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Electromagnetic properties of the baryon decuplet in quenched
and partially quenched chiral perturbation theory

Daniel Arndt* and Brian C. Tiburzi†

Department of Physics, Box 351560, University of Washington, Seattle, Washington 98195-1560, USA
~Received 14 August 2003; published 24 December 2003!

We calculate the electromagnetic properties of the decuplet baryons in quenched and partially quenched
chiral perturbation theory. We work at next-to-leading order in the chiral expansion, leading order in the heavy
baryon expansion, and obtain expressions for the magnetic moments, charge radii, and electric quadrupole
moments. The quenched calculation is shown to be pathological since only quenched chiral singularities are
present at this order. We present the partially quenched results for both theSU(2) andSU(3) flavor groups
and use the isospin limit in the latter. These results are necessary for proper extrapolation of lattice calculations
of decuplet electromagnetic properties.
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I. INTRODUCTION

The study of hadronic electromagnetic properties provi
important insight into the non-perturbative structure of QC
A model-independent tool to study QCD at low energies
chiral perturbation theory (xPT), which is an effective field
theory with low-energy degrees of freedom, e.g., the me
octet in SU(3) flavor. xPT assumes that these mesons
the pseudo Goldstone bosons that appear from spontan
breaking of chiral symmetry fromSU(3)L ^ SU(3)R down
to SU(3)V . Observables receive contributions from bo
long-range and short range physics; inxPT the long-range
contribution arises from the~non-analytic! pion loops, while
the short-range contribution arises from low-energy c
stants. The number of these low-energy constants is c
strained by symmetries but their values must be determ
from experiment or lattice simulations.

Progress in measuring the proton and neutron form fac
has been made~see @1,2# for references!, including recent
high precision measurements for the proton@3#. Experimen-
tal study of the remaining baryons, in particular the decup
baryon resonances, however, is much harder. Experim
measuring the decuplet magnetic moments are anticipate
the foreseeable future. The Particle Data Group lists va
for theD11 magnetic moment@4# but with a sizable discrep
ancy and uncertainty, even among the two most recent re
@5,6#. A report of the initial measurement of theD1 magnetic
moment@7# has recently appeared, and further data are
gerly awaited.

Although more experimental data for the other decup
electromagnetic moments can be expected in the fut
progress will be slow due to significant experimental dif
culties. Theory, however, may be able to catch up. Wh
lattice calculations using the quenched approximation h
already appeared@8#, we expect partially quenched calcul
tions for decuplet observables in the near future. One pr
lem that currently and foreseeably plagues these lattice
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culations is that they are performed with unphysically lar
quark masses. Therefore, to make physical predictions,
must extrapolate from the heavier quark masses used on
lattice ~currently on the order of the strange quark ma!
down to the physical light quark masses. For quenched Q
~QQCD! lattice calculations, where the fermion determina
that arises from the path integral is set equal to one, one
quenched chiral perturbation theory (QxPT) @9–15# to ex-
trapolate. The problem with the quenched approximation
that the Goldstone boson singlet, theh8, which is heavy in
QCD, remains light and must be included in th
QxPT Lagrangian. This requires new operators and he
new low-energy constants. Thus in general, the low-ene
constants appearing in QxPT are unrelated to those i
xPT and extrapolated quenched lattice data is unrelate
QCD. In fact, several examples show that the behavior
meson loops near the chiral limit is frequently misrep
sented in QxPT @16–21#. We find this to be true for the
decuplet electromagnetic observables. Indeed, to the o
we work only quenched chiral singularities are present in
quenched electromagnetic moments; the charge radii hav
quark mass dependence at all.

The unattractive features of QQCD can be remedied
using partially quenched lattice QCD~PQQCD!. Unlike in
QQCD, where the ‘‘sea quarks’’ are neglected by setting
fermion determinant to unity, in PQQCD these sea quarks
kept as dynamical degrees of freedom and their masses
be varied independently of the valence quark masses.
computational reasons they are usually chosen to be hea
The low-energy effective theory of PQQCD is PQxPT @22–
29#. Since PQQCD retains aU(1)A anomaly, the equivalen
to the singlet field in QCD is heavy~on the order of the
chiral symmetry breaking scaleLx) and can be integrated
out @26,28#. Therefore, the low-energy constants appearing
PQxPT are the same as those appearing inxPT. By fitting
PQxPT to partially quenched lattice data one can determ
these constants and actually make physical predictions
QCD. PQxPT has been used recently to study heavy me
@30# and octet baryon observables@21,31–34#.

While there has been a quenched lattice calculation of
decuplet magnetic moments@8#, there are currently no par
©2003 The American Physical Society03-1
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D. ARNDT AND B. C. TIBURZI PHYSICAL REVIEW D 68, 114503 ~2003!
tially quenched simulations. However, in light of th
progress that lattice gauge theory has made recently in
one-hadron sector and the prospect of simulations in the t
hadron sector@35–39#, we expect to see partially quenche
calculations of the decuplet electromagnetic form factors
the near future.

The paper is organized as follows. First, in Sec. II w
review PQxPT including the treatment of the baryon oct
and decuplet in the heavy baryon approximation. In Sec.
we calculate the electromagnetic moments and charge
of the decuplet baryons in both QxPT and PQxPT up to
next-to-leading~NLO! order in the chiral expansion. We us
the heavy baryon formalism of Jenkins and Manohar@40,41#,
and work to lowest order in the heavy baryon expansi
These calculations are done in the isospin limit ofSU(3)
flavor. Expressions for form factors with theq2 dependence
at one loop are given in Appendix A. For completeness
also provide the PQxPT result for the baryon quartet ele
tromagnetic moments and charge radii for theSU(2) chiral
Lagrangian with nondegenerate quarks in Appendix B.
conclude in Sec. IV.

II. PQ xPT

In PQQCD the quark part of the Lagrangian is written
@22–29#

L5 (
a,b5u,d,s

q̄a~ iD” 2mq!abqb1 (
ã,b̃5ũ,d̃,s̃

q̄̃ã~ iD” 2mq̃! ãb̃q̃b̃

1 (
a,b5 j ,l ,r

q̄sea,a~ iD” 2msea!abqsea,b

5 (
j ,k5u,d,s,ũ,d̃,s̃, j ,l ,r

Q̄j~ iD” 2mQ! jkQk . ~1!

Here, in addition to the fermionic light valence quarksu, d,
and s, their bosonic counterpartsũ, d̃, and s̃ ~the ghost
quarks! and three light fermionic sea quarksj, l, andr have
been added. These nine quarks are in the fundamental re
sentation of the graded groupSU(6u3) @42–44# and appear
in the vector

Q5~u,d,s, j ,l ,r ,ũ,d̃,s̃! ~2!

that obeys the graded equal-time commutation relation

Qi
a~x!Qj

b†~y!2~21!h ih jQj
b†~y!Qi

a~x!5dabd i j d
3~x2y!,

~3!

wherea and b are spin andi and j are flavor indices. The
graded equal-time commutation relations for twoQ’s and
two Q†’s can be written analogously. The grading factor

hk5H 1 for k51,2,3,4,5,6,

0 for k57,8,9
~4!

reflects the different statistics for fermionic and boso
quarks. The quark mass matrix is given by
11450
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mQ5diag~mu ,md ,ms ,mj ,ml ,mr ,mu ,md ,ms! ~5!

so that diagrams with closed ghost quark loops cancel th
with valence quarks. Effects of virtual quark loops are, ho
ever, present due to the finite-mass sea quarks. In the
mj5mu , ml5md , andmr5ms one recovers QCD.

The light quark electric charge matrixQ is not uniquely
defined in PQQCD@45#. The only constraint one imposes
for the charge matrixQ to have vanishing supertrace, so th
no new operators involving the singlet component are sub
quently introduced. Following the convention in@31#, we use

Q5diagS 2

3
,2

1

3
,2

1

3
,qj ,ql ,qr ,qj ,ql ,qr D . ~6!

Whenmj→mu , ml→md , andmr→ms , QCD is recovered
independently of theq’s.

A. Mesons

For massless quarks, the Lagrangian in Eq.~1! exhibits a
graded symmetrySU(6u3)L ^ SU(6u3)R^ U(1)V that is as-
sumed to be spontaneously broken down toSU(6u3)V
^ U(1)V . The low-energy effective theory of PQQCD th
emerges by expanding about the physical vacuum stat
PQxPT. The dynamics of the emerging 80 pseudo Goldst
mesons can be described at lowest order in the chiral ex
sion by the Lagrangian

L5
f 2

8
str~DmS†DmS!1l str~mQS1mQ

† S†!

1a]mF0]mF02m0
2F0

2 ~7!

where

S5expS 2iF

f D5j2, ~8!

F5S M x†

x M̃
D , ~9!

f 5132 MeV, and the gauge-covariant derivative isDmS
5]mS1 ieAm@Q,S#. The str~! denotes a supertrace over fl
vor indices. TheM, M̃ , andx are matrices of pseudo Gold
stone bosons with quantum numbers ofqq̄ pairs, pseudo
Goldstone bosons with quantum numbers ofq̃q̄̄ pairs, and
pseudo Goldstone fermions with quantum numbers ofq̃q̄
pairs, respectively.F is defined in the quark basis and no
malized such thatF125p1 ~see, for example@31#!. Upon
expanding the Lagrangian in Eq.~7! one finds that to lowes
order the mesons with quark contentQQ̄8 are canonically
normalized when their masses are given by

mQQ8
2

5
4l

f 2
~mQ1mQ8!. ~10!
3-2
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The flavor singlet field given byF05str(F)/A6 is, in
contrast to the QxPT case, rendered heavy by theU(1)A
anomaly and can therefore be integrated out inxPT. Analo-
gously its massm0 can be taken to be on the order of th
chiral symmetry breaking scale,m0→Lx . In this limit the
flavor singlet propagator becomes independent of the c
pling a and deviates from a simple pole form@26,28#.

B. Baryons

Just as there are mesons in PQQCD with quark con
Q̄iQj that contain valence, sea, and ghost quarks, there
baryons with quark compositionQiQjQk that contain the
various types of quarks. Restrictions on the baryon fieldsBi jk
come from the fact that these fields must reproduce the
miliar octet and decuplet baryons wheni, j, k51-3 @15,31#.
To this end, one decomposes the irreducible representa
of SU(6u3)V into irreducible representations ofSU(3)val
^ SU(3)seâ SU(3)ghost̂ U(1). Themethod to construct the
octet baryons is to use the interpolating field

B i jk
g ;~Qi

a,aQj
b,bQk

g,c2Qi
a,aQj

g,cQk
b,b!eabc~Cg5!ab .

~11!

The spin-1/2 baryon octetBi jk5Bi jk , where the indicesi, j,
and k are restricted to 1–3, is contained as a (8,1,1) of
SU(3)val^ SU(3)seâ SU(3)ghost in the 240 representation.
The octet baryons, written in the familiar two-index notati

B5S 1

A6
L1

1

A2
S0 S1 p

S2 1

A6
L2

1

A2
S0 n

J2 J0
2

2

A6
L

D ,

~12!

are embedded inBi jk as @15#

Bi jk5
1

A6
~e i j l Bkl1e iklBjl !. ~13!

Besides the conventional octet baryons that contain
lence quarks,qqq, there are also baryon fields with sea a
ghost quarks contained in the240, e.g.,qqseaq̃. The baryon
states needed for our calculation have at most one gho
one sea quark and have been constructed explicitly in@31#.

Similarly, the familiar spin-3/2 decuplet baryons are e
bedded in the138. Here, one uses the interpolating field

T i jk
a,m;~Qi

a,aQj
b,bQk

g,c1Qi
b,bQj

g,cQk
a,a

1Qi
g,cQj

a,aQk
b,b!eabc~Cgm!bg ~14!

that describes the138 dimensional representation o
SU(6u3)V . The decuplet baryonsTi jk are then readily em-
bedded inT by construction:Ti jk5T i jk , where the indices
11450
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i, j, andk are restricted to 1–3. They transform as a (10,1,1)
underSU(3)val^ SU(3)seâ SU(3)ghost. Because of Eqs.~3!
and ~14!, Ti jk is a totally symmetric tensor. Our normaliza
tion convention is such thatT1115D11. For the spin-3/2
baryons consisting of two valence and one ghost quark
two valence and one sea quark, we use the states constr
in @31#.

At leading order in the heavy baryon expansion, the f
Lagrangian for theBi jk andT i jk is given by@15#

L5 i ~B̄v•DB!12aM~B̄BM1!12bM~B̄M1B!

12sM~B̄B!str~M1!2 i ~ T̄ mv•DT m!1D~ T̄ mT m!

12gM~ T̄ mM1T m!22s̄M~ T̄ mT m!str~M1!, ~15!

whereM15 1
2 (j†mQj†1jmQj). The brackets in Eq.~15!

are shorthands for field bilinear invariants originally em
ployed in @15#. To lowest order in the chiral expansion, th
terms with coefficientsaM , bM , sM , gM , and s̄M do not
contribute to the masses ofB andT ; thus Eq.~15! gives the
propagators

i

v•k
,

iPmn

v•k2D
~16!

for the spin-1/2 and spin-3/2 baryons, respectively. Here,v is
the velocity andk the residual momentum of the heav
baryon which are related to the momentump by p5MBv
1k. MB denotes the~degenerate! mass of the octet baryon
andD the decuplet-octet mass splitting. The polarization te
sor

Pmn5~vmvn2gmn!2
4

3
SmSn ~17!

reflects the fact that the Rarita-Schwinger field (T m) i jk con-
tains both spin-1/2 and spin-3/2 pieces; only the latter rem
as propagating degrees of freedom@41#.

The Lagrangian describing the relevant interactions of
Bi jk andT i jk with the pseudo Goldstone mesons is

L52H~ T̄ nSmAmT n!1A3

2
C@~ T̄ nAnB!1H.c.#. ~18!

The PQQCD low-energy constantsH andC are identical to
those appearing in QCD. The axial-vector and vector me
fields Am andVm are defined as in QCD:

Am5
i

2
~j]mj†2j†]mj! and Vm5

1

2
~j]mj†1j†]mj!.

~19!

The latter appears in Eq.~15! in the covariant derivatives o
Bi jk andT i jk that both have the form

~D mB! i jk5]mBi jk1~Vm! i l Bl jk1~2 !h i (h j 1hm)~Vm! jmBimk

1~2 !(h i1h j )(hk1hn)~Vm!knBi jn . ~20!
3-3
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III. DECUPLET ELECTROMAGNETIC PROPERTIES

The electromagnetic moments of decuplet baryons
xPT have been investigated previously in@46,47#. Addition-
ally there has been interest in the decuplet electromagn
properties in the largeNc limit of QCD @48–51#. In this
section we calculate the decuplet electromagnetic mom
and charge radii in PQxPT and QxPT. The basic conven
tions and notations for the mesons and baryons
PQxPT have been laid forth in the last section; QxPT has
been extensively reviewed in the literature@9–15#. Addition-
ally the decuplet charge radii inxPT are provided since the
have not been calculated before. First we review the elec
magnetic form factors of heavy spin-3/2 baryons.

