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Direct JÕc and c8 hadroproduction via fragmentation in the collinear parton model
and kT-factorization approach
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ThepT spectra for directJ/c andc8 hadroproduction at Fermilab Tevatron energy are calculated within the
framework of the NRQCD formalism and the fragmentation model in the collinear parton model as well as in
thekT-factorization approach. We describe the Collider Detector at Fermilab data and obtain a good agreement
between the predictions of the parton model and thekT-factorization approach. We perform the calculations
using the relevant leading order inas hard amplitudes and taking equal values of the long-distance matrix
elements for both models.
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I. INTRODUCTION

During the years after the measurement of the char
nium production cross sections and polarization effects
J/c andc8 mesons at the Fermilab Tevatron collider@1# the
phenomenology of quarkonium production had a phase
intensive developments. Nowadays, it is understood
heavy quarkonium production is a very complicated phys
process and needs many new theoretical ideas. Starting
the color singlet model@2# the so-called nonrelativistic QCD
~NRQCD! formalism@3# was developed to describe the no
perturbative transition of aQQ̄ pair into a final heavy
quarkonium.

The perturbative fragmentation functions for parto
which split into heavy quarkonia have been obtained@4#
within the framework of the NRQCD formalism. It is sup
posed that the fragmentation model is more adequate for
description of quarkonium production at a large quarkoni
transverse momentumpT@MQQ̄ than the fusion model.

In charmonium production at the energy range of
Tevatron collider we deal with the gluon distribution fun
tion from a proton which is taken at a very smallx but the
relevant virtualitym2;MQQ̄

2
1pT

2 is large. In the region un-
der consideration the collinear parton model can be gene
ized within the framework of thekT-factorization approach
@5–8#. This fact leads to some interesting effects in t
quarkonium production at the high energies, which were d
cussed ten years ago in Ref.@9# and recently in Refs.@10–
13#.

In this paper we calculate thepT-spectra of the unpolar
ized directJ/c andc8 mesons produced via the fragment
tion mechanism. In the case of directJ/c andc8 it is sup-
posed that the production via the gluon fragmentation i
the color-octetQQ̄ @ 3S1 ,8# state is a dominant contributio
@14,15#. We compare the predictions which are obtained a
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the collinear parton model as in thekT-factorization ap-
proach. In both cases we performed calculations with
hard amplitudes in the leading order of the QCD runni
constantas . So, in the collinear parton model we take in
consideration the partonic subprocess:

g1g→g1g. ~1!

In the kT-factorization approach we take into considerati
the subprocess with off-shell or reggeized initial gluons:

g* 1g* →g. ~2!

We have described the Collider Detector at Fermilab~CDF!
data@1# and obtained a good agreement between the pa
model and thekT-factorization calculations based on the ha
amlitudes for subprocesses~1! and~2! with the equal values
of the long-distance matrix elementŝOJ/c@ 3S1,8#&
and ^Oc8@ 3S1,8#& in the fragmentation functions
Dg→J/c,c8(z,m2) for both models. The QCD evolution of th
fragmentation function is described by the homogene
equation with a boundary condition proportional to the de
function d(12z).

The results obtained in the paper within th
kT-factorization approach based on the fragmentation fu
tion model differ from results of Refs.@11–13#, which were
obtained using the gluon fusion model. The possible reas
for a disagreement will be discussed below.

II. NRQCD FORMALISM

Within the framework of the NRQCD, the cross section
the fragmentation function for quarkoniumH production can
be expressed as a sum of terms, which are factorized in
short-distance coefficient and a long-distance matrix elem
@3#:

ds~H !5(
n

dŝ~QQ̄@n# !^OH@n#&, ~3!
©2003 The American Physical Society13-1
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D~a→H !5(
n

D~a→QQ̄@n# !^OH@n#&. ~4!

