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Breached pairing superfluidity at finite temperature and density

Jinfeng Liao and Pengfei Zhuang
Physics Department, Tsinghua University, Beijing 100084, China

~Received 21 July 2003; published 30 December 2003!

A general analysis of fermion pairing at finite temperature and density between different species with
mismatched Fermi surfaces is presented. Very different from the temperature effect of the BCS phase, the
recently found breached pairing phase resulted from the density difference of the two species lying in a region
with calabashlike shape in theT2m plane, and the most probable temperature for the new phase’s creation is
finite but not zero.
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The fermion pairing between different species with m
matched Fermi surfaces, which was discussed many y
ago in investigating superconducting metal or theB state of
liquid 3He in a magnetic field@1,2#, has prompted recently
new interest in both theoretical and experimental studies
high energy physics the strong interacting matter at h
baryon densities described by quantum chromodynam
~QCD! is a color superconducting phase, in which quarks
different colors pair with each other due to the attraction
the color antitriplet channel@3,4#. The corresponding physi
cal systems may be found in compact stars@5#. In the non-
relativistic case the study is related to the challenging goa
observing the BCS transition in trapped fermionic ato
@6–9#, the electrons in solid distributed in two differen
bands@6,9#, and the neutron-proton pairing in isospin asy
metric nuclear matter@10#.

When the two fermions have the same Fermi surface,
pairing phenomena is the well-known BCS mechanism@11#:
At low temperature but high density, fermionic matter with
sharp and high Fermi surface is unstable under attrac
interaction~even very weak!, a BCS paired state is favore
instead. However, under some physical constraints the
Fermions may come from different Fermi surfaces. In at
traps, there can be two different hyperfine states of the s
atom ~6Li or 40K) which serve as two attracting species
fermions, and even a mixture of two different fermionic a
oms could be realized@6–9#. In QCD matter at moderate
baryon density~below the critical color-flavor-locking den
sity! which is considered to be relevant for understand
neutron stars, the mass difference between light quarksu
and d) and a strange quark cannot be neglected, and th
fore they have different Fermi momenta@12#. When chiral
symmetry restoration at finite density is considered@13#, the
mass difference becomes more significant, and the mism
will be enhanced. The mismatch happens even for the pai
between the light quarks when charge neutrality is taken
account@14#.

A well-known pairing mechanism of Fermions from mi
matched Fermi surfaces is the Larkin-Ovchinnikov-Fuld
Ferrell ~LOFF! state@1#. Different from a BCS pair which
has zero total momentum, a LOFF pair has finite total m
mentum. An analogue of this idea in dense QCD matte
the crystalline color superconductivity@15#. Recently a spa-
tially uniform mechanism is proposed@6# which leads to a
breached pairing~BP! superfluidity@9# with coexistence of a
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pairing state at lower and higher Fermi surfaces and a
ticle state in between, when the densities of the two spe
differ from each other. This new phase is argued to be m
favored than the LOFF phase for certain region of para
eters.

It is well-known that with increasing temperature of th
system the superfluidity gap in a BCS state drops down m
notonously and the region of superfluidity phase in t
temperature-density plane is reduced monotonously too@16#.
What is the temperature effect of a system in a BP state
what is the difference from that in a BCS state? In this pap
we present a general analysis on a spatially uniform pair
state with mismatched Fermi surfaces at finite tempera
and density. We will discuss the stability of a BP state
duced by mass difference of the two species, and calcu
the temperature behavior of the superfluidity gap and
phase diagram for a system with two species of differ
densities.

We start with a system containing two species of fermio
represented bya andb. The interaction can be modeled by
four-fermion point coupling, which is appropriate for bo
trapped Fermionic atoms and dense quark systems@4,6–9#.
Since our purpose is a general analysis for pairing phen
ena, we neglect inner structures like spin, isospin, flavor,
color, which are important and bring much abundance wh
are not central for pairing. We write down the followin
Hamiltonian:

Ĥ5
1

V (
pW

~ep
aâpW

†âpW1ep
bb̂pW

†b̂pW !2
g

V2 (
pW ,qW

âpW
†b̂2pW

† b̂2qW âqW ,

~1!

where p and q are momenta of the species,â,b̂,â†, and
b̂† are the annihilation and creation operators, the coup
constantg is positive to keep the interaction attractive,V
is the system volume and in continuous limit we simply r
place (1/V) (pW with *@d3p/(2p)3#, and the effective par-
ticle energiesep

a,b are Ap21ma,b
2 2ma,b in the relativistic

case andp2/2ma,b2ma,b in the nonrelativistic case. The
Fermi momentapF

a,b determined byep
a,b50 are controlled by

the particle massesma,b and the chemical potentialsma,b .
Whetherma,b can be used as free parameters depends on
physical system we discuss. When the densities of the
cies are restricted by some physical constraint like fix
©2003 The American Physical Society16-1
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overall particle density or fixed relative particle density,ma,b
are not fully free and should be adjusted to satisfy the c
straint. In fact, it is the density constraint which brings t
nontrivial BP state, as pointed out in@6–9# and will be
clearly shown below.

