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Modified gravity with negative and positive powers of curvature:
Unification of inflation and cosmic acceleration
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A modified gravity, which eliminates the need for dark energy and which seems to be stable, is considered.
The terms with positive powers of curvature support the inflationary epoch while the terms with negative
powers of curvature serve as effective dark energy, supporting current cosmic acceleration. The equivalent
scalar-tensor gravity may be compatible with the simplest solar system experiments.
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I. INTRODUCTION

The evidence is mounting that the Universe is undergo
a phase of accelerated expansion at the present epoch
indications of cosmic acceleration appeared not only fr
the high redshift surveys of type Ia supernovae@1# but also
from the anisotropy power spectrum of the cosmic mic
wave background@2#. The favored explanation for this be
havior is that the Universe is presently dominated by so
form of dark energy. However, none of existing dark ene
models is completely satisfactory. Moreover it is very hard
construct a theoretical basis for the origin of this exotic m
ter, which is seen precisely at the current epoch when
needs the source for cosmic acceleration.

In the recent papers@3,4# ~see also@5,6#! a gravitational
alternative for dark energy was suggested. It goes as follo
The standard Einstein action is modified at low curvature
the terms that dominate precisely at low curvature. The s
plest possibility of this sort is a 1/R term; other negative
powers of curvature may be introduced as well. Moreov
more complicated terms may be suggested such as 1/(hR
1const), etc. The only condition is to dominate overR and
to produce cosmic acceleration consistent with current as
physical data. The interesting feature of the theories w
negative powers of curvature is that they may be expec
from some time-dependent compactification of string or
theory, as was demonstrated in@7#. Moreover, quantum fluc-
tuations in nearly flat spacetime may induce such terms
the same way as the expansion of the effective action at l
curvature predicts the terms with positive power of~nonlocal
combinations of! curvature invariants~for a recent review,
see@8#!.

Clearly, having the gravitational foundation for descri
tion of current cosmic acceleration seems to be much m
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natural than the introduction by hand of the mysterious d
energy, cosmic fluid with negative pressure. However, as
other theory pretending to describe current Friedma
Robertson-Walker~FRW! universe such a modified gravita
tional theory should pass a number of consistency check
be considered as the realistic theory. For instance, as
other higher derivative theory, the theory with 1/R may de-
velop instabilities@9# ~see, however,@10# and discussion in
Sec. VI!. As cosmic acceleration from such a theory is a
instable@3# the question arises: which of the instabilities
more realistic and are some more modifications of the the
required? From another point of view, the gravitational a
tion which is the function of only curvature may be pr
sented in a number of ways in the equivalent form as sca
tensor theory with one~or several! scalar~s!. Then the
fundamental question is: which action corresponds to
physical world? For instance, it has been mentioned@11# that
for the model@3# the equivalent Brans-Dicke~BD! action is
not acceptable as it is ruled out by the solar system exp
ments. This goes against the consideration of the ini
modified gravity with the 1/R a term as physical theory. In
such circumstances it may be a good idea to try to search
other variants of then modified gravitational theory whi
still excludes the need for dark energy. Moreover, one can
to construct the theory which predicts inflation at very ea
Universe and cosmic acceleration currently in the combin
setup.

In the present paper we suggest a new model of modi
gravity which contains positive and negatives powers of c
vature. Symbolically, the Lagrangian looks likeL5R1Rm

11/Rn wheren, m are positive~not necessary integer! num-
bers. The theory may be presented in an equivalent form
some scalar-tensor gravity. At large curvature, the terms
the sortRm dominate. If 1,m,2 the power law inflation
occurs at early times. Ifm52 the anomaly driven~Starob-
insky! inflation occurs at early times. At an intermediate r
gion, the theory is Einstein gravity. Currently, at low curv
ture the terms of the sort 1/Rn dominate. These terms serv
as a gravitational alternative to dark energy and produce
mic acceleration. It is remarkable that such modified grav
©2003 The American Physical Society12-1
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does not suffer from the instabilities pointed out for the v
sion with the LagrangianL5R11/R. Moreover, it may pass
the solar system tests for scalar-tensor gravity.

