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Weak decays of theBc meson to charmonium andD mesons in the relativistic quark model
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Semileptonic and nonleptonic decays of theBc meson to charmonium andD mesons are studied in the
framework of the relativistic quark model. The decay form factors are explicitly expressed through the overlap
integrals of the meson wave functions in the whole accessible kinematical range. The relativistic meson wave
functions are used for the calculation of the decay rates. The obtained results are compared with the predictions
of other approaches.
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I. INTRODUCTION

The investigation of weak decays of mesons compose
a heavy quark and antiquark gives very important insigh
heavy quark dynamics. The properties of theBc meson are of
special interest, since it is the only heavy meson consis
of two heavy quarks with different flavors. This difference
quark flavors forbids annihilation into gluons. As a result, t
excited Bc meson states lying below theBD production
threshold undergo pionic or radiative transitions to the ps
doscalar ground state which is considerably more stable
corresponding charmonium or bottomonium states and
cays only weakly. The Collider Detector at Fermilab~CDF!
Collaboration@1# reported the discovery of theBc ground
state inpp̄ collisions. More experimental data are expect
to come in the near future from the Fermilab Tevatron a
CERN Large Hadron Collider~LHC!.

The characteristic feature of theBc meson is that both
quarks forming it are heavy and thus their weak decays g
comparable contributions to the total decay rate. Therefo
is necessary to consider both theb quark decaysb→c,u with
the c̄ quark being a spectator andc̄ quark decaysc̄→ s̄,d̄
with b quark being a spectator. The former transitions lead
semileptonic decays to charmonium andD mesons while the
latter lead to decays toBs and B mesons. The estimates o
the Bc decay rates indicate that thec quark decays give the
dominant contribution (;70%) while theb quark decays
and weak annihilation contribute about 20% and 10%,
spectively~for a recent review see, e.g., Ref.@2# and refer-
ences therein!. However, from the experimental point o
view the Bc decays to charmonium are easier to identi
Indeed, CDF observedBc mesons@1# analyzing their semi-
leptonic decaysBc→J/c ln.

The important difference between theBc semileptonic de-
cays induced byb→c,u and c→s,d transitions lies in the
substantial difference of their kinematical ranges. In the c
of Bc decays to charmonium andD (* ) mesons the kinemati
cal range~the square of momentum transfer to the lepton p
varies from 0 toqmax

2 '10 GeV2 for decays toJ/c and
qmax

2 '18 GeV2 for decays toD mesons! is considerably
0556-2821/2003/68~9!/094020~16!/$20.00 68 0940
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broader than for decays toBs
(* ) and B(* ) mesons (qmax

2

'0.8 GeV2 for decays toBs andqmax
2 '1 GeV2 for decays to

B mesons!. As a result in theBc meson rest frame the max
mum recoil momentum of the final charmonium andD me-
sons is of the same order of magnitude as their masses, w
the maximum recoil momentum of theBs

(* ) andB(* ) mesons
is considerably smaller than the meson masses. This sig
cant difference in kinematics makes it reasonable to cons
Bc decays induced byb andc quark decays separately.

In this paper we consider weakBc decays to charmonium
and D mesons in the framework of the relativistic qua
model based on the quasipotential approach in quantum
theory. This model has been successfully applied for the
culations of mass spectra and radiative and weak decay
heavy quarkonia and heavy-light mesons@3–8#. In our recent
paper@9# we applied this model for the investigation of pro
erties of theBc meson and heavy quarkonia. The relativis
wave functions obtained there are used for the calculatio
the transition matrix elements. The consistent theoretical
scription ofBc decays to charmonium andD mesons requires
a reliable determination of theq2 dependence of the deca
amplitudes in the whole kinematical range. In most previo
calculations the corresponding decay form factors were
termined only at one kinematical point, eitherq250 or q2

5qmax
2 , and then extrapolated to the allowed kinematic

range using some phenomenological ansatz@mainly ~di!pole
or Gaussian#. Our aim is to explicitly determine theq2 de-
pendence of form factors in the whole kinematical range
order to avoid extrapolations, thus reducing uncertaint
The large values of recoil momentum require the consis
relativistic treatment of these decays. In particular, the re
tivistic transformation of the meson wave functions from t
moving to the rest reference frame should be taken into
count. On the other hand, the presence of only heavy qu
in Bc and charmonium allows one to use expansions in
inverse powers of heavy quark masses 1/mb,c .

