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Selective readout and back-action reduction for wideband acoustic gravitational wave detectors
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We present the concept of the ‘‘selective readout’’ for the recently proposed dual detector@M. Cerdonioet
al., Phys. Rev. Lett.87, 031101~2001!# of gravitational waves which is a sensitive and broadband resonant-
mass detector. The advantage of the proposed detection scheme is that it is made sensitive only to the acoustic
modes of the masses forming the detector that have quadrupolar symmetry, and thus carry the signal, while it
rejects efficiently the noise contribution from the other modes, either of thermal or back-action origin. The total
effect is that the sensitivity of a dual detector equipped with the selective readout is flat within a wide
frequency range and can be as good as;8310224/AHz between 1.3 and 4 kHz for a silicon carbide detector,
3 m in diameter.
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I. INTRODUCTION

Substantial progress has been made over the last 40 y
in preparing instruments and methods to search for grav
tional waves~GW! from the cosmos@1#. Five bar detectors
distributed worldwide have recently operated for a few ye
as a network, setting significant upper limits to the rate
violent GW burst events impinging on Earth from the Gala
@2,3#. The first generation of long base line interferomet
detectors@4,5# are now starting their operation and are givi
results from the first science runs@6#.

The performance of traditional acoustic detectors, b
suffers from two main limits: one comes from the cross s
tion to the GW signal, which sets the peak sensitivity, a
one comes from the limited frequency range of high sen
tivity. In order to efficiently couple the signal amplitude
the final readout@7#, all bar detectors employ a resona
transducer, i.e., a secondary oscillator attached to the bar
tuned to it. The main drawback is that the useful bandwi
becomes intrinsically limited, up to typically 10% of th
resonant frequency of the main resonator~i.e., the bar!.
Moreover, the coupling of a second oscillator to the bar
proved so far to lower the mechanical quality factor of t
main resonator, thus reducing its potential sensitivity. A
vanced versions of the traditional acoustic detectors
spherical resonant detectors@8–10#, now being built by sev-
eral groups worldwide@11–13#; while gaining in peak sensi
tivity, they do not solve the bandwidth problem, as they s
employ resonant transducers.

Some of us have recently proposed a different strat
that takes care of both the sensitivity and the bandwidth li
of the acoustic detectors. This is the ‘‘dual’’ detector@14#: a
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dual detector is formed by two nested massive bodies wh
quadrupolar modes~i.e., the modes sensitive to the GW si
nal! resonate at different frequencies. In Ref.@14# the two
resonators are two spheres, an inner full one and a ho
outer one. In a dual detector the signal is read in the
between the two masses as their differential deformatio
the centers of mass of the two bodies coincide and rem
mutually at rest while the masses resonate, thus providing
the rest frame of the measurement. The sensitivity of the d
detector is predicted to be of interest in the frequency ra
between the first quadrupolar modes of the two masses.
can be as broad as a few kilohertz in the kilohertz range, t
covering the frequency band where GW signals from fu
relativistic stellar sources are expected@15#.

In this paper we describe a detection scheme specific
designed for the dual detector and which we call selec
readout. This readout is designed to be sensitive only to
acoustic modes of the masses forming the detector that h
quadrupolar symmetry, and thus are excited by the GW
nal. At the same time, the readout rejects efficiently the c
tribution from the other modes, either of thermal or bac
action origin. The overall effect is a significant enhancem
in the sensitivity.

In Sec. II we will discuss the principle of operation of
dual detector made by two cylindrical nested mas
equipped by a selective readout. We illustrate at first
simple case of a dual system with only two mechanical re
nances~Sec. II A!; then we consider the full modal expan
sion for the system and introduce the selective readout c
cept~Sec. II B!; in the end we give a readout weight functio
selective for the GW detection and derive the system tran
function ~Sec. II C!. In Sec. III we show the expected sens
tivity at the standard quantum limit of two specific detect
configurations. Finally, in Sec. IV we discuss some issu
about the required readout performances and we compar
dual detector with advanced long base line interferomete
©2003 The American Physical Society04-1
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II. DUAL DETECTORS