The paper is organized as follows. In the next section
discuss various forms of the action for modified gravity, bo
in Jordan and in Einstein frames. It is also shown that suc
theory may have the origin in the braneworld scenario
fine-tuning of surface counterterms. Section III is devoted
the study of simplest de Sitter solutions for modified grav
The occurrence of two deSitter phases is mentioned.
properties of the scalar potential in the scalar-tensor form
lation of theory where scalar should be identified with c
vature, are investigated. In Sec. IV, FRW cosmology for su
a model~with or without matter! is discussed. It is shown
that the model naturally admits the unification of the inflati
at early times and the cosmic acceleration at late times
Sec. VI we demonstrate that higher derivative terms m
the dangerous instabilities of the original 1/R theory to be-
come much less essential at cosmological scales. Moreo
the model easily passes solar system constraints to sc
tensor gravity. Some summary and outlook is presente
the final section.

II. ACTIONS FOR THE MODIFIED GRAVITATIONAL
THEORY

Let us start from the rather general 4-dimensional acti

S5
1

k2E d4xA2g f~R!. ~1!

Here R is the scalar curvature andf (R) is some arbitrary
function. Introducing the auxiliary fieldsA and B, one may
rewrite action~1! as follows:

S5
1

k2E d4xA2g$B~R2A!1 f ~A!%. ~2!

By the variation overB, A5R follows. Substituting it into
Eq. ~2!, action ~1! can be reproduced. Making the variatio
with respect toA first, we obtain

B5 f 8~A!, ~3!

which may be solved with respect toA as

A5g~B!. ~4!

Eliminating A in Eq. ~2! with the help of Eq.~4!, we obtain

S5
1

k2E d4xA2g$B@R2g~B!#1 f „g~B!…%. ~5!

Instead ofA, one may eliminateB by using Eq.~3! and
obtain

S5
1

k2E d4xA2g$ f 8~A!~R2A!1 f ~A!%. ~6!

At least classically, the two actions~5! and~6! are equivalent
to each other.
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Action ~5! or ~6! may be called the Jordan frame actio
with auxiliary fields. A more convenient Einstein fram
theory may be worked out as well. Under the conform
transformation

gmn→esgmn , ~7!

d-dimensional scalar curvature is transformed as

R(d)→e2sS R(d)2~d21!hs

2
~d21!~d22!

4
gmn]ms]ns D . ~8!

Then ford54, by choosing

s52 ln f 8~A!, ~9!

action ~6! is rewritten as

SE5
1

k2E d4xA2gH R2
3

2S f 9~A!

f 8~A!
D 2

grs]rA]sA

2
A

f 8~A!
1

f ~A!

f 8~A!2J . ~10!

Usings52 ln f8(A)52ln B, the Einstein frame action look
like

SE5
1

k2E d4xA2gS R2
3

2
grs]rs]ss2V~s! D . ~11!

Here

V~s!5esg~e2s!2e2s f „g~e2s!…5
A

f 8~A!
2

f ~A!

f 8~A!2
.

~12!

This is the standard form of the scalar-tensor theories wh
scalar field is fictitious one. AlthoughSE5S, we denote the
action given in the Einstein frame bySE . In Eq. ~9!, it is
assumedf 8(A).0. Even if f 8(A),0, s52 lnuf8(A)u may
be defined. Then the sign in front of the scalar curvat
becomes negative. In other words, antigravity could be g
erated.

As a specific choice, we consider

f ~R!5R2
a

~R2L1!n 1b~R2L2!m. ~13!

Here we assume the coefficientsn,m,a,b.0 but n,m may
be fractional. Two last terms may be changed by the s
which includes the terms with various negative and posit
powers of curvature:

f ~R!5(
n

anRn. ~14!
2-2
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Heren can run from negative to positive values. In generan
needs not to be integer. It may also be~positive or negative!
an irrational number, that is,F(R) can be rather arbitrary
function.

When the first term is absent,n5m.1, 2a5b andL1
5L2 the evident duality symmetry appears. At very hi
curvature and supposing both cosmological constants to
small, the higher derivative terms dominate. Subsequen
with the decrease of curvature the Einstein gravity do
nates. For low curvature~depending on the choice ofL1) the
negative power of curvature may become the leading con
bution to the theory.

If A or R is large,

e2s5B;bm~A2L2!m21. ~15!

Then if m.1 and e2s→1`,

V~s!;2~bm!21/(m21)S 11
1

mDe(m22)/(m21)s. ~16!