Using the heavy baryon formalism@40,41#, the decuplet
matrix elements of the electromagnetic currentJr can be
parametrized as

^T̄~p8!uJruT~p!&52ūm~p8!O mrnun~p!, ~21!

where um(p) is a Rarita-Schwinger spinor for an on-she
heavy baryon satisfyingvmum(p)50 andSmum(p)50. The
tensorO mrn can be parametrized in terms of four indepe
dent, Lorentz invariant form factors

O mrn5gmnH vrF1~q2!1
@Sr,St#

MB
qtF2~q2!J

1
qmqn

~2MB!2 H vrG1~q2!1
@Sr,St#

MB
qtG2~q2!J ,

~22!

where the momentum transferq5p82p. The form factor
F1(q2) is normalized to the decuplet charge in units ofe:
F1(0)5Q. At NLO in the chiral expansion, the form facto
G2(q2)50.

Extraction of the form factors requires a nontrivial ide
tity for on-shell Rarita-Schwinger spinors@52#. For heavy
baryon spinors, the identity is

ūa~p8!~qagmb2qbgma!ub~p!

5ūa~p8!F2
q2

2MB
gabvm12gab@Sm,Sn#qn

1
1

MB
qaqbvmGub~p!. ~23!

Linear combinations of the above~Dirac- and Pauli-like!
form factors make the electric chargeGE0(q2), magnetic
dipoleGM1(q2), electric quadrupoleGE2(q2), and magnetic
octupoleGM3(q2) form factors. This conversion from cova
riant vertex functions to multipole form factors for spin-3
particles is explicated in@52#. For our calculations, the
charge radius
11450
n

tic

ts

n

o-

-

^r E
2&[6

d

dq2
GE0~q2!uq250

56H dF1~0!

dq2
2

1

12MB
2 @2Q23F2~0!2G1~0!#J ,

~24!

the magnetic moment

m[GM1~0!2Q5F2~0!, ~25!

and the electric quadrupole moment

Q[GE2~0!2Q52
1

2
G1~0!. ~26!

To the order we work in the chiral expansion, the magne
octupole moment is zero.

A. PQxPT

Let us first consider the calculation of the decuplet bary
electromagnetic properties in PQxPT. Here, the leading tree
level contributions to the magnetic moments come from
dimension-5 operator1

L5mc

3ie

MB
~ T̄ mQT n!Fmn , ~27!

which matches onto thexPT operator@53#

L5mc

ieQi

MB
T̄ i

mTi
nFmn , ~28!

when the indices in Eq.~27! are restricted to 1–3. HereQi is
the charge of thei th decuplet state. Additional tree-level con
tributions come from the leading dimension-6 electric qua
rupole operator

L52Qc

3e

Lx
2 ~ T̄ $mQT n%!va]mFna . ~29!

Here the action of$ . . . % on Lorentz indices produces th
symmetric traceless part of the tensor, viz.,O $mn%5O mn

1O nm2 1
2 gmnO a

a . The operator in Eq.~29! matches onto
the xPT operator@46#

L52Qc

eQi

Lx
2

T̄ i
$mTi

n%va]mFna . ~30!

The final tree-level contributions arise from the leadi
dimension-6 charge radius operator

1We useFmn5]mAn2]nAm .
3-4
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L5cc

3e

Lx
2 ~ T̄ sQT s!vm]nFmn ~31!

which matches onto thexPT operator

L5cc

eQi

Lx
2

T̄ i
sTs,ivm]nFmn. ~32!

Notice that the PQQCD low-energy constantsmc , Qc , and
cc have the same numerical values as in QCD.

The NLO contributions to electromagnetic observables
the chiral expansion arise from the one-loop diagrams sh
in Fig. 1. Calculation of these diagrams yields

F1~q2!

5QS 12
mcq

2

2MB
2

2
Qcq

2

2Lx
2

1
ccq

2

Lx
2 D

2
1

6
q2

31C 2

16p2f 2 (
X

AXlog
mX

2

m2

2
11

54
q2

H 2

16p2f 2 (
X

AXF log
mX

2

m2
2

DmX

D22mX
2
RS D

mX
D G

1O~q4!, ~33!

