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QCD status of factorization ansatz for double parton distributions
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This article brings attention to what is knowable from perturbative QCD theory on two-parton distribution
functions in the light of recent CDF measurements@Phys. Rev. D56, 3811 ~1997!# of the inclusive cross
section for double parton scattering. It is shown that the solution of generalized Lipatov-Altarelli-Parisi-
Dokshitzer equations for the two-parton distributions is not at all the product of two single-parton distributions,
which is usually applied to the current analysis as an ansatz.
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The Collider Detector at Fermilab~CDF! Collaboration
has recently measured a large number of double parton
terings@1#. Thus new and complementary information on t
structure of the proton can be obtained by identifying a
analyzing events in which two parton-parton hard scatteri
take place within onepp̄ collision. Double parton scatterin
provides information on both the spatial distribution of pa
tons within the proton, and possible parton-parton corre
tions. Both the absolute rate for the double parton proc
and any dynamics that correlations may introduce are th
fore of interest. The theoretical estimations of the effect
der consideration have been done in a number of wo
@2–9#.

For instance, the differential cross section for the four-
process~due to the simultaneous interaction of two part
pairs! is given by@4,5#

ds5(
q/g

ds12ds34

seff
Dp~x1 ,x3!Dp̄~x2 ,x4!, ~1!

whereds i j stands for the two-jet cross section. The dime
sional factorseff in the denominator represents the total
elastic cross section which is an estimate of the size of
hadron,seff.2pr p

2 ~the factor 2 is introduced due to th
identity of the two parton processes!. With the effective cross
section measured by CDF, (seff)CDF5(14.561.722.3

11.7) mb
@1#, one can estimate the transverse sizer p.0.5 fm, which is
too small in comparison with the proton radius extrac
from ep elastic scattering experiments. The relatively sm
value of (seff)CDF with respect to the naive expectation 2pr p

2

was, in fact, considered@7,8# as evidence of nontrivial cor
relation effects in transverse space. But, apart from th
correlations, the longitudinal momentum correlations c
also exist and they are the subject of the present inves
tion. Usually the two-parton distributions are supposed to
the product of two single-parton distributions times a m
mentum conserving phase space factor

Dp~xi ,xj !5Dp~xi ,Q2!Dp~xj ,Q2!~12xi2xj !, ~2!

whereDp(xi ,Q2) are the single quark/gluon momentum d
tributions at the scaleQ2 ~determined by a hard process!.
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The main purpose of this paper is to analyze the statu
the factorization ansatz~2! for many parton distributions in
the perturbative QCD theory. Here one should note that
generalized Lipatov-Altarelli-Parisi-Dokshitzer equations f
many parton distribution functions have been derived for
first time in Refs.@10,11# within the leading logarithm ap-
proximation of QCD using a method by Lipatov@12#. Under
certain initial conditions these equations lead to solutio
which are identical with the jet calculus rules proposed
multiparton fragmentation functions by Konishi-Ukaw
Veneziano@13#. Because of a very old affair it is necessary
recall some features of that investigation to be clear.

In Ref. @14# the structure functions ofep scattering and
e1e2 annihilation were calculated in the leading logarithm
approximation for vector and pseudoscalar theories. Sim
calculations in QCD were made in Ref.@15#. Lipatov shown
@12# that the results of these calculations admit a simple
terpretation in the framework of the parton model with
variable cutoff parameterL;Q2 with respect to the trans
verse momenta, and derived an equation for the scaling
lation of the parton distributionDi

j (x,L) inside a dressed
quark or gluon, which is in fact equivalent to the one pr
posed by Altarelli and Parisi@16#, within the difference that
it was not applied by Lipatov to QCD.

After introducing the natural variable

t5
1

2pb
lnF11

g2~m2!

4p
b lnS L

m2D G , b5
3322nf

12p
in QCD,

whereg(m2) is the running coupling constant at the refe
ence scalem2, nf is the number of flavors, this equatio
reads@12,15,16#

dDi
j~x,t !

dt
5(

j 8
E

x

1dx8

x8
Di

j 8~x8,t !Pj 8→ j S x

x8D . ~3!