The paper is organized as follows. In Sec. II we descr
the underlying relativistic quark model. The method for c
culating matrix elements of the weak current forb→c,u
transitions inBc meson decays is presented in Sec. III. Sp
©2003 The American Physical Society20-1
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cial attention is devoted to the dependence of the decay
plitudes on the momentum transfer. TheBc decay form fac-
tors are calculated in the whole kinematical range in Sec.
The q2 dependence of the form factors is explicitly dete
mined. These form factors are used for the calculation of
Bc semileptonic decay rates in Sec. V. Section VI conta
our predictions for the energetic nonleptonicBc decays in the
factorization approximation, and a comparison of our res
with other theoretical calculations is presented. Our conc
sions are given in Sec. VII. Finally, the Appendix contai
complete expressions for the decay form factors.

II. RELATIVISTIC QUARK MODEL

In the quasipotential approach a meson is described by
wave function of the bound quark-antiquark state, which s
isfies the quasipotential equation@10# of the Schro¨dinger
type @11#

S b2~M !

2mR
2

p2

2mR
DCM~p!5E d3q

~2p!3
V~p,q;M !CM~q!,

~1!

where the relativistic reduced mass is

mR5
E1E2

E11E2
5

M42~m1
22m2

2!2

4M3
, ~2!

and E1 , E2 are the center of mass energies on mass s
given by

E15
M22m2

21m1
2

2M
, E25

M22m1
21m2

2

2M
. ~3!

Here M5E11E2 is the meson mass,m1,2 are the quark
masses, andp is their relative momentum. In the center
mass system the relative momentum squared on mass
reads

b2~M !5
@M22~m11m2!2#@M22~m12m2!2#

4M2
. ~4!

The kernelV(p,q;M ) in Eq. ~1! is the quasipotential op
erator of the quark-antiquark interaction. It is construc
with the help of the off-mass-shell scattering amplitude, p
jected onto the positive energy states. Constructing the q
sipotential of the quark-antiquark interaction, we have
sumed that the effective interaction is the sum of the us
one-gluon exchange term with the mixture of long-ran
vector and scalar linear confining potentials, where the v
tor confining potential contains the Pauli interaction. T
quasipotential is then defined by@3#

V~p,q;M !5ū1~p!ū2~2p!V~p,q;M !u1~q!u2~2q!, ~5!

with

V~p,q;M !5 4
3 asDmn~k!g1

mg2
n1Vconf

V ~k!G1
mG2;m1Vconf

S ~k!,
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m-

.

e
s

ts
-

he
t-

ll

ell

d
-
a-
-

al
e
c-

whereas is the QCD coupling constant,Dmn is the gluon
propagator in the Coulomb gauge

D00~k!52
4p

k2
, Di j ~k!52

4p

k2 S d i j 2
kikj

k2 D ,

D0i5Di050, ~6!

and k5p2q; gm and u(p) are the Dirac matrices an
spinors

ul~p!5Ae~p!1m

2e~p! S 1

sp

e~p!1m
D xl. ~7!

Here s and xl are the Pauli matrices and spinors;e(p)
5Ap21m2. The effective long-range vector vertex is give
by

Gm~k!5gm1
ik

2m
smnkn, ~8!

wherek is the Pauli interaction constant characterizing t
long-range anomalous chromomagnetic moment of qua
Vector and scalar confining potentials in the nonrelativis
limit reduce to

VV~r !5~12«!Ar1B,

VS~r !5«Ar, ~9!

reproducing

Vconf~r !5VS~r !1VV~r !5Ar1B, ~10!

where« is the mixing coefficient.
The expression for the quasipotential of the heavy quar

nia, expanded inv2/c2 without and with retardation correc
tions to the confining potential, can be found in Refs.@3# and
@9,4#, respectively. The structure of the spin-dependent in
action is in agreement with the parametrization of Eich
and Feinberg@12#. The quasipotential for the heavy qua
interaction with a light antiquark without employing the e
pansion in inverse powers of the light quark mass is given
Ref. @5#. All the parameters of our model such as qua
masses, parameters of the linear confining potentialA andB,
mixing coefficient«, and anomalous chromomagnetic qua
momentk are fixed from the analysis of heavy quarkoniu
masses@3# and radiative decays@6#. The quark massesmb
54.88 GeV, mc51.55 GeV, mu,d50.33 GeV and the pa-
rameters of the linear potentialA50.18 GeV2 and B5
20.16 GeV have usual values of quark models. The value
the mixing coefficient of vector and scalar confining pote
tials «521 has been determined from the consideration
the heavy quark expansion for the semileptonicB→D de-
cays @7# and charmonium radiative decays@6#. Finally, the
universal Pauli interaction constantk521 has been fixed
from the analysis of the fine splitting of heavy quarkonia3PJ
states@3#. Note that the long-range magnetic contribution
0-2
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the potential in our model is proportional to (11k) and thus
vanishes for the chosen value ofk521. It has been known
for a long time that the correct reproduction of the sp
dependent part of the quark-antiquark interaction requires
ther assuming the scalar confinement or equivalently in
ducing the Pauli interaction withk521 @3,4,13# