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Modified gravity with negative and positive powers of curvature:
Unification of inflation and cosmic acceleration
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A modified gravity, which eliminates the need for dark energy and which seems to be stable, is considered.
The terms with positive powers of curvature support the inflationary epoch while the terms with negative
powers of curvature serve as effective dark energy, supporting current cosmic acceleration. The equivalent
scalar-tensor gravity may be compatible with the simplest solar system experiments.
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[. INTRODUCTION natural than the introduction by hand of the mysterious dark
energy, cosmic fluid with negative pressure. However, as any
The evidence is mounting that the Universe is undergoingther theory pretending to describe current Friedmann-
a phase of accelerated expansion at the present epoch. TRebertson-Walke(FRW) universe such a modified gravita-
indications of cosmic acceleration appeared not only frontional theory should pass a number of consistency checks to
the high redshift surveys of type la supernoyagbut also  be considered as the realistic theory. For instance, as any
from the anisotropy power spectrum of the cosmic micro-other higher derivative theory, the theory wittRlfnay de-
wave background?2]. The favored explanation for this be- velop instabilities[9] (see, however10] and discussion in
havior is that the Universe is presently dominated by somé&ec. V). As cosmic acceleration from such a theory is also
form of dark energy. However, none of existing dark energyinstable[3] the question arises: which of the instabilities is
models is completely satisfactory. Moreover it is very hard tomore realistic and are some more modifications of the theory
construct a theoretical basis for the origin of this exotic mat+equired? From another point of view, the gravitational ac-
ter, which is seen precisely at the current epoch when onton which is the function of only curvature may be pre-
needs the source for cosmic acceleration. sented in a number of ways in the equivalent form as scalar-
In the recent papers3,4] (see alsd5,6]) a gravitational tensor theory with one(or several scalafs). Then the
alternative for dark energy was suggested. It goes as followsundamental question is: which action corresponds to our
The standard Einstein action is modified at low curvature byphysical world? For instance, it has been mentiordd that
the terms that dominate precisely at low curvature. The simfor the model[3] the equivalent Brans-DickéBD) action is
plest possibility of this sort is a R/ term; other negative not acceptable as it is ruled out by the solar system experi-
powers of curvature may be introduced as well. Moreoverments. This goes against the consideration of the initial
more complicated terms may be suggested such aSR/( modified gravity with the R a term as physical theory. In
+const), etc. The only condition is to dominate o¥®and  such circumstances it may be a good idea to try to search for
to produce cosmic acceleration consistent with current astrosther variants of then modified gravitational theory which
physical data. The interesting feature of the theories wittstill excludes the need for dark energy. Moreover, one can try
negative powers of curvature is that they may be expectetb construct the theory which predicts inflation at very early
from some time-dependent compactification of string or MUniverse and cosmic acceleration currently in the combined
theory, as was demonstrated[ifl. Moreover, quantum fluc- setup.
tuations in nearly flat spacetime may induce such terms in In the present paper we suggest a new model of modified
the same way as the expansion of the effective action at larggravity which contains positive and negatives powers of cur-
curvature predicts the terms with positive powefmdnlocal  vature. Symbolically, the Lagrangian looks likt=R+R™
combinations of curvature invariantgfor a recent review, -+ 1/R" wheren, m are positive(not necessary integenum-
see[8)). bers. The theory may be presented in an equivalent form as
Clearly, having the gravitational foundation for descrip- some scalar-tensor gravity. At large curvature, the terms of
tion of current cosmic acceleration seems to be much morthe sortR™ dominate. If I<m<2 the power law inflation
occurs at early times. fin=2 the anomaly driveriStarob-
insky) inflation occurs at early times. At an intermediate re-
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0556-2821/2003/682)/12351210)/$20.00 68 123512-1 ©2003 The American Physical Society



S. NOJIRI AND S. D. ODINTSOV PHYSICAL REVIEW 68, 123512 (2003

does not suffer from the instabilities pointed out for the ver-  Action (5) or (6) may be called the Jordan frame action

sion with the Lagrangiah = R+ 1/R. Moreover, it may pass with auxiliary fields. A more convenient Einstein frame

the solar system tests for scalar-tensor gravity. theory may be worked out as well. Under the conformal
The paper is organized as follows. In the next section weransformation

discuss various forms of the action for modified gravity, both

in Jordan and in Einstein frames. It is also shown that such a 9ur—€9puy, (7)

theory may have the origin in the braneworld scenario by ) .

fine-tuning of surface counterterms. Section 1l is devoted td-dimensional scalar curvature is transformed as

the study of simplest de Sitter solutions for modified gravity.

