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Impact parameter dipole saturation model
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We develop a dipole model for DESY HERA deep inelastic scattering data which incorporates the impact
parameter distribution of the proton. The model describes the inclusive totalg* p cross sections as well as the
diffractive J/c differential cross sections. We compare the model with previous approaches and show that the
t distributions are sensitive to saturation phenomena. We estimate the boundary of the saturation region and
show that it dominates the data in the low-Q2 region where the totalg* p cross section exhibits the same
universal rise as hadronic cross sections. The model is then extended to nuclei and shows good agreement with
the nuclear shadowing data at smallx. Finally, we estimate the saturation scale in nuclei.
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I. INTRODUCTION

One of the most important observations of the DESYep
collider HERA experiments is the rapid rise of theg* p cross
section with theg* p center of mass energyW in the deep
inelastic scattering~DIS! region. This observation indicate
that over a region of size;1/Q2 additional gluons are abun
dantly radiated at smallx'Q2/W2. The simultaneous obse
vation of a significant number of diffractive events in D
leads to the dipole saturation model of Golec-Biernat a
Wüsthoff ~GBW! @1#. The model successfully described th
data in the transition region between low and intermed
Q2 and indicated the emergence of saturation phenomen
DIS. In spite of its compelling success the model has so
obvious shortcomings. First, the treatment of QCD evolut
is only rudimentary. Second, the dipole cross section is in
grated over the transverse coordinate although the gluon
sity is expected to be a strongly varying function of the i
pact parameter. The evolution was improved
incorporating Dokshitzer-Gribov-Lipatov-Altarelli-Paris
~DGLAP! into the dipole cross section, thereby extending
model applicability to the highQ2 region @2#.

In this paper we further improve the dipole model
introducing the impact parameter of the proton into the
pole dynamics. For the form of the dipole cross section
adopt the Glauber-Mueller formula which can be derived
der simplifying assumptions@3#. The transverse profile of th
proton can be probed experimentally by measuring the
mentum transfert to the proton in diffractive events. Thu
diffractive and inclusiveg* p processes form a tool to dete
mine the gluon density and saturation dynamics at DE
HERA. Whether the experimental data are sufficient to
veal the rich nonlinear dynamics of saturation and the co
glass condensate@4# remains an important phenomenologic
question@5–7# which this work addresses.

The impact parameter~IP! saturated dipole model can b
extended to DIS interactions in nuclei in a natural way. W
study nuclear effects and compare them with data on nuc
0556-2821/2003/68~11!/114005~18!/$20.00 68 1140
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shadowing. Finally we estimate the saturation scale in he
nuclei.

II. DIPOLE DESCRIPTION OF DIS

In the dipole picture@8,9#, theg* p interaction proceeds in
three stages: First, the incoming virtual photon fluctuates i
a quark-antiquark pair, then theqq̄ pair elastically scatters on
the proton, and finally theqq̄ pair recombines to form a
virtual photon. This is shown schematically in Fig. 1. Th
amplitude for the complete process is simply the produc
the amplitudes of these three subprocesses. We discuss
in turn.

The amplitude for the incoming virtual photon~with po-
larizationl51,2,0) to fluctuate into a quark-antiquark pa
~of flavor f with helicitiesh,h̄561/2) is given by the photon

light cone wave function (cg, f)l
hh̄ which depends upon

(Q2,z,r ). Here z denotes the longitudinal momentum fra
tion of the photon carried by the quark andr the transverse
size of theqq̄ pair. These wave functions are determin
from light cone perturbation theory to leading order in t
fermion electromagnetic charge@10#. Similarly, the ampli-
tude for theqq̄ to recombine to form a virtual photon i

(cg, f* )l
hh̄ .

γ* γ*

z

1-z

r

p p

FIG. 1. The interaction of a quark–antiquark dipole with a pr
ton.
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The elastic scattering of theqq̄ pair with squared momen
tum transferD252t is described by the elastic scatterin

amplitude,Ael
qq̄(x,r ,D). ~The notation in this section follows

Munier et al. @5#.! Here Ael is defined such that the elast
qq̄ cross section is

dsqq̄

dt
5

1

16p
uAel~x,r ,D!u2. ~1!

It is convenient to work in coordinate space and define
S-matrix element at a particular impact parameterb,

S~b!511
1

2E d2Deib•DAel
qq̄~x,r ,D!. ~2!

This corresponds to ones intuitive notion of impact para
eter only when the dipole size is small compared to the s
of the proton. The total cross section for theqq̄ pair is found
by taking the imaginary part ofiAel or in terms of the
S-matrix element

sqq̄~x,r !5ImiAel
qq̄~x,r ,0!5E d2b 2@12ReS~b!#. ~3!

This motivates the definition of theqq̄ differential cross sec-
tion

dsqq

d2b
52@12ReS~b!#. ~4!

The totalg* p cross section for transverse and longitu
nal virtual photons is then given by the imaginary part of t
forward scattering amplitude

sL,T
g* p~x,Q2!5E d2r E dz

4p (
f

~gug!L,T
f sqq̄~x,r !, ~5!

with

sqq~x,r !5E d2b
dsqq

d2b
. ~6!

(gug)L,T
f denotes the probability for a polarized virtual ph

ton to fluctuate into aqq̄ pair with flavor f,

~gug!L
f [(

hh̄
~cg, f* !0

hh̄~cg, f !0
hh̄ ~7!

~gug!T
f [

1

2 (
hh̄

l561

~cg, f* !l
hh̄~cg, f !l

hh̄ . ~8!

In the dipole picture elastic diffractive vector meson pr
duction appears in a similarly transparent way@11#. We de-
note amplitude for a vector meson to fluctuate into aqq̄ pair

by (cV)l
hh̄ . This vector-meson wave function will be dis

cussed below. The amplitude for elastic diffractive vec
11400
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meson production with squared momentum transferD25
2t and transverse~T! or longitudinal polarization~L! is

AL,T~D!5E d2r E dz

4pE d2b~Vug!L,Te2 ib•D2@12S~b!#.

~9!

Assuming that theS-matrix element is predominantly rea
we may substitute 2@12S(b)# with d2sqq̄ /d2b. Then, the
elastic diffractive cross section is

dsL,T

dt
5

1

16p U E d2rE dz

4pE d2b~Vug!L,Te2 ib•D
dsqq

d2b
U2

.

~10!

Note, it is the total dipole cross section at a particular imp
parameter which appears in this formula. Munieret al. @5#
extractedS(b) from the diffractive data using the formalism
outlined above.

III. MODEL DESCRIPTION

In order to describe the data it is necessary to make s
cific assumptions about the dipole cross section and the p
ton and vector meson wave functions. First, we give a sim
model for the dipole cross section and contrast this mo
with other models that have appeared previously. Then
define the gluon structure functionxg(x,m2) and the proton
shape functionT(b) which enters the dipole cross sectio
Then we define and discuss the properties of the vector
son wave functions in some detail. Finally after the dipo
cross section and the wave functions are specified, we d
mine the model parameters by fitting the inclusive total cr
section and elastic diffractive vector meson data.

A. The dipole cross section

The total cross section for a smallqq̄ dipole to pass
through a dilute gluon cloud is proportional to the dipo
area, the strong coupling constant, and the number of glu
in the cloud@12#

sqq̄5
p2

Nc
r 2as~m2!xg~x,m2!, ~11!

where x g(x,m2) is gluon density at some scalem2. Now
imagine that the density of gluons in the target is not sm
Divide the target into thin slices of thicknessdz @46#. The
probability that a dipole at impact parameterb does not suf-
fer an inelastic interaction passing through one slice of
proton is

P~b!512
p2

Nc
r 2as~m2!xg~x,m2!r~b,z!dz. ~12!

Here r(b,z) denotes density of the gluons within a proto
and is normalized to 1,

E d2b dzr~b,z!51. ~13!
5-2
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IMPACT PARAMETER DIPOLE SATURATION MODEL PHYSICAL REVIEW D68, 114005 ~2003!
Exponentiating this result, the probability that the dipole s
fers no inelastic interactions passing through the entire p
ton is uS(b)u2,

uS~b!u25expS 2
p2

Nc
r 2as~m2!xg~x,m2!T~b! D . ~14!

HereT(b) is the thickness function,

T~b!5E
2`

`

dzr~b,z!. ~15!

To obtain the total cross section at a given impact param
we assume that theS-matrix element is predominantly rea
Then the cross section at a given impact parameterb is given
by 2@12ReS(b)# or

dsqq̄

d2b
52 F12expS 2

p2

2 NC
r 2as~m2!xg~x,m2!T~b! D G .

~16!

This expression is known as the Glauber-Mueller dip
cross section@3# and can also be obtained within th
McLerran-Venugopalan model@13#. It provides a simple
model for the interaction of aqq̄ probe with a dense targe
The functionT(b) and xg(x,m2) are determined from the
fits to the data. Figure 2 shows the dipole cross section
function of the impact parameterb for various dipole sizes a
two distinctx values. The properties of the dipole cross s
tion will be discussed below. Similar dipole cross sectio
were found in the model of Ref.@14#. The cross section is
evaluated for the largest dipole sizes only to illustrate sa
ration in the Glauber-Mueller approach. This dipole size
not contributing to the observed cross section.

The Glauber-Mueller dipole cross section is a sim
model which respects unitarity. As discussed below, in

FIG. 2. The dipole cross section as a function of the imp
parameterb for various dipole sizes evaluated at twox values.
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large Q2 region the model matches smoothly onto DGLA
since we will evolvexg(x,m2) with DGLAP. In the smallx
region, the model evolution can be improved. Indeed, evo
tion based upon the Balitsky-Kochegov equation@15,16# has
been extensively studied@6,7# and provides a reasonable d
scription of the total and total diffractive cross sections. Ne
ertheless, the Glauber-Mueller dipole cross section provi
a simple model which exhibits saturation as a function
impact parameter in a reasonably generic way and is th
fore a useful tool in exposing saturation effects in the da

B. The proton shapeT„b…

The impact parameter dependence of the dipole cross
tion determines the properties of thet distributions in elastic
diffractive processes. Here the variablet denotes the square
four-momentum transfer between the incoming and outgo
protons in the diffractive process,g* p→Vp. The t distribu-
tion is directly related to the Fourier transform ofT(b) via
Eqs. ~16! and ~10!. Presently, the best data on diffractivet
distributions are available for vector-meson productio
DESY HERA experiments reported@17–19# that all diffrac-
tive vector-mesont distributions can be described by a sing
exponentB for utu,1 GeV2,

dsVM
g* p

dt
}exp~2Butu!. ~17!

Since theJ/c wave function is better known than ther or
f wave functions, we will concentrate onJ/c production.
The value of the coefficientB for the J/c t distribution is
around 4 GeV22 and is only weakly dependent onW2 and
Q2. The exponential form in Eq.~17! is the Fourier trans-
form of

TG~b!5
1

2pBG
exp~2b2/2BG!. ~18!

We therefore tried this form forT(b). To account for the
expected exponential behavior at large impact parameter
also considered the form

TGY~b!}E d2 b8exp@2~b2b8!2/2BGY#K0~b8/WGY!.

~19!

Due to the asymptotic behavior ofK0(x);Ap/2xexp(2x),
TGY(b) falls off exponentially at large impact parameters.

The parametersBG , BGY and WGY are only weakly de-
pendent on the other parameters in the model and were
termined iteratively. From the fit to the limitedt range,utu
,0.7 GeV2, the following values were found:BG
54.25 GeV22 for TG(b) and BGY53.25 GeV22 and WGY
50.66 GeV21 for TGY(b). Figure 3 shows a representativ
subset of data@19# together with the results of a fit to the da
using both forms ofT(b). The slope of the data fixes th
parametersBG andBGY andWGY . The normalization of the
curves in Fig. 3 is a determined by the underlyingJ/c light
cone wave function and is therefore model dependent.
will use three model wave functions which are discuss

t

5-3
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more fully in Sec. III F and in the Appendix. The figure is fo
the CORNELL wave function. Unless explicitly stated, t
profile function adopted throughout the rest of this work
TGY(b), which for practical purposes is equivalent toTG(b).

C. Gluon structure function and dipole evolution

The dipole cross section@Eq. ~16!# requires the gluon den
sity xg(x,m2) for all scalesm2. As in previous work@2#, the
scalem2 is related to the dipole size by

m25
C

r 2
1m0

2 . ~20!

The gluon density is evolved to the scalem2 with leading
order DGLAP without quarks for the gluon density. The ev
lution of the gluon density is performed numerically for e
ery dipole sizer during the integration of Eq.~5!. The initial
gluon distribution is taken at the scalem0

2 in the form

xg~x,m0
2!5Agx2lg~12x!5.6. ~21!

The parameters of the modelC, m0
2, Ag , andlg are deter-

mined from a fit to the DIS data. For light quarks the glu
distribution is evaluated atx5xBJ5Q2/(Q21W2). For the

FIG. 3. The differential cross section for exclusive diffracti
J/c production as a function oft for representative bins inW @19#.
The solid~dashed! lines show the results of the IP saturation mod
assumingTGY (TG) for the proton shape.
11400
-

charm quark the gluon structure function is evaluated ax
5(4mc

21Q2)/(Q21W2), where mc is the charm quark
mass@20#. This implies that the dipole cross section is flav
dependent when performing the sum over flavors in Eq.~5!.

The present model has, in some sense, one less param
than the model of Ref.@2#. The parameters0 which previ-
ously determined the asymptotic size of the dipole cross s
tion is now replaced by the parameterBG ~or BGY andWGY)
which is ~are! fixed by the shape of the diffractivet distribu-
tion.

The gluon structure function obtained from the fit
shown in Fig. 4 for various dipole sizes. The dipole si
determines the evolution scalem2 through Eq.~20!. QCD
evolution changes the rate of rise of the gluon structure fu
tion xg(x,m2). The rate of rise is usually quantified by th
exponentle f f ,

le f f5
d log@xg~x,m2!#

d log~1/x!
. ~22!

The exponentle f f is a measure of the strength of gluo
emission process, see, e.g., Ref.@22#. Figure 5 shows a rapid
increase of the exponentle f f with decreasingx for small
values of the dipole radiusr.

D. Comparison with the GBW model

In the original GBW model@1# the dipole cross section
sqq̄(x,r ) was independent of impact parameter and gav
good description of the inclusive totalg* p cross section. It
also described some diffractive processes@1,2,23# without
providing any information about thet dependence. In the
GBW model the dipole cross sectionsqq is given by

sqq̄
GBW

5s0F12expS 2
r 2

R0
2D G , ~23!

l

x

xg
(x

,µ
2 (r

))

r=0.5 GeV-1

r=1 GeV-1

r=2 GeV-1

r=3 GeV-1

r=5 GeV-1

IP Sat
GRV

1

10

10
-5

10
-4

10
-3

10
-2

FIG. 4. The gluon structure function for various dipole size
The dipole size determines the evolution scalem2. The dashed lines
show the GRV results@21#.
5-4
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whereR0 denotes the saturation radius ands0 is a constant.
The saturation radius isx dependent,

R0
25

1

GeV2 S x

x0
D lGBW

. ~24!

