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How long before the end of inflation were observable perturbations produced?
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We reconsider the issue of the numberedbldings before the end of inflation at which observable pertur-
bations were generated. We determine a plausible upper limit on that number for the standard cosmology which
is around 60, with the expectation that the actual value will be up to 10 below this. We also note a special
property of thex ¢* model which reduces the uncertainties in that case and favors a higher value, giving a
fairly definite prediction of 64-foldings for that model. We note an extreitaad highly implausiblesituation
where the number oé-foldings can be even higher, possibly up to 100, and discuss the shortcomings of
quantifying inflation bye-foldings rather than by the change @&H. Finally, we discuss the impact of non-
standard evolution between the end of inflation and the present, showing that again the expected number of
e-foldings can be modified, and in some cases significantly increased.
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I. INTRODUCTION Universe! We are able to make some technical improve-
ments to previous calculations, now that the standard cosmo-
) ) ) , , logical model, featuring a low-density spatially flat universe,
With observations of perturbations in the Universe reachig firmly established. Further, we are able to investigate how
ing a quality that seriously constrains inflationary mod&ls  the number ofe-foldings is modified as one changes the
it is timely to reexamine one of the significant uncertaintiesproperties of inflation models within the range allowed by
in fixing the inflationary model, the location on the inflation- gpservations.
ary potential corresponding to the observed perturbations. As we were completing this paper, a paper appeared by
This is usually quantified by the number @foldings before  Dodelson and Hui2], who also consider the maximum num-
the end of inflation at which our present Hubble scaleber of e-foldings of inflation but with a less wide-ranging
equaled the Hubble scale during inflation—the epoch of hotreatment than ours. While the original version of their paper
rizon crossing. While in most inflation models the spectrumhad some discrepancies as compared to ours, they submitted
of perturbations generated depends only on the dynamics @f revised version of their paper simultaneously with ours
the Universe around the horizon crossing, determination ofvhich is in good agreement where the discussion overlaps.
the number ofe-foldings requires a model of the entire his-

tory of the Universe. _ _ Il. THE SIMPLEST COSMOLOGY
Determining the appropriate number effoldings may
shed light on the mechanism ending inflatita goal that Our main aim is to obtain the number effoldings N(k)

would also be greatly assisted by a determination of the erpefore the end of inflation at which a comoving scéle
ergy scale of inflation There are currently two popular equaled the Hubble scateH. Normally we will focus on the
mechanisms: steepening of the potential leading to an end &cale kno=aoHo which equals the present Hubble scale.
the slow-roll era, or the hybrid inflation mechanism where anCurrent observations are able to probe from around this scale
instability in a second field brings inflation to an end. In theUP tok values about three orders of magnitude larger using
latter case, the number @foldings does not have great Microwave anisotropy and galaxy clustering data, and per-

significance, but in the case of slow-roll violation, it is a haps a further order of magnitude using quasar absorption

significant constraint on the inflationary potential that infla—!Ine features, corresponding to a range of abou¢-ildings

. . . in total.
tion must come to an end a particular numberedbldings The number ofe-foldings during inflationN(k), is de-
after the observed perturbations were generated. It is deSiﬁ'n ' ’

able to combine this constraint with those coming from the ed by
form of the observed perturbations.

In this paper we reexamine the issue of the number of eN(k)E@ (1)
e-foldings, highlighting the sources of uncertainty. In par- ay '

ticular, we seek to impose robust upper and lower limits on

the number o&-foldings corresponding to observable pertur-

bations, both in the case of the standard cosmological history!Our results say nothing about the total numberedbldings
and for models with different early evolution of the which may have taken place, which is expected to be much larger.
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A Some useful factors aresee, e.g. Ref4])
InHYa
a
S Present horizon scale Lambda ecH A 2190 Oh, (3)
agHo
Heq=5.25< 10°Ph3Q5H,, (4)
Ho=1.75x10 %hmp with h=0.7. (5)
Using the slow-roll approximation during inflation to write
>  H2=8#V,/3m3,, we obtain