A. One-dimensional model: Standard quantum limit and back-
action reduction

A basic dual detector can be represented as the sim
one-dimensional system shown in Fig. 1~a! formed by two
different and independent mechanical oscillators whose
sitions arex1 andx2; a forceFe driving the two oscillators is
evaluated by measuring the differencexd5x12x2. In the
frequency region between the resonant frequencies of
two oscillators,Fe drives the slow resonator above its res
nancens and the fast one below its resonancen f . The re-
sponses of the two are thus out of phase byp radians and
therefore the differential motionxd results in a signal en
hancement with respect to the response of the single osc
tor @Fig. 1~b!#, as shown by the transfer functionHFe

5xd /Fe @Fig. 1~c!#.
In addition such a scheme leads to a reduction of

back-action noise within the frequency range of sensitivity
the detector. In fact the back-action noise force drives co
ently the two oscillators inoppositedirections: the system
response is nearly exactly in phase and the consequen
ferential displacement is highly depressed at a freque
f ** , as shown in the transfer functionHba5xd /Fba @Fig.
1~c!#. The features of the back-action reduction are discus
in more details in Ref.@16#.

We measurexd with a real displacement amplifier, de
scribed as an ideal amplifier with an additive displacem
noise generator and force noise generator that back act
the system under measurement. LetSXX(v)5Sxx and
SFF(v)5Sf f be, respectively, the frequency-independe
power spectral densities of these noise generators. The
displacement noise due to the amplifier is thenSxx
1uHba(v)u2Sf f and the noise power spectrum on the me
surement ofFe is ~see, for instance, Ref.@17#!

FIG. 1. ~a! One-dimensional ‘‘dual’’ detector: the same forceFe

is measured by the relative displacementxd of two resonators.~b!
Transfer functions of the slow resonator~continuous line! and of the
fast resonator~dashed line!. ~c! Dual detector transfer functions
signal HFe

5xd /Fe ~continuous line!, back actionHba5xd /Fba

~dashed line!. ~d! Wideband optimized noise.
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SFe
~v!5@Sxx1uHba~v!u2Sf f #/uHFe

~v!u2. ~1!

If we take as reference an operation at the standard quan
limit ~SQL!, we may considerSxxSf f5\2, and the noise fig-
ure can be optimized by adjusting the ratioSxx /Sf f . In a
wide bandwidth detection strategySxx andSf f must be bal-
anced to give the lowest noise within the bandwidth. In d
ing so we profit by the subtraction effect in the back-acti
noise transfer functionHba , and obtain a dip at the fre
quencyf ** , as shown in Fig. 1~d!. We finally notice that, to
fully exploit the back-action reduction features,f ** should
be placed, by a proper choice of the system parameters, a
the oscillator frequencies.

B. Full modal expansion and selective readout

In the case of a three-dimensional body, the dynamics
elastic deformations is given as the superposition of the
namics of an almost infinite number of normal modes
vibration @18#. An obvious way to preserve the convenie
features for signal and back-action noise outlined above i
bring the real system to be as close as possible to the id
ized two-mode system. In fact when only the first quadrup
lar mode can be considered for each body, the response
GW of such a system can again be described by the sim
one-dimensional model. This can be accomplished with
novel selective readout we propose here, capable of rejec
a large number of normal modes on the basis of their sy
metry. Thisgeometrically based mode selectionsenses the
surface position of a body on specific regions, so that
related deformations can be combined with a weight/s
properly chosen to optimize the total response to norm
modes of quadrupolar symmetry.

Such a strategy to select specific vibrational modes an
reject a class of unwanted modes is conceptually differ
from the strategy now employed in GW acoustic detecto
Resonant bar detectors@2,3# and spherical detectors@8–10#
reconstruct the amplitude of the normal modes excited by
GW by the use of resonant displacement readouts couple
the modes. With a proper choice of the readout surfaces,
resonant scheme is not sensitive to the thermal noise of
of resonance modes and gives an efficient frequency ba
mode selection. However this feature necessarily limits
detector bandwidth, due to the thermal noise contribution
the resonant transducer, as mentioned above. By contras
geometrically based mode selection selects gravitation
sensitive normal modes by means of their geometrical ch
acteristics, and shows a significant rejection of nonquadru
lar modes without affecting the detector bandwidth. For t
reason it can be effectively applied to a dual wideband
tector.

