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Breached pairing superfluidity at finite temperature and density
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A general analysis of fermion pairing at finite temperature and density between different species with
mismatched Fermi surfaces is presented. Very different from the temperature effect of the BCS phase, the
recently found breached pairing phase resulted from the density difference of the two species lying in a region
with calabashlike shape in the— w plane, and the most probable temperature for the new phase’s creation is
finite but not zero.
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The fermion pairing between different species with mis-pairing state at lower and higher Fermi surfaces and a par-
matched Fermi surfaces, which was discussed many yeaticle state in between, when the densities of the two species
ago in investigating superconducting metal or Bistate of  differ from each other. This new phase is argued to be more
liquid 3He in a magnetic field1,2], has prompted recently favored than the LOFF phase for certain region of param-
new interest in both theoretical and experimental studies. lgters.
high energy physics the strong interacting matter at high It is well-known that with increasing temperature of the
baryon densities described by quantum chromodynamicsystem the superfluidity gap in a BCS state drops down mo-
(QCD) is a color superconducting phase, in which quarks ofiotonously and the region of superfluidity phase in the
different colors pair with each other due to the attraction intemperature-density plane is reduced monotonouslyt6p
the color antitriplet channdB,4]. The corresponding physi- What is the temperature effect of a system in a BP state and
cal systems may be found in compact sk In the non-  what is the difference from that in a BCS state? In this paper,
relativistic case the study is related to the challenging goal oWve present a general analysis on a spatially uniform pairing
observing the BCS transition in trapped fermionic atomsstate with mismatched Fermi surfaces at finite temperature
[6—9], the electrons in solid distributed in two different and density. We will discuss the stability of a BP state in-
bands[6,9], and the neutron-proton pairing in isospin asym-duced by mass difference of the two species, and calculate
metric nuclear matter10]. the temperature behavior of the superfluidity gap and the

When the two fermions have the same Fermi surface, thehase diagram for a system with two species of different
pairing phenomena is the well-known BCS mechanjddj:  densities.

At low temperature but high density, fermionic matter with a ~ We start with a system containing two species of fermions
sharp and high Fermi surface is unstable under attractiveepresented bg andb. The interaction can be modeled by a
interaction(even very weak a BCS paired state is favored four-fermion point coupling, which is appropriate for both
instead. However, under some physical constraints the twapped Fermionic atoms and dense quark sys{ents-9.
Fermions may come from different Fermi surfaces. In atomSince our purpose is a general analysis for pairing phenom-
traps, there can be two different hyperfine states of the sanna, we neglect inner structures like spin, isospin, flavor, and
atom (®Li or “°K) which serve as two attracting species of color, which are important and bring much abundance while
fermions, and even a mixture of two different fermionic at-are not central for pairing. We write down the following
oms could be realizef6—9]. In QCD matter at moderate Hamiltonian:

baryon density(below the critical color-flavor-locking den-

sity) which is considered to be relevant for understanding . 1 artn bRt g Atpt onon
neutron stars, the mass difference between light quarks ( H= Vv Ep: (epapast epbsbg) — W pEn:q agh_;b_qaq,
andd) and a strange quark cannot be neglected, and there- ' )

fore they have different Fermi momenf&2]. When chiral
symme?ry restoration at finite dengty is considelrg, the where p and q are momenta of the speciea,b,a’, and
mass difference becomes more significant, and the mismat o . )

will be enhanced. The mismatch happens even for the pairinB are the annihilation and creation operators, the coupling

between the light quarks when charge neutrality is taken int&onstantg is positive to keep the interaction attractive,
account14]. is the system volume and in continuous limit we simply re-

A well-known pairing mechanism of Fermions from mis- Place (1V)=; with [[d°p/(2m)°], and the effective par-
matched Fermi surfaces is the Larkin-Ovchinnikov-Fulde-ticle energiese3® are \p?+mj,—u, in the relativistic
Ferrell (LOFF) state[1]. Different from a BCS pair which case andp?/2m,,—u,p in the nonrelativistic case. The
has zero total momentum, a LOFF pair has finite total mo+ermi moment::pfé'b determined byfg'bzo are controlled by
mentum. An analogue of this idea in dense QCD matter ishe particle masses, , and the chemical potentialg, ;.
the crystalline color superconductivif#5]. Recently a spa- Whetheru, ,, can be used as free parameters depends on the
tially uniform mechanism is proposd®] which leads to a physical system we discuss. When the densities of the spe-
breached pairingBP) superfluidity[ 9] with coexistence of a cies are restricted by some physical constraint like fixed
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FIG. 1. Dispersions of particlgslashed linesand quasiparticles
(solid lineg. The thick and thin solid lines correspondAe<A . and
A>A_, respectively. The left panel is fdfg=0, and the right
panel is forEp=0.

overall particle density or fixed relative particle densjty,,

are not fully free and should be adjusted to satisfy the con
straint. In fact, it is the density constraint which brings the
nontrivial BP state, as pointed out {5—9] and will be
clearly shown below.

