
PHYSICAL REVIEW D 68, 103511 ~2003!
An inflation model with large variations in the spectral index
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Recent fits of cosmological parameters by a Wilkinson Microwave Anisotropy Probe~WMAP! measurement
favor a primordial scalar spectrum with a varying index. This result, if it stands, could severely constrain
inflation model building. Most extant slow-roll inflation models allow for only a tiny amount of scale varia-
tions in the spectrum. We propose in this paper an extra-dimensional inflation model which is natural theo-
retically and can generate the required variations of the spectral index as implied by the WMAP for suitable
choices of parameters.
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The recently released Wilkinson Microwave Anisotro
Probe~WMAP! data@1# have been used to fit the cosmolog
cal parameters and confront the predictions of inflation
scenarios, respectively, in Refs.@2# and @3#. It is found that
the data~with no other significant priors! can be best fitted
by a standard cold dark matter model with a cosmolog
constant (LCDM) seeded by an almost scale-invariant, ad
batic, Gaussian primordial fluctuation; predictions inferr
from the model also agree with other cosmological meas
ments with high accuracies@4,5#. It is noted that there migh
be possible discrepancies between predictions and obs
tions on the largest and smallest scales. The problem a
smallest scales is improved when combined with data fr
finer-scale CMB experiments~ACBAR and CBI! and struc-
ture formation measurements~2dFGRS and Lymana forest!,
for which a varying scalar primordial spectrum is favored
the best fit. At the pivot scalek050.05 Mpc21, the best-fit
values for the scalar power spectrum arens50.9360.03 and
dns /d ln k520.03120.018

10.016 @2#; this means that at a 2s level
the spectrum runs from blue to red as the comoving w
numberk increases. As noted, suppression of the powe
the smallest scale might offer an interesting solution to
problem of the standardLCDM model at small scales@6#.

The intriguing result of a varying spectral index needs
be closely evaluated with improved statistics and with fut
data. If it stands, it could severely constrain inflation mo
building. Most extant inflationary models allow for only
tiny amount of scale variations. In this paper we propos
single-field inflation model which is natural theoretically a
can generate the required variations of the spectral inde
implied by the WMAP.

For the single-field slow-roll inflationary models, one us
ally defines the slow-roll parameters@7#

e[
M P

2

2 S V8

V D 2

, h[M P
2 V9

V
, j[M P

4 V8V-

V2
, ~1!

where primes represent derivatives with respect to the in
ton field f and M P52.431018 GeV is the reduced Planc
mass. The slow-roll approximation requirese, uhu, uju!1 in
the inflationary epoch.
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The primordial curvature~scalar! and tensor perturbation
power spectra are given by@7#

PR'
V

24p2M P
4e
U

k5aH

, P h'
2V

3p2M P
4U

k5aH

, ~2!

evaluated when a particular mode crosses the horizon.
tensor to scalar ratior[Ph /PR'16e is generally small in
the slow-roll inflation. The spectral indices and their runni
are the slopes and curvatures of the power spectra. In te
of the slow-roll parameters, for scalar perturbations, they

ns21'26e12h,
dns

d ln k
'16eh224e222j. ~3!

In most inflationary models, e,uhu;M P
2 /(Df)2, uju

;M P
4 /(Df)4, and the number of e-foldings, N

;(Df)2/M P
2 , whereDf is the displacement of the homo

geneous fieldf, so there is a hierarchy in the slow-roll pa
rameterse, uhu;N 21, uju;N 22, and the variations of the
spectral indices,dns /d ln k, are negligible.

To achieve a running spectrum in the order favored by
WMAP, one has to consider inflation models with more e
otic potentials@8#, such as the running mass model@9# and
models with an oscillating primordial spectrum@10#. These
models can generate significant spectral runnings, wh
could be as large asns21.