The occurrence of two deSittgr phases is mentioned. The RO _e 9 RO—(d—1)0o

properties of the scalar potential in the scalar-tensor formu-

lation of theory where scalar should be identified with cur-

vature, are investigated. In Sec. IV, FRW cosmology for such _ Wgw& vd.ol. @)
a model(with or without matter is discussed. It is shown 4 reo
that the model naturally admits the unification of the inflation .
at early times and the cosmic acceleration at late times. Idhen ford=4, by choosing
Sec. VI we demonstrate that higher derivative terms make ,
the dangerous instabilities of the originaRltheory to be- o=-Inf'(A), ©
come much less essential at cosmological scales. Moreoverttion (6) is rewritten as
the model easily passes solar system constraints to scaldl-
tensor gravity. Some summary and outlook is presented in " 2
the final section. SE:izf d4x\/—_g R—§ (A 9779 Ad,A
K 2\ f(A) P
II. ACTIONS FOR THE MODIFIED GRAVITATIONAL ¢
THEORY A (A) . 10
f'(A)  f'(A)?

Let us start from the rather general 4-dimensional action:

1 Using o= —In f'(A)=—In B, the Einstein frame action looks
4 .
S= FJ d*xy—gf(R). D like
; i ; 1 3
Here R is the scalar curvature anidR) is some arbitrary S.= j d*=q (R— 2979 00 -o—\ 11
function. Introducing the auxiliary fieldd and B, one may BT K2 xv—d 297 %7050 (o)) (4D
rewrite action(1) as follows:
Here
1
S= ?f d*x\—g{B(R—A)+f(A)}. 2 A HA)
V(o)=e"g(e” ") —ef(g(e” )= ———

’ ' 2°
By the variation oveB, A=R follows. Substituting it into fr(A) - 1(A)
Eq. (2), action(1) can be reproduced. Making the variation 12

with respect toA first, we obtain This is the standard form of the scalar-tensor theories where

B=1'(A), (3)  scalar field is fictitious one. AlthougBe=S, we denote the
action given in the Einstein frame . In Eq. (9), it is
which may be solved with respect foas assumed’'(A)>0. Even if f'(A)<0, o=—In|f'(A)| may
be defined. Then the sign in front of the scalar curvature
A=g(B). (4)  becomes negative. In other words, antigravity could be gen-
L . . ) erated.
Eliminating A in Eq. (2) with the help of Eq(4), we obtain As a specific choice, we consider
1
= — 4 — — a
s Kzfd x\=g{B[R-g(B)]+f(@(B)}. (5 F(R)=R— o +BR- A" 13
i

Instead of A, one may eliminateB by using Eq.(3) and -
y eliml y using Eq.(3) Here we assume the coefficiemtan,a,b>0 butn,m may

obtain -
! be fractional. Two last terms may be changed by the sum
1 which includes the terms with various negative and positive
S= pf d*xy—g{f’ (A)(R—A)+f(A)}. (6)  powers of curvature:
At least classically, the two actioriS) and(6) are equivalent f(R)= 2 a,R". (14)
to each other. n
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MODIFIED GRAVITY WITH NEGATIVE AND POSITIVE . ..

Heren can run from negative to positive values. In genemal,
needs not to be integer. It may also (p@sitive or negative
an irrational number, that id;(R) can be rather arbitrary
function.