On the other hand, whenA2L1 or R2L1 is small, we ob-
tain

e2s;an~A2L1!2n21. ~17!

When e2s→1`,

V~s!;2~an!1/(n11)S 12
1

nDe(n12)/(n11)s. ~18!

The above arguments indicate thatV(s) is not a single-
valued function ofs but, at least, there are two branches
m.2. The above modified gravitational action will be o
starting point in the attempt to construct the Universe wh
both phases—early time inflation and late time cosm
acceleration—occur.

III. PROPERTIES OF THE SCALAR POTENTIAL

Let us discuss the properties of the scalar potential
F(R) given by Eq.~13!. In this section, we concentrate o
the case in which that the matter contribution can be
glected.

With no matter and for the Ricci tensorRmn being cova-
riantly constant, the equation of motion corresponding to
tion ~1! is

052 f ~R!2R f8~R!, ~19!

which is the algebraic equation with respect toR. For action
~13!

052R1
~n12!a

~R2L1!n 1~m22!b~R2L2!m. ~20!

Especially whenn51 andm52, one gets

R5R65
L16AL1

2112a

2
. ~21!
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If a.0, one solution corresponds to de Sitter space
another to anti–de Sitter. If2L1

2/12,a,0 andL1.0, both
solutions express the de Sitter space. We may consider o
cases, such asn51 and m53. For simplicity, we chosen
L15L250. Then Eq.~20! becomes

052R1
3a

R
1bR3. ~22!

For positivea andb, Eq. ~22! has two solutions in general. I
we further assumea andb is small, there is a solution with
largeRl and the one with smallRs :

Rl;b21/4, Rs;A3a. ~23!

Since the square root of the scalar curvature correspond
the expansion rate of the de Sitter universe, the inflation m
be generated by a solutionRl and the present cosmi
speed-up may be generated byRs . One arrives at a very
interesting picture of the Universe evolution where mod
cation of gravity at high and low curvatures predicts bo
~early and late time! phases of the accelerated expansion

We now investigate potential~12! for action ~13!:

V~A!5

a$~n11!A2L1%

~A2L1!n11
1b$~m21!A1L2%~A2L2!m21

H 11
an

~A2L1!n11
1bm~A2L2!m21J 2 .

~24!

As is clear from Eq.~2! that A5R, if we regard the scalar
curvatureR in action~1! with the physical one,A is nothing
but the physical curvature itself~after equation of motion for
A is satisfied!.

WhenA→6`,

V~A!→ m21

bm2 A2m12. ~25!

Therefore ifm,2, V(A)→`, if m52, V(A)→1/4b, and if
m.0, V(A)→0. On the other hand, whenA→L1, one
finds

V~A!→ L1

an
~A2L1!n11→0. ~26!

Since potential~24! is rather complicated, in the following
we only consider the case whichn51, m52, L15L250:

V~A!5

2a

A
1bA2

S 11
a

A2 12bAD 2 . ~27!

WhenA→6`, V(A)→1/4b. V(A) vanishes at

A50, 2S 2a

b D 1/3

. ~28!
2-3
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The denominator of potential~27! vanishes at

A5A0[2
1

6b
1a11a2 , ~29!

a6
3 [

1

2 H 2
1

54b32
a

2b

6
1

2b
AS a1

1

18b2D S a1
1

54b2D J .

When A→A0, the potential diverges. We should note th
A0,0 if a,b,0. Since

V8~A!5

2S 2
a

A2 1bAD S 12
3a

A2D
S 11

a

A2 12bAD 3 , ~30!

V(A) has stationary points, whereV8(A)50, at

A5S a

bD 1/3

, 6A3a. ~31!

Then by summarizing the above analysis, we find the ro
shape of the potential: The asymptotic value of the poten
is 1/4b. The potential vanishes twice whenA vanishes andA
takes a negative valueA52(2a/b)1/3 in Eq. ~28!. The po-
tential is singular whenA takes a negative value,A5A0 in
Eq. ~29!. The potential has three extrema. Two of them
given by positiveA: A5(a/b)1/3, A3a and one of the three
extrema is given by negativeA: A52A3a.

WhenA is small, Eq.~9! shows that

e2s5
a

A2 12bA;
a

A2 , ~32!

that is

A5Aae(1/2)s. ~33!