Ina

FIG. 1. A plot of In(H %/a) versus Ira shows the different K 1 pen 1 peq 8wV, 1
epochs in thee-foldings calculation. The solid curve shows the N(k):_lna_H+§|np +Z|n p—+|n 3m2 Hee
evolution from the initial horizon crossing to the present, with the orto end reh Mpy " eq
dashed Iipgs shoyving .Iike.Iy extrapole;tions into the past a.nd future. +1n2190,h, (6)
The condition for inflation is that IrH{™*/a) be decreasing. Lines of

constant Hubble parametérot shown lie at 45° (running top left which agrees with Ref$4,5] while being more precise about

o bottom righ}. The limit .Of e).(pon.em'.al inflation gives a line at the prefactor. In fact, ultimately the dependence on the mat-
this angle, otherwise the inflation line is shallower. During reheat-

ing and matter dominatioid ~*/axa? while during radiation ter de_nsity(_lo will cancel_out, and though adepend_encehon
dominationH ~Y/axa. The recent domination by dark energy has remains this parameter is now accurately determined by ob-

initiated a new era of inflation. The horizontal dotted line indicatesservat'ons'

the present horizon scale. The numberedbldings of inflation is

the horizontal distance between the time wh&n'/a first crosses A. A plausible upper limit
that value and the end of inflation.

The evolution of the Universe as described above is a
fplausible model for its entire history. Nevertheless, there are
significant uncertainties in applying E). V| is a quantity
we would hope to extract from the perturbations, but pres-
ently only upper limits exist, as the density perturbation am-
ﬁtude depends on a combination of the potential and its

where a.,q is the value of the scale factor at the end o
inflation anday is its value when the scale equaledaH
during inflation? We will use Ny, to indicateN(agH,).

To determine the number effoldings corresponding to a

scale measured in terms of the present Hubble scale, we nego e, being unable to constrain either separately. Detection
a complete model for the history of the Universe. At least Pe, 9 P Y.

from nucleosynthesis onwards, this is now well in place, butoiﬁ.gm:(;d'f"g ?}?gg:gotr;albvr\’:gfst’hzhg: Z?]é?;:asvcgtgsennot

at earlier epochs there are considerable uncertainties. At th ieved, | N generacy. L

stage, we make the following simple assumptions for th now how prolonged the reheating epoch might be, which is
X peeded to determing,en, Nor how much lower the energy

sequence of events after inflation, considering possible alted i t th 4 of inflati iaht b qt
natives in the next section. We assume that inflation is folS SN/ Pend @l tN€ €N of Inflation might be as compared to

lowed by a period of reheating, during which the Universe kN thel . lausibl . th
expands as matter dominatétlis assumption is not true in evertneless, we can IMpose a plausibié maximum on e

all models—see Sec. II)CThis then gives way to a period numbgr °f€“f.°"".‘f‘93 by ma!<ing an assumption, _namely that
of radiation domination, which according to the standardthere is no significant drop in energy density during these last

cosmological model lasts until a redshift of a few thousanqStages of inflation, so thmk:f’eﬂ‘d' Note, howeyer, that this
before giving way to matter domination, and then finally at als not the correct way to maximize EQG) a topic we return
redshift below one to a cosmological constant or quintes:[0 n S_ec. I D and Sois a npn-trlv_lal assur?onn. Having
sence dominated era. We assume sudden transitions betwe@ﬁld.e i, the inflation line in F'g‘ 1 lies at 4.5 » and we can
these epochs, labelling the end of the reheating period b aximize the number a#-foldings by assuming that reheat-

“reh” and the matter-radiation equality epoch by “eq.” This N IS instantaneous, so thajen=pens. FoCussing now on
is illustrated in Fig. 1. the current horizon scale, this gives a maximum number of

We can therefore write e-foldings corresponding to the horizon scale of

k aH Qeng Qren Hik & 1 8wV 1
_ A ngg Benadren Hic Bedleq ) NP2 In 2 [ ot in21900n, (7
aOHO aOHO Areh aeq Heq aOHO hor 3mp| eq

and substituting in the known quantities gives
2As discussed by Liddle, Parsons and Barf@ it makes more

logical sense to define the amount of inflation as the ratialdf Vior
rather thana. More on that later; for now we follow the standard Np=68.5+ —In—-. (8
usage. 47 mg,
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The potential energy is bounded by the requirement that The two effects we need to allow for are that,qwill be
perturbations have the observed amplitude. For the accuradgss thanV,,,, and thatp, will be less thanp.,q. We can
level currently required, we can assume that the perturbanrite
tions are entirely from density perturbations, whose ampli-