When the first term is absemt=m>1, —a=b and A

= A, the evident duality symmetry appears. At very high
curvature and supposing both cosmological constants to be
small, the higher derivative terms dominate. Subsequently, R

PHYSICAL REVIEW D 68, 123512 (2003

If a>0, one solution corresponds to de Sitter space and
another to anti—de Sitter. # A2/12<a<0 andA >0, both
solutions express the de Sitter space. We may consider other
cases, such as=1 andm=3. For simplicity, we chosen
A1=A,=0. Then Eq.20) becomes

3a
0=-R+— +bR%. (22)

with the decrease of curvature the Einstein gravity domi-

nates. For low curvatur@epending on the choice df;) the

For positivea andb, Eg.(22) has two solutions in general. If

negative power of curvature may become the |eading contrive further assuma andb is Sma”, there is a solution with

bution to the theory.
If AorRis large,
e “=B~bmA—A,)M L (15

Then ifm>1 and € 97— + o,

V(O’)"‘ _(bm)—ll(m—l)

1
1+ E) e(m— 2)/(m—l)o-_ (16)

On the other hand, wheA— A, or R— A, is small, we ob-
tain

e “~an(A—A,) "L

17

When € 7— + o,
1
V(o-)~—(an)1’(”+1)(1— ﬁ) e(n+2)/(n+l)a_ (18)

The above arguments indicate thé{o) is not a single-

large R, and the one with smal:
R~b~ ¥ Ry~ 3a.

Since the square root of the scalar curvature corresponds to
the expansion rate of the de Sitter universe, the inflation may
be generated by a solutioR;, and the present cosmic
speed-up may be generated By. One arrives at a very
interesting picture of the Universe evolution where modifi-
cation of gravity at high and low curvatures predicts both
(early and late timephases of the accelerated expansion.
We now investigate potentid@l?2) for action(13):

(23

al(n+1)A—Ay}
_—+ b{(m_ 1)A+ Az}(A_Az)m_l
(A_ Al)n+l

V(A)= 3
an

I+ —————+bmA—Ay)™ !

(A_Al)n+1

(29)

valued function ofo but, at least, there are two branches forAs is clear from Eq(2) that A=R, if we regard the scalar
m>2. The above modified gravitational action will be our curvatureR in action(1) with the physical oneA is nothing
starting point in the attempt to construct the Universe wherdout the physical curvature itseféifter equation of motion for

both phases—early time inflation and late time cosmicA is satisfiegl.

acceleration—occur.

Ill. PROPERTIES OF THE SCALAR POTENTIAL

WhenA— =,

VA = Tt p-mez 25
( )-*W . (25

Let us discuss the properties of the scalar potential fOFI'herefore ifm<2, V(A)—, if m=2, V(A)— 1/4b, and if

F(R) given by Eq.(13). In this section, we concentrate on V(A)—0. On the other hand, wheA—A,, one
the case in which that the matter contribution can be neg. s ’ '

glected.
With no matter and for the Ricci tens&,, being cova-

riantly constant, the equation of motion corresponding to ac-

tion (1) is
0=2f(R)—Rf'(R), (19

which is the algebraic equation with respectRoFor action
(13

0=-R (n+2)a 2)b(R—A,)™ 20
= +m+(m )b( 2™ (20
Especially whem=1 andm=2, one gets
A+ JAZ+12a
R=R,=— 1 =% 21)

- 2

Al n+1
V(A)— (A=A 0. (26)

Since potential24) is rather complicated, in the following,
we only consider the case whiech=1, m=2, A;=A,=0:

2a
— +bA?
A

V(A)=

7 (27)

1+—2+2bA
A

WhenA— +w, V(A)—1/4b. V(A) vanishes at

2a 1/3

A=0, - ¢

(28)
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The denominator of potenti&R7) vanishes at it h
1 L
/\::/\OEE_'Eﬁ5‘+'a4,+'a4,, (ZED 5:
, 1 1 a 3
AT =7\ " —73— L
= 2| 540° 2b [
-3
L1 \/ . L [
“2b V|27 1802)| 2" Bap?) |-

When A—A,, the potential diverges. We should note that

A,<0 if a,b<0. Since FIG. 1. V(A)b vs Ab for ab?= .