SinceA→0 corresponds tos→2` one may only conside
the region whereA and also physical scalar curvature a
positive. Then the singularity atA5A0 Eq. ~29! does not
appear.

Since potential~27! has the form

V~A!;
2

a2 A3;
2

Aa
e~3/2! s, ~34!

in the region whereA is small, the Universe evolves as th
power law inflation, as we will see later, Eq.~54!. Equation
~34! shows that the potential is an increasing function
small A. Since the potential is almost flat but monotonica
increasing for largeA, the following cosmological scenari
can be considered. Let us assume that the Universe s
from large but finite positiveA. SinceA corresponds to the
physical scalar curvatureR, the Universe expands rapidl
12351
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becauseAR is the expansion rate of the de Sitter space. Af
that, A rolls down to the small value and the rate of th
expansion becomes small. WhenA reaches the smallA re-
gion, the Universe begins the power law expansion.

We now give some typical shapes ofV(A). In Fig. 1 the
shape of the potentialV(A)b vs Ab for ab25 1

10 is given.
When A→6`, V(A) approaches the constant value 1/4b.
As mentioned in Eq.~28!, V(A) vanishes atA50 andA5
2(2a/b)1/3,0. WhenA→A0,0 in Eq. ~4!, the potential
diverges. The negativeA minimum corresponds toA5
2A3a. In Fig. 2, the regionA;0.5 is considered. Then two
extrema occur, which correspond toA5(a/b)1/3 and A
5A3a@(a/b)1/3,A3a#. If the Universe starts atA5A3a,
which is locally stable, the Universe is in the de Sitter pha
If by some mechanism, such as the thermal fluctuations,
A becomes smaller, the Universe evolves to the power
inflation. The Universe may start withA5(a/b)1/3, where it
is unstable. We should note that the potential withab25 1

10 is
bounded from below. In Fig. 3, the shape of the poten
V(A)b vs Ab for ab25 1

3 is given. The behavior whenA
>0 is qualitatively not so changed from theab25 1

10 case. In
the regionA,0, however, the potential becomes unbound
from below. Whenab25 1

10 , the potential is bounded from
below sinceA0,2A3a. Note thatA52A3a corresponds
to the minimum. Whenab25 1

3 , we haveA0,2A3a and
A52A3a corresponds to the maximum, then the poten
becomes unbounded from below. Note once more that
above results have physical meaning in terms of our mo
fied gravity with negative powers of curvature only when t

FIG. 1. V(A)b vs Ab for ab25
1

10.

FIG. 2. V(A)b vs Ab for ab25
1

10. The behavior in the region
Ab;0.5.
2-4
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equation of motion for the fieldA itself is satisfied.~Only in
this caseA may be identified with the curvature of the phys
cal metric.!

Thus, we discussed the properties of the scalar pote
corresponding to a quite simple version of the modified gr
ity. Similarly, the properties of other models of such sort m
be analyzed.

IV. FRW COSMOLOGY IN MODIFIED GRAVITY

Some simple properties of FRW cosmology in modifi
gravity may be easily addressed. One may add the matt
action ~1! with the matter action denoted byS(m) . Then the
energy-momentum tensorT(m)mn can be defined by

T(m)mn52
2

A2g

dS(m)

dgmn
. ~35!

After rescaling metric~7!, the energy-momentum tenso
T(mE)mn in the Einstein frame~11! is related toT(m)mn by

T(mE)mn5esT(m)mn . ~36!

Defining the matter energy densityr (m) and the pressurep(m)
by

T(m)0052r (m)g00, T(m) i j 5p(m)gi j , ~37!

the corresponding quantitiesr (mE) andp(mE) in the Einstein
frame ~11! are given by

r (mE)5e2sr (m) , p(mE)5e2sp(m) . ~38!

We now assume the metric in the physical~Jordan! frame is
given in the FRW form:

ds252dt21â~ t !2 (
i , j 51

3

ĝi j dxidxj . ~39!

Here ĝi j is the metric of the Einstein manifold, which i
defined by the Ricci tensorR̂i j constructed fromĝi j by R̂i j

5kĝi j with a constantk. From the conservation of th
energy-momentum tensor“mTmn50 one gets

FIG. 3. V(A)b vs Ab for ab25
1
3 .
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05 ṙ (m)13H~r (m)1p(m)!. ~40!