PHYSICAL REVIEW D68, 114016 (2003

b
pg+pF b
Ag=———|pi—p¢l. (6)
c 4m| F F|
For convenience, we introduce momentum interal

={p|p_<Ip|<p,} with p. the solutions oE,®=0.

Whether E5® crosses zero along the momentum axis
plays a crucial role in pairing with mismatched Fermi sur-
faces.Eﬁ(B)=O means directly gapless excitation of quasi-
particles in a superfluidity phase observed4r6—-9,17. We
see from Fig. 1 that a large mismatch and a small gap leave
space for gapless phenomena. If there is no mismatch, there
is no place for gapless excitation.

In order to understand the coexistence of pairing state and
particle state when the gapless excitation regiois not
empty, we write down the ground state of the system in terms
of the zero quasiparticle staté’g(B)> and one quasiparticle
state|15(®) at zero temperature,

|g>=1'ﬁ[ (6(ER) 6(—EB)[04,18) + 6(— EH)[14,18)

+0(Ep)[05.,00)), 7

We introduce in the light of mean-field an order parameter

A= (g/V) =xafb’ ;) and make it real by a proper choice of
phase factors of the creation operators, which allows us t
diagonalize the Hamiltonian into

1 A2
VI ARTA BRTA b
Haiag=1y Ep (EpAbA+ERBIBy+ ) + )
after a Bogliubov transformation from Fermioasndb into
guasi-FermionsA and B with annihilation and creation op-

eratorsA,B,A",B and quasienergies

EpP=e, £ e, “+A? 3
with
. éxed
e;z%. (4)

The dispersions for particles,b and quasiparticles,B

whered(x) is a step function. With the help of the Bogliubov

Hansformation the ground state can be expressed in the space

of the original Fermionsa andb,

lg)= ,!;[I (cosf,—singpath’ ;)|03,00)

xI1 [o(p2—pR)ag+ o(p2—pR)b" 51/05,05).
®

The above state tells us clearly the breached pairing phenom-
ena. If neithelE’; nor ES crosses zero, namely without gap-
less excitation, the speciesand b are symmetrically and
partially occupied and paired, the system is in a BCS pattern.
If one can find rootp.. from Ef®®'=0, there exists a mo-
mentum interval in which one specie is fully occupied and
the other is fully empty. The pairing occurs only in the region
around the lower Fermi surface and the region around the
higher Fermi surface, the two regions are separated by the
gapless excitation regioh This means a new phase—the

in the relativistic case are shown in Fig. 1. With the interestoreached pairing superfluidity proposed . The observed

in mismatched Fermi momenta induced by mass differenc
and density difference, a remarkable feature is E@\? can
cross zero between the particle Fermi momepie{’. A
simple algebra calculation shows that the conditionEf@?B)

to cross zero is the constraidd<<A. for the gap. In the
relativistic case with the approximation pﬁ'b> My, the
critical gap is

Vp?'pF|
2N b

in the nonrelativistic case one has exactly

b

Pel,

F

a

A= F

©)

gapless phenomena,6—8,17 all fall into the BP phase,
which is characterized by two universal features, pairing
breached by single occupation and simultaneous gapless and
gaped components.

We now turn to thermodynamics. From the Hamiltonian
(2) in quasi-fermion representation the grand potential is eas-
ily expressed as

2

EA
Q(T, g, pp.A)= 7p+T|n(1+eE§’T))

1
TV

+
— €

+ P

(€)

= B
- +T In(1+e 5/T)
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With Q) given as a function of temperature, chemical poten- -1.556
tials and gap parameter, all other thermodynamical quantities -1.558
can be immediately obtained and its minimum gives the gap <. -1.56
equation for solvingh, % -1.562
5 A § -1.564

. E_i f(Ep)_f(Ep) _o (10) ™ -1.566

V < T2, A2 _ e BCS
g9 P Ve, ttA G 1;;%; ® BP
T + Normal

with the Fermi-Dirac distributiorf (x) = 1/(e¥T+1).