tude is given in the slow-roll approximation ] Npo = thoe}’ur%lnvior%—lizln preh. (12)
Pend Pend
8v 1
7’s,o:w e (9 The former effect is the one neglected in the previous sec-
PI tion. Note that iincreaseshe number o&-foldings required,
an effect we study fully in Sec. Il D. In hybrid inflation mod-
where els, it is expected that there is very little reduction in the
energy density during the late stages, while in slow-roll in-
m3, [dV/dg)? flation models the reduction is typically one or two orders of
€~ 16w vV (10 magnitude. This term is therefore unlikely to incredkg, by

much more than one.

The main uncertainty resides in the final term. Reheating
an easily be a prolonged process, during which the energy
ensity drops by orders of magnitude. Indeed, in supersym-
metric theories avoidance of overproduction of gravitinos re-
quires an energy density below (4@GeV)* [9], implying a
drop in energy density of around 20 orders of magnitude

N 63.3+£In c (11) unlesse has a tiny value. The most extreme assumption
4 would be that reheating continues almost to nucleosynthesis,
giving a lower limit at about (10% GeV)*, though usually

A similar formula was obtained by Dodelson and H@j the electroweak scale (1@eV)* is regarded as the practical
who additionally imposed an upper limit anfrom gravita-  limit. Luckily the dependence has a prefactor of 1/12, so
tional wave limits. Note that in some models of inflation, those three energy scales correspond to a reductidw,of
particularly hybrid inflation modelss can be very small in- by only 4, 15 and 11, respectively, for the case of laege
deed; enough to make the last factor significant. These numbers can be reduced iis tiny as then the infla-

We have analyzed the values Nfo for elements of a tionary energy scale will be lower, but then a similar correc-
Monte Carlo Markov chain fit to a set of observational data,tion will be accrued from the laterm in Eq.(11). However,
including WMAP and 2dFGRS, which generates value¥ of the gravitino limit may not apply in all models. In summary,
and the slow-roll parameters directly from the data as dea plausible value for the reduction My, caused by reheat-
scribed in Ref[7]. This confirms that for single-field infla- ing is 5 e-foldings, with a likely range of about 5 in either
tion models the dependence on higher slow-roll parametergirection around that.

(via the changed normalizatipris negligible and that Eq. Putting that information together, in the context of the
(12) is an excellent description. simplest cosmology, a reasonable fiducial value for the num-

The formula we used for the perturbation amplitude as-ber of e-foldings corresponding to the present Hubble scale
sumes that there is only one dynamically important field duris around 55, with an uncertainty of 5 around that. In the
ing inflation, and may be modified if multi-field effects are literature values of 50 or 60 are common, and in fact lie
important—see Ref8]. It would require a very large change towards the extremes. However, we will see that, under fairly
in the perturbation amplitude to make a significant differencgeasonable assumptions, there are several ways in which the
to Eq. (11), but if such a dramatic change is expected in anumber ofe-foldings could lie outside that range, in either
particular model, it would be necessary to recalculate thelirection.
number ofe-foldings specifically for that case.

We conclude that a plausible maximum number of
e-foldings that can correspond to observable scales is around
62 for the standard picture of cosmological evolution follow- ~ The quartic potentiaV=X\* has been of particular in-
ing inflation. We stress that this says nothing about the totalerest lately as it lies in the region excluded by the WMAP

number ofe-foldings that take place, which is expected to beanalysig1]. As the precise predictions for the spectra depend
much larger. on the number oé-foldings, some care is required with mod-

els which are close to the exclusion limit, as highlighted by
Bargeret al. [10].