Here then denotes the set of color and angular moment
numbers of theQQ̄ pair, in which the production cross se
tion is dŝ(QQ̄@n#) or which the fragmentation function i
D(a→QQ̄@n#). The last ones can be calculated perturb
tively in the strong couplingas . Of course, in the case o
production in a hadron collision, the short-distance cro
sectiondŝ has to be convoluted with the parton distributio
function from the hadrons. The nonperturbative transit
from theQQ̄ staten into the final quarkoniumH is described
by a long-distance matrix element^OH@n#& which have to be
calculated using nonperturbative methods or determi
from experimental data. The fit of the Tevatron data for
pT-spectra ofJ/c, c8, andxc charmonium states has bee
done recently by different authors~see a review in Ref.@16#!.
As it was shown in Refs.@14,15#, at the large charmonium
transverse momentum (pT.7 GeV) the gluon fragmentation
into color-octet state

g* →QQ̄@ 3S1,8# ~5!

gives dominated contribution to the directJ/c andc8 hadro-
production. The values of the color-octet matrix eleme
under consideration are the following:^OJ/c@ 3S1,8#&54.4
31023 GeV3, ^Oc8@ 3S1,8#&54.231023 GeV3 @15#. Note
that the fit of CDF data for thepT-spectrum of a directJ/c
production within the framework of the fusion model in th
collinear parton model gives another numerical value of
long-distance matrix element ^OJ/c@ 3S1,8#&51.2
31022 GeV3 @16#. It will be important to compare the re
sults obtained in thekT-factorization approach based on th
fusion and fragmentation models.

III. FRAGMENTATION FUNCTION

The gluon fragmentation into the3S1 charmonium state is
determined by the color-singlet@Fig. 1~a!# and the color-octet
@Fig. 1~b!# contributions. The previous analysis has sho
that the probability of a gluon fragmentation into the colo
singlet state is only a small part of the probability of a fra
mentation into the color-octet state@14#. The leading order in
theas fragmentation functions for the transition~4! is known
and can be written at the scalem25m0

254mc
2 as follows@4#:

Dg→J/c,c8
T

~z,m2!52dT~z,m0
2!^OJ/c,c8@ 3S1,8#&, ~6!

Dg→J/c,c8
L

~z,m2!5dL~z,m0
2!^OJ/c,c8@ 3S1,8#&,

~7!

where

dT~z,m0
2!5

pas~m0
2!

48mc
3

d~12z!, ~8!
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dL~z,m0
2!5

as
2~m0

2!

8mc
3

~12z!

z
. ~9!

It is obvious that the probability of the gluon fragment
tion into the longitudinally polarized charmonium is neglig
bly small andJ/c or c8 mesons have transverse polariz
tion.

The fragmentation functions~6! and~7! are evolved inm2

using the standard homogeneous DGLAP evolution equa
@17#:

m2
]Dg

]m2
~z,m2!5

as~m2!

2p E
z

1dx

x
PggS x

zDDg~x,m2!, ~10!

wherePgg(x) is the usual leading order gluon-gluon splittin
function. To solve Eq.~10! we use the well known method
based on Mellin transform. It is easy to obtain that t
Mellin-momentum at the scalem2 can be written as follows:

Dg~n,m2!5Dg~n,m0
2!expF Pgg~n!

2p E
m0

2

m2 dm2

m2
as~m2!G ,

~11!

where

Pgg~n!53F22S1~n!1
11

6
1

2

n~n21!
1

2

~n11!~n12!G21,

~12!

S1~n!5(
j 51

n
1

j
.

In the one-loop approximation for the running consta
as(m

2) with the three active flavors (b059) one has

as~m2!5
4p

b0log~m2/L2!
, ~13!

FIG. 1. Diagrams used for description LO in theas fragmenta-
tion g* →J/cgg ~color-singlet state, A! andg* →J/c ~color-octet
state, B!.
3-2
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and Eq.~11! can be presented as follows:

Dg~n,m2!5Dg~n,m0
2!expF 2

b0
Pgg~n!logS log~m2/L2!

log~m0
2/L2!

D G .

~14!