The parameterss0523 mb,lGBW50.29 andx05331024

were determined from a fit to the data. The saturation rad
R0 is analogous to the gluon distribution and determines
growth of the total and diffractive cross sections with d
creasingx. For large size dipolessqq

GBW saturates by ap
proaching a constant values0 which is independent of the
exponentlGBW.

Once the impact parameter is included, saturation
comesb dependent. For small values ofb, the cross section
grows rapidly withr until it reaches the saturation platea
seen in Fig. 2,dsqq /d2b52. The extension of the platea
bS can be estimated from the conditio
p2/2NCr 2as(m

2)xg(x,m2)T(bS)51. Using the Gaussian
form of T(b) and approximatingxg(x,m2);(x0 /x)le f f we
obtain

bS
252BGlogS p

4 NCBG
r 2as~m2!~x0 /x!le f fD . ~25!

Thus, the integrated dipole cross sectionsqq increases loga-
rithmically for larger and smallx due to the growth of the
plateau region. The logarithmic growth of the cross sectio
smallx is determined byle f f andBG . This behavior should
be compared to the GBW cross section which become
constants0 that is independent oflGBW. The differences are
illustrated in Fig. 6.

x

λ ef
f

r=0.5 GeV-1

r=1 GeV-1

r=2 GeV-1

r=3 GeV-1

r=5 GeV-1

0

0.2

0.4

0.6

0.8

1

10
-5

10
-4

10
-3

10
-2

FIG. 5. The logarithmic rate of rise of the gluon structure fun
tion as a function ofx, le f f5d log@xg(x,m2)#/d log(1/x). le f f is a
measure of the strength of the gluon emission process.
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E. Photon wave function

The longitudinal and transverse photon wave functions
the conventions of Ref.@24# are given by

~cg, f !0
hh̄~r ,z!5efd f f̄ANc@22z~12z!

3Q~dh1h̄21dh2h̄1!#
K0~er !

2p

~cg, f !11
hh̄ ~r ,z!5efd f f̄A2Nc@2 ie1 iwr~zdh1h̄2

2~12z!dh2h̄1!] r1mfdh1h̄1#
K0~er !

2p

~26!

~cg, f !21
hh̄ ~r ,z!5efd f f̄A2Nc$1 ie2 iwr@~12z!dh1h̄2

2zdh2h̄1#] r1mfdh2h̄2%
K0~er !

2p

wherereiwr5r x1 ir y , e25z(12z)Q21mf
2 , ef is the elec-

tromagnetic charge of quark flavorf, and ] rK0(er )5
2eK1(er ).

For small dipoles (er !1) the photon wave function
scales asK1(er );1/er . For large dipoles (er @1), the wave
function falls off exponentially with the quark mas
K1(er );Ap/2erexp(2er).

F. Vector meson wave function

To describe vector meson production, we developed s

eral models of theJ/c light cone wave function, (cV)l
hh̄ .

These phenomenological wave functions should satisfy s

- FIG. 6. The integrated dipole cross section as a function of
dipole size. The solid and dashed curves trace the dipole cross
tion in the IP saturation model and the saturation model of Ref.@2#,
respectively.
5-5
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H. KOWALSKI AND D. TEANEY PHYSICAL REVIEW D 68, 114005 ~2003!
eral model independent constraints@25,26#. First, the wave
function must satisfy the normalization condition

15E d2kdz

16p3 (
hh̄

u~ c̃V!l
hh̄~k,z!u2. ~27!

Second, the decay width of the vector meson further c
strains the wave function. Precise definitions and explicit f
mulas for the decay width and other constraints on the l
gitudinal and transverse wave functions are given in
Appendix.

As an example, we model theJ/c wave function as a
Gaussian in momentum space in the meson rest frame,

c̃NR~p!5NL,TexpS 2
p2

vL,T
2 D , ~28!

where pW denotes the charmed quark 3-momentum. In D
reactions the meson wave functions are defined on the
cone and not in theJ/c rest frame. Following Frankfurt and
Strikman@25# we boost theJ/c wave function from the res
frame to the light cone. The constantsNL,T and vL,T were
adjusted to satisfy the normalization and decay constra
This wave function is denoted Gaus-RF~rest frame!.

As noted in Ref.@25# this procedure does not lead to th
proper asymptotic form of the light cone wave function
small distances,f̃;z(12z). Therefore, we also considere
a Gaussian wave function defined directly on the light co

f̃L,T~k,z!5NLz~12z!expS 2
k2

vL
2D . ~29!

Once again, the norm and decay width constrainNL andvL .
This wave function is denoted Gaus-LC~light cone!.

J/c wave functions were also studied with potential mo
els@27–29# and successfully describe the energy levels ofcc̄
bound states. Potential models were less successful at re
ducing the meson decay width which is sensitive to the sh
distance behavior of the wave function. This shortcom
may be less important since the short distance behavio
the wave function is suppressed by the vanishing dip
cross section at smallr. We determined the nonrelativisti
wave function by integrating the radial Schro¨dinger equation
with the Cornell potential@27#. As before we naively booste
this wave-function to the light cone. Naturally, this wa
function is denoted CORNELL.

In order to visualize the meson wave function we defi
the meson photon overlappg* V(r ) as

pg* V~r !5r E dz

4p
~guV!T , ~30!

which has the simple interpretation as the amplitude for
fractive vector meson production from the elastic scatter
of a dipole of radiusr. The overlap function is shown in Fig
7 for the transverse component of the threeJ/c wave func-
tions considered in the paper.
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G. Dipole size

To interpret the IP saturation model physically, we det
mined the typical dipole size contributing to the total cro
section. The distribution of dipole sizes 1/sg* pdsg* p/dr is
the integrand of Eq.~5! after thez integration is performed.
Figure 8 shows this distribution at representative values ox
andQ2. For each illustratedx andQ2 the arrow indicates the
median radius of a dipole which scatters off the proton. N
that at smallestQ2 andx51025 the majority of dipoles are
smaller thanr &2 GeV21 and thus half of the dipoles ar
perturbative.

IV. RESULTS FOR g* p PROCESSES

A. Inclusive total cross section

The fit to the totalg* p cross section data was performe
in the rangex,0.01 andQ2.0.25 GeV2. The smallx cut
leads to an upper limit onQ2, Q2,200 GeV2. Figure 9
shows theg* p cross section as a function ofW2 at the
variousQ2 measured by the DESY HERA experiments@30#.
Following the rise of the total cross section withW2 at fixed
Q2, we observe a striking change: for smallQ2 ~the top of
Fig. 9! the cross section rises slowly with the center of ma
energyW2, while for largeQ2 ~the bottom of Fig. 9! the
cross section rises strongly. If we parametrize the cross
tion by a power law

s tot
g* p;~W2!l tot(Q

2);~1/x!l tot(Q
2), ~31!

this change in the rate of rise from low to highQ2 translates

FIG. 7. A comparison of the meson photon overlap functi
@Eq. ~30!# for the three differentJ/c wave functions adopted in this
work.
5-6
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IMPACT PARAMETER DIPOLE SATURATION MODEL PHYSICAL REVIEW D68, 114005 ~2003!
into a Q2 dependence of the exponentl tot . l tot(Q
2) is il-

lustrated in Fig. 10 and summarizes one of the principal
servations at DESY HERA. At smallQ2, sg* p increases
with W2 as in all hadronic reactions,l tot'0.08 @31#. At
largeQ2 the exponentl tot increases substantially.