FIG. 1. Loop diagrams contributing to the decuplet electrom
netic moments and charge radii. Octet mesons are denoted
dashed line, singlets~hairpins! by a crossed dashed line, and th
photon by a wiggly line. A thick~thin! solid line denotes a decuple
~octet! baryon. The diagrams in the first row contribute to the el
tromagnetic moments and charge radii. The remaining diagr
with a photon have noq2 dependence. These, along with the wa
function renormalization diagrams, ensure nonrenormalization
the electric charge.
11450
n
n

F2~0!5m

52mcQ1
MBH 2

36p2f 2 (
X

AXFD log
mX

2

m2
2mXRS D

mX
D G

2
C 2MB

8p f 2 (
X

AXmX , ~34!

and

G1~0!522Q

54QS mc1Qc

2MB
2

Lx
2 D 2

MB
2C 2

12p2f 2 (
X

AX log
mX

2

m2

1
MB

2H 2

27p2f 2 (
X

AXF log
mX

2

m2
2

DmX

D22mX
2
RS D

mX
D G .

~35!

The only loop contributions kept in the above expressio
are those nonanalytic in the quark masses. The fullq2 de-
pendence at one loop has been omitted from the above
pressions but is given in Appendix A. The functionR(x) is
given by

R~x!5Ax221 log
x2Ax2211 i e

x1Ax2211 i e
. ~36!

The sum in the above expressions is over all possible l
mesonsX. The computed values of the coefficientsAX

T that
appear above are listed in Table I for each of the decu
statesT. In the table we have listed values corresponding
the loop meson that has massmX for bothxPT and PQxPT.
In particular, thexPT coefficients can be used to find th
QCD decuplet charge radii, which have not been calcula
before. Using Eq.~24!, the expression for the charge radii

^r E
2&5QS 2mc21

MB
2

1
Qc16cc

Lx
2 D 2

1

3

915C 2

16p2f 2 (
X

AXlog
mX

2

m2

2
25

27

H 2

16p2f 2 (
X

AXF log
mX

2

m2
2

DmX

D22mX
2
RS D

mX
D G .

~37!
In the absence of experimental and lattice data for the

energy constantsQc andcc , we cannot ascertain the contr
butions to the charge radii from local counterterms inxPT.
We can consider, however, just the formally dominant lo
contributions. To this end, we choose the valuesC522D
and H523D with D50.76 @41#, and the massesD
5270 MeV, mp5140 MeV, andmK5500 MeV. The loop
contributions to the charge radii inxPT are then evaluated
for the decuplet at the scalem51 GeV and plotted in Fig. 2.
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a

-
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TABLE I. The coefficientsAX
T for SU~3! for each of the decuplet states inxPT and PQxPT. The indexX corresponds to the loop meso

that has massmX . Here, we have usedqjl 5qj1ql .

xPT PQxPT
p K p K hs ju ru js rs

D11 1 1 2
1
3 1qjl

1
3 1qr 0 4

3 2qjl
2
3 2qr 0 0

D1 1
3

2
3 9 9 9 2

3 2qjl
1
3 2qr 9 9

D0 2
1
3

1
3 9 9 9 2qjl 2qr 9 9

D2 21 0 9 9 9 2
2
3 2qjl 2

1
3 2qr 9 9

S* ,1 2
3

1
3 2

2
9 1

2
3 qjl

1
9 1

2
3 qr1

1
3 qjl

1
9 1

1
3 qr

8
9 2

2
3 qjl

4
9 2

2
3 qr 2

2
9 2

1
3 qjl 2

1
9 2

1
3 qr

S* ,0 0 0 9 9 9 2
9 2

2
3 qjl

1
9 2

2
3 qr 9 9

S* ,2 2
2
3 2

1
3 9 9 9 2

4
9 2

2
3 qjl 2

2
9 2

2
3 qr 9 9

J* ,0 1
3 2

1
3 2

1
9 1

1
3 qjl 2

1
9 1

1
3 qr1

2
3 qjl

2
9 1

2
3 qr

4
9 2

1
3 qjl

2
9 2

1
3 qr 2

4
9 2

2
3 qjl 2

2
9 2

2
3 qr

J* ,2 2
1
3 2

2
3 9 9 9 2

2
9 2

1
3 qjl 2

1
9 2

1
3 qr 9 9

V2 0 21 0 2
1
3 1qjl

1
3 1qr 0 0 2

2
3 2qjl 2

1
3 2qr
ti

D
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B. QxPT

The calculation of the charge radii and electromagne
moments can be correspondingly executed for QxPT. The
operators in Eqs.~27!, ~29!, and ~31! contribute, however,
their low-energy coefficients cannot be matched onto QC
Therefore we annotate them with a ‘‘Q.’’ The loop contrib
tions encountered inxPT and PQxPT above no longer con
tribute because in QxPT AX

T50 for all decuplet statesT.
This can be readily seen in two ways. The quenched limit2 of
the coefficients in Table I makes immediate the vanishing
AX

T . Alternately one can consider the relevant quark fl
diagrams with only valence quarks in loops. Due to the sy
metric nature ofTi jk , these loops are completely canceled
their ghostly counterparts. For the charge radii, there are
additional diagrams to consider at this order from sing
hairpin interactions. Thus in QxPT, the charge radii have th
form

^r E
2&5QS 2mc

Q21

MB
2

1
Qc

Q16cc
Q

Lx
2 D , ~38!

where the dependence on the quark mass enters at the
order.