2( _ i +bA ( 1— 3_a) because/R is the expansion rate of the de Sitter space. After
A? A? that, A rolls down to the small value and the rate of the
V'(A)= T (300 expansion becomes small. Whénreaches the smal re-
1+ i+2bA gion, the Universe begins the power law expansion.
A? We now give some typical shapes¢tA). In Fig. 1 the
shape of the potential(A)b vs Ab for ab®=% is given.
V(A) has stationary points, wheké¢'(A) =0, at When A— =%, V(A) approaches the constant value /4
13 As mentioned in Eq(28), V(A) vanishes aA=0 andA=
Al +3a (31) —(2a/b)3<0. WhenA—A,<0 in Eq. (4), the potential
' ' diverges. The negativé\ minimum corresponds toA=

. . i —+/3a. In Fig. 2, the regioA~0.5 is considered. Then two
Then by summarizing the above analysis, we find the roug xtrema occur, which correspond #=(a/b)*® and A

shape of the potential: The asymptotic value of the potential_ Ne) 1/3 . _

. . . ' ) =3a[(a/b)**<3a]. If the Universe starts ah=/3a,

ItS kle. The pt(?tentlallu\éaffh;s }‘é‘”fg .Wh:maZnéSh_?_i andhich is locally stable, the Universe is in the de Sitter phase.
akes a negative valuk=—(2a/b)™" in Eq. (28). The po- If by some mechanism, such as the thermal fluctuations, etc.,

tential is singular whem\ takes a negative valué=~Aq in A becomes smaller, the Universe evolves to the power law
Eqg. (29). The potential has three extrema. Two of them are qation. The Universe may start with=(a/b)*3, where it

H T+ . _ 1/3
given by positiveA: A= (a/b)**, \/3a and one of the three is'nstable. We should note that the potential aitif = 2 is

extrema is given by negative: A=-—\3a. bounded from below. In Fig. 3, the shape of the potential
WhenA is small, Eq.(9) shows that V(A)b vs Ab for ab’?=1% is given. The behavior wheA
a a =0 is qualitatively not so changed from ta®?= 5 case. In
e “=—+2bA~—, (32)  the regionA<0, however, the potential becomes unbounded
A A from below. Whenab?= %, the potential is bounded from
that is below sinceA,< —+/3a. Note thatA=—/3a corresponds

to the minimum. Wherab?=%, we haveA,<—/3a and

A= Jag2, (33 A=- J3a corresponds to the maximum, then the potential
becomes unbounded from below. Note once more that the
SinceA—0 corresponds ta— — o one may only consider above results have physical meaning in terms of our modi-
the region whereA and also physical scalar curvature arefied gravity with negative powers of curvature only when the
positive. Then the singularity aa=A, Eq. (29) does not
appear. iidkh

Since potential27) has the form
n_11z9

2 2
V(A),\_, ;A3~ Ee(S/Z) 0', (34)

0.11z&

in the region where\ is small, the Universe evolves as the  ; 1127
power law inflation, as we will see later, E¢p4). Equation

(34) shows that the potential is an increasing function for Ap
small A. Since the potential is almost flat but monotonically X 0.as 0.5 0.55 0.6

increasing for larged, the following cosmological scenario
can be considered. Let us assume that the Universe starts
from large but finite positivéd. SinceA corresponds to the FIG. 2. V(A)b vs Ab for ab?= 5. The behavior in the region
physical scalar curvatur®, the Universe expands rapidly Ab~0.5.
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viats 0=+ 3H(p(m) + P - (40)
Here
a.5
a
H=~, (41
: Ab a
=g =g Z 3
and it is assumeg, , p(m) and alsao do not depend on the
Lol 5 spatial coordinates but on the time coordinate. The matter is
chosen to be the perfect fluid, which satisfies
-1 P(m)=WpP(m) - (42
Equation(40) can be solved in the usual way
FIG. 3. V(A)b vs Ab for ab?= 3. -
p(m=Ca 3w, (43)

equation of motion for the field itself is satisfied(Only in

this caseA may be identified with the curvature of the physi- with a constant of integratio@. In the Einstein frame, from

Eq. (38), we find

cal metric)
Thus, we discussed the properties of the scalar potential — CAT 3w g [(Bw-1)2le (44)
corresponding to a quite simple version of the modified grav- P(mE) & '
ity. Similarly, the properties of other models of such sort may. A . . .
be analyzed. Hereag is the scale factor in the Einstein frame,
ag=e "?a. (45)