Taking into consideration that

Dg
T~n,m0

2!5
pas~m0

2!

24mc
3 ^OJ/c,c8@ 3S1,8#& ~15!

we have performed an inverse Mellin transform numerica
using the following rule:

Dg~z,m2!'Dg
T~z,m2!5E

C
dnz2nDg

T~n,m2!. ~16!

The integration contourC can be transformed such as

Dg~z,m2!5
1

pE0

`

dt Im@eifz2nDg
T~n,m2!#, ~17!

wheren5c1teif andc'2, f5p/2. In Fig. 2 the obtained
fragmentation functionDg→J/c(z,m2) multiplied by 104 is
shown at the differentm2530, 100, and 300 GeV2. We see
that our result at them25300 GeV2 agrees well with the
same one obtained in Ref.@18#. In a stage of convoluting o
the fragmentation functionDg→J/c(z,m2) with the partonic
cross section for the subprocesses~1! or ~2! we will use the
following definition for the variablez:

z5
Ec1upW cu

2Eg
. ~18!

FIG. 2. Dg→J/c(z,m2) at them2530, 100, and 300 GeV2 as a
function of z.
11401
y

Thus we consider that the massless parton fragments into
massive meson. As it will be seen the definition~18! is more
correct at a not so largepT than the massless one between t
parton four-momentum and the meson four-momentum

pc
m5zpg

m . ~19!

We suggest also that the meson has a small transverse
mentum, respectively, initial gluon jet and we approximate
can accept that in the laboratory frame

hc>hg , ~20!

wherehc ,hg are the meson and gluon pseudorapidities.
Within the framework of the fragmentation model, th

meson production cross section and the relevant gluon
duction cross section are connected as follows:

ŝ~gg→J/cX!5E dzDg→J/c~z,m2!ŝ~gg→gg! ~21!

or

ŝ~g* g* →J/cX!5E dzDg→J/c~z,m2!ŝ~g* g* →g!.

~22!

IV. LEADING ORDER HARD AMPLITUDES

The squared amplitude for the partonic process~1! is well
known and it can be presented as follows:

uM ~gg→gg!u2518p2as
2~ ŝ41 t̂41û4!~ ŝ21 t̂21û2!

~ ŝt̂ û!2
,

~23!

whereŝ, t̂ , andû are the usual Mendelstam variables.
There are two approaches for calculation of a parto

amplitude for the subprocess~2! in the kT-factorization ap-
proach@6,8#. The effective Feynman rules for processes w
off-shell gluons were suggested in Ref.@6#. The special trick
is a choice of the initial gluon polarization 4-vector as fo
lows:

«m~q!5
qT

m

uqW Tu
. ~24!

In Ref. @8# the initial gluons are considered as reggeo
~reggeized gluons! and the effective reggeon-reggeon-glu
vertex function was obtained

Cl~k1 ,k2!52~k12k2!l1P1
lS k1

2

~kP1!
12

~kP2!

~P1P2!
D

2P2
lS k2

2

~kP2!
12

~kP1!

~P1P2!
D , ~25!

whereP15(As/2) (1,0,0,1) andP15(As/2) (1,0,0,21) are
the colliding protons four-momenta,k15x1P11k1T and k2
5x2P21k2T are the initial gluons four-momenta,kT
3-3
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5(0,kWT,0), k5k11k2 is the final real gluon four-momentum
It is easy to show that the vertex functionCl(k1 ,k2) satisfies
the gauge invariance condition (k11k2)lCl(k1 ,k2)50.

Omitting the color factorf abc we can write the amplitude
of the subprocess~2! according to Ref.@6# as follows:

M52g«l~k!
k1T

m k2T
n

ukW1TuukW2Tu
@~k1k1!nglm1~2k11k2!lgmn

1~2k12k!mgnl#. ~26!

We have obtained after simple transformations that

M52
g«l~k!

2ukW1TuukW2Tu
x1x2sC̃l~k1 ,k2!, ~27!

where

C̃l~k1 ,k2!52~k12k2!l1
2P1

l

x2s
~k1

21x1x2s!