The Achilles heel of these inflationary models~and of the
inflation paradigm in general! lies, arguably, in the difficulty
of obtaining a sufficiently flat and stable~against radiative
corrections! inflaton potential from the perspective of pa
ticle physics. Symmetry principles must be invoked. The
are only two known symmetries which can protect the fl
ness of a scalar potential: supersymmetry and the shift s
metry for a pseudo Nambu-Goldstone boson~PNGB!. How-
ever, as shown in Ref.@11# and recently reemphasized i
Refs.@12# and@13#, supersymmetry alone cannot protect t
flatness of the inflaton potential, since it is explicitly broke
during inflation, and the gravitational effects generically gi
a Hubble-scale mass correction to the inflaton.
©2003 The American Physical Society11-1



n
l.
g
ki
th
it

x-
to

nt
.
de

A

u-

et

om
s,

nic

ral
ta-

nal
lves
ral

d-
the

less

g a
r

e

n-

t a

the

FENG et al. PHYSICAL REVIEW D 68, 103511 ~2003!
Shift symmetry was first realized in the natural inflatio
model @14#. Still there are some difficulties in this mode
The flatness condition, in the simplest scenario with a sin
PNGB, requires the scale of spontaneous symmetry brea
and the values of the inflaton during the slow roll above
Planck scale, taking the model outside the regime of valid
of an effective field theory description. Moreover, it is e
pected that the gravity-induced higher-dimensional opera
are not suppressed.

These issues have been recently reexamined in the co
of extra dimensions~called extra-natural inflation in Ref
@12#!. Consider a five-dimensional Abelian gauge field mo
with the fifth dimension compactified on a circle of radiusR;
we identify the inflaton fieldu with the gauge-invariant Wil-
son loop of the extra componentA5 propagating in the bulk,

u5g5 R dx5A5 , ~4!

whereg5 is the five-dimensional gauge coupling constant.
energies below 1/R, u is a four-dimensional field with an
effective Lagrangian

L5
1

2g4
2~2pR!2

~]u!22V~u!, ~5!

with g4
25g5

2/2pR the four-dimensional effective gauge co
pling constant. The nonlocal potentialV(u) is generated in
the presence of particles charged under Abelian symm
@15#.

For bulk fields with bare massesMa and chargesqa the
potential takes the form@16#

V~u!5
1

128p6R4
Tr@V~r a

F ,u!2V~r a
B ,u!#, ~6!

where the trace is over the number of degrees of freed
and the superscriptsF andB stand for fermions and boson
respectively. Here

V~r a ,u!5xa
2Li 3~r ae2xa!13xaLi4~r ae2xa!13Li5~r ae2xa!

1H.c., ~7!

with

r a5eiqau, xa52pRMa , ~8!

and the polylogarithm function Lik(z) is

Li k~z!5 (
n51

`
zn

nk
. ~9!

For the massless particles (xa50) considered in Ref.@12#
the potential is

V~u!52
3

64p6R4 (
I

~2 !FI (
n51

`
cos~nqu!

n5
, ~10!
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whereFI50 and 1 stand for massless bosonic and fermio
fields, respectively.

Neglecting the higher-power terms in Eq.~10!, one ob-
tains the same form of the potential as that of the natu
inflation model. The effective decay constant of the spon
neously broken Abelian symmetry is

f eff5
1

2pg4R
, ~11!

which can be naturally greater thanM P for a sufficiently
small coupling constantg4 @12#. Moreover, as a result of the
extra-dimension nature, gravity-induced higher-dimensio
operators are generally exponentially suppressed. This so
the forementioned problems of the four-dimensional natu
inflation model.1 The extra-natural model predicts a re
tilted scalar spectrum with negligible spectral runnings,
same as that of natural inflation.

The model we propose in this paper includes one mass
and one massive field2 coupled to A5, i.e., M150, M2
*1/R; the corresponding potential foru is

V~u!52
3

64p6R4 (
n51

`
1

n3 F ~2 !F1
cos~nq1u!

n2

1~2 !F2e2nx2S x2
2

3
1

x2

n
1

1

n2D cos~nq2u!G .

~12!