Additional terms of the formm0
2logmq involving hairpins

@15,18# do contribute to the electromagnetic moments as t
11450
c

.

f

-

o
t

ext

y

are of the same order in the chiral expansion. As explaine
@54#, the axial hairpins do not contribute. In the diagram
shown in Fig. 3, one sees that there are contributions fr
the electromagnetic moments of the decuplet and octet b
ons as well as their transition moments. These interacti
are described by the operators in Eqs.~27! and ~29! ~now
with quenched coefficients! along with

L5
ie

2MB
$ma

Q~B̄@Sm,Sn#BQ!1mb
Q~B̄@Sm,Sn#QB!%Fmn

1A3

2
mT

Q ie

2MB
@~ B̄SmQT n!1H.c.#Fmn

1A3

2
QT

Q e

Lx
2 @~ B̄S$mQT n%!1H.c.#va]mFna . ~39!

It is easier to work with the combinationsmD
Q andmF

Q defined
by

ma
Q5

2

3
mD

Q12mF
Q and mb

Q52
5

3
mD

Q1mF
Q . ~40!

To calculate the quenched electromagnetic moments,
also need the hairpin wave function renormalization d
grams shown in Fig. 1. These along with the diagrams in F
3 are economically expressed in terms of the function
their light
I ~m1 ,m2 ,D1 ,D2 ,m!5
Y~m1 ,D1 ,m!1Y~m2 ,D2 ,m!2Y~m1 ,D2 ,m!2Y~m2 ,D1 ,m!

~m1
22m2

2!~D12D2!

52 i
16p2

3 E dDk

~2p!D

k22~k•v !2

~k22m1
2!~k22m2

2!~k•v2D1!~k•v2D2!
, ~41!

2In this case, the quenched limit simply means to remove sea quarks and to fix the charges of the ghost quarks to equal those of
quark counterparts.
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FIG. 2. The charge radii of the
decuplet baryons inxPT. The
contribution from counterterms
has been set to zero. The rad
~squared! here come from the one
loop diagrams only and are plot
ted in units of fm2. For reference
we have shown both the proto
and neutron charge radii~solid
and dashed lines, respectively!.
ol

in

ud
a

where

Y~m,D,m!5DS m22
2

3
D2D log

m2

m2
1

2

3
m~D22m2!RS D

mD
~42!

and we have kept only nonanalytic contributions. The f
lowing shorthands are convenient

I hqhq8
5I ~mhq

,mhq8
,0,0,m!,

I hqhq8

D 5I ~mhq
,mhq8

,D,0,m!,

I hqhq8

DD 5I ~mhq
,mhq8

,D,D,m!. ~43!

Specific limits of the functionI hqhq8
appear in@18#. The

wave function renormalization factors arising from hairp
diagrams can then be expressed as

Z512
mo

2

16p2f 2 (
XX8

F1

2
~C Q!2CXX8I XX8

1
5

9
~H Q!2BXX8I XX8

DD G . ~44!

The coefficientsBXX8 and CXX8 are listed in Table II. The
sum in Eq.~44! is over XX85huhu ,huhs ,hshs . Combin-
ing these factors with the tree-level contributions and incl
ing the corrections from the diagrams in Fig. 3, we arrive
the quenched decuplet magnetic moment
11450
-

-
t

m52mc
QQZ

1
mo

2

16p2f 2 (
XX8

F1

2
~QmF

Q1aDmD
Q!~C Q!2CXX8I XX8G

1
mo

2

16p2f 2 (
XX8

F22

27
~H Q!2mc

QBXX8QIXX8
DD

2
2

9
C QH QmT

QDXX8I XX8
D G ~45!

and the quenched electric quadrupole moment

Q522QS mc
Q1Qc

Q
2MB

2

Lx
2 D Z

2
mo

2

16p2f 2

MB
2

Lx
2 (

XX8
S 8

3
C QH QQT

QDXX8I XX8
D D

2
mo

2

16p2f 2 (
XX8

F ~H Q!2S 2

9
mc

Q1
4

9
Qc

Q
MB

2

Lx
2 D QBXX8I XX8

DD

2
2

3
C QH QmT

QDXX8I XX8
D G . ~46!

TABLE II. The SU~3! coefficientsBXX8 andCXX8 in QxPT.

BXX8 CXX8

huhu huhs hshs huhu huhs hshs

D11,D1,D0,D2 1 0 0 0 0 0
S* ,1,S* ,0,S* ,2 4

9
4
9

1
9

2
9 2

4
9

2
9

J* ,0,J* ,2 1
9

4
9

4
9

2
9 2

4
9

2
9

V2 0 0 1 0 0 0
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In Eq. ~45! the required values for the constantaD are:aD
5 1

3 for S* ,1, S* ,0, S* ,2, and J* ,2; and aD52 2
3 for

J* ,0. The coefficientsDXX8 are listed in Table III. If a par-
ticular decuplet state is not listed, the value ofDXX8 is zero
for all singlet pairsXX8.