Because of the contact interaction between fermions that
is introduced in our Hamiltonian, the model is nonrenormal-
izable, and it is necessary to introduce a regulatothat
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FIG. 2. The potential) as a function ofA at givenT,x with

serves as a length scale in the problem, and which can be,=5 MeV, m,=200 MeV, andg=50 GeV 2,

thought of as indicating the onset of asymptotic freedom for
a strong interaction of quark48]. While a carefully selected

(2) Density difference. From the thermodynamic potential

soft cutoff may be more suitable for a nonrenormalizable(9) it is easy to obtain the particle densities

theory, we choose for convenience a hard momentum cutoff

A =600 MeV in our numerical calculations. For comparison 1 e; A
between soft and hard cutoff see, for examge9]. To Na= 5y > 1+\/?2 f(Ep)
present quantitative results we consider in the following rela- . € A
tivistic case only. The calculation can straightforwardly be et
extended to the nonrelativistic case. 11— —P) f(EB)|,
The mismatch of the Fermi surfaces can be induced by \/e;2+A2 P
either mass difference or density difference of the two spe-
cies. We now solve the gap equati@i0) at finite tempera- 1 et
ture in the two cases. Np==o— > | — ( 1- %) f(Ep)
(1) Mass difference. We consider a system with,= u 2V 5 € TA
but m,# m, to study the effect of mass difference. For given N
m,,My,u, and T one can define two coupling®.;<gc2, 14 €p f(EB)+2 (12)
corresponding to the critical conditions to have a BP state \/5;2+ A2 P '

and a BCS state, respectively,

We consider a system with fixed relative density

'2/ Ly f(EB)—f(ED) |
g 1: N/ T s 5 ) n
CLUTVE Ve ra? | n_b:)\, (13)
¢ a
1 f(EB)—f(E)] To satisfy this density constraint, namely a charge conserva-
Jer= 2/ v 2 (11)  tion such as electronic charge wihb carrying charge num-
P Vep “HAT A0 ber —\,+1, respectively, the chemical potentials should be

adjusted to beu,= u—Ndu andu,= u+ Su, whereu cor-
responds to the total number density sineg+n,
=—0Q/du. Unlike the case of mass difference where the
chemical potentials are free aldis purely determined by
in the regiong.;<g<g.,, there are three solutions of Eq. the gap equation, here only is free andA and su are
(10): a normal solutiol =0, a BCS solutiom\>A., and a coupled to each other through Eq30) and(13). The con-
BP solutionA<A.. However, only the BCS solution is the dition (13) is relevant to interesting physical systems like the
global minimum of(}, the BP solution is unstable because it neutralized two flavor color superconductivity [4] and
does not satisfy the stable conditi@AQ)/9A%>>0, and the isospin asymmetric nuclear matter [ib0].

normal solution is metastable. This is shown clearly in Fig. For A=1 the system can be in a BCS state, while Xor
2. When the temperature increases, the normal solution be 1 there will be some particles left after the pairing, so the
comes stable and the BCS solution changes to be metastabystem must be in a BP state if pairing occurs without break-
In any case the BP solution cannot be stable. Whezx-  ing spatial uniformity. There could be nonuniform alterna-
ceeds some critical value, the unstable BP state even disapives such as the two recent proposalg20] and[21]. We
pears. Therefore the stability analysis rules out the possibilitjeave the comparison of various possibilities for a further
to create a BP phase by mass difference. The conclusiostudy. We first calculaté as a function ofu for A\=2 at a
agrees with the result ¢%7] where the authors examined the given temperature. We choose the parameters=my
current response of the interior-gap state in the weak cou=5 MeV andg=80 GeV ? in the following numerical cal-
pling limit and considered only the case of mass differenceculation. Introducing mass difference in calculation brings

For g<g.; the only solution of Eq(10) is A=0 which
means a normal phase without pairing. i§org., there is a
stable BCS solution and =0 becomes unstable. Wheris
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FIG. 3. The gap parameter as a functioniofat fixed relative

. ) FIG. 4. The gap parameter as a functionToét fixed chemical
density\ =2 and for three different temperatures. gap p

potential and for three different relative densities.

only quantitative changes. The valuegpheeded to produce
a BP decreases fast with increasing momentum ctpgind
taking into account all inner degrees of freedom like spin
isospin, color, and flavor will reduce the coupling by an or-
der of magnitude. From Fig8 a BPphase exists in a rela-
tively narrow region, compared with a BCS state. The expla
nation for the existence of the higher critical chemical us A . .