Here

H5
ȧ̂

â
, ~41!

and it is assumedr (m) , p(m) and alsos do not depend on the
spatial coordinates but on the time coordinate. The matte
chosen to be the perfect fluid, which satisfies

p(m)5wr (m) . ~42!

Equation~40! can be solved in the usual way

r (m)5Câ23(11w), ~43!

with a constant of integrationC. In the Einstein frame, from
Eq. ~38!, we find

r (mE)5CâE
23(11w)e2[(3w21)/2]s. ~44!

Here âE is the scale factor in the Einstein frame,

âE5e2s/2â. ~45!

The FRW equation in the Einstein frame has the followi
form:

3HE
21

3k

2âE
2

5
k2

2
~r (sE)1r (mE)!. ~46!

Here

HE[
ȧ̂E

âE

~47!

andr (sE) expresses the contribution from thes field,

r (sE)[
1

k2S 3

2
ṡ21V~s! D . ~48!

With the Einstein frame metric denoted asgEmn , one obtains

1

A2gE

dS(m)

ds
52

1

A2gE

gmn
dS(m)

dgmn
5

1

2
gmnTmnA g

gE
.

~49!

Further using Eqs.~37!, ~42!, ~43!, and~45!, we find

1

A2gE

dS(m)

ds
5

3w21

2
r (m)e

2s

5
3w21

2
CâE

23(11w)e2[(3w21)/2]s. ~50!

Then the equation of motion fors in the Einstein frame,
corresponding to the actionSE1S(m) @SE is given in Eq.
~11!# has the following form:
2-5
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053~ s̈13HEṡ !1V8~s!

2
3w21

2
k2CâE

23(11w)e2[(3w21)/2]s. ~51!

The question now is to solve the system of equations~46!
and~51!. Before going to consider the coupling with matte
we first consider the case of the vacuum whereC50. Espe-
cially when the potential is given by Eq.~34! as A5R is
small, a solution is given by

âE5âE0S tE

t0
D 4/3

, s52
4

3
ln

tE

t0
. ~52!

HeretE is the time coordinate in the Euclidean frame, whi
is related to the time coordinatet in the ~physical! Jordan
frame by es/2dtE5dt. As a result

3tE
1/35t, ~53!

and even in the physical~Jordan! frame the power law infla-
tion occurs

â5es/2âE}tE
2/3}t2, ~54!

which is consistent with the result in@3#.1 Hence, at small
curvature the~instable! cosmic acceleration is predicted b
the terms containing inverse curvature. If the present U
verse corresponds to the above power law inflation, the
vature of the present Universe should be small compa
with that of the de Sitter Universe solution in Eq.~21! with
L150. As the Hubble constant in the present universe
(10233 eV)21, the parametera, which corresponds tom4 in
@3#, should be much larger than (10233 eV)4.

One may also consider the case in which curvature
large. WhenA or curvature is large, potential~27! becomes a
constant:V(A)→1/4b. Then from Eq.~51! we may assume
if we neglect the contribution from matter, thatḟ is small.
From Eq.~46! it follows

3HE
21

3k

2âE
2

;
k2

8b
, ~55!

which shows that the spacetime is de Sitter. For the cas
k50, HE becomes a constant:

HE5A k2

24b
. ~56!

Then Universe expands exponentially.
The matter contribution to the energy-momentum ten

may be accounted for in the same way. When it is domin
compared with that froms, Eqs. ~46! and ~51! can be re-
duced as

1f in @3# can be identified ass52A2/3f/M p .
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053HE
21

3k

2âE
2

2
k2

2
CâE

23(11w)e2[(3w21)/2]s, ~57!

053~ s̈13HEṡ !

2
3w21

2
k2CâE

23(11w)e2[(3w21)/2]s. ~58!

When w5 1
3 , which corresponds to the radiation, from E

~58! one finds

ṡ5ṡ0S âE0

âE
D 3

. ~59!

Here ṡ0 and âE0 are constants. Equation~59! expresses the
redshift ofṡ. Whenw50, which corresponds to the dust,
we can regards is almost constant, we find

ṡ5ṡ0S âE0

ÂE
D 3

.2
Ck2~ t2t0!