It is interesting that expression for the kernelsP in Lipatov
method already includes a regularization atx→x8, which
was introduced in Ref.@16# afterwards.

This method allows one to obtain also the generaliz
Lipatov-Altarelli-Parisi-Dokshitzer equation for two-parto
distributions Di

j 1 j 2(x1 ,x2 ,t), representing the probability
that in a dressed constituenti one finds two bare partons o
©2003 The American Physical Society12-1
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types j 1 and j 2 with the given momentum fractionsx1 and
x2, namely~see Refs.@10,11,17# for details!,

dDi
j 1 j 2~x1 ,x2 ,t !

dt

5(
j 18

E
x1

12x2dx18

x18
D

i

j 18 j 2~x18 ,x2 ,t !Pj
18→ j 1S x1

x18
D

1(
j 28

E
x2

12x1dx28

x28
D

i

j 1 j 28~x1 ,x28 ,t !Pj
28→ j 2S x2

x28
D

1(
j 8

Di
j 8~x11x2 ,t !

1

x11x2
Pj 8→ j 1 j 2S x1

x11x2
D ,

~4!

where the kernel@1/(x11x2)#Pj 8→ j 1 j 2
@x1 /(x11x2)# is de-

fined without d-function regularization. The result for th
m-parton functions can be found in Ref.@10#.

It is readily verified by direct substitution that the solutio
of Eq. ~4! can be written via the convolution of single distr
butions@10,11#

Di
j 1 j 2~x1 ,x2 ,t !5 (

j 8 j 18 j 28
E

0

t

dt8E
x1

1 dz1

z1
E

x2

12x1dz2

z2
Di

j 8

3~z11z2 ,t8!
1

z11z2
Pj 8→ j

18 j
28S z1

z11z2
D

3D
j
18

j 1S x1

z1
,t2t8DD

j
28

j 2S x2

z2
,t2t8D . ~5!

This coincides with the jet calculus rules@13# proposed origi-
nally for the fragmentation functions and is the generali
tion of the well-known Gribov-Lipatov relation installed fo
single functions@14,15# ~the distribution of bare partons in
side a dressed constituent is identical to the distribution
dressed constituents in the fragmentation of a bare parto
the leading logarithm approximation!. The equations for the
multiparton fragmentation functions are obtained by Lip
tov’s method in a similar way@11# and beyond the given
investigation.

The solution~5! shows that the distribution of partons
correlatedin the leading logarithm approximation
11401
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Di
j 1 j 2~x1 ,x2 ,t !ÞDi

j 1~x1 ,t !Di
j 2~x2 ,t !. ~6!

Of course, it is interesting to find out the phenomenologi
issue of the equations under consideration. This can be d
within the well-known factorization of soft and hard stag
~physics of short and long distances! @18#. As a result, Eqs.
~3! and~4! describe the evolution of parton distributions in
hadron witht(Q2), if one replaces the indexi by index h
only. However, the initial conditions for new equations at
50 (Q25m2) are unknowna priori and must be introduced
phenomenologically or must be extracted from experime
or some models dealing with physics of long distances@at
the parton level:Di

j (x,t50)5d i j d(x21); Di
j 1 j 2(x1 ,x2 ,t

50)50]. Nevertheless the solution of Eq.~4! with the given
initial condition may be written as before via the convolutio
of single distributions@11#

Dh
j 1 j 2~x1 ,x2 ,t !5(

j 18 j 28
E

x1

1 dz1

z1
E

x2

12x1dz2

z2
D

h

j 18 j 28~z1 ,z2,0!

3D
j
18

j 1S x1

z1
,t DD

j
28

j 2S x2

z2
,t D

1 (
j 8 j 18 j 28

E
0

t

dt8E
x1

1 dz1

z1
E

x2

12x1dz2

z2
Dh

j 8

3~z11z2 ,t8!
1

z11z2
Pj 8→ j

18 j
28S z1

z11z2
D

3D
j
18

j 1S x1

z1
,t2t8DD

j
28

j 2S x2

z2
,t2t8D . ~7!