It turns out that forA¢* we can be more precise,

The assumptions made in the preceding section are nditecause reheating in a quartic potential has an unusual
expected to hold precisely, and hence the expected number pfoperty—the expansion during the scalar field oscillations is
e-foldings will be different. In this section we assess howas the radiation dominatefil1], rather than the matter-
different the number is expected to be, while remaining indominated expansion given by oscillations in a quadratic po-
the framework of the simplest cosmological history. tential. Accordingly, the duration of the epoch of reheating

is the usual slow-roll parameter which observations restrict
to €<0.05. The observed perturbation amplitude on Iargefj
scales isPg =2.6x 10 ° [6] (ignoring a weak dependence
on the precise form of the perturbations genergtgiving

C. The special case ok ¢*

B. A standard hypothesis
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no longer matters and we can take the Universe as radiation- This is a surprisingly large value, and no plausible infla-
dominated beginning at the end of inflatidThis gives tion model will generate it, but we mention it as possible in
principle. To achieve such a large reduction in energy density
Vhor while inflating, inflation must take place extremely close to
. (13 . A ) .
4" pend the “coasting” limit of acct, at whichaH remains constant.
In that limit, thee-foldings of inflation are very inefficient at
Additionally, as we have a definite model we can computePushing scale& outside the horizomH. Note that such an
the ratioV},,/ peng: Which the slow-roll approximation gives evolution is not possible on scales with observable perturba-

! 1
NS N In

as(see, e.g. Ref4)) tions, as the generated spectrum would be far from scale
invariant, but nothing in principle stops it occurring at the
Vior later stages.
—=N?, (14 A concrete example would be as follows. At a high energy
Pend scale, say o= (10'° GeV)*, we have a typical inflationary

expansion, generating nearly scale-invariant perturbations
and the value ofe which is 1N. Putting all this together and pushing them around 2foldings outside the horizon.
gives This epoch then gives way to a fast-rolling inflationary
epoch with axtP, wherep only slightly exceeds 1, with this
fast-rolling epoch continuing all the way down {@q
=(1 GeV)*. During the fast-roll era the perturbation spec-
trum will have sharply decreasing amplitude. As the density

gy quartic_ ; during this fast-roll stage ig1/a?P, this generates a further
whose solution i, = 64. Hence under the assumptlonsAN:(Z/p) IN (Vi / pong) =~ 72/p=T72 e-foldings. As during

of the simplest cosmology, the quartic potential allows an

i i p_lz -
accurate specification of the number esfoldings, the only this evolutionaHect const, scales are not pushed fur

approximation being the assumption of instantaneous transwer outside the Hubble radius during the fast-roll epoch, and

tions between epochs. The value in this model is unusual%% the perturbations generated during the slow-roll phase are

. 1
Npuartic= 63,3+ 7'M Nior, (15)

high because of the non-standard behavior during reheatin rreﬁtly pos[[trl]onecri] to b? T&S)‘e Ig_bser\;}able tatkthe lpresent
and the significant reduction ikl during the late stages poc t,heven ouy ne?rg oldings have taken place
which leads to it violating the limit of the preceeding section, S'NCe they were generated.

This large value means that the model is around the border- T_he issues raised in th_|s sectl_or_w_would be completely
line of what present data allowd,2,7,1. avoided had the more logical definition of the amount of

inflation as the change if= In(aH) been used3]. This

o ) ) definition automatically accounts for the reductiorHrdur-

D. Extreme cases, and a better definition of inflation ing inflation, and is given by
As the\ ¢* case has illustrated, the plausible upper limit

of Sec. Il Ais not as rigid as one would like, because reduc- ~ Hend 1

tion of the energy scale during inflation can play an impor- N(k)=N(k)+ In H, =N(k)— §|n

tant role. What inflation is really trying to achieve is to in-

crease the ratiaH, and every reduction ikl by a factore

then requires an extfolding of expansion to counter it. In

terms of Fig. 1, the inflation line is shallower, and hence h d by taking the | ¢ i d The ol
a greater horizontal extent before reaching the standard post26¢ Py taking the larges posSikpgng andpren. The plau-
sible upper limit of Eq.(11) would then apply in general to

inflationary evolution. Although the reduction in energy den-2"" o ) ) ~
sity shortens the evolution after inflation, it is clear from theN. including in the case of the quartic potential whétgs
figure [or inspection of Eq.(6)] that reducing the energy Significantly less tham.