2
2P2

l

x1s
~k2

21x1x2s!

5Cl~k1 ,k2!. ~28!

In such a way, the approaches@6,8# are equivalent and give
the equal answer for the squared vertex function and am
tude:

Cl~k1 ,k2!Cl~k1 ,k2!52
4k1

2k2
2

x1x2s
, ~29!

and

uM ~g* g* →g!u25
3

2
paspW T

2 , ~30!

where pW T
25(kW1T1kW2T)25x1x2s, pW T is the transverse mo

mentum of the final gluon.

V. CROSS SECTIONS FOR THE PROCESSpp\JÕc„c8…X

In the conventional collinear parton model it is sugges
that the hadronic cross section, in our case,s(pp

→J/cX,s), and the relevant partonic cross sectionŝ(gg

→J/cX,ŝ) are connected as follows:

sPM~pp→J/c,s!5E dx1E dx2G~x1 ,m2!G~x2 ,m2!

3ŝ~gg→J/c,ŝ!, ~31!

whereŝ5x1x2s, G(x,m2) is the collinear gluon distribution
function in a proton,x1,2 are the fractions of a proton mo
mentum, andm2 is the typical scale of a hard process. T
m2 evolution of the gluon distributionG(x,m2) is described
by the DGLAP evolution equation@17#.
11401
li-
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In the kT-factorization approach hadronic and parton
cross sections are related by the following condition@5–7#:

sKT~pp→J/cX!

5E dx1

x1
E dkW1T

2 E df1

2p
F~x1 ,kW1T

2 ,m2!

3E dx2

x2
E dkW2T

2 E df2

2p
F~x2 ,kW2T

2 ,m2!

3ŝ~g* g* →J/cX,ŝ!, ~32!

where ŝ(g* g* →J/cX,ŝ) is the J/c production cross sec
tion on off-shell gluons,k1

25k1T
2 52kW1T

2 , k2
25k2T

2 52kW2T
2 ,

ŝ5x1x2s2(kW1T1kW2T)2, andf1,2 are the azimuthal angles i
the transverseXOYplane between vectorskW1T(kW2T) and the
fixed OX axis (pW cPXOZ). The unintegrated gluon distribu
tion function F(x1 ,kW1T

2 ,m2) satisfies the BFKL evolution
equation@19#.

Our calculation in the parton model is done using t
GRV LO @20# and CTEQ5L@21# parametrizations for a col
linear gluon distribution functionG(x,m2). In the case of the
kT-factorization approach we use the following parametri
tions for an unintegrated gluon distribution functio
F(x1 ,kW1T

2 ,m2): JB by Bluemlein@22#, JS by Jung and Salam
@23#, and KMR by Kimber, Martin, and Ryskin@24#. The
direct comparison between different parametrizations
functions ofx, kWT

2 , andm2 was presented in paper@10#.
The doubly differential cross sections for the processpp

→J/c(c8)X can be written as follows:

dsPM

dhcdpcT
5E dx1E dzG~x1 ,m2!G~x2 ,m2!

3Dg→c~z,m2!
pgTEg

Ec

uM ~gg→gg!u2

8px1x2s~u1x1s!
,

~33!

where

u52As~Eg2pgz!, t52As~Eg1pgz!,

x252
x1t

u1x1s
, x1,min52

u

s1t
,

t̂5x1t, û5x2u, ŝ5x1x2s;

dsKT

dhcdpcT
5E dzE df1E dkW1T

2 F~x1 ,kW1T
2 ,m2!

3F~x2 ,kW2T
2 ,m2!Dg→c~z,m2!

3
Eg

pgTEc

uM ~g* g* →g!u2

x1x2s
, ~34!
3-4
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where

kW2T5pW gT2kW1T , x15
Eg1pgz

As
, x25

Eg2pgz

As
.