6
âE

23(11w)e2[(3w21)/2]s.

~60!

The obtained results are not changed from those in@3# where
the possibility of cosmic acceleration in the 1/R model was
established.

Whenn51 or in generaln is an odd integer, as is clea
from Eq. ~18!, A50 is not a minimum nor local minimum
althoughV8(A)50 at A50. Of course, sinceA→0 corre-
sponds tos→1`, it might be unnecessary to consider th
regionA,0. In the regionA>0, A50 can give a minimum
of the potential. On the other hand, whenn is an even inte-
ger,A50 is at least local minimum. Then if inflation occur
in the regionA;0, inflation should be stable.

We now consider the general case whereinf (A) is given
by Eq.~13!. WhenR5A;L1 is small, the potential is given
by Eq. ~18!. Neglecting the contribution from the matte
fields, solving Eqs.~46! and ~51!, we obtain, instead of Eq
~52!,

âE5âE0S tE

t0
D (n11)(2n11)/(n12)2

,

s52
2~n11!

~n12!
ln

tE

t0
. ~61!

Instead of Eq.~53!, the physical time is

~n12!tE
1/(n12)5t. ~62!

Then the power law cosmic acceleration occurs in the ph
cal ~Jordan! frame:

â}t (n11)(2n11)/n12. ~63!

It is quite remarkable that actually any negative power
curvature supports cosmic acceleration. This gives the f
dom in modification of the model to achieve the consisten
with experimental tests of Newtonian gravity.
2-6
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On the other hand, if the scalar curvatureR5A is large,
the potential is given by Eq.~16!. Solving Eqs.~46! and~51!
again, one obtains

âE5âE0S tE

t0
D (m21)(2m21)/(m22)2

,

s52
2~m21!

~m22!
ln

tE

t0
, ~m22!tE

21/(m22)5t. ~64!

Thus in the physical~Jordan! frame, the Universe shrink
with the power law ifm.2:2

â}t2(m21)(2m21)/m22. ~65!

Of course, if we change the arrow of time byt→t02t, in-
flation occurs with the inverse power law and att5t0, the
size of the Universe diverges. It is remarkable that whenm is
fractional~or irrational! and 1,m,2, Eqs.~64! and~65! are
still valid. Then the power in Eq.~65! becomes positive, the
Universe evolves with the~fractional! power law expansion

Anyway, it is interesting that our model may unify bo
phases: early time inflation~for m,2 or m52) and current
cosmic acceleration.

In @3#, from the dimensional analysis it is predicted f
m45a (a for n51 case! to bem;H0;10233 eV. HereH0
is the Hubble constant in the present Universe. From
dimensional analysis, one may choose

a5~10233 eV!2(n11), b5~10233 eV!2(2m11). ~66!

In principle, these parameters should not be small ones,
less predicted by experimental constraints.

Adding the~dominant! matter contribution to the energy
momentum tensor, the situation is not changed from thn
51 andm51 case and the case of@3#. We obtain Eqs.~59!
and ~60! again. Thus, the possibility of cosmic accelerati
in the model with negative powers of curvature is demo
strated. Moreover, terms with positive powers of curvature
such a model may realize inflation at early times.

V. SIMPLEST TESTS FOR MODIFIED GRAVITY

In this section, we discuss the~in!stability of our higher
derivative model under perturbations. The simplest c
straint to the theory parameters from the equivalent BD-t
gravity is also analyzed.

In @9#, a small gravitational object similar the Earth or th
Sun in the model@3# is considered. It has been shown th
the system quickly becomes instable.

The general3 equation of motion corresponding action~1!
with matter is given by

2For m52 the well-known anomaly driven~Starobinsky! inflation
occurs.

3We consider the case wherein the Ricci tensor is not covaria
constant.
12351
e

n-

-
n

-
e

t

1

2
gmn f ~R!2Rmn f 8~R!2gmnh f 8~R!1“m“n f 8~R!

52
k2

2
T(m)mn . ~67!

Here T(m)mn is the energy-momentum tensor of the matt
By multiplying gmn to ~67!, one arrives at4

hR1
f (3)~R!

f (2)~R!
“rR“rR1

f 8~R!R

3 f (2)~R!
2

2 f ~R!

3 f (2)~R!

5
k2

6 f (2)~R!
T. ~68!