In the IP saturation model the increase of the expon
l tot with Q2 is a consequence of the DGLAP evolutio
When the dipole size becomes smaller than;2/mo DGLAP
evolution becomes increasingly effective and the growth
the gluon distribution at smallx becomes increasingly rapid
Mathematically speaking,le f f increases for small size di
poles as seen in Fig. 5. Averaging over dipole sizes with
photon wave function translatesle f f(r ) into l tot(Q

2). The
large increase inl tot with Q2 indicates a transition from a
predominance of large to a predominance of small dipo
when evaluating the cross section. The contribution of la
dipoles at lowQ2 is determined by the light quark mas
mu,d,s .

The parametersAg , lg andm0
2 were found by fitting the

total g* p cross section for various light quark masses. T

FIG. 8. The distribution of the dipole sizes contributing to t
inclusive total cross section at various virtualitiesQ2 and some
representativex values. The vertical arrows indicate the medi
radius of a dipole which scatters off the proton. The horizon
arrows indicate saturation regionr .r s(b,x) at b50. See Table II.
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parameterC is strongly correlated to the parametersAg and
lg and does not affect the fit quality. Therefore, we setC
54 by fiat. The mass of the charm quark wasmc
51.3 GeV as required by elastic diffractiveJ/c production
discussed below. The results of the fits to the ZEUS data
collected in Table I. Because of the good agreement betw
the H1 and ZEUS datasets the combined H1-ZEUS fit
turns nearly identical parameters. The fits show a clear p
erence for the light quark mass ofmu,d,s550 MeV, which is
taken as a reference value. Note, the quality of the fit
ported here is even better than the fits of Ref.@2#.

As seen in Table I, when light quark mass is increased,
fit subsequently increaseslg . DGLAP evolution can only
increase the observed rate of rise of the cross section
W2, l tot.lg . Therefore, as seen in Fig. 9, for larger mass
of the light quarks the cross section rises too quickly w
W2 at low Q2. It is certainly known that the strange qua
mass is heavier than theu andd quarks. However, the influ-
ence of the strange quark on the overall fit is relatively sm
since its contribution toF2 is suppressed relative to theu,d

l

FIG. 9. Theg* p cross section as a function ofW2 at various
Q2. The values ofQ2 are shown on the left side of the plot alon
with the scale factor applied to the data for a better visibility. T
full ~dashed! line shows a fit by the IP saturation model wit
mu,d,s550 MeV (mu,d,s5300 MeV). The fits are performed forx
,0.01.
5-7
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contribution by the ratio of charges squared,es
2/(eu

21ed
2)

51/5. Therefore, we have neglected the difference betw
the s and u,d quark masses. Including a heavier stran
quark would make the fit only marginally worse. Howeve
the clear dependence of the fit quality on the mass of
light quark is a property of the model. It is due to the inte
play of DGLAP evolution and the properties of the phot
wave function. It may indicate the shortcomings of the wa
function at large distances.

In contrast to the GBW model@1# and the model of Ref.
@2#, saturation is not responsible for the change inl tot with
Q2 once the impact parameter is included. This is beca
the total dipole cross section continues to grow within
saturation region although the differential dipole cross s
tion has attained its asymptotic valueds/d2b52. Therefore,
for the total cross section saturation effects are smaller t
in the original GBW model. However, for diffractivet distri-
butions saturation will appear more clearly.

B. Charm production

The dipole model makes a direct prediction for the inc
sive charm contribution toF2. In the dipole approach the
charm quark distribution is calculated from the gluon dis

FIG. 10. The exponentl tot as a function ofQ2. l tot param-

etrizes the total cross section at fixedQ2, s tot
g* p;(1/x)l tot.

TABLE I. Table of parameters determined in the fit to the to
g* p cross section for different assumptions on the light quark m
mu,d,s .

mu,d,s ~MeV! Ag lg m0
2 x2/NDF

300 1.67 0.226 6.85 702/160
150 2.34 0.043 1.32 199/160
100 2.85 20.04 0.96 153/160
50 3.47 20.12 0.77 137/160
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bution. Figure 11 shows a comparison between the meas
and predicted values of the charm structure functionF2

c . The
results depend weakly on the charm mass. The good ag
ment with data for both ZEUS and H1 experiments@32,33#
confirms the consistency of the model and supports the
pole picture.

C. Determination of F L

As a byproduct of our investigation we determined t
longitudinal structure functionFL . A measurement ofFL

would be a critical test of our understanding of the glu
distribution. FL is zero in the naive parton model and
nonzero only after gluon radiation is included. In dipo
models at smallx, bothFL andF2 are governed by the gluon
distribution and therefore they behave similarly. Figure
shows the ratio ofFL to F2 as a function ofx for various
photon virtualities. The ratio is around 18% and gently var
with x. In the standard QCD fitsFL /F2 may show a stronge
variation withx at low Q2 @35#. This is because the shape
the gluon structure function seen in Fig. 13 is very differe
from the dipole model presented here. The difference in
gluon structure function between the MRST fit@34# and the
dipole model fit is due to the sea quark contribution. In t
MRST fit the initial sea quark contribution is independent
the gluon distribution and subsequently influences the gl
evolution. In the dipole fit the sea quark distribution is a
ways derived from the gluon distribution. It is important
measureFL in order to determine the gluon density precise
and to clarify the relative roles of gluons and sea quarks

l
s

F
2 

c

  IP Sat-Mod,  mc= 1.3 GeV
  ZEUS

x

x

0

0.2

0.4

0

0.2

0.4

10
-4

10
-3

10
-2

0

0.2

0.4

10
-4

10
-3

10
-2

10
-4

10
-3

10
-2

FIG. 11. A comparison of the measuredF2
c @32# to the results of

the model.
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D. JÕc production

The cross sections for elastic diffractiveJ/c production
were calculated using Eq.~10! with the dipole cross section
determined by fittingsg* p . Figure 14 compares the com
puted totalJ/c cross section with H1 measurements@18# for
various photon virtualities atW590 GeV. The absolute
magnitude of the cross sections is very sensitive to the ch
quark mass. The charm quark mass was adjusted tomc
51.3 GeV in order to match the experimental cross sec
at Q250. A small shift of 50 MeV in the charm mas
changes the cross section by around 15%.

The predicted totalJ/c cross sections for the Gaus-R
and Gaus-LC wave functions are very similar in theQ2

x

F
L
/F

2
Q2=0.4 GeV2

Q2=4. GeV2

Q2=40. GeV2

0.1

0.12

0.14

0.16

0.18

0.2

0.22

0.24

10
-5

10
-4

10
-3

FIG. 12. The ratioFL /F2 as a function ofx at various photon
virtualities.

x

xg
(x

,µ
2 (r

))

r=0.5 GeV-1

r=1 GeV-1

r=2 GeV-1

r=3 GeV-1

r=5 GeV-1

IP Sat
MRST

1

10

10
-5

10
-4

10
-3

10
-2

FIG. 13. A comparison of the gluon structure function of the
saturation model with the results of the MRST fit@34# for various
dipole sizes. The dipole size determines the evolution scalem2.
11400
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range considered. Therefore, we only show the prediction
the Gaus-RF wave function in what follows. The CORNEL
wave function, which is more concentrated at the orig
leads to a prediction which is in significantly better agre
ment with data at largeQ2, see Fig. 14. In contrast to Re
@25#, the scalem25C/r 21m0

2 is fixed withC54. Within the
rangeC51 –10 the results were almost independent of
parameterC after refitting totalg* p cross section.