IV. FRW COSMOLOGY IN MODIFIED GRAVITY

Some simple properties of FRW cosmology in modifiedThe FRW equation in the Einstein frame has the following

gravity may be easily addressed. One may add the matter tf8rm:
action (1) with the matter action denoted I8, . Then the 2
energy-momentum tensdi, ,, can be defined by 3H§+ —5 =5 (Poryt P(mB)- (46)
2az 2
T ) 35 H
= . ere

e =g ag” .
After rescaling metric(7), the energy-momentum tensor He= ﬁ (47)
T(mp» in the Einstein framell) is related toT ., by ag

T =€ T(myur- (36)  andp(,g) expresses the contribution from thefield,
Defining the matter energy densjby,, and the pressu 1/3.
oy g gy densitym Pressu(m) Plory= ?( E02+V(U)) . (48)

T(moo= —Pmm)%00, Tm)ij = Pmij »

the corresponding quantitigg,gy andp(yg in the Einstein
frame (11) are given by

Pm=€"P(m)s Pme="Pm) - (39

We now assume the metric in the physi¢abrdan frame is
given in the FRW form:

3
d&?=—dt?+a(t)? X, g;dxdx.

ij=1

(39

Here @]ij is the metric of the Einstein manifold, which is

defined by the Ricci tensdR;; constructed frong;; by R;;

(37)  With the Einstein frame metric denoted@s,, , one obtains

1 S 1 ) /
™ _ g’ o _ (Ol P g-
V=ge 97 -ge  ogrr 2 9e
(49)
Further using Eqs(37), (42), (43), and(45), we find
1 6Sm :3w—1 2
1/—gE oo 2 P(m)
_3W_ 1C'éE3(1+W)e7[(3W71)/2]U_ (50)

2

Then the equation of motion fos- in the Einstein frame,

=k§ij with a constantk. From the conservation of the corresponding to the actioBg+ S, [Sg is given in Eq.

energy-momentum tens&*T,,=0 one gets

(11)] has the following form:
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0=3(c+3Hgo)+V'(0) 3k K% .
( E ( O=3H%+ E _ ?Cag3(1+w)e—[(3wfl)/2]o—, (57)
3w— 1ch égs(uw)ef[(aw— 12l (51) E

0=3(c+3Hgo)

The question now is to solve the system of equati@s 3w—1
and(51). Before going to consider the coupling with matter, —
we first consider the case of the vacuum wh@re0. Espe-
cially when the potential is given by E¢34) asA=R is

KZCAaE3(l+W)e—[(3W— 1)/2]0'_ (58)

Whenw= %, which corresponds to the radiation, from Eq.

small, a solution is given by (58) one finds
" R tE 4/3 4 tE é 3
= — =— —|n— : . EO
8= aeo to) 7 3|nto' 2 Uzao(z (59

Heretg is the time coordinate in the Euclidean frame, which

is related to the time coordinatein the (physica) Jordan Here o andag, are constants. Equatidl59) expresses the

frame by &2dt==dt. As a result redshift of . Whenw=0, which corresponds to the dust, if

we can regardr is almost constant, we find
3tP=t, (53 ~ \3 2
p— 8eo _wa —3(1+w) - [Bw-1)/2]0
and even in the physicélordan frame the power law infla- 0 Ag 6 E
tion occurs (60)
A= e”’zéEoctE’%ctz, (54) The obta.in.e_d results are not changed from thog8Jinvhere

the possibility of cosmic acceleration in theRlimodel was
established.

which is consistent with the result {i8].} Hence, at small . . . .
curvature the(instable cosmic acceleration is predicted by Whenn=1 or in generah IS an odd integer, as Is clear
the terms containing inverse curvature. If the present Unifrom Eq. (1,8)’ A=0 is not a minimum nor local minimum
verse corresponds to the above power law inflation, the cur@“houghv (A)=0 gt A.:O' Of course, Sinc#—0 corre-
vature of the present Universe should be small compareapo_nds tor— o0, It m_|ght be unnecessary to cor_ls!der the
with that of the de Sitter Universe solution in E@1) with ~ '€9I0NA<0. In the regio’A=0, A=0 can give a minimum

A;=0. As the Hubble constant in the present universe i@f the potgnual. On the oth_er_ hand, WhB"'.S an even Inte-
(10 eV)~L, the parametea, which corresponds t.? in ger,A=0 is at least local minimum. Then if inflation occurs

[3], should be much larger than (1% eV)®*. in the regionA~0, inflation should be stable.