We introduce in the light of mean-field an order parame
D5 (g/V) (pW^âpW

†b̂2pW
† & and make it real by a proper choice

phase factors of the creation operators, which allows u
diagonalize the Hamiltonian into

Ĥdiag5
1

V (
pW

~Ep
AÂpW

†ÂpW1Ep
BB̂pW

†B̂pW1ep
b!1

D2

g
~2!

after a Bogliubov transformation from Fermionsa andb into
quasi-FermionsA and B with annihilation and creation op
eratorsÂ,B̂,Â†,B̂† and quasienergies

Ep
A,B5ep

26Aep
121D2 ~3!

with

ep
65

ep
a6ep

b

2
. ~4!

The dispersions for particlesa,b and quasiparticlesA,B
in the relativistic case are shown in Fig. 1. With the inter
in mismatched Fermi momenta induced by mass differe
and density difference, a remarkable feature is thatEp

A,B can
cross zero between the particle Fermi momentapF

a,b . A
simple algebra calculation shows that the condition forEp

A(B)

to cross zero is the constraintD,Dc for the gap. In the
relativistic case with the approximation ofpF

a,b@ma,b , the
critical gap is

Dc5
ApF

a
•pF

b

2Amamb

upF
a2pF

b u, ~5!

in the nonrelativistic case one has exactly

FIG. 1. Dispersions of particles~dashed lines! and quasiparticles
~solid lines!. The thick and thin solid lines correspond toD,Dc and
D.Dc , respectively. The left panel is forEp

B50, and the right
panel is forEp

A50.
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Dc5
pF

a1pF
b

4Amamb

upF
a2pF

b u. ~6!

For convenience, we introduce momentum intervalI

[$pW up2,upW u,p1% with p6 the solutions ofEp
A(B)50.

Whether Ep
A(B) crosses zero along the momentum a

plays a crucial role in pairing with mismatched Fermi su
faces.Ep

A(B)50 means directly gapless excitation of qua
particles in a superfluidity phase observed in@4,6–9,17#. We
see from Fig. 1 that a large mismatch and a small gap le
space for gapless phenomena. If there is no mismatch, t
is no place for gapless excitation.

In order to understand the coexistence of pairing state
particle state when the gapless excitation regionI is not
empty, we write down the ground state of the system in ter
of the zero quasiparticle stateu0p

A(B)& and one quasiparticle
stateu1p

A(B)& at zero temperature,

ug&5)
pW

~u~Ep
A!u~2Ep

B!u0p
A,1p

B&1u~2Ep
A!u1p

A,1p
B&

1u~Ep
B!u0p

A,0p
B&), ~7!

whereu(x) is a step function. With the help of the Bogliubo
transformation the ground state can be expressed in the s
of the original Fermionsa andb,

ug&5)
pW ¹I

~cosup2sinupâpW
†b̂2pW

† !u0p
a,0p

b&

3)
pW PI

@u~pF
a2pF

b !âpW
†1u~pF

b2pF
a !b̂2pW

† #u0p
a,0p

b&.

~8!

The above state tells us clearly the breached pairing phen
ena. If neitherEp

A nor Ep
B crosses zero, namely without gap

less excitation, the speciesa and b are symmetrically and
partially occupied and paired, the system is in a BCS patt
If one can find rootsp6 from Ep

A(B)50, there exists a mo-
mentum intervalI in which one specie is fully occupied an
the other is fully empty. The pairing occurs only in the regi
around the lower Fermi surface and the region around
higher Fermi surface, the two regions are separated by
gapless excitation regionI. This means a new phase—th
breached pairing superfluidity proposed in@9#. The observed
gapless phenomena@4,6–8,17# all fall into the BP phase,
which is characterized by two universal features, pair
breached by single occupation and simultaneous gapless
gaped components.