We further give in Fig. 5 the phase diagram in the

potential is that when is high enough the mismatch of the L L
two Fermi surfaces is too large for the two species to pair aggge ;ﬁ;;ge d?;gfahnissvimﬂﬁzz '?r?g Eggg:ﬁl 'Itik\’;”tgrfgsee

given coupling. transition line from th | state to the BP state manifest
In a BCS state it is well-known that the gap and the region ransition fin€ from the normaf state to the state maniests

of superfluidity decrease monotonously with increasing temIhe competition between the two opposite temperature ef-
ects on the mismatched Fermi surfaces, discussed above.

perature. However, the case in a BP state is very different. hile the two phase lines both drop down with increasing

With increasing temperature, the gap first goes up and the

drops down, and correspondingly the region first expandd©™M about 500 Mey for BCS and 450 MeV fqr pr' QUe to
P P gy g P e used cutoff which can be thought of as indicating the

and then contracts. The temperature related to the maximu : . . .
gap and the maximum region is a finite value but not zeroOnset of asymptotic freedom in strong interaction for quarks,

We can understand this feature in the following way. Whenthe BP line wrns bapk to the lett in the end and t'he BCS line
the two Fermi surfaces coincide, the temperature deform§©€S towards the right without turning. As a direct conse-
and lowers the Fermi surface and then the gap decreases. JHeNCe Of this novel temperature effect, the most probable
the case of mismatch, the two different sharp Fermi surface ‘mperature for BP pairng is a f|n|t9 value, about 20 MeV n
are deformed and lowered by the temperature on one han igs. 4 and 5, but the widest region of the BCS phase is
but the expansion of the two distributions make the two2Ways located at zero temperature. _
wave functions close to each other in the phase space on the. In summary, we have presented a g_enera_l analy5|s on Fer-
other hand. The former temperature effect reduces the gaf!lon Pairing between different species with mismatched
but a direct consequence of the latter feature is that the tw ermi surfgces under the assumption of spatial umform|ty,
species become easier to pair. The competition between ti’?@d investigated especially thg temperature behavior qf the
two features controls the temperature dependence of the arféW BP phase. From the stability analysis the mass differ-
plitude and the region of superfluidity. ence only cannot create a stable BP state. In the case of fixed
The behavior of the gap as a function of temperature at
fixed chemical potential for different relative density is 60
shown in Fig. 4. Aik=1, the gap drops down monotonously
due to the disorder brought in by increasing temperature, a
standard characteristic of the BCS phase. kx@rl, we see
again the amazing temperature behavior: The gap first in-
creases to a maximum value and then reduces rapidly to zero
with increasing temperature. While the density difference
#1 is the prerequisite for a BP phase, the amplitude and the o0 200 300 00 oo oo
region of the gap decreases with increasingimilar results « (MeV)
with Fig. 4 have been discussed in a study on thermodynam-
ics of isospin asymmetric nuclear matter 0] with a prac- FIG. 5. The BCS x=1) and BP §=2) phase transition lines
tical nuclear potential. According to our analysis above, wen the T— u plane.

emphasize that such novel temperature behavior is due to the
two competing temperature effects under mismatch, the
‘qualitative result is independent of special dynamical mod-
els. This observation is also irrelevant to the momentum cut-
off, since the value of. in Fig. 4 is far below the cutoff we

ed.

BP Phase
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relative densityn,/n,#1 the temperature effect not only that trapping different fermionic atoms with different densi-
deforms and reduces the mismatched Fermi surfaces whidies at controlled finite temperature may be a feasible way to
lead to the usual suppression of the gap, but also makes tlbtain a BP phase. A similar study with intense focus on
overlap region of the two species wider which favors thegapless two flavor color superconductivity has been done by
condensate. The competition of the two opposite temperatunguang and Shovkovi22].

effects results in a new calabash-like phase transition line

from normal to BP states. The temperature corresponding to We are grateful to Dr. M. Huang for her stimulating dis-
the largest gap and the largest region of superfluidity is finiteeussions. The work was supported in part by the NSFC under
but not zero. Due to this novel temperature effect, we thinkcontract numbers 19925519, 10135030, and 10105005.
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