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t\bW in the noncommutative standard model
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We study the top quark decay to ab quark andW boson in the noncommutative standard model. The lowest
contribution to the decay comes from the terms quadratic in the matrix describing the noncommutative~NC!
effects while the linear term is seen to identically vanish because of symmetry. The NC effects are found to be
significant only for low values of the NC characteristic scale.
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I. INTRODUCTION

The belief behind the existence of the top quark, ev
before it was discovered@1#, had its reasons buried deep
the consistency of the standard model~SM!, whether it was
due to the requirements of anomaly cancellation or use
explain the precision electroweak data. The experime
evidence for the top quark strengthened the three-fam
structure of the SM and opened a whole new world of
physics. The top quark is the heaviest of all the fundame
particles known, having a mass 174.365.1 GeV, and con-
tributes significantly to radiative processes. Such a la
mass leads to a very short lifetime for the top quark (t top

;4310225 s). This number is roughly one order of magn
tude smaller than the typical QCD hadronization time sc
(30310225 s). The top quark therefore decays before it c
hadronize, unlike the other quarks. This feature offers
possibility of looking at a quark and its properties almo
free of QCD confinement. This makes the top quark a w
derful laboratory for QCD studies. To complete the pictu
consistently with the SM, various properties of the top qu
need to be confirmed. For a review of the top quark a
related issues, see@2# and further references therein.

Within the SM, the top quark decays almost complet
into a b quark and aW boson with the branching ratio
BR(t→bW);0.998. Like the other particles, the charg
interactions of the top quark in the SM are ofV2A nature
and the strengths for the top quark going into aW boson and
a lighter quark are directly proportional to the Cabibb
Kobayashi-Maskawa~CKM! mixing angles. The top quark
in contrast to any other particle, say ab quark, decays into a
lighter quark ~mostly a b quark! and an on-shellW. This
makes the helicity of the emittedW boson an important too
for determining many properties and testing the univer
nature of theV2A interactions. In the limit of a masslessb
quark, theW cannot be right handed~or at least such a he
licity state will be highly suppressed!. TheW helicity can be
measured from the angular correlations of its decay prod
and thus offers a window to look for new physics beyond
SM as well. Due to the smallness of other CKM elemen
other top quark decays fall into the category of rare dec
and the branching ratios are very small. Top quark dec
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beyond the SM have been extensively studied. For exam
the top quark decay to a charged Higgs boson and the
perimental signatures has been discussed in detail in@3#,
while the neutral current decay into a charm and two vec
particles has been considered in@4#. In @5# the decay into a
top squark and a neutralino has been studied while the
thors of @6# consider the technicolor models and discuss
lated issues.

The top quark properties play an important role in t
electroweak physics. The large mass of the top quark ma
its role in the electroweak precision data fits much mo
pronounced than for any other quark. Also the spin confi
ration of the top quark in any process is very sensitive to n
physics beyond the SM, particularly any anomalous coupl
other than allowed by the SM. The anomalous top qu
couplings have been a very important and interesting are
activity. These couplings can be probed directly at collid
and indirectly via the rare decays of mesons@7,8#. It is ex-
pected that about 108 top quark pairs per year at the LHC
will make a detailed study of the top quark couplings po
sible and with great accuracy. Since the dominant de
channel for the top quark is decay into ab quark and aW
boson, it is not wrong to expect that theWtbcoupling will be
measured with high precision. This coupling is proportion
to the CKM elementVtb and enters the expressions for th
flavor changing neutral currentB meson decays@9#. There-
fore, any anomalous contribution to the coupling shou
show up in theB decays and should be measurable ev
before LHC begins. Using the CLEO and LEP data the
couplings have been constrained@10# and future experiments
are expected to improve these constraints.