The reckoning for the unsolved confinement proble
~physics of long distances! is the unknown two-parton corre

lation function D
h

j 18 j 28(z1 ,z2,0) at some scalem2. One can
suppose that this function is the product of two single-par
distributions times a momentum conserving factor at t
scalem2:

Dh
j 1 j 2~z1 ,z2,0!5Dh

j 1~z1,0!Dh
j 2~z2,0!u~12z12z2!. ~8!

Then
Dh
j 1 j 2~x1 ,x2 ,t !5H Dh

j 1~x1 ,t !Dh
j 2~x2 ,t !1(

j 18 j 28
E

x1

1 dz1

z1
E

x2

1 dz2

z2
D

h

j 18~z1,0!Dh

j 28~z2,0!D
j
18

j 1S x1

z1
,t DD

j
28

j 2S x2

z2
,t D

3@u~12z12z2!21#J u~12x12x2!1 (
j 8 j 18 j 28

E
0

t

dt8E
x1

1 dz1

z1
E

x2

12x1dz2

z2
Dh

j 8

3~z11z2 ,t8!
1

z11z2
Pj 8→ j

18 j
28S z1

z11z2
DD

j
18

j 1S x1

z1
,t2t8DD

j
28

j 2S x2

z2
,t2t8D , ~9!
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where

Dh
j ~x,t !5(

j 8
E

x

1dz

z
Dh

j 8~z,0!D j 8
j S x

z
,t D ~10!

is the solution of Eq.~3! with the given initial condition
Dh

j (x,0) for parton distributions inside a hadron express
via distributions at the parton level.

This result~9! is, as a matter of fact, the answer to t
question set. If the two-parton distributions are factorized
some scalem2 then the evolution violates this factorizatio
inevitably at any different scale (Q2Þm2), apart from the
violation due to the kinematic correlations induced by t
momentum conservation~given byu functions!.1

For a practical employment it is interesting to know t
degree of this violation. It can be done numerically using,
instance, the CTEQ parametrization@19# for single distribu-
tions as an input in Eq.~9! and considering the kinematics o
some specific process. Partly this problem was investiga
theoretically in Refs.@11,20# and for the two-particle corre
lations of fragmentation functions in Ref.@21#. That tech-
nique is based on the Mellin transformation of distributi
functions as

Mh
j ~n,t !5E

0

1

dx xnDh
j ~x,t !. ~11!

After that, the integrodifferential equations~3! and ~4! be-
come systems of ordinary linear-differential equations of fi
order with constant coefficients and can be solved explic
@11,20#. In order to obtain the distributions inx representa-
tion an inverse Mellin transformation must be performed

Dh
j ~x,t !5E dn

2p i
x2nMh

j ~n,t !, ~12!
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where the integration runs along the imaginary axis to
right from all n singularities. This can be done numerical
again. However the asymptotic behavior can be estima
Namely, with the growth oft(Q2) the second term in Eq.~7!
becomesdominantfor finite x1 and x2 @20#. Thus the two-
parton distribution functions ‘‘forget’’ the initial conditions
unknowna priori and the correlations perturbatively calc
lated appear.

The CDF Collaboration found no evidence for the kin
matic correlation between the two scatterings in double p
ton events. This can mean only that the factorization ans
~2! is the acceptable approximation at the scaleQCDF

;5 GeV accessible to CDF measurements@ET
jet(min)

.5 GeV @1##. The explanation is simple: in the kinematic
region of finitex1 ,x2 and largeQ2, where correlations are
important, double parton collisions give a negligible cont
bution to the cross section. Thus, the typical hard scale
longitudinal momentum fractions of CDF measurements
relatively small to observe the correlations under consid
ation. There are no arguments to assert that the ansatz~2! is
acceptable at larger scales of hard processes accessib
LHC measurements. For instance, one can believe that
evolution term will be relevant if one observes double par
scatterings in equal sign heavyW boson production at the
LHC. This relatively rare process was studied in Ref.@22#,
has a good signature and large enoughQ2 to probe longitu-
dinal momentum correlations.

To summarize, the analysis shows that within the lead
logarithm approximation of the perturbative QCD theory a
the factorization of physics of short and long distances,
two-parton distribution functions being the product of tw
single distributions at some reference scale become to
dynamically correlated at any different scale of a hard p
cess. These correlations are perturbatively calculable u
Eq. ~9!.
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