The above expressions can be used to properly extrap
quenched lattice data to the physical pion mass. For exam
the expression for the quenched magnetic moments for thD
baryons@Eq. ~45!# reduces to

m52Qmc
QS 12

4

27

mo
2

16p2f 2
~H Q!2I huhu

DD D . ~47!

In the above expression we need

I XX
DD5 log

mX
2

m2
2

DmX

D22mX
2
RS D

mX
D1••• ~48!

where the ellipses denote terms analytic inmX . Utilizing a
least squares analysis and using the valuesm51 GeV and
D5270 MeV, we extrapolate the quenched lattice data@8# to
the physical pion mass and find for theD resonances

m52.89Q@mN#. ~49!

This is in contrast to the valuem'2.49Q@mN# found from
carrying out axPT-type extrapolation@55#. Notice that for
many of the decuplet states, in particular theD baryons, the
quenched magnetic moments and electric quadrupole
ments are proportional to the chargeQ ~unlike thexPT and
PQxPT results!. This elucidates the trends seen in t
quenched lattice data@8#.

TABLE III. The SU~3! coefficientsDXX8 in QxPT. Decuplet
states not listed haveDXX850.

DXX8
huhu huhs hshs

S* ,1 2
9 2

1
9 2

1
9

S* ,0 1
9 2

1
18 2

1
18

J* ,0 1
9

1
9 2

2
9

FIG. 3. Hairpin diagrams that give contributions of the for
;mo

2log mq to decuplet electromagnetic moments in QxPT. The
square at the photon vertex represents the relevant operators
Eqs.~27!, ~29!, and~39!.
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IV. CONCLUSIONS

We have calculated the electromagnetic moments
charge radii for the SU~3! decuplet baryons in the isospi
limit of PQxPT and also derived the result for the bary
quartet away from the isospin limit for theSU(2) chiral
Lagrangian. Theq2 dependence of decuplet form factors
one loop appears in Appendix A. We have also calculated
QxPT results.

Knowledge of the low-energy behavior of QQCD an
PQQCD is crucial to properly extrapolate lattice calculatio
from the quark masses used on the lattice to those in na
For the quenched approximation, where the quark deter
nant is replaced by unity, one uses QxPT to do this extrapo-
lation. QQCD, however, has no known connection to QC
Observables calculated in QQCD are often found to be m
divergent in the chiral limit than those in QCD. This beha
ior is due to new operators included in the QQCD Lagran
ian, which are nonexistent in QCD. For the decuplet baryo
electromagnetic moments and charge radii such operators
ter at NNLO in the chiral expansion. Hence, formally o
NLO result is not more divergent than its QCD counterpa
This, however, does not mean that our result is free
quenching artifacts. While the expansions about the ch
limit for QCD and QQCD charge radii are formally simila
^r 2&;a1b logmQ1•••, the QQCD result consistsentirely
of quenched oddities: for all decuplet baryons, diagrams
have bosonic or fermionic mesons running in loops co
pletely cancel so thatb50. In other words, the quenche
decuplet charge radii have the behavior^r 2&;a1••• and
the result is actually independent ofmQ at this order. For the
quenched decuplet magnetic moments and electric qua
pole moments, expansions about the chiral limit are ag
formally similar: m;a1b logmQ1gAmQ1••• and Q;a
1b logmQ1•••. However, quenching forcesg50 and both
b ’s arise from singlet contributions involving the parame
mo , which is of course absent in QCD. Thus the leadi
nonanalytic quark mass dependence that remains for t
observables is entirely a quenched peculiarity.

PQQCD, on the other hand, is free of such eccentric
havior. The formal behavior of the electromagnetic obse
ables in the chiral limit has the same form as in QCD. Mo
over, there is a well-defined connection to QCD and one
reliably extrapolate lattice results down to the quark mas
of reality. The low-energy constants appearing in PQQC
are the same as those in QCD and by fitting them
PQxPT one can make predictions for QCD. O
PQxPT result will enable the proper extrapolation
PQQCD lattice simulations of the decuplet electromagne
moments and charge radii and we hope it encourages
simulations in the future.
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APPENDIX A: THE q2 DEPENDENCE OF DECUPLET
FORM FACTORS

For reference, we provide theq2 dependence of the
decuplet electromagnetic form factors defined in Sec. II
one-loop order in the chiral expansion. To do so we defin
ii
a

Th

on
th
th

11450
t

PX5A12
x~12x!q2

mX
2

. ~A1!

Then we have
F1~q2!5QS 12
mcq

2

2MB
2

2
Qcq

2

2Lx
2

1
ccq

2

Lx
2 D 2

31C 2

16p2f 2 (
X

AXFq2

6
log

mX
2

m2
22mX

2E
0

1

dxPX
2 log PXG

2
H 2

24p2f 2 (
X

AXH 11

36
q2log

mX
2

m2
1

5

3
DmXRS D

mX
D

2E
0

1

dxF10

3 S mX
2

2
2D22

11

10
x~12x!q2D log PX1DmXPXS 5

3
1

x~12x!q2

D22mX
2 PX

2 DRS D

mXPX
D G J , ~A2!