We now turn to thermodynamics. From the Hamiltoni
~2! in quasi-fermion representation the grand potential is e
ily expressed as

V~T,ma ,mb ,D!5
D2

g
2

1

V (
pW

F S Ep
A

2
1T ln~11e2Ep

A/T! D
1S Ep

B

2
1T ln~11e2Ep

B/T! D 2ep
1G . ~9!
6-2
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With V given as a function of temperature, chemical pote
tials and gap parameter, all other thermodynamical quant
can be immediately obtained and its minimum gives the
equation for solvingD,

D•F2

g
2

1

V (
pW

f ~Ep
B!2 f ~Ep

A!

Aep
121D2 G50 ~10!

with the Fermi-Dirac distributionf (x)51/(ex/T11).
Because of the contact interaction between fermions

is introduced in our Hamiltonian, the model is nonrenorm
izable, and it is necessary to introduce a regulatorL that
serves as a length scale in the problem, and which can
thought of as indicating the onset of asymptotic freedom
a strong interaction of quarks@18#. While a carefully selected
soft cutoff may be more suitable for a nonrenormaliza
theory, we choose for convenience a hard momentum cu
L5600 MeV in our numerical calculations. For comparis
between soft and hard cutoff see, for example,@19#. To
present quantitative results we consider in the following re
tivistic case only. The calculation can straightforwardly
extended to the nonrelativistic case.

The mismatch of the Fermi surfaces can be induced
either mass difference or density difference of the two s
cies. We now solve the gap equation~10! at finite tempera-
ture in the two cases.

~1! Mass difference. We consider a system withma,b5m
but maÞmb to study the effect of mass difference. For giv
ma ,mb ,m, and T one can define two couplingsgc1,gc2,
corresponding to the critical conditions to have a BP st
and a BCS state, respectively,

gc15F2Y 1

V (
pW

f ~Ep
B!2 f ~Ep

A!

Aep
121D2 GU

D→Dc

,

gc25F2Y 1

V (
pW

f ~Ep
B!2 f ~Ep

A!

Aep
121D2 GU

D→0

. ~11!

For g,gc1 the only solution of Eq.~10! is D50 which
means a normal phase without pairing. Forg.gc2 there is a
stable BCS solution andD50 becomes unstable. Wheng is
in the regiongc1,g,gc2, there are three solutions of Eq
~10!: a normal solutionD50, a BCS solutionD.Dc , and a
BP solutionD,Dc . However, only the BCS solution is th
global minimum ofV, the BP solution is unstable because
does not satisfy the stable condition]2V/]D2.0, and the
normal solution is metastable. This is shown clearly in F
2. When the temperature increases, the normal solution
comes stable and the BCS solution changes to be metast
In any case the BP solution cannot be stable. WhenT ex-
ceeds some critical value, the unstable BP state even d
pears. Therefore the stability analysis rules out the possib
to create a BP phase by mass difference. The conclu
agrees with the result of@7# where the authors examined th
current response of the interior-gap state in the weak c
pling limit and considered only the case of mass differen
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~2! Density difference. From the thermodynamic potent
~9! it is easy to obtain the particle densities

na5
1

2V (
pW

F S 11
ep

1

Aep
121D2D f ~Ep

A!

1S 12
ep

1

Aep
121D2D f ~Ep

B!G ,

nb5
1

2V (
pW

F2S 12
ep

1

Aep
121D2D f ~Ep

A!

2S 11
ep

1

Aep
121D2D f ~Ep

B!12G . ~12!

We consider a system with fixed relative density

nb

na
5l. ~13!

To satisfy this density constraint, namely a charge conse
tion such as electronic charge witha,b carrying charge num-
ber 2l,11, respectively, the chemical potentials should
adjusted to bema5m2ldm andmb5m1dm, wherem cor-
responds to the total number density sincena1nb
52]V/]m. Unlike the case of mass difference where t
chemical potentials are free andD is purely determined by
the gap equation, here onlym is free andD and dm are
coupled to each other through Eqs.~10! and ~13!. The con-
dition ~13! is relevant to interesting physical systems like t
neutralized two flavor color superconductivity in@4# and
isospin asymmetric nuclear matter in@10#.