One may also consider the case in which curvature i%yWe now consider the general case wherigiA) is given

large. WhenA or curvature is large, potentié27) becomes a Eq.(13). WhenR=A~A, is small, the potential is given
constantV/(A)— 1/4b. Then from Eq(51) we may assume, by Eg. (18). Neglecting the contribution from the matter
fields, solving Egs(46) and (51), we obtain, instead of Eq.

if we neglect the contribution from matter, thatis small. (52)
From Eq.(46) it follows '

, . te (n+1)(2n+1)/(n+2)2
2 3k K aE:aEO t_) ’
3HE+ Zéé b’ (55 0
2(n+1) tg
which shows that the spacetime is de Sitter. For the case of 77" (n+2) Ing. (62)
k=0, Hg becomes a constant:
Instead of Eq(53), the physical time is
2
He= /ZKTb' (56) (n+2)tdn+ 2y 62)
) ) Then the power law cosmic acceleration occurs in the physi-
Then Universe expands exponentially. cal (Jordan frame:
The matter contribution to the energy-momentum tensor
may be accounted for in the same way. When it is dominant Aot 1)(@n+1)in+2. (63)
compared with that fromr, Egs.(46) and (51) can be re-
duced as It is quite remarkable that actually any negative power of
curvature supports cosmic acceleration. This gives the free-
dom in modification of the model to achieve the consistency
¢ in [3] can be identified as'=— \2/3 /M. with experimental tests of Newtonian gravity.
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On the other hand, if the scalar curvatiRe= A is large, 1
the potential is given by Eq16). Solving Eqs(46) and(51) 59w f(R) =R, (R) =g, (R)+V,V,F(R)

again, one obtains
2

K
) g (m-1)2m- 1)/(m-2)2 =- ?T(m);w- (67)
ag=adgg t_) )
0 Here T(n,, is the energy-momentum tensor of the matter.
By multiplying g*” to (67), one arrives &t
2(m—1) ftg —1/(m-2)
o=—————In—, (Mm-2)tg =t. (64 .
(m=2) "t - fO(R) . f'(RR  2f(R)
@) P @(R) 3f®
Thus in the physicalJordan frame, the Universe shrinks F2(R) 3T(R) - 3T(R)
with the power law ifm>2:2 2
=——T (69)
Boct— (M=1)(2m-1)/m—2 (65) 6f)(R)

HereT=Tf,,,. Letf(R) be given by(13). Then in the case

of the Einstein gravity, whera=b=0, the solution of Eq.
(68) is given by

Of course, if we change the arrow of time by>ty—t, in-
flation occurs with the inverse power law andtatty, the
size of the Universe diverges. It is remarkable that wimaa
fractional(or irrationa) and 1<m<2, Egs.(64) and(65) are K2

still valid. Then the power in Eq65) becomes positive, the R=Ry=— 7T. (69
Universe evolves with théractiona) power law expansion.

Anyway, it is interesting that our model may unify both
phases: early time inflatiofor m<2 orm=2) and current
cosmic acceleration. R=Ro+R;, (|Ry|<|Ro). (70)

In [3], from the dimensional analysis it is predicted for
u=a (aforn=1 cas@¢to beu~Hy~10 3 eV. HereH, Then by linearizing Eq(68), we obtain
is the Hubble constant in the present Universe. From the
dimensional analysis, one may choose fC(Ry) , f'(RY)Ry  2f(Ry)

— +
fA(Ry) 0 0 3fO(Ry)  3f@(Ry)

The perturbation around solutid69) may be addressed

a:(10—33 eV)Z(n+ 1)’ b= (10—33 e\/)2(—m+l). (66)

Ro fE)(Ry)

Ri+2——V RyV’R;+U(Rp)R;.
1 @Ry ¥ 0 1T U(Ro)Ry

In principle, these parameters should not be small ones, un-
less predicted by experimental constraints.