Figure 15 compares model predictions with the measu
J/c cross section as a function of energyW at Q250. In this

FIG. 14. A comparison of the measured total elastic diffract
J/c cross sections@18# with the results of the model.

FIG. 15. A comparison of the measured total elastic diffract
J/c cross sections@19# with the results of the model.
5-9
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case, bothJ/c wave functions are in good agreement w
the data.

Note, there is a;15% discrepancy in the normalizatio
of the J/c cross sections between ZEUS and H1. This d
crepancy was absorbed in the charm quark mass; we
mc51.25 GeV when comparing with ZEUS data andmc

51.3 GeV when comparing with H1.

E. t distributions for JÕc production

Figure 16 compares theJ/c diffractive cross section as
function of t for various W2 to model predictions. In the
measured region, bothJ/c wave functions lead to very simi
lar results although at larget they start to differ significantly.
In the larget region the exponential behavior of the diffe
ential cross section is considerably distorted and the IP s
ration model predicts diffractive dips. Figure 17 illustrat
the emergence of the dip by displaying the Fourier transfo
of the differential dipole cross section for various dipo
sizes

dsqq

dt
5U E d2be2 ib•D

dsqq

d2b
U2

. ~32!

FIG. 16. A comparison of the measured diffractiveJ/c cross
sections@19# with the results of the IP saturation model for tw
different J/c wave functions. Also shown are the results of t
nonsaturated model evaluated with CORNELL wave function.
11400
-
ke

u-

For smallr, the b dependence of the dipole cross section
essentially Gaussian and its Fourier transform is a pure
ponential int. For larger, due to saturation, the shape of th
dipole cross section becomes more boxlike, as seen in Fi
The two dimensional Fourier transform of a box is propo
tional to the Bessel functionJ1 which leads to dips in thet
distribution. Although the distortions to the proton sha
seen in Fig. 2 are small when displayed in coordinate sp
they appear vividly after taking the Fourier transform a
examining thet distribution. For dipoles withr>3 GeV21

the t distribution is substantially changed.

F. Saturation versus nonsaturation

In order to isolate the effects of saturation we compa
the results of the IP saturation model with a model which
not unitarized. This model, denoted IP Non-Sat, replaces
dipole cross-section of Eq.~11! with the first term after ex-
panding of the exponential

dsqq̄

d2b
5

p2

NC
r 2as~m2!xg~x,m2!T~b!. ~33!

The proton shapeT(b) was assumed to be the same as in
saturated case. The fit to the total cross section was repe
and a nonsaturated gluon structure function was determi
The optimal fit was obtained for a higher quark mass than
the saturated case,mu,d,s5150 MeV. This is expected sinc
the dipole cross sectionsqq̄ grows faster withr than in the
saturated case. The fit yieldsAg53.5, lg520.13, m0

2

50.80 andx2/NDF50.8. Naturally, the saturated and no
saturated dipole cross sections are very similar since t

FIG. 17. The Fourier transform of the differential dipo
dsqq /d2b cross section for various dipole sizes.
5-10
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both fit the inclusiveg* p cross sections very well. Conse
quently, all observable cross sections which only are se
tive to the dipole cross section integrated over impact par
eter are indistinguishable. This was verified explicitly for t
total diffractiveJ/c production. In particular, this agreeme
can be seen in Fig. 10 for thel tot(Q

2) distribution. How-
ever, the gluon distributions are not the same as illustrate
Fig. 18 which compares the saturated and nonsaturated m
els. For small dipole sizes the distributions are similar
they differ significantly asr becomes large.

The t distribution provides additional insight into the dy
namics of saturation in DIS. Figure 16 compares predicti
for diffractive J/c production in the saturated and nons
urated modes. As discussed above, saturation distorts the
pact parameter distribution and leads unavoidably to diffr
tive dips in thet distribution. Without saturation, as seen
Fig. 16, the exponential decrease continues to larget. Dif-
fractive dips in thet distribution were clearly observed i
elastic hadronic reactions@36#. In DIS processes at DESY
HERA the measured range of thet distribution is too small
for a dip to appear. In addition the DESY HERA experimen
have always measured elastic diffractive events with so
small admixture of inelastic diffractive events. Even if i
elastic events are a small fraction of the total, these ev
will dominate thet distribution at larget since the inelastict
distribution falls slowly@19,36#.

In the smallt range, saturation slightly increases the slo
parameterB of diffractive vector meson production at larg
W. Figure 19 compares the slope parameterB determined by
the ZEUS experiment with model predictions. The observ
increase of the slopeB with W ~called shrinkage! is slightly
larger than the model prediction. This could be an indicat
that the shapeT(b) is somewhat dependent onx due to QCD
evolution. Since considerably more data are available t
were used in the present analysis we plan further study of
observed shrinkage.

x

xg
(x

,µ
2 (r

))
r=0.5 GeV-1

r=1 GeV-1

r=2 GeV-1

r=3 GeV-1

r=5 GeV-1

IP Sat
IP Non-Sat

1

10

10 2

10
-5

10
-4

10
-3

10
-2

10
-1

FIG. 18. A comparison of the gluon structure function in the
saturation and IP nonsaturation models at various dipole sizes.
dipole size determines the evolution scalem2.
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In conclusion, we note that thet distribution provides pre-
cise information about the interplay of saturation and evo
tion phenomena. Therefore, it is crucially important to me
sure elastic vector meson production with a small system
uncertainty over a wide range int.

V. SATURATION SCALE QS
2

In the limit of high gluon density called the color glas
condensate~CGC! @4#, the interaction probability in DIS be
comes large. The probability of no interaction is measured
the square of theS-matrix element,S2(b). Normally, in high
energy reactions the interaction probability is small,S2;1.
However, in the CGC limit this probability approaches uni
S2;0. Figure 20 showsS2(b50) as a function ofx for
various dipole sizes. For small size dipoles the gluon str
ture function grows strongly with decreasingx and the
S-matrix diminishes quickly. For large size dipoles, the glu
density density does not grow and theS-matrix is small even
at relatively largex.

To delineate the saturation region in the (x,r 2) plane we
first define a density profileD,

D~b,x,r 2!5
2p2

NC
as@m2~r 2!#xg@x,m2~r 2!#T~b!. ~34!

Then, the saturation radiusr S is defined as the dipole size fo
which proton consists of one interaction length

S25expS 2
D~b,x,r S

2!r S
2

2 D 5e21. ~35!

This defines an implicit equation forr S
2 which can be solved

numerically. Now the saturation scaleQS
2 is defined as the

density profileD evaluated at the saturation radius,

he FIG. 19. The diffractive slopeB measured by the ZEUS exper
ment as a function ofW at Q250. The solid line shows the predic
tion of the IP saturation model.
5-11
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QS
2~b,x!5D~b,x,r S

2!5
2

r S
2

. ~36!

In the GBW model S25exp(2r2/2R0
2) and we find QS

2

51/R0
2 in accord with the original definition of the saturatio

scale. The saturation region is then defined by the condi
that r .r S(b,x).