Without loss of generality, we apply these new conce
to a dual cylinder detector@Fig. 2~a!#, a convenient geometry
where the advantages of the proposed scheme can be
exploited. In the dual cylinder we average the different
displacement in four distinct areasx1, . . . ,4 @Fig. 2~b!# and
combine them to obtainXd5x11x32x22x4. The detector
displays its maximal sensitivity when the GW propaga
4-2
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along thez axis, the symmetry axis of the system. The c
responding force does not depend onz and the system re
sponse can be well described by plane strain solutions, w
the displacements are functions ofx andy only and the dis-
placement alongz vanishes. All the components of the inte
nal stress are also independent ofz. In this case the displace
ment normal modes of a single cylinder, eigenfunctions
the free body dynamic equations, are functions of the k
@19#

wa,n
1 ~r !5 f a,ncos~au!ir1ga,nsin~au!iu ,

wa,n
3 ~r !52 f a,nsin~au!ir1ga,ncos~au!iu ,

where the functionsf a,n , ga,n are linear combinations o
Bessel functions of the coordinater, with coefficients given
by the boundary conditions. The integera represents the an
gular symmetry of the mode, whilen identifies the mode
order within the angular family. The orthogonal displacem
fields wa,n

1 ,wa,n
3 represent the same radial distribution of t

deformation, mutually rotated byp/2a: for this reason they
share the same eigenvalueva,n , called resonant frequency o
the mode. Any displacementu may be written as linear su
perposition of these basis functions:

u~r ,t !5 (
s,a,n

wa,n
s ~r !qa,n

s ~ t !, ~2!

where the time dependent coefficients are determined by
force acting on the body ands51,3.

C. Weight function and mechanical transfer functions

A 1 polarized GW propagating along thez axis applies
the force densityFgw(t)Ggw(r ) on the mass of densityr:

FIG. 2. ~a! The two concentric cylindersCe , Ci are made of
materials of densityre , r i and have the same height. The inn
cylinder may also have null internal radius. The relative dista
between the two bodies is measured in four regions~in black!, each
of areaST , for the whole cylinder height.~b! Section of the detecto
showing the signal enhancement obtained when a GW signal d
the external cylinder above resonance and the internal cylinder
low resonance. The differenceXd5x11x32x22x4, proportional to
the GW strength, is not dependent on a number of non-GW se
tive modes.
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Fgw~ t !5 1
2 rḧ~ t !,

Ggw~r !5r cos~2u!ir2r sin~2u!iu . ~3!

For symmetry reasons this force can only excitew1 quadru-
polar (a52) modes. A ‘‘weight function’’ approach to the
problem will give the mathematical framework to study t
selective readout, which implements the differenceXd5x1
1x32x22x4 @Fig. 2~b!#. If ue andui are the displacement
of the cylinderCe and Ci @20#, we define the observabl
physical quantity of the system as

Xd~ t !5E @ue~r ,t !1ui~r ,t !#•
P4~r !

PN
dV, ~4!

where the ‘‘selective’’ measurement strategy and detec
scheme is implemented by the weight functionP4(r )
5P4

r (r )P4
u(u) ir , where

P4
r 5d~r 2r e!2d~r 2r i !,

P4
u5 (

m50

1

(
n50

4

~21!n1mQFu1~21!ma2n
p

2 G ,
~5!

and Q(x) represents the unit step function. The normaliz
tion is PN5ST , area of one sampling region@Fig. 2~a!#. Here
the termP4

r gives the requested displacement differencer e

2r i @Fig. 2~b!#, while P4
u reduces the angular integral ove

four distinct regions, 2a wide, centered aroundu
50,p/2,p,3p/2 @Fig. 4~a!#. A value a50.3 rad is assumed
to perform the following calculations. For comparison w
consider a nonselective readout system, which senses the
placement over a single area, centered, for example, au
50. Its weight functionP1 has angular componentP1

u

5Q(u 1 a) 2 Q(u 2 a)1Q(u1a22p)2Q(u2a22p),
while the radial dependence and the normalization rem
the same asP4.

A practical readout configuration implementing the sele
tive readout schemeP4 is a series of four capacitive trans
ducers~Fig. 3!. The transducers are gradiometrically co
nected to obtain the quadrupolar modes sensitivity. No
that to obtain the back-action reduction the readout mus
necessarily sensed by a single superconducting quantum
terference device~SQUID! amplifier. The nonselective read
out schemeP1 may be implemented by a single capaciti
transducer configuration measuring the distancex1.