In the present note we study the dominant decay mod
the top quark,t→bW, in the context of the noncommutativ
standard model~NCSM!. The simple picture of space-tim
that we have in our minds is based on the notion of spa
time being described by a suitable manifold with the poi
on that manifold being labeled by a countable number of r
coordinates. For most practical purposes the space-time
as a static background on top of which the processes oc
However, it is believed that this naive picture must underg
drastic change when one probes very small distances
those energy scales the classical notions of space-time c
to be the correct description of the world and modificatio
have to be incorporated to yield correct results. There is
clear-cut and unique solution to this puzzle and the kind
modifications required, but a possible way to approach
©2003 The American Physical Society01-1
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problem is to formulate physical theories on noncommu
tive ~NC! space-times. This idea dates back to the work
Snyder@11# where it was shown that the usual continuu
space-time is not the only solution to the assumption that
spectrum of the coordinates describing the space-time is
variant under Lorentz transformations and there exists a L
entz invariant space-time with an inherent unit of length.
such cases, the notion of a point is not well defined, and
usual commutation relations between the coordinates
momenta get an extra piece proportional to the momen
value. Therefore, for small enough momenta and energ
they just approach the usual quantum mechanical relation
very strong motivation to formulate quantum theory on
noncommutative space-time was to render the quantum
theory calculations finite and free of infinities. But the su
cess of the renormalization theory abandoned this appro
altogether. The idea has been remotivated because of s
string theory results@12#. Apart from being boosted by strin
theory arguments, field theories formulated on noncomm
tive space-times have very interesting features of their o
For a review of noncommutative field theories~NCFTs!, see
@13#.

In order to describe a noncommutative space-time,
usual commutation property between the coordinates is a
doned and replaced with the following commutator for t
Hermitian operatorsx̂m @14#:

@ x̂m,x̂n#5 iQmn, ~1!

whereQmn is a constant, real, and antisymmetric matrix a
describes the noncommutativity. This constant matrix c
also be thought of as some background field relative
which the various space-time directions are distinguishedA
priori there is no reason to assume thatQmn is a constant
matrix but we consider it to be so in our study. Also, most
the studies involving field theories on such spaces have b
restricted to constantQmn. The theories on such a space-tim
clearly violate Lorentz invariance explicitly. Following th
Weyl-Moyal correspondence@15#, the ordinary product of
two functions is replaced by the Moyal product~sometimes
also called the star product and denoted by *), which ta
the form

f ~x!* g~x!5FexpS i

2
Qmn]hm]znD f ~x1h!g~x1z!G

h5z50
~2!

5 (
n50

` S i

2D n 1

n!
@]m1

]m2
•••]mn

f ~x!#

3Qm1n1Qm2n2
•••Qmnnn@]n1

]n2
•••]nn

g~x!#.

Thus the recipe for formulating the noncommutative vers
of the field theories is to replace all the ordinary products
Moyal products. As can be seen, such theories are hig
nonlocal and bring with them several new features l
UV/IR mixing @16# and unitarity problems@17#. However, in
spite of these there has been considerable activity in this
@18#. The noncommutative version of quantum electrod
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namics has been examined in@19#. A method for formulating
the non-Abelian noncommutative field theories has been
cussed in@20#, and using these ideas a noncommutative v
sion of the standard model has been proposed@21#. In the
noncommutative version, there are several new features
interactions, like triple gauge boson vertices, that appear,
some of the related phenomenological aspects of these
been investigated@22#.

II. NONCOMMUTATIVE CORRECTIONS TO t\bW

We take as our starting point the action given in@21# for
the quark sector. We assume here that the fields have
redefined in terms of the physical fields and as far as
work is concerned, we concentrate only on the charged
rent interactions. The action with the ordinary products
placed by Moyal products looks like

Scharged current5
g

2A2
E d4x (

families
@ n̄* W” * ~12g5!e

1Vudū* W” * ~12g5!d#, ~3!

where we generically denote the leptons ase and their cor-
responding neutrinos asn and for the quarks, we useu andd
to denote the up and the down type quarks.W is theW boson
field andVud are the relevant CKM elements. The fields a
expanded in powers ofQ, and here we do not concern ou
selves about the terms that have more than one gauge
coupling to fermions. The fermion fields when expanded
O(Q2) have the following structure:

c5S 12
1

2
gQmnAm]n2

i

8
gQmnQrs]mAr]n]sDc0

1O~Q3!, ~4!

wherec0 refers to the usual fermionic field,A is the associ-
ated gauge field, andg is the gauge coupling. Plugging thi
expression into the action, we get the matrix element for
processt(pt)→b(pb)1W(pW)

M5S ig

2A2
VtbD b̄~pb!Fgb2

1

2
~Qmbp” tpWm1Qbap”Wpta

2QmagbpWmpta!1
i

8
~Qmbga1Qbagm

2Qmagb!QrspWaptmpW
r pt

sG~12g5!t~pt!eb* ~pW!.