Figure 21 shows the saturation scaleQS
2 as a function of

1/x in the central impact parameter region. We observe
the saturation scale is lower than the GBW value. This
primarily because the charm quark contribution toF2 was

x

S2

0

0.2

0.4

0.6

0.8

1

1.2

10
-6

10
-5

10
-4

10
-3

FIG. 20. The square of theS matrix as a function ofx for
various dipole sizes.

IP Sat
IP Non-Sat
GBW

1/x

Q
S 

2  (
G

eV
2 )

10
-1

1

10
2

10
3

10
4

10
5

10
6

FIG. 21. The saturation scale as a function ofx. The dashed
curve shows the critical line (S25e21) in the nonsaturated model a
b50.
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neglected when the saturation scale was evaluated. Inclu
the charm quark reduces the gluon density and the satura
scale.

We also calculated theS matrix element and determine
the corresponding effective saturation scale for the non
urated model. As seen in Fig. 21, the saturation scale is v
similar for IP saturated and IP nonsaturated models. Thi
because the corresponding gluon structure functions are
similar for small size dipoles, as seen in Fig. 18. Therefo
our estimates of the saturation scale are only weakly mo
dependent.

Table II records the saturation radii and the percentage
the totalg* p cross section in the saturation region,r .r S .
At low Q2 (Q250.4 GeV2) the cross section is dominate
by dipoles which are larger than the saturation radius.
seen in Fig. 8, a fraction of these dipoles may be conside
perturbative since they are smaller thanr &2 GeV21. In the
large Q2 region saturation is of secondary importance. T
regionQ2'4 GeV2 is particularly interesting since a signifi
cant fraction of the dipoles are perturbative and are appr
mately the size of the saturation radius. BFKL and saturat
dynamics are expected to influence observable cross sec
in this kinematic domain.

It is also interesting to define the saturation exponentlS ,

lS5
d log~QS

2!

d log~1/x!
. ~37!

Figure 22 shows the saturation exponentlS as a function of
1/x for various impact parameters. The saturation expon
exhibits a sizablex dependence. It varies betweenlS50.15
at x51022 andlS50.35 atx51025 which should be con-
trasted with the constant GBW value,lGBW50.29. An
analysis of BFKL evolution near the saturation bounda
found that the exponentlS is nearly constant as a function o
log(1/x) in the DESY HERA kinematic window@37#.

VI. NUCLEAR DEPENDENCE

Now that impact parameter distribution of the proton
taken into account, the dipole picture provides a framew
for modeling nuclear phenomena in DIS. The distribution
nucleons in the nucleusrA(rW) is parametrized according t
the Woods-Saxon distribution@38#

TABLE II. Table of saturation radii and of the percentages of t
inclusive totalg* p cross section in the saturation region,r .r S .

b (GeV21) 0 1 2
Q2 (GeV2) x rS % r S % r S %

0.431025 1.1 72 1.3 68 2.0 52
0.431024 1.6 70 1.9 65 2.7 51
4.031024 1.6 33 1.9 25 2.7 17
4.031023 2.2 44 2.4 28 3.2 20
4031023 2.2 13 2.4 12 3.2 9
4031022 2.7 21 2.9 18 3.5 16
5-12
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rA~rW !5
N

expS ~r 2RA!

d D11

, ~38!

whereA denotes the number of nucleons in the nucleusd
50.54 fm,RA5(1.12 fm)A1/32(0.86 fm)A21/3 andN is ad-
justed to normalize the distribution to 1,

E d3rWrA~rW !51. ~39!

The transverse distribution is defined as

TA~b!5E
2`

1`

dzrA~Ab21z2!. ~40!

Figure 23 compares the proton shapeTp(b) with the trans-
verse densityTA(b) for several light nuclei.

For a first estimate of nuclear effects we assume that
gluons are distributed uniformly throughout the nucleus. T
assumption is realized by replacing the proton shape in
~16! by the integrated Woods-Saxon distributionTA(b)
scaled by the number of nucleons,

dsqq̄

d2b
52F12expS 2r 2

p2

2Nc
as~m2!xg~x,m2!ATA~b! D G .

~41!

This naive assumption, called thesmoothnucleus assump
tion below, cannot be true since Fig. 23 shows that the ce
of the proton is on average more dense than the car
nucleus. Nevertheless it is instructive to evaluateF2

A/AF2
p for

this case and to compare it with NMC measurements
shadowing at smallx @39#, see Fig. 24. The figure shows th

1/x

λ S

IP Sat
IP Non-Sat

0.05
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0.2
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0.3
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0.4

0.45

0.5

10
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10
3

10
4

10
5

10
6

FIG. 22. The saturation exponentlS as a function ofx and
impact parameter. The dashed curve shows the exponent alon
critical line (S25e21) in the nonsaturated model atb50.
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thesmoothnucleus assumption underestimates nuclear sh
owing considerably as can be anticipated by comparing
densities in Fig. 23.

The proton profileTp(b) indicates that the gluons are dis
tributed within individual nucleons with a radius o
'0.5 fm. The nucleons are then distributed within t
nucleus according to a Woods-Saxon distribution. Theref
the gluons form alumpydistribution within the nucleus. To
account for this correlation among the gluons we genera
the model in the following way. The probability of
given configuration of nucleons within the nucleu
$(b1 ,z1),(b2 ,z2), . . . ,(bA ,zA)% is

P$(b1 ,z1),(b2 ,z2), . . . ,(bA ,zA)%5P i 51
A r~bi ,zi !. ~42!

For a given configuration of nucleons the probability that t
dipole scatters at impact parameterb is

S dsqq̄

d2b
D

$(b1 ,z1),(b2 ,z2), . . . ,(bA ,zA)%

52F12expS 2
p2

2NC
r 2as~m2!xg~x,m2!

3(
i 51

A

Tp~b2bi !D G . ~43!

Now we may average over all possible configurations
nucleons to determine the cross section

dsqq̄

d2b
5E d2b1dz1•••d2bAdzAP$(b1 ,z1),(b2 ,z2), . . . ,(bA ,zA)%

3S dsqq̄

d2b
D

$(b1 ,z1),(b2 ,z2), . . . ,(bA ,zA)%

. ~44!

the

b (GeV-1)

A
T

(b
)

Tp(b) - Prot
TA(b) - He4
TA(b) - C12
TA(b) - Ca40

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0 5 10 15 20 25

FIG. 23. The transverse densityATA(b) for several light nuclei
compared to the proton transverse profile,Tp(b).
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Noticing that the integrals factorize we have

dsqq̄

d2b
52@12~12I !A# ~45!

I[E d2b8TA~b1b8!F12expS 2
p2

2NC
r 2as~m2!

3xg~x,m2!Tp~b8! D G . ~46!

To simplify this further, we notice that the integral overb8
is different from zero only over the size of the proton whi

FIG. 24. Shadowing in DIS: a comparison of model predictio
~open points! to data ~full points! with the smooth and lumpy
nucleus assumptions. The NMC measurements@39# were performed
atQ250.74, 1.20, and 1.70 GeV2 for carbon and atQ250.60, 0.94,
and 1.40 GeV2 for calcium ~in order of increasingx values!.
11400
is small compared to the nucleus even for the deuteron. T
TA(b1b8)'TA(b). Using the definition of the total cros
section of theqq̄ pair on the protons qq̄

p
@Eqs.~6! and~16!#

we have

dsqq̄

d2b
52F12S 12

TA~b!