HereT5T(m)r
r . Let f (R) be given by~13!. Then in the case

of the Einstein gravity, wherea5b50, the solution of Eq.
~68! is given by

R5R0[2
k2

2
T. ~69!

The perturbation around solution~69! may be addressed

R5R01R1 , ~ uR1u!uR0u!. ~70!

Then by linearizing Eq.~68!, we obtain

05hR01
f (3)~R0!

f (2)~R0!
“rR0“

rR01
f 8~R0!R0

3 f (2)~R0!
2

2 f ~R0!

3 f (2)~R0!

2
R0

3 f (2)~R0!
1hR112

f (3)~R0!

f (2)~R0!
“rR0“

rR11U~R0!R1 .

~71!

Here

U~R0![S f (4)~R0!

f (2)~R0!
2

f (3)~R0!2

f (2)~R0!2D“rR0“
rR01

1

3
R0

2
f (1)~R0! f (3)~R0!R0

3 f (2)~R0!2
2

f (1)~R0!

f (2)~R0!

1
2 f ~R0! f (3)~R0!

3 f (2)~R0!2
2

R0f (3)

f (2)~R0!2
. ~72!

If U(R0) is negative, perturbationR1 grows exponentially
with time. The system becomes instable. In the following,
neglect the terms of the sort“rR0. In the case of the mode
@3# whereb5L15L250,

U~R0!52R01
R0

3

6a
. ~73!

ly 4The convention of the signature of the spacetime here is diffe
from that in @9#.
2-7
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In order to describe the Universe acceleration in the pre
epoch, we may have@3#

m21[a21/4;1018 sec;~10233 eV!21. ~74!

@As discussed after Eq.~54!, if the present Universe corre
sponds to the power law inflation,a can be much larger tha
(10233 eV)4.# By using the estimations in@9#,

R0
3

a
;~10226 sec!22S rm

g cm23D 3

,

R0;~103 sec!22S rm

g cm23D , ~75!

we find that the second term in Eq.~73! dominates. Hererm
is the mass density of the gravitating body. SinceR0 is nega-
tive from Eq. ~69!, U(R0) becomes negative and a micr
scopic gravitational instability occurs.

First we consider the case in whichn51, m52, and
L15L250. For

b@
a

uR0
3u

, ~76!

one gets

U~R0!;
R0

3
,0. ~77!

Then the instability shows up again. We should note, ho
ever, that sinceuR0/3u!R0

3/6a from Eq. ~75!, the ~macro-
scopic! instability development takes quite a long time.
fact, the time for the instability to occur is significantly im
proved~by the order of 1029). Clearly, other higher deriva
tive terms may significantly improve the estimation as
shown below.

Equations~74!–~76! indicate thatb21!(1011 eV)2 if we
assumerm;1 g cm23. Then k2/b!(10217)2, which does
not seem to be consistent with the bounds obtained from
observation@12# ~see also@13# where inflation in the higher
derivative~HD! gravity was discussed!. The action of model
in @13,12# contains the Einstein-Hilbert term and theR2

term. There are two ways to overcome this bound. Firs
all, one can include the contributions from other terms c
taining some powers of curvatures and/or the contribut
from the matter fields and the quantum effects like conform
anomaly during the inflation. For instance, an account of
conformal anomaly gives the way for the trace anom
driven inflation. The bound might be changed. From anot
point of view, as it follows from the discussion after Eq.~54!,
if the present accelerating Universe corresponds to the po
law inflation, a should be much larger than (10233 eV)4. If
we choosea to be large enough in Eq.~73! so thata@R0

2,
the first term in Eq.~73!, which is positive, dominates. The
the instability@9# does not exist from the very beginning.

For n51, m53, andL15L250 one can assume
12351
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b@
a

R0
4 ~78!

and

U~R0!;2
5R0

18
1

1

18bR0
. ~79!

Then if

b,
1

5R0
2 , ~80!

U(R0) is positive and the system becomes stable. From
~75!, we find 1/R0

2@a/R0
4. Then condition~80! is compatible

with assumption~78!. Thus, the addition of the terms wit
the positive powers of curvature may salvage the modifi
gravity as less instabilities occur or their development
macroscopic and other effects may prevent them.