The energy (Eg) of a fragmenting gluon and the energy of
final meson (Ec) are related as follows:

Eg5
Ec1upW cu

2z
, upW cu5

pcT

sin~uc!
, pgz5Egcos~uc!,

uc52 arctg@exp~2hc!#.

VI. THE RESULTS

We compare our predictions with the CDF data@1# for
unpolarized directJ/c and c8 production. The directJ/c
cross section does not include contributions fromB meson
decays intoJ/c as well as fromxc radiative decays. Fo
directc8 production, indirect contribution fromB meson de-
cays are removed. Our results obtained in the collinear
ton model do not depend on a choice of the parametriza
for the gluon distribution function and coincide approx
mately (610–20%) to the results obtained in Ref.@15# us-
ing a similar approach. We can see in Figs. 3 and 4 that
curves denoted as ‘‘GRV,’’ which were obtained in the co
linear parton model, are below the data especially at
small pT , where the gluon fusion into1S0 and 3PJ color
octet states is dominant@15,16#.

The curves which were obtained in thekT-factorization
approach strongly depend on a choice of the unintegra
gluon distribution function. In the region of a largepT ,
where the fragmentation approach is more adequate, th
sults obtained with JB@22# and KMR @24# parametrizations

FIG. 3. The spectrum of directJ/c on pT at the AS
51800 GeV anduhu,0.6. The data points are from@1#. The B is
the J/c lepton branching.
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coincide well. However, JS parametrization@23# predicts the
values smaller by a factor of 2, which are near the valu
obtained in the collinear parton model with the GRV glu
distribution function. In such a way, thepT spectra of direct
J/c and c8 mesons obtained in the collinear parton mod
and in thekT-factorization approach approximately coincid
Note that our conclusions disagree with the previous res
obtained in Refs.@11–13# using the fusion model. Opposit
our result, the fit of the CDF data accordingly@11–13# needs
strong suppression~in 10–30 times! for the long-distance
matrix elementŝOJ/c,c8@ 3S1 ,8#& to compare the values ob
tained in the collinear parton model.

There are several reasons for such a disagreement. F
we used the fragmentation functions, which take into acco
effectively high order corrections via the DGLAP evolutio
equation. Second, in Refs.@11–13# the argumentm2 of the
strong coupling constantas(m

2) is equal toqW 1T
2 or qW 2T

2 , our

choice ism25pW T
214mc

2 . This fact gives the additional facto
of 3 in a cross section@13#. Third, in Refs.@11,12# the KMS
@25# parametrization for an unintegrated gluon distributi
function was used. We have shown~Figs. 2 and 3! that the
difference between predictions based on the different par
etrizations may be about a factor of 2 to 3.

The obtained results for the direct unpolarizedJ/c andc8
hadroproduction as well as our previous results for theJ/c
photoproduction at HERA energies@10# show that the pre-
dictions for spectra onpT with the LO inas hard amplitudes
in the kT-factorization approach coincide well with the pr
dictions with the NLO inas hard amplitudes in the collinea
parton model. The NLO inas calculation for theJ/c pho-
toproduction cross section was performed in Ref.@26#.

It is obvious that the NLO hard subprocess for a glu
production in thekT-factorization approach with off-shel
initial gluons is the LO subprocess used in the collinear p

FIG. 4. The spectrum of directc8 on pT at the AS
51800 GeV anduhu,0.6. The data points are from@1#. The B is
the c8 lepton branching.
3-5
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ton model with on-shell initial gluons:

g* 1g* →g1g. ~35!

An amplitude of the subprocess~35! has infrared singulari-
ties even at the large value ofpT for the final gluon which
fragments into a meson. Oppositely, in the collinear par
model both gluons are hard in a similar case. The proced
of a calculation of an amplitude for the subprocess~35! in
thekT-factorization approach has been suggested in Ref.@8#,
where initial gluons are considered as reggeons and the
frared divergencies are removed. It should be interestin
ys

11401
n
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calculateJ/c(c8) production cross section using the resu
of Ref. @8#. This study is in progress.
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