~5!

The charged current contribution due to noncommutativity
our case is the same as that obtained by Iltan@22# in the
context ofW decay into a lepton and antineutrino modulo
overall sign factor arising due to a difference in the conve
tion for momentum flow. The noncommutative correction
the matrix element explicitly reads~after some algebra!
1-2
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MNC5S ig

2A2
VtbD eb* F b̄~pb!gb~12g5!t~pt!S 1

2
QmapWmpta

1
i

8
QrspWrptsD2

mt

2
b̄~pb!~11g5!t~pt!Q

blpbl

1
mb

2
b̄~pb!~12g5!t~pt!Q

bdptdG . ~6!

Using the expression for the matrix element above, the de
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rate can easily be evaluated. The decay rate, including
noncommutative effects, can be expressed in the follow
form:

G total5
uVtbu2

16ppt
0 S g

2A2mW
D 2

l1/2S 1,
mW

2

mt
2

,
mb

2

mt
2D @CSM1CNC1

1CNC2
#, ~7!

where
CSM52@mW
2 ~mt

21mb
22mW

2 !1~mt
22mb

22mW
2 !~mt

22mb
21mW

2 !#, ~8!

CNC1
5Qb

aQbsptaptsS 1

12mt
2D @2mb

812mt
823mt

6mW
2 13mt

4mW
4 1mt

2mW
6 23mW

8 25mb
6~mt

22mW
2 !

1mb
4~6mt

427mt
2mW

2 219mW
4 !1mb

2~25mt
615mt

4mW
2 13mt

2mW
4 115mW

6 !#, ~9!

CNC2
52QabQbaS mW

2

24 D $~5mb
21mt

22mW
2 !@mb

41~mt
22mW

2 !222mb
2~mt

21mW
2 !#%. ~10!
vity
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ef-
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It is worthwhile to point out that the term linear inQ that
would arise due to the interference between the SM and
noncommutative contributions does not show up in the de
rate. This is not hard to see because the phase space inte
would yield terms proportional to the metric tensor or the t
quark momentum and such terms would identically van
because of the antisymmetry ofQmn.1 Thus, the decay rate
simply splits into pure SM and NC contributions. It is we
known that QCD corrections lower the tree level decay r
by roughly 10%. From the above expressions we see tha
contributionCNC2

has a negative sign, and it is interesting
see the effects of noncommutativity on the decay rate.
consider three cases:~a! when Q0i50, ~b! when Q i j 50,
and~c! both Q0i andQ i j nonzero. Noncommutativity in the
time direction is expected to lead to nonunitary behavior
the theory, but it has been pointed out by Liao and Sib
@18# that careful handling of time ordered products and
time derivatives arising due to the Moyal/star product avo
any such problem. We thus retain the piece with noncomm
tativity in the time direction as well. We define the following

Q0i5u ts
i , uss

i 5
1

2
e i jkQ jk. ~11!

Also for the sake of simplicity we assume thatuu ts
i u5uuss

i u
and denote it byLNC

22 , whereLNC ~in units of GeV! is the
characteristic scale of noncommutative interactions.

1This is typical of a particle decaying and is not expected in
scattering process where the linear term will in general be pre
and give the leading contribution.
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In Fig. 1, we plot the decay rate as a function ofLNC for
all three cases. Only for the case when the noncommutati
in the time direction is put to zero do we get a lower ra
when the noncommutative effects are included. But this
fect is seen only for low values ofLNC and as it is increased
the rates in all three cases approach the SM value. The
of the decay rate for a longitudinally polarizedW ~with po-
larization vectoreL

m;pW
m /mW) to the unpolarized decay rat

has been measured by the CDF Collaboration@23# and it
comes out to be

F05
G~ t→bWL!