For l51 the system can be in a BCS state, while forl
Þ1 there will be some particles left after the pairing, so t
system must be in a BP state if pairing occurs without bre
ing spatial uniformity. There could be nonuniform altern
tives such as the two recent proposals in@20# and @21#. We
leave the comparison of various possibilities for a furth
study. We first calculateD as a function ofm for l52 at a
given temperature. We choose the parametersma5mb
55 MeV andg580 GeV22 in the following numerical cal-
culation. Introducing mass difference in calculation brin

FIG. 2. The potentialV as a function ofD at givenT,m with
ma55 MeV, mb5200 MeV, andg550 GeV22.
6-3
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only quantitative changes. The value ofg needed to produce
a BP decreases fast with increasing momentum cutoffL, and
taking into account all inner degrees of freedom like sp
isospin, color, and flavor will reduce the coupling by an o
der of magnitude. From Fig. 3 a BPphase exists in a rela
tively narrow region, compared with a BCS state. The exp
nation for the existence of the higher critical chemic
potential is that whenm is high enough the mismatch of th
two Fermi surfaces is too large for the two species to pai
given coupling.

In a BCS state it is well-known that the gap and the reg
of superfluidity decrease monotonously with increasing te
perature. However, the case in a BP state is very differ
With increasing temperature, the gap first goes up and t
drops down, and correspondingly the region first expa
and then contracts. The temperature related to the maxim
gap and the maximum region is a finite value but not ze
We can understand this feature in the following way. Wh
the two Fermi surfaces coincide, the temperature defo
and lowers the Fermi surface and then the gap decrease
the case of mismatch, the two different sharp Fermi surfa
are deformed and lowered by the temperature on one h
but the expansion of the two distributions make the t
wave functions close to each other in the phase space on
other hand. The former temperature effect reduces the
but a direct consequence of the latter feature is that the
species become easier to pair. The competition between
two features controls the temperature dependence of the
plitude and the region of superfluidity.

The behavior of the gap as a function of temperature
fixed chemical potential for different relative density
shown in Fig. 4. Atl51, the gap drops down monotonous
due to the disorder brought in by increasing temperatur
standard characteristic of the BCS phase. ForlÞ1, we see
again the amazing temperature behavior: The gap first
creases to a maximum value and then reduces rapidly to
with increasing temperature. While the density differencel
Þ1 is the prerequisite for a BP phase, the amplitude and
region of the gap decreases with increasingl. Similar results
with Fig. 4 have been discussed in a study on thermodyn
ics of isospin asymmetric nuclear matter in@10# with a prac-
tical nuclear potential. According to our analysis above,

FIG. 3. The gap parameter as a function ofm at fixed relative
densityl52 and for three different temperatures.
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emphasize that such novel temperature behavior is due to
two competing temperature effects under mismatch,
qualitative result is independent of special dynamical m
els. This observation is also irrelevant to the momentum c
off, since the value ofm in Fig. 4 is far below the cutoff we
used.

We further give in Fig. 5 the phase diagram in theT2m
plane for the BP phase withl52 and compare it with the
BCS phase diagram withl51. The calabash-like phas
transition line from the normal state to the BP state manife
the competition between the two opposite temperature
fects on the mismatched Fermi surfaces, discussed ab
While the two phase lines both drop down with increasingm
from about 500 MeV for BCS and 450 MeV for BP, due
the used cutoff which can be thought of as indicating
onset of asymptotic freedom in strong interaction for quar
the BP line turns back to the left in the end and the BCS l
goes towards the right without turning. As a direct cons
quence of this novel temperature effect, the most proba
temperature for BP pairing is a finite value, about 20 MeV
Figs. 4 and 5, but the widest region of the BCS phase
always located at zero temperature.

In summary, we have presented a general analysis on
mion pairing between different species with mismatch
Fermi surfaces under the assumption of spatial uniform
and investigated especially the temperature behavior of
new BP phase. From the stability analysis the mass dif
ence only cannot create a stable BP state. In the case of

FIG. 4. The gap parameter as a function ofT at fixed chemical
potential and for three different relative densities.

FIG. 5. The BCS (l51) and BP (l52) phase transition lines
in the T2m plane.
6-4
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relative densitynb /naÞ1 the temperature effect not onl
deforms and reduces the mismatched Fermi surfaces w
lead to the usual suppression of the gap, but also makes
overlap region of the two species wider which favors t
condensate. The competition of the two opposite tempera
effects results in a new calabash-like phase transition
from normal to BP states. The temperature correspondin
the largest gap and the largest region of superfluidity is fin
but not zero. Due to this novel temperature effect, we th
k,

,
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that trapping different fermionic atoms with different dens
ties at controlled finite temperature may be a feasible wa
obtain a BP phase. A similar study with intense focus
gapless two flavor color superconductivity has been done
Huang and Shovkovy@22#.
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