When we evaluate the observable, Eq.~4!, by using the
expansion, Eq.~2!, and the weight functionsP4 or P1, each
wa,n

1 mode contribution depends on its angular symmetrya.
As shown in Fig. 4~b!, in both cases the modes contributio
oscillates and rapidly decreases, due to the averaging
the areaST . But in the case ofP4 only the symmetry values
a5214k, with k non-negative integer, give non-null contr
butions to our observable, Eq.~4!. To summarize, the qua
drupolar modes family (k50) contribution is essentially pre

e

es
e-
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served, many mode families are rejected (aÞ214k, k>0)
and the residual higher-order families (a5214k, k.0)
give a reduced contribution.

We point out that the normal modesw3, proportional to
sin(au) and excited by3-polarized gravitational waves, ar
rejected byP4(r ) for every value ofa. When a second read
out system, identical but rotated byp/4, is employed to de-
tect thesew3 modes, anyz axis propagating GW can be full
characterized in terms of intensity and polarization.

The system behavior is fully described by the trans
function TXd

[X̃d(v)/F̃(v), which gives the observableXd

induced by a generic driving force densityF(t)G(r ) @21#.
We call (wa,n

s ,va,n) and (va,n
s ,Ãa,n) the normal modes and

eigenfrequencies of the cylinderCe and Ci , while the loss

FIG. 3. Schematic cross section of a dual cylinder equipped w
a selective capacitive readout. Four identical capacitors are cha
with a constant charge and connected as shown; the circula
current I p is proportional to the variations ofXd5x11x32x2

2x4. The current is then coupled to the SQUID amplifierA by a
flux transformer made by the coilsLp andLs . The auxiliary elec-
tronic circuitry necessary to obtain the proper constant charge
tribution is not shown; in particular decoupling capacitors must
used to prevent the capacitors from discharging.
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FIG. 4. ~a! Angular dependence of the weight functionP4 ~con-
tinuous line! and of the displacement induced by aw1 mode
~dashed line! with symmetrya52; the mode contribution is pro
portional to the integral of the product of these two functions.~b!
Normalized angular contribution of normal modes as a function oa
evaluated for the weight functionsP4 ~hollow symbols! and P1

~crosses!. ~c! Predicted sensitivity of a Mo dual cylinder detect
~same as Fig. 5! with the selective readoutP4 ~continuous line! and
with the standard readoutP1 ~dotted line!.
10200
r

angles (f,c), inversely proportional to the mode qualit
factor Q, describe the dissipation. We have

TXd
~v!5 (

s,a,n

E G~r !•wa,n
s ~r !dVE wa,n

s ~r !•
P~r !

PN
dV

re@~va,n
2 2v2!1 iva,n

2 fa,n~v!#

1

E G~r !•va,n
s ~r !dVE va,n

s ~r !•
P~r !

PN
dV

r i@~Ãa,n
2 2v2!1 iÃa,n

2 ca,n~v!#
, ~6!

where P(r ) can beP4(r ) or P1(r ). If F(t) and G(r ) are
given by Eq.~3!, by Eq.~6! we calculate the system transfe
function to a GW, defined asHgw(v)[X̃d(v)/h̃(v). In the
simple casere5r i5r, we have

Hgw~v!52~rv2/2!TXd
~v!uG(r )5Ggw(r ) , ~7!

while the more general case is straightforward. The read
back-action force is applied in the sensing areas with
same intensity but opposite sign for the two bodies, so t
its spatial density is given byP(r )/PN . The corresponding
system transfer function is then

Hba~v![TXd
~v!uG(r )5P(r )/PN

. ~8!

III. DETECTOR SENSITIVITY

In close analogy with Eq.~1!, the transfer functions, Eqs
~7! and ~8!, give the detector sensitivity to GW as

Shh~v!5@Sxx1uHba~v!u2Sf f #/uHgw~v!u2. ~9!

As discussed above,Sxx and Sf f are the frequency-
independent power spectral densities that define the amp

100 1000 10000
1E-24

1E-23

1E-22

1E-21

LCGT

NB Adv. LIGO

S hh

1/
2  (

 H
z-1

/2
 )

Frequency ( Hz ) 