G total~ t→bW!
50.9160.3760.13 ~12!
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FIG. 1. The decay rate~in GeV! as a function of the noncom
mutativity scale~in GeV! for space-space (Q0i50), space-time
(Q i j 50), and both nonzero.
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while the SM value isF0
SM50.701. It is straightforward al-

gebra to get the noncommutative correction to the polari
rate:

GNC
long5

uVtbu2

16ppt
0 S g

2A2mW
D 2

l1/2S 1,
mW

2

mt
2

,
mb

2

mt
2D D long ,

~13!

where

D long5
1

12
@mb

41~mt
22mW

2 !222mb
2~mt

21mW
2 !#

3@2mb
412mt

2~mt
22mW

2 !2mb
2~mt

212mW
2 !#uQ0i u2.

~14!

One finds that the polarized rate contains no terms pro
tional to Q i j , i.e., the polarized rate depends only onQ0i .
Therefore in the absence of space-time noncommutati
there are no noncommutative corrections to the longitud
polarized rate and the sole contribution comes from the S
Thus the quantityF0 stands a good chance of determini
the kind of noncommutativity that is present in the theory.
Fig. 2 we plotF0 againstLNC and find that, for lower values
of the noncommutativity scale, there is a significant dev
tion from the SM result for the case of zero timelike no
commutativity or when both are present. But as before, w
the increase inLNC , all the curves approach the SM valu
We can try to get some lower bound on the noncommuta
scale by imposing the condition Eq.~6!. If that is done, we
get a boundLNC>O(100 GeV) for space-space noncomm
tativity while no physically meaningful values are obtain
in either of the other two cases. In fact, one gets imagin
values for the noncommutativity scale. This may be an in
cation that a more careful and thorough treatment is requ
at the level of the action itself, and it is hoped that such
treatment should bypass any such troubles.

The transverse plus rateG1 is also of considerable inter
est because simple helicity arguments lead to the conclu

500 1000
Λ

NC
 (GeV)

0.7

0.705

0.71

0.715

0.72
f 0

Space-Space
Space-Time
Both

FIG. 2. The quantityF0 as a function of the noncommutativit
scale~in GeV! for space-space (Q0i50), space-time (Q i j 50), and
both nonzero.
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that at the tree level this rate vanishes for vanishingmb .
Therefore, a nonvanishingG1 at the Born amplitude leve
can arise frommbÞ0 effects or can arise because of high
order corrections beyond the Born amplitude. Also, such
effect can be an artifact of departure from theV2A current
structure. From the matrix element Eq.~12! it is clear that
there is a departure from theV2A structure of the weak
current, and this fact is expected to show up in correction
G1 . We evaluate the noncommutative corrections toG1 .
The total rate is

G15G1
SM1G1

NC ~15!

where the SM expression is well known, and the second t
is

G1
NC5

uVtbu2

16ppt
0 S g

2A2
D 2

l1/2S 1,
mW

2

mt
2

,
mb

2

mt
2D D1 , ~16!

where the quantityD1 is

D15
mt

4

24
~mt

21mb
22mW

2 !(
i 51

3

Q0iQ i02
mt

4

48
~mt

21mb
22mW

2 !

3 (
a51

2

QalQl
a1

mb
2mt

2

4
~mt

21mb
22mW

2 ! (
a51

2

uQa0u2

1
mb

2mt
4

2 (
a51

2

uQa0u2. ~17!

From this expression it is clear that even in the limit
vanishingmb the Born level noncommutative corrections
the SM transverse plus rate are nonzero. Quite clearly,
stands out as another test of possible existence of any
commutativity. Also note that this rate picks out terms havi
noncommutativity in selected space directions as well~the
terms with indexa). This fact can thus be used to distinguis
between any inhomogeneity in the noncommutativity para
eter. However, for the present analysis, we have assu
equal and constant values along all the directions, bu
principle a more general analysis can be carried out us
these expressions. The CDF measurement for the qua
G1 /G is @23#

G1

G
50.1160.15.