Neglecting the higher-power terms in the sum and definin
canonical fieldf5 f effu, the effective Lagrangian of ou
model becomes3

L5
1

2
~]f!22V0F12cosS q1f

f eff
D2s cosS q2f

f eff
D G , ~13!

where

s5~2 !F211e2x2S x2
2

3
1x211D , V05

3

64p6R4
. ~14!

Note that in our calculations we have added as-dependent
term to the potential, Eq.~13!, to make it vanish at the mini-
mum. For s50, this potential coincides with that of th
natural inflation model.

The slow-roll parameters of Eq.~1! are

1If the natural inflation model includes a largeZ in the kinetic
term @17#, redefining the field gives rise to an effective decay co
stant f e f f5AZ f , which ~as well as the inflaton field itself! can also
be larger thanM p ; however, a question remained is how to ge
largeZ naturally @18#.

2Massive particles have also been considered in Ref.@19#, in the
context of extra-dimensional quintessence models.

3For a specific presentation, we setF151. The F150 case is
equivalent since it only corresponds to a coordinate shift in
potential.
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e5
m2

2

~sinũ1sk sinkũ!2

@12cosũ2s coskũ#2
, ~15!

h5
m2~cosũ1sk2coskũ!

12cosũ2s coskũ
, ~16!

j52
m4~sinũ1sk sinkũ!~sinũ1sk3sinkũ!

@12cosũ2s coskũ#2
, ~17!

where we have definedũ[q1u and

m[q1M P / f eff , k[q2 /q1 . ~18!

To see analytically the effects of thes term, we consider the
following choice of parameters:k@1, s!1, usuk!1, and
usuk2;O(1). Whencosmological scales begin to cross t
horizon in the inflationary epoch,ũ;p, the slow-roll param-
eters are approximately

e;m2~p2 ũ !2, ~19!

h;m2~211sk2coskũ!, ~20!

j;2m4sk3~p2 ũ !sinkũ. ~21!

Hencee!uhu. The spectral index is determined by theh
parameter,ns21.2h, and the tensor fluctuation is negl
gible.

From the above equations, one generically would h
uju;h2;1024, corresponding to a negligible spectral vari
tion. However, the largesk3 term in Eq.~21! can enhancej
substantially~to the size as large ash) and lead to a scale
varying spectrum. Furthermore, for appropriate choices os
andk, the scalar power spectrum can run from blue to red
the comoving scalek increases. Such a tilted spectrum
favored by the current data of WMAP@2#.

We show this behavior of power spectrum running in F
1 for the following choices of parameters:~a! s523.8
31024, m51/2, and k5100 ~solid lines! and ~b! s
50.012, m51/3, andk515 ~dashed lines!. To ensure the
accuracy of our results, we have retained the higher-po
terms~up ton56 for the massless particle! in the numerical
calculations. We have also set the number ofe-foldings,
N(k* )550, at a reference comoving scalek* ; the WMAP
analyses used pivot scalesk050.002 and 0.05 Mpc21 @2,3#.
~This scale arbitrariness is the inherent theoretical un
tainty in our analysis; it can be resolved if the detail rehe
ing history is known@20#.! Normalizing the spectral index to
the WMAP central valuens51.1 at k050.002 Mpc21 @3#,
we finddns /d ln k'20.041 and'20.021 for cases~a! and
~b!, respectively; they are in good agreement with the curr
WMAP fits @2,3#. Such a running feature of the spectral i
dex does not exist in the usual natural or extra-natural in
tion models.

In Fig. 2 we delineate the parameter space that gives
required amount of spectral runnings (20.084,dns /d ln k
,20.027) @3# in our model. We have normalized the spe
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tral index ns51.13 at the same pivot scalek0. We show
allowed regions in thek-s plane, form51/3. The correla-
tion betweenk ands can be understood because one ne
a certain amount of cancellations between the two term
Eq. ~20! ~to achieve a spectral running from blue to red!.

In our models the size of the fifth dimension is determin
to be of the orderR;10/M P from the COBE normalization,
P R

1/2;1025. For our choices of parameters,m;0.1, this im-
plies the four- and five-dimensional gauge coupling co
stantsg4&1023/q1 , g5

2&1024/q1
2M P .