FIG. 5. Predicted spectral strain SQL sensitivities of two diffe
ent dual detector configurations. The predicted SQL sensitivitie
two advanced interferometric detectors are also shown~dotted
lines!: LCGT and a narrow band design of Advanced LIGO. Co
tinuous line: Mo dual detector, inner cylinder radius 0.25 m, ou
cylinder internal-external radius 0.26–0.47 m, height 2.35
weight 4.8111.6 tons, fundamental quadrupolar modes 1012
and 5189 Hz, amplifier noiseSxx510310246 m2/Hz, Q/T.2
3108 K21. Dashed line: SiC detector, inner cylinder radius 0.82
outer cylinder internal-external radius 0.83–1.44 m, height 3
weight 20.5–41.7 tons, Sxx56310246 m2/Hz, Q/T.2
3108 K21.
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SELECTIVE READOUT AND BACK-ACTION REDUCTION . . . PHYSICAL REVIEW D68, 102004 ~2003!
noise performances. For operation at the SQL we cons
SxxSf f5\2 and optimize the noise figure by adjusting t
ratio Sxx /Sf f .

In Fig. 4~c! we compare the sensitivities of a detect
evaluated for the selective readoutP4 and for the single area
readoutP1. The main effect of the selective readout is
cancel out both thermal and back-action noise contributi
due to the nonquadrupolar modes, so that a flat respon
obtained in the full bandwidth of few kilohertz and the bac
action reduction feature is exploited. We also notice that
use of large readout sensing area highly reduces the the
noise due to the cumulative effect of all the normal mod
@22#. In fact, as the shorter wavelength modes are avera
out, a very good transfer function convergence may be
tained by adding less than 100 modes.

Finite element analysis demonstrates the selective rea
rejection capabilities also for many classes of thr
dimensional vibrational modes. The sensitivity enhancem
over the standard readout scheme is then not limited to
plane strain approximation, and the dual cylinder configu
tion could be evolved in a complete detector.

To show the limits of our design, we evaluate the sen
tivity at the SQL of some practical configurations of detec
material and geometry. As usual a low dissipation materia
required to reduce the effect of the thermal noise. Molyb
num represents an interesting choice, as it shows high c
section for GW and its mechanical dissipation was inve
gated at low temperature givingQ/T.23108 K21 for
acoustic normal modes@23#. In Figs. 4 and 5 the SQL sen
sitivity of a Mo detector with dimensions within the prese
technological production capabilities is shown. In Fig. 5
also show the SQL of a detector made of SiC, a cera
material currently used to produce large mirrors or structu
@24#, with mechanical and thermal properties of interest h
but not yet characterized in terms of low temperature m
chanical dissipation.

IV. DISCUSSION AND CONCLUSION

The dual cylinder sensitivity curves are obtained by us
a quantum limited readout with displacement sensitivity
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the order of 3310223 m/AHz. This figure is impressive and
indeed has not been achieved so far. The assessment o
feasibility of such sensitivity is currently object of an R&D
program and a detailed technological discussion goes bey
the scope of the present paper. Here we will address on
few general issues.

The lowest achieved experimental displacement noise
have achieved is about 5310220 m/AHz @25,26# in the kilo-
hertz range. This has been demonstrated by two diffe
kinds of readout which we are developing: the capacitive o
@27# employing a dc-SQUID amplifier and the optical on
@28# based on Fabry-Perot resonators. Both readouts
show significant improvements in the near future, so to re
sensitivities of a few 10222 m/AHz. For the capacitive read
out, better dc-SQUID amplifiers are becoming available w
sensitivities much closer to the quantum limit@29#. In addi-
tion, the efficiency of the transducer can be improved
increasing the bias electric field: a value of the breakdo
field of the order of 33108 V/m has been reported in recen
literature@30#. For the optical readout, the improvement r
lies on the increase of the finesse to 106 @31#, of the input
power up to few watts, and of the measurement area u
few cm2 @32#.

To achieve the 10223 m/AHz displacement sensitivity
range, nonresonant mechanical amplification of the dete
deformations@33# could be implemented. Mechanical amp
fiers based on the elastic deformation of monolithic devi
~compliant mechanisms! are well known for their applica-
tions in mechanical engineering@34#. Their application to
GW detectors seems promising but the contributed no
needs to be investigated thoroughly.

We believe that the potential sensitivity of the dual dete
tor is of utmost interest. In fact the selective readout sche
applied to the dual concept allows the design of detec
tailored for relatively high frequency GW and showing a fl
sensitivity in a wide frequency range. These features co
make the dual cylinder detector complementary to advan
interferometric detectors, as shown in Fig. 5 by the comp
son with the expected sensitivities of LCGT@35# and one of
the possible setting of Advanced LIGO in narrow band o
eration@36#.
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