density during inflation wins, with the largest possibléde-

ing given by the smallest possibjg,q (if all other param- IIl. NON-STANDARD COSMOLOGIES: UPPER AND
eters are unchangpdccompanied by instantaneous reheat- LOWER LIMITS

ing. This again gives us E13), and in absolute generality ) ) _ _
pengcoUld be as late as nucleosynthesis, giving The previous section considered only the case of the sim-

plest cosmology, where inflation gives way to reheating and
NEXIeme= 107, (16)  then to the standard Hot Big Bang evolution. However, the
appropriate value foNy,,, is sensitive to modifications to that
assumption, and there are no direct constraints on the evolu-
3This picture may be altered if there is significant preheaftis. tion for most of the eaf'y,h'SFOfy of the inve(se.
However, usually it is assumed that the particles produced by N general these modifications could either increase or de-
preheating are rapidly converted to radiation, in which case th€€aseNno. The two modifications we discuss which are
result as described is unchanged. If more complicated preheating
phenomenology takes pla¢e.g. as in Refl13]) our results may be
modified. 4See Ref[14] for a general discussion of fast-roll inflation.

Vi

(17)

Pend

This is sufficient to change the sign of the troublesome co-
agfficient in Egs.(12) and(13), thus ensuring thal is maxi-
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restricted to the period after inflation both serve to reduce thecale and shortening the stiff matter era which maximides
value of Ny.,. However, we also discuss two possibilities without violating the gravitational wave constraint.
which can raiseN,,,, though both require modifications to

In this section we will neglect the possibility of a signifi- ibl dificati he simol | .
cant reduction in the energy density during the last stages of ON€ Possible modification to the simplest cosmology is
inflation, though such a reduction should be combined wit©" the long radiation-dominated epoch after reheating to be
the effects discussed here whenever a definite model is undgpnctuated by epochs of matter domination, for example

. . . ~ when long-lived massive particles go out of equilibrium and
;jn'sgll;isgoor}’l\land could be conveniently addressed by ulsie of come to dominate the Universe before decaying. Moduli

fields provide an exampl€l8], though they are too long
. lived in many scenarios to be compatible with requirements.
A. An upper limit Inserting a period of matter domination into E@®) is

Although Sec. Il A gives a plausible upper limit to the Simple, and it reducesly, by AN=[In p/p;]/12 wherep;
number ofe-foldings for inflation assuming roughly constant and p; are the densities at the beginning and end of the
energy density, it is still possible to raise the number furthermatter-dominated era, just as in the derivation of @4). A
What is needed is to replace part of the radiation-dominated€y prolonged period of matter domination is required to
era with a period where the Universe expands even morgive a significant reduction.
slowly. The limiting case consistent with causality is a stiff
fluid dominated era wherg@=p, giving axt*3 and p C. Thermal inflation

«1/a®. In fact, such a period is not at all ridiculous, as this is Thermal inflation was introduced in Rdfl9] as a means

the expansion law for a kinetic-energy dominated scalaps solving relic abundance problems left over from the origi-
field, and the literature contains several proposals for endingg) phase of inflation. It is envisaged as one or more short
inflation by the inflaton field making a transition from poten- periods of inflation, which are not so prolonged as to gener-
tial energy domination to kinetic energy dominatibhb].  ate opservable perturbations. The consequence pertinent to
Further, such kinetic energy dominated periods tend t0 bgye present discussion is that thermal inflation corresponds to
prolonged if reheating is to proceed by gravitational particlen exira stretching of the primordial perturbations, thus re-
production[11,16]. ducing Ny,

.Instead of conven.tional reheating, we will consid('ar'a stiff  Under the reasonable assumption that the energy density
fluid to dominate until an energy densipy;,, before giving  goes not change significantly during thermal inflation, the
way to rac_llat|on domination as before. Considering &),  effect is simply to reducé\,,,, by the number of-foldings
the effect is to make the replacement Nihermal Of thermal inflation. If thermal inflation is to achieve

1 pen 1 peg 1 pun 1 p its purpose, this numbgr_ i_s expecteq to be gbout 10, though
“In + o= S 2 T = (18)  there is also the possibility of multiple periods of thermal
3 pend 4 Pren 6 pend 4 Pin inflation.