F2~q2!52mcQ2
C 2MB

8p f 2 (
X

AXmXE
0

1

dxPX1
MBH 2

36p2f 2 (
X

AXH D log
mX

2

m2
1E

0

1

dxF2D log PX2mXPXRS D

mXPX
D G J ,

~A3!

and

G1~q2!54QS mc1Qc

2MB
2

Lx
2 D 2

MB
2C 2

2p2f 2 (
X

AXF1

6
log

mX
2

m2
1E

0

1

dx2x~12x!log PXG
1

2MB
2H 2

9p2f 2 (
X

AXH 1

6
log

mX
2

m2
1E

0

1

dxx~12x!F2 logPX2
DmXPX

D22mX
2 PX

2
RS D

mXPX
D G J . ~A4!
e

ns
the

an

Eq.
APPENDIX B: D ELECTROMAGNETIC PROPERTIES IN
SU„2… FLAVOR WITH NONDEGENERATE QUARKS

In this section, we consider the case ofSU(2) flavor and
calculate the electromagnetic moments and charge rad
the delta quartet. We keep the up and down valence qu
masses nondegenerate and similarly for the sea quarks.
the quark mass matrix readsmQ

SU(2)5diag(mu ,md ,mj ,
ml ,mu ,md). Defining ghost and sea quark charges is c
strained only by the restriction that QCD be recovered in
limit of appropriately degenerate quark masses. Thus
most general form of the charge matrix is

Q SU(2)5diagS 2

3
,2

1

3
,qj ,ql ,qj ,ql D . ~B1!

The symmetry breaking pattern is assumed to beSU(4u2)L
^ SU(4u2)R^ U(1)V→SU(4u2)V^ U(1)V . The baryon
field assignments are analogous to the case ofSU(3) flavor.
The nucleons are embedded as

Bi jk5
1

A6
~e i j Nk1e ikNj !, ~B2!
of
rk
us

-
e
e

where the indicesi , j andk are restricted to 1 or 2 and th
SU(2) nucleon doublet is defined as

N5S p

nD . ~B3!

The decuplet fieldT i jk , which is totally symmetric, is nor-
malized to contain theD resonancesTi jk5T i jk with i, j, k
restricted to 1 or 2. Our states are normalized so thatT 111
5D11. The construction of the octet and decuplet baryo
containing one sea or one ghost quark is analogous to
SU(3) flavor case@32# and we will not repeat it here.

The free Lagrangian forB andT is the one in Eq.~15!
@with the parameters having different numerical values th
theSU(3) case#. The connection to QCD is detailed in@32#.
Similarly, the Lagrangian describing the interaction of theB
andT with the pseudo Goldstone bosons is the one in
~18!. Matching it to the familiar one in QCD~by restricting
the Bi jk andT i jk to theqqq sector!,

L5gDN~ T̄ n
k j iAil

n Njekl1H.c.!12gDDT̄ k j i
n SmAil

mTn,l jk

12gXT̄ k ji
n SmTn,i jk tr~Am!, ~B4!
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TABLE IV. The SU~2! coefficientsAX
T in xPT and PQxPT.

xPT PQxPT
p6 uu ud dd ju lu jd ld

D11 1 2
2
3 1qj

1
3 1ql 0 2

3 2qj
2
3 2ql 0 0

D1 1
3 2

4
9 1

2
3 qj

1
3 qj1

2
3 ql

1
9 1

1
3 ql

4
9 2

2
3 qj

4
9 2

2
3 ql 2

1
9 2

1
3 qj 2

1
9 2

1
3 ql

D0 2
1
3 2

2
9 1

1
3 qj 2

1
3 1

2
3 qj1

1
3 ql

2
9 1

2
3 ql

2
9 2

1
3 qj

2
9 2

1
3 ql 2

2
9 2

2
3 qj 2

2
9 2

2
3 ql

D2 21 0 2
2
3 1qj

1
3 1ql 0 0 2

1
3 2qj 2

1
3 2ql
en

n
t

son

ly
one finds at the tree levelC52gDN andH5gDD , with gX
50. The leading tree-level operators which contribute toD
electromagnetic properties are the same as in Eqs.~27!, ~29!,
and ~31!, of course the low-energy constants have differ
values.

Evaluating theD electromagnetic properties at NLO i
the chiral expansion yields expressions identical in form
. B

D

11450
t

o

those above Eqs.~34!, ~35!, and~37! with the SU(2) identi-
fications made forC andH above. The SU~2! coefficientsAX

T

appear in Table IV for particularD-resonance statesT. In the
table, we have listed values corresponding to the loop me
that has massmX for both xPT and PQxPT. Again, the
xPT coefficients can be used to find theD-resonance charge
radii in two-flavor QCD. These have not been previous
calculated.
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