For the sake of illustration we consider the case of o
space-space noncommutativity. Imposing the experime
results, we get a central value for the noncommutativity sc
of ;50 GeV. It is considered safe to say that, if the t
quark decay reveals a deviation from the SM predictions
the 1% level, then the origin of this deviation can be attr
uted to some non-SM physics. For the noncommutativ
scale O(100) GeV, the estimated value forG1 /G is ap-
proximately~slightly less than! 0.01, which satisfies the 1%
criterion and therefore should be probed in future measu
ments. However, for higher values of the scale, the nonco
mutative corrections get smaller and smaller.
1-4
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Consider the radiative decay of the top quark, namelt
→bWg. The branching ratio for this decay channel~for a
photon of energy 10 GeV! is 3.531023. The noncommuta-
tive corrections to this process come in the form of mod
cation of the SM vertices plus a completely new vert
where the radiated photon is attached to thetbW vertex. For
the sake of illustration we consider this piece of the to
amplitude. The relevant interaction Lagrangian can be w
ten in the following form:

LtbWA5
eg

2A2
b̄~pb!F S 1

2
Qmnga1QnagmD S 2

3

4
~]mAn

2]nAm!Wa2~AmWn2AnWm!]a

1
1

6
~]mWn2]nWm!AaD G~12g5!t~pt!. ~18!

The contribution of this piece alone for the bounds obtain
above fits the experimental values and, as expected,
higher scales the noncommutative contribution diminis
and the SM piece surfaces as the sole contributor.

The bound obtained is a very low bound and should
directly verifiable at the collider experiments. This value
of the same order~141 GeV! as was obtained for noncom
mutative QED~NCQED! for the processe1e2→gg at LEP
by the OPAL Collaboration@24#. There is no reason that th
NCQED and NCSM bounds should be very similar but o
can expect them to be roughly of the same order. Howeve
is known that the collider bounds that one gets in the cas
NCQED are much lower than the bounds obtained fr
Lamb shift measurements~Chaichianet al. @19#!. Also, the
sidereal variation effects on atomic clocks give very stro
limits @25#. Thus, we expect that more data and bounds fr
other sources should supplement such preliminary res
and give a better picture. Some more hints can be obta
by looking at the charged lepton~arising from theW decay!
energy and the angular spectrum. This sector contains in
mation about the top polarization as well, which impli
more independent data to confirm the theoretical resu
However, in this case it becomes even more complica
because even theW decay element will pick up additiona
noncommutative corrections and the whole picture gets v
er,

J.J
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messy. Also, if one wants to use the results obtained dire
in a complete analysis, i.e., consider top quark production
a collider and then its decay, etc., then these results hav
be suitably convoluted with the SM expressions for oth
subprocesses to have a rough estimate of the noncomm
tive corrections. A complete treatment would require a d
tailed analysis of noncommutative corrections for each s
process and a careful convolution to extract the lead
terms. Therefore, presently it appears that there is a v
narrow window to probe noncommutative effects by direc
looking at the decay of the top quark, as the SM contribut
conceals the extra effect completely for almost the wh
region of the parameter space.

III. CONCLUSIONS

In conclusion, noncommutative effects seem to be co
pletely hidden under the shadow of the SM results for m
of the parameter space, and it is only in a very small ran
for very low values of the noncommutativity scale, that the
are any significant deviations from the SM values, for bo
the unpolarized rate andF0 and the transverse plus rate. Th
suppression due to the noncommutativity scale is rather la
(L24) to be easily overcome in this case. Thus it may se
that there is not much hope of determining possible nonco
mutative effects directly from the top quark decay. Howev
there is still hope, as angular asymmetries and correlat
between theW decay products, say a lepton and an a
tineutrino, may still be able to reveal even the feeble pr
ence of any terms not dictated by the SM. Therefore, a
tailed analysis of the top quark production process follow
by cascade decay studies can possibly probe such eff
Moreover, thetbWvertex now contains terms that essentia
give rise to right handed weak currents, and it should
possible to detect the presence of such terms either in
ronic scattering reactions~possibly at the LHC! or indirectly
through their contribution to rare meson decays, where
expect even the terms linear inQ to contribute and give the
dominant effect. Also, from a theoretical point of view, mo
careful treatment at the level of the action is required so a
avoid possible problems like encountering physically me
ingless bounds.
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