These parameter choices could be accommodated in m
els of fundamental theories. For example, string theory p

FIG. 1. Spectral indicesns and their runningsdns /d ln k for s
523.831024, m51/2, k5100 ~solid lines! and for s50.012,
m51/3, k515 ~dashed lines!. k050.002 Mpc21 is the pivot scale
of WMAP.
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FIG. 2. Regions in thek-s plane which give variations of the
spectral index in the range20.084,dns /d ln k,20.027, for m
51/3. The spectral indices have been normalized tons51.13 at the
pivot scalek0.
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dicts a host of exotic particles with fractional charges; o
can obtain large charge ratios of the massive to mass
particles (k;10–100) as required in our models. The ma
sive particle has a mass of the orderM2;O(1)R21 and falls
in the range of massive string states. It remains to be s
whether this kind of model can arise naturally from spec
string models.

The small gauge coupling constant@g4&1023 when q1
;O(1)] might seem worrisome, since string theory comp
tification generally requiresg4M PR*1 @12#. This problem
can be improved by introducing many Abelian gauge fie
in higher dimensions as in the assisted inflation model@21#.
For a system withN Wilson loops u i , the Lagrangian is
given by

L5(
i 51

N
1

2g4
2~2pR!2

~]u i !
22(

i 51

N

V~u i !. ~22!

This system has a solution where all theu i fields are equal;
consequently, it can be described by a single-field mo
through the redefinitionsf̃ eff5AN/2pg4R, Ṽ5NVi . The
COBE normalization givesRN21/4;10M P

21 , which implies
g4&1023N1/4. The above requirement can be naturally s
isfied if N*100.

Before concluding, we comment on the possible discr
ancy between predictions and COBE@22# and WMAP obser-
vations on the largest scales@2,23#. As argued in Ref.@24#,
the need of a large running is due to the suppressed m
poles atl 52,3,4. However, as shown in Ref.@2# the possi-
bility of finding a lower value of the quadrupole in the pre
ence of a constant running of the spectral index is no m
than 0.9% for a spacial flatLCDM cosmology. In our model
the running indexdns /d ln k is not a constant, but we hav
checked that it does not improve the fit significantly. W
many Abelian gauge fields in the higher dimensions, we w
show now that this discrepancy can be alleviated. For s
plicity of our discussion, consider two Wilson linesu1 and
u2; the Lagrangian for such a system is given by

L5
1

2
~]f1!21

1

2
~]f2!22V0F12cosS q1f1

f eff
D G

2V0F12cosS q2f2

f eff
D G . ~23!

Assuming an adiabatic process with a certain choice of
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rameters, e.g.,q155q2, inflation will be first driven by the
heavy fieldf1 and then byf2, with no interruption in be-
tween. The ‘‘double natural inflation’’ can generate a primo
dial spectrum with a feature at the largest scales favored
current data. In Fig. 3 we give an example withq155 and
q251. The details of our calculations are similar to Re
@25#: we numerically calculate the primordial scalar and te
sor spectra and fit the resulting CMB TT and TE spec
using a WMAP likelihood code@26# with the CMBFAST pro-
gram @27#. We compare our result with the WMAP team
best-fit power-lawLCDM (PLCDM) and running spectra
index LCDM (RLCDM) models. The CMB quadrupole a
shown in Fig. 3 is better suppressed in this model.

In summary, the WMAP result of a varying spectral inde
if it stands, could be used as a discriminator for inflationa
models; most extant models allow for only a tiny amount
scale variations in the spectral index and could face a se
challenge. We have studied in this paper the possibility
building inflation models with large running spectral indic
and specifically proposed a higher-dimensional model wh
can generatedn/d ln k;2O(1022), favored by the WMAP
analyses.

This work was supported in part by the National Natu
Science Foundation of China and by the Ministry of Scien
and Technology of China under Grant No. NKBRS
G19990754, and in part by NSF Grant No. NSF-0070928
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