2
sqq̄

p D AG . ~47!

Only if A is large andr is small do we recover thesmooth
nucleus formula of Eq.~41!. Similar considerations were dis
cussed in the context of setting up initial conditions for cla
sical QCD simulations of nucleus-nucleus collisions@40#.
Figure 24 shows that thelumpynucleus model slightly over-
estimates the observed shadowing. However, good ove
agreement with data clearly indicates that the IP satura
model can be used to study nuclear effects.

To estimate the saturation scale for heavy nuclei we
low the same procedure as for proton. We set the lum
nucleus S-matrix element squared, uSu25@12(TA(b
50)/2)s qq̄

p
#2A equal toe21. This is an implicit equation for

the saturation radius,r S . Oncer S is determined numerically
the saturation scale is determined from the relationQS

2

52/r S
2 .

Figure 25 shows the saturation scale for various nu
calculated in this fashion. It is interesting to observe that
saturation scale is not increasing likeA1/3. Rather, for Au the
nuclear enhancement factor is only a factor of'2 at x
51022 and'3 atx51024. When comparing the saturatio
scale to other estimates it is important to remember that
is the saturation scale for quarks. The saturation scale
gluons is (Qs

2)g5Nc /CF(Qs
2)q'2.25(Qs

2)q @41#. Thus for
Relativistic Heavy Ion Collider~RHIC! conditions withx

s

1/x

Q
S 

2  (
G

eV
2 )

1

10

10
2

10
3

10
4

10
5

10
6

FIG. 25. The quark saturation scale (Qs
2)q at b50 as a function

of x for various nuclei. The gluon saturation scale is (Qs
2)g

5(Nc /CF)(Qs
2)q'2.25(Qs

2)q .
5-14



ty

tio

e
in
ea
a
e
e

in
e

m

os

ng
P

th

i

uo
ed
o

se

of
t

s
on
e
ex
a

is
le

ns.
it is

and
se-

ied
ted
ver,
uon
the

r-
dif-

dow-

ilar
tion
-

r
be
ti-

state
role
e

s all
ass
ntal
it of

ol-
N.
ks

nal
ni-
o-

ly
SF

ant

f

IMPACT PARAMETER DIPOLE SATURATION MODEL PHYSICAL REVIEW D68, 114005 ~2003!
'1022, (Qs
2)g is '1.3 GeV2 which is slightly smaller than

was estimated previously by analyzing RHIC multiplici
data@41–44#.

VII. SUMMARY

We developed an impact parameter dipole satura
model which describes for DESY HERA the totalg* p cross
section and differential diffractiveJ/c with high precision.
The new feature of the model is an impact parameter dep
dent dipole cross section which respects unitarity constra
The impact parameter distribution is determined by m
suredJ/c t distributions to a large extent. For the function
form of the dipole cross section we adopt the Glaub
Mueller formula @3# which can also be obtained within th
McLerran-Venugopalan model@13#.

The parameters of the dipole cross section are determ
from a fit to DESY HERA data. The fit depends on the sp
cific form of photon and theJ/c wave function. At short
distances, the photon wave function is well known fro
QED. For theJ/c wave function we proposed severalAn-
sätze and verified that the dipole cross section was alm
independent of these alternatives.

QCD evolution effects are taken into account by evolvi
the gluon structure function with the lowest order DGLA
equations. DGLAP evolution is essential in contrast to
GBW model.

In the dipole approach only the gluon structure function
modeled. All sea-quark contributions toF2 are obtained from
the photon wave function and the subsequent dipole-gl
scattering. The validity of this approximation is corroborat
by the excellent agreement between the predicted and
served open charm contribution toF2.

The impact parameter dependence of the dipole cross
tion determines the properties of theJ/c total and diffractive
cross sections. The saturationAnsatz for the dipole cross
section predicts diffractive dips in thet distribution which
are not necessarily predicted by anAnsatzwithout saturation.
For J/c production the diffractive dips appear in a region
t which is not covered by data but which is accessible
future measurements. In addition, the saturationAnsatzpre-
dicts a slight increase of the diffractive slopeB, which re-
flects a small increase in the proton size at smallx. The
change of the slopeB with energy, called shrinkage, provide
information about the interplay of saturation and evoluti
phenomena. Since shrinkage was observed for sev
vector-meson species and since considerably more data
than were used in the present paper, further study of diffr
tive vector meson production and theirt distributions is war-
ranted. We also point out that additional measurements
vector-meson production in an extendedt range would pro-
vide crucial information about the gluon density.

With an accurate determination of theS-matrix element
we evaluated the saturation scaleQS

2(x)—the scale at which
multiple collisions becomes important. TheQS

2 determined in
the model is approximately half of the GBW value and
only weakly dependent on the specific form of the dipo
cross section.
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In the low Q2 region up to;4 GeV2, saturation dynam-
ics contributes significantly to the observed cross sectio
The saturated state is at least partially perturbative since
frequently initiated by small dipoles. AboveQ2;10 GeV2

saturation plays a secondary role. Dipoles are very small
although they are strong gluon emitters the gluon pha
space density remains small.

In order to isolate the effects of saturation, we also stud
a dipole model which is not unitarized. This IP nonsatura
model also obtained a good description of the data. Howe
even with the nonsaturated model the fit returned large gl
densities and unitarity corrections became important in
same region ofx andQ2. Thus, the saturationAnsatzis the
more consistent approach.

The extension of the model to nuclei is fairly straightfo
ward. We evaluated the nuclear cross section with two
ferent Ansätze for the distribution of gluons within the
nucleus and compared the results to data on nuclear sha
ing at low x. We found that thelumpy nucleusAnsatz, in
which gluons are distributed around the nucleons in a sim
manner as around a free proton, leads to a good descrip
of the data. We then used thisAnsatzto evaluate the satura
tion scale in heavy nuclei and found thatQS

2 increases more
slowly thenA1/3. Nevertheless, for gold and uraniumQS

2 is
enhanced by factor of;2 when compared to the proton. Fo
RHIC conditions the gluon saturation scale was found to
Qs

2'1.3 GeV2, which is somewhat smaller than was es
mated previously from RHIC multiplicity data@41#.

The success of the model suggests that the saturated
known as the color glass condensate plays an important
at DESY HERA. Saturation is particularly important in th
small x and low Q2 region where theg* p total inclusive
cross section exhibits the same universal rate of growth a
known hadronic cross sections. Revealing the color gl
condensate experimentally would represent a fundame
advance towards an understanding of the high energy lim
QCD.
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APPENDIX: THE JÕc WAVE FUNCTION

The discussion here closely follows@26# and uses some o
the concepts of@25#. The light cone wave function forJ/c
can be written as an expansion in the Fock space,
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uV&5c̃cc̄ucc̄&1c̃qq̄guqq̄g&1••• . ~A1!

Below we neglect higher Fock components in the wave fu
tion and treat the meson as a predominantlycc̄ pair. Restor-
ing indices, theJ/c state is given by

uVl&5E d2kdz

16p3
~ c̃V!l

hh̄~k,z!

3
dab

ANc

uca~k,z,h!c̄b~2k,12z,h̄!& ~A2!

Herel50,61 denotes the polarization of the vector meso
h,h̄56 denote the helicities of thec quark and anti-c-quark
respectively, anda,b are the color indices of thec quark and
anti-c-quark. Here and below we strictly adhere to the lig
cone conventions of Ref.@24#.