Adding the(dominanj matter contribution to the energy- (72)
momentum tensor, the situation is not changed fromrthe
=1 andm=1 case and the case [&]. We obtain Eqs(59) Here

and (60) again. Thus, the possibility of cosmic acceleration

in the model with negative powers of curvature is demon- U(Ry)= fO(Ry) B fO(Rg)? V R.VIR 4 ER
strated. Moreover, terms with positive powers of curvature in 0/ fO(Ry)  fA(R2) ° 0 0" 3™0
such a model may realize inflation at early times.
FORYFP(R)ORy  FI(Ry)
V. SIMPLEST TESTS FOR MODIFIED GRAVITY 3f(2)(R0)2 f(2)(RO)
In th_|s section, we discuss tk(m)_stabmty of our higher 2f(Ro) F(Ry) Rof®

derivative model under perturbations. The simplest con- - ) (72)
straint to the theory parameters from the equivalent BD-type 3f(Ry)? f@(Ry)?

gravity is also analyzed. ) ) ] )
In [9], a small gravitational object similar the Earth or the If U(Ro) is negative, perturbatioR; grows exponentially
Sun in the mode[3] is considered. It has been shown that With time. The system becomes instable. In the following, we

the system quickly becomes instable. neglect the terms of the sovt,R,. In the case of the model
The generdlequation of motion corresponding actiety ~ [3] whereb=A;=A,=0,
with matter is given by R3
0
U(Rp)=—Rgt+ —. 73
(Ro)=—Ro+ & (73
2Form=2 the well-known anomaly drive(Starobinsky inflation
occurs.
3We consider the case wherein the Ricci tensor is not covariantly “The convention of the signature of the spacetime here is different
constant. from that in[9].
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In order to describe the Universe acceleration in the present a
epoch, we may havis] b> = (78)
0
u l=a Y~ 10"® sec- (10 R ev) L. (2 —
[As discussed after Eq54), if the present Universe corre- 5R, 1
sponds to the power law inflatioa,can be much larger than URo)~——g+ 18R, (79)
(1033 eV)*.] By using the estimations if9],
Then if
Rg Pm :
§~(1O*26 seq 2 — 1
cm <—>
g b 5RZ’ (80)
_ 5[ Pm U(Ry) is positive and the system becomes stable. From Eqg.
Ro~(10° seq (Q cm‘3) ’ (79 (75), we find 1R3>a/R§. Then condition80) is compatible

with assumption(78). Thus, the addition of the terms with
we find that the second term in E3) dominates. Herp,,  the positive powers of curvature may salvage the modified
is the mass density of the gravitating body. Sifzgis nega- gravity as less instabilities occur or their development is
tive from Eq. (69), U(R,) becomes negative and a micro- macroscopic and other effects may prevent them.

scopic gravitational instability occurs. It has been mentioned in Refll] that the 1R model,
First we consider the case in whigh=1, m=2, and Which is equivalent to some scalar-tensor gravity, is ruled out
A;=A,=0. For as a realistic theory due to the constraints to such theories.

Let us study whether or not our theory can pass these con-
a straints. The coupling of the-field with matter is always of
b> R’ (76)  the same order with gravityl4]. Then if o field has a small
0 mass, the present model cannot be realistic. One may con-
sider the case that the present universe corresponds to that of

one gets solutions(21) with A;=0, which corresponds to a minimum

Ro in Eq. (31) of the potentialV(A): R=A=3a. We now
U(Rg)~ —=-<0. (77) calculate the square of scalar mass, which is proportional to

8 V'(). WhenA=3a

Then the instability shows up again. We should note, how- d?V(o) do)\ ~2 d2V(A)

ever, that sincdRy/3|<R3/6a from Eq. (75), the (macro- 452 :[(d_A) dT]

scopig instability development takes quite a long time. In A=\3a A=\3a

fact, the time for the instability to occur is significantly im- 1 2

proved (by the order of 18). Clearly, other higher deriva- = @(3 +2b\3) . (8)

tive terms may significantly improve the estimation as is (—§+b\/£)(§+2b\/§)3

shown below.