In order to find out how large this effect could be on the
maximum number oé-foldings, we again takg,on= pengfor
the original scenario, while in the new scenario we takg Another possible modification to the standard cosmology
to be as small as possible. The Universe must have attaindgl if the Friedmann equation is modified at high energies, the
thermalized radiation domination by the time of nucleosyn-archetypal example being the braneworld cosmology. For ex-
thesis, so the most radical modification is for the kineticample, in the Randall-Sundrum type Il mod&D], at high
regime to end shortly before nucleosynthesis, @, €nergies we expect

=(10"2 GeV)*. The possible increase M is therefore

D. Braneworld cosmology

He= o7 ( - pz) (20)
L, Pend 3m} P

Nextrazl_zlnp -
nuc

(19

where\ is the brane tension. A full discussion of the conse-
As peng could be as high as (10GeV)*, in the most ex- quences of this is beyond the scope of this paper, but we note
treme case this can increase the numbee-fifidings by as  an interesting case whekeis much smaller than the energy
much as 15, as compared to the plausible maximum of Seat the end of inflation, so that the initial phase of the reheat-
A, ing, and possibly of the radiation-dominated era, take place

In fact, stuff fluid cosmologies are constrained by the pos-during the high-energy regime>\.

sibility of an excessive gravitational wave amplitude, which ~ Within the high-energy regime, the expansion laws corre-
does not permit the stiff matter period to extend all the waysponding to matter and radiation domination are slower than
to nucleosynthesif17]. In practice, therefore, the increase in the standard cosmology, beiag:t'® andaxt# respec-
permitted will not be as large as this calculation indicatestively, though the behavior of the densities as a function of
However, a rather detailed calculation would be required tdhe scale factor is unchanged. Slower expansion rates mean a
determine the balance of reducing the inflationary energgreater change iaH relative to the change ia, which can
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increaseN,,,,. However, a full calculation would have to model is also an exceptional one where a more accurate cal-

include that inflation was taking place during the high-energyculation is possible despite uncertainties about reheating.
regime, which tends to force down the normalization of the In general, however, the number is sensitive both to a
potential giving rise to a particular amplitude of perturba-possible reduction in energy scale during the late stages of
tions[21], and is beyond the scope of this paper. inflation, and to the complete cosmological evolution, and
we have highlighted the effects of some plausible non-
standard scenarios. In some cases, these may permit a higher
) o ] _ . maximum number of-foldings than the standard cosmol-
Given the uncertainties in the cosmological model, is itogy,
possible to say anything robust concerning the minimum “opyiously the total number afoldings of inflation must
possible value oNp,? The only guidance is that the successpe greater thaiiy,,, which concerns only observable scales.
of primordial nucleosynthesis suggests that we should nof, aimost all models of inflation it is expected to be very
seek to modify the standard cosmology after that epoch. Agy,ch greater, though thessfoldings are not accessible to

E. An absolute minimum for Ny,

a,,H observations.
Ze e 108, (21 In summary, for a typical inflation model it remains a
aoHo sensible working hypothesis that the numberedbldings

we conclude thakl - has a minimum of about 1&foldinas lies between 50 and 60, where this number refers to the
from the end of irq?lration However, this extreme Iimi? can amount of expansion from when our present Hubble radius
: ' equalled the Hubble radius during inflation up until the end

only be realized in the unlikely case that either all the infla- ~". flation. H if icul del i der i .
tion really happened at such a low scale, or where repeate(g n atl_on. owever, If a particular model Is under |nv_est|-
' ation, it may pay to attempt a more accurate calculation, at

bouts of thermal inflation served to hold the perturbations o east to highlight the effect of assumptions concerning the

superhorizon scales long after they were formed. cosmological evolution. This is particularly true if the model
is expected to have a slow rate of inflation at its late stages,
IV. CONCLUSIONS or to have an unusually low energy scatmrresponding to

We have carried out an extensive analysis seeking tyery smalle), or to have a particularly prolonged reheating
clarify the appropriate choices for the numberedldings ~ Period.
from the end of inflation corresponding to observed pertur-
bations. Assuming the simplest cosmology, we find a pla}u— ACKNOWLEDGMENTS
sible maximum value of around 60, in good agreement with
a recent paper of Dodelson and Hai, but noted that even S.M.L. was supported by the European Union CMBNET
fairly standard scenarios can violate it, an example being theetwork, and A.R.L. in part by the Leverhulme Trust. We
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