The J/c wave function is modeled after the photon wa
function. The longitudinally polarized vector meson (l50)
is

~ c̃V!0
hh̄~k,z!5

dh1h̄21dh2h̄1

A2
f̃L~k,z!, ~A3!

while the two transverse polarizations (l561) are given by

~ c̃V!11
hh̄ ~k,z!5F1

k

mc
e1 iwk@zdh1h̄22~12z!dh2h̄1#

1dh1h̄1G f̃T~k,z!

~ c̃V!21
hh̄ ~k,z!5F2

k

mc
e2 iwk@~12z!dh1h̄22zdh2h̄1#

1dh2h̄2G f̃T~k,z!, ~A4!

wherek eiwk5kx1 iky . Once the wave function in momen
tum space is specified then Fourier transforms return
wave function in coordinate space,

~cV!l
hh̄~r ,z!5E d2k

~2p!2
eik•r~ c̃V!l

hh̄~k,z!. ~A5!

Note that under Fourier transform6ke6 iwkf̃(k,z) becomes
7 ie6 iwr] rf(r ,z). The overlap with the photon wave func
tion is then
11400
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~guV!L[(
hh̄

~cg* !0
hh̄~cV!0

hh̄

5ecA2NcF2z~12z!Q
K0~er !

2p
fLG

~guV!T[
1

2 (
hh̄

l561

~cg* !l
hh̄~cV!l

hh̄

5ecA2NcF „z21~12z!2
…S 2

1

mc

]fT

]r D
3

eK1~er !

2p
1fTmc

K0~er !

2p G . ~A6!

Two inputs are used to constrain the wave functi
f̃L,T . The first input is the normalization of the wave fun
tion, ^Vl8uVl&5(2p)32p1d(p812p1)d2(p82p)dl8l.
This leads to the requirement that

15E d2kdz

16p3 (
hh̄

u~ c̃V!l
hh̄~k,z!u2, ~A7!

or

15E d2kdz

16p3
uf̃L~k,z!u2 ~A8!

for f̃L and

15E d2kdz

16p3 H @z21~12z!2#
k2

mc
2

11J uf̃T~k,z!u2

~A9!

for f̃T . Note that formula~B19b! in @26# is incorrect by a
factor of 2 for the transverse wave function. The seco
input is the leptonic decay width of the vector meson. T
decay width of the meson is given by

GV5
4paem

2

3

f V
2

MV
, ~A10!

where f V is given by

eMVf Vel
m5^0uJem

m uVl&. ~A11!

In this formulael
m5(e1,e2,ex ,ey) is the polarization vector

of the meson ande is the charge of the positron.e61
m

51/A2(0,0,1,6 i ) for transversely polarized mesons ande0
m

5(p1/MV ,2MV /p1,0,0) for the longitudinally polarized
mesons. Evaluating this matrix element in light cone pert
bation with the conventions of@24# gives
5-16
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f V5êcA2Nc2E d2kdz

16p3
f̃L~k,z!

f V5êcA2Nc

mc

MV
E d2kdz

16p3 H @z21~12z!2#
k2

mc
2

11J
3

f̃T~k,z!

z~12z!
, ~A12!

whereêc51 2
3 ~in contrast toec5A4paemêc) is the charge

in units of the positron charge.
To go further, we must specify the form of the wave fun

tion. We have studied three model wave functions, Gaus-
CORNELL, and Gaus-LC. Two of the models~Gaus-RF and
CORNELL! are motivated by the expected long distance
havior of the wave function. One of the models~Gaus-LC! is
motivated by the expected short distance behavior of
wave function.

For large distances, and for truly heavy vector mesons,
nonrelativistic wave function should give a good descript
of the light cone wave function. To make the corresponde
between the light cone and nonrelativistic wave functions
repeat the discussion in Ref.@25#. In the nonrelativistic limit,
terms proportional to (kt /mc)

2 can be dropped and the no
malization condition Eq.~A7! is identical for the longitudinal
and transverse wave functions. Simple kinematic relati
give the invariant mass of the quark-antiquark pairMV

2

5(p11p2)25(mc
21kt

2)/z(12z). This relation assumes tha
the quark and antiquark are on shell, which is true for n
relativistic quarks to order;(kt /mc)

2. In the rest frame of
the meson~where the quarks have momentumpW and 2pW )
the invariant mass is (p11p2)254(p21mc

2). Comparing
these terms gives the identification

p2→
kt

21~2z21!2mc
2

4z~12z!
, ~A13!

d3p→
Akt

21mc
2

4@z~12z!#3/2
d2ktdz. ~A14!

Requiring probability conservation per unit phase space

d3p

~2p!3
uc̃NR~p!u25

d2ktdz

16p3
uf̃L,T~kt ,z!u2, ~A15!

leads to the identification

f̃L,T~kt ,z!5NL,TS kt
21mc

2

4z3~12z!3D 1/4

3c̃NRS p5Akt
21~2z21!2mc

2

4z~12z!
D .

~A16!
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Herec̃NR(p) is the nonrelativistic wave function in momen
tum space

cNR~xW !5E d3p

~2p!3
eipW •xWc̃NR~pW !. ~A17!

For the two long distance models~Gaus-RF and
CORNELL! c̃NR(p) is specified. Then with the form off̃L,T
specified, the nonrelativistic motivation for the light con
wave function is abandoned andNL,T are constants adjuste
to satisfy the normalization and decay conditions@Eqs.~A7!
and ~A12!# including the terms proportional to (kt /mc)

2.
Terms proportional to (kt /mc)

2 mock up relativistic effects
and constitute'25% of the total elastic diffractive cros
section. For the short distance model~Gaus-LC! f̃L,T is
specified directly. For the numerical results quoted below
takeMV53.096 GeV andmc51.3 GeV.

Gaus-RF. In this model we take

c̃NR~p!5NL,TexpS 2
p2

vL,T
2 D , ~A18!

wherevL,T andNL,T are adjusted to satisfy Eq.~A12! for the
decay width and Eq.~A7! for the norm. These parameters a
NL51.74 GeV23/2, vL50.66 GeV andNT51.86 GeV23/2

andvT50.61 GeV.
CORNELL. In this model we take the form ofc̃NR(p)

from the wave function of a nonrelativistic potential mod
of J/c. Using a shooting method@45# we solve the radial
Schrödinger equation for the Cornell potential to fin
cNR(xW ). The parameters of the potential are taken from R
@27#. Note, the constituent quark mass of the potential mo
(mc51.8 GeV) differs from the current quark mass (mc
51.3 GeV) in Eqs.~A3!, ~A4!, ~A16! for the light cone
wave function. In this model the decay condition Eq.~A12!
is not satisfied.

Gaus-LC. We now turn to the short distance model Gau
LC. At short distances the light cone vector meson wa
function is proportional to}z(12z) @24,25#. This motivates
the following Ansatzfor the wave function

f̃L,T~r ,z!5NL,Tz~12z!expS 2
k2

vL,T
2 D ~A19!

NL,T and vL,T are adjusted to reproduce the normalizati
condition and the decay width. ForJ/c we find NL
51.21 GeV21, vL50.80 GeV andNT51.63 GeV21 and
vT50.58 GeV.

With the wave functionf̃L,T(k,z) specified the wave
functionfL,T(r ,z) and its derivative] rf(r ,z) are found tak-
ing Fourier transforms. The final overlap between the pho
and vector meson wave function is given by Eq.~A6!.
5-17
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