It has been mentioned in Ref.@11# that the 1/R model,
which is equivalent to some scalar-tensor gravity, is ruled
as a realistic theory due to the constraints to such theo
Let us study whether or not our theory can pass these c
straints. The coupling of thes-field with matter is always of
the same order with gravity@14#. Then if s field has a small
mass, the present model cannot be realistic. One may
sider the case that the present universe corresponds to th
solutions~21! with L150, which corresponds to a minimum
in Eq. ~31! of the potentialV(A): R5A5A3a. We now
calculate the square of scalar mass, which is proportiona
V9(s). WhenA5A3a

d2V~s!

ds2 U
A5A3a

5H S ds

dAD 22 d2V~A!

dA2 J U
A5A3a

5
A3a~ 1

3 12bA3a!2

~2 1
3 1bA3a!~ 4

3 12bA3a!3
. ~81!

Choosing

b;
1

3A3a
, ~82!

the mass ofs becomes large. Thus, the HD term may help
pass the solar system tests@17#.

VI. DISCUSSION

In summary, we considered the modified gravity whi
naturally unifies two expansion phases of the Universe:
flation at early times and cosmic acceleration at the curr
epoch. The higher derivative terms with positive power
curvature are dominant at the early Universe providing
inflationary stage. The terms with negative power of curv
ture serve as a gravitational alternative for dark energy m
ing possible the cosmic speed-up. It is shown that suc
theory is stable unlike its more simple counterpart with on
the Einstein and 1/R terms. Moreover, it may pass the sim
2-8
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plest solar system constraint for scalar-tensor gravity equ
lent to original modified gravity. Clearly, more checks of th
theory should be done in order to conclude whether
model is realistic one or not. In any case, there is some sp
for modifications by adding the terms with other powers
curvature. Moreover, the use of other curvature invaria
~Ricci and Riemann tensors! may be considered as well.

It seems very attractive that modified gravity which m
originate from the string or M theory eliminates the need
dark energy. Clearly, deeper investigation in this extrem
interesting direction connecting the cosmological const
problem, early time inflationary, and the current accelerat
Universe is necessary. It is a challenge to find the solution
above fundamental cosmological problems from the fi
principles. The search for true gravitational action may b
step in this direction.
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APPENDIX: MODIFICATION OF THE GRAVITY
FROM THE INFLATIONARY POTENTIALS

It is very interesting that modified gravity may be ofte
predicted by the standard inflationary cosmology with infl
ton field if the corresponding potential is not trivial. Let u
consider the model coupled with the scalar field with exp
nential potential:

S5E d4xA2gS M P
2

16p
R2

1

2
gmn]mf]nf2V0eA8paf/M PD .

~A1!

Here M P is the 4-dimensional Planck mass. It has be
shown@15# that if a<A2, the potential becomes shallow an
supports the inflation. Recently there appeared some a
ments towards to possibility of inflation and cosmic acc
eration in the theory based on the braneworld scenario w
similar exponential potentials@16#. If the metric is rescaled
r,
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gmn→e(4/M P)A(p/3)fgmn , ~A2!

action ~A1! can be rewritten as

S5E d4xA2gS M P
2

16p
e(4/M P)A~p/3!fR

2V0expFA8pS a1A8

3
D f

M P
G D . ~A3!

Since the kinetic term forf vanishes, we may regardf to be
an auxiliary field. By the variation overf, one gets

05
M P

4A3p
e(4/M P)A(p/3)fR2

V0

M P

A8pS a1A8

3
D

3expFA8pS a1A8

3
D f

M P
G , ~A4!

which may be solved as

expFA8pS a1A2

3
D f

M P
G5

M P
2

8pA6~a1A 8
3 !V0

R.

By substitutingf, ~A5!, into action~A3!, we obtain

S5
A6~a1A 2

3 !V0

2

3E d4xA2gH M P
2R

8pA6~a1A 8
6 !V0

D (a1A8/3)/(a1A2/3)

.

~A6!

Then action~A1! is equivalent to the modified gravity with
the fractional power (a1A8/3)/(a1A2/3) of the scalar cur-
vature. If 2A8/3,a,2A2/3, the power of the curvature
becomes negative again.

Similarly, one can consider other inflationary potentials
is clear that many of them lead to modification of the gra
tational theory, supporting the point of view that inflaton m
not be physical but rather some fictitious scalar field.
.
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