Equations(74)—(76) indicate thatb~*< (10" eV)? if we ~ Choosing

assumep,~1 gecm 3. Then x?/b<(10 )2, which does

not seem to be consistent with the bounds obtained from the 1

observatior[12] (see alsd 13] where inflation in the higher B~ 3\3a’ (82)

derivative(HD) gravity was discusse@dThe action of model
in [13,12 contains the Einstein-Hilbert term and %  the mass ot becomes large. Thus, the HD term may help to
term. There are two ways to overcome this bound. First ofass the solar system te§ts].
all, one can include the contributions from other terms con-
taining some powers of curvatures and/or the contribution
from the matter fields and the quantum effects like conformal
anomaly during the inflation. For instance, an account of the In summary, we considered the modified gravity which
conformal anomaly gives the way for the trace anomalynaturally unifies two expansion phases of the Universe: in-
driven inflation. The bound might be changed. From anotheflation at early times and cosmic acceleration at the current
point of view, as it follows from the discussion after E§4),  epoch. The higher derivative terms with positive power of
if the present accelerating Universe corresponds to the poweurvature are dominant at the early Universe providing the
law inflation, a should be much larger than (18 eV)*. If  inflationary stage. The terms with negative power of curva-
we choosea to be large enough in Eq73) so thata>R?Z, ture serve as a gravitational alternative for dark energy mak-
the first term in Eq(73), which is positive, dominates. Then ing possible the cosmic speed-up. It is shown that such a
the instability[9] does not exist from the very beginning.  theory is stable unlike its more simple counterpart with only
Forn=1, m=3, andA;=A,=0 one can assume the Einstein and R terms. Moreover, it may pass the sim-

VI. DISCUSSION
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plest solar system constraint for scalar-tensor gravity equiva- g,,,— e“Me) v%qsg (A2)
lent to original modified gravity. Clearly, more checks of this mr me

theory should be done in order to conclude whether thection (A1) can be rewritten as

model is realistic one or not. In any case, there is some space

for modifications by adding the terms with other powers of ME, _
curvature. Moreover, the use of other curvature invariants S= f d4x\/—_g< — " MpN(mRER
(Ricci and Riemann tensgrsnay be considered as well. 16w
It seems very attractive that modified gravity which may
originate from the string or M theory eliminates the need for _V.ex \/8_ n \/§ e (A3)
dark energy. Clearly, deeper investigation in this extremely o€ T @ 3/ Mp| )

interesting direction connecting the cosmological constant
problem, early time inflationary, and the current acceleratingSince the kinetic term fog vanishes, we may regaxblto be
Universe is necessary. It is a challenge to find the solution foan auxiliary field. By the variation ovep, one gets
above fundamental cosmological problems from the first
principles. The search for true gravitational action may be a 3
a+ \ﬁ
3
: (A4)

step in this direction. 0= Me AMp)(73) R &, I8

4\/; Mp

\qu
a+ —
3

Mp
which may be solved as
M2
R

2
le"‘\/: .
3 8m6(a+ 1)V,

APPENDIX: MODIFICATION OF THE GRAVITY By substitutinge, (A5), into action(A3), we obtain
FROM THE INFLATIONARY POTENTIALS
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It is very interesting that modified gravity may be often
predicted by the standard inflationary cosmology with infla- \/E(a+ \/g)v0
ton field if the corresponding potential is not trivial. Let us S= - 5
consider the model coupled with the scalar field with expo-

nential potential: (a+\8I3)/ (a+2/3)

M3R
8m\6(a+ %)V, o

MZ2 1 =
S= f d4X\/—g(—16ﬂ_R_59“”%¢%¢‘Voe\ ”“WMP).
Then action(Al) is equivalent to the modified gravity with

(A1) the fractional power ¢+ \8/3)/(a+ \2/3) of the scalar cur-
Here Mp is the 4-dimensional Planck mass. It has beervature. If —\/8/3<a< —/2/3, the power of the curvature
shown[15] that if a=< /2, the potential becomes shallow and becomes negative again.
supports the inflation. Recently there appeared some argu- Similarly, one can consider other inflationary potentials. It
ments towards to possibility of inflation and cosmic accel-is clear that many of them lead to modification of the gravi-
eration in the theory based on the braneworld scenario wittational theory, supporting the point of view that inflaton may
similar exponential potentialdl6]. If the metric is rescaled not be physical but rather some fictitious scalar field.

X f d*x\—g
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