ys

os

ys

.
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ro
m

H.
e

.

A.

ric

ov

12402
-

by

and 2. For smallerb, the predicted region can be extend
horizontally to the right until conflicting with experimenta
observation.

Finally we note the gauge force we discuss is due stric
to the zero mode, and therefore its range is not stron
limited by the size of the extra dimensions. In the case t
any of the extra dimensions has a large enough compac
cation radius, the lightest KK modes of the gauge partic
may also make a contribution, though we do not include t
explicitly in Figs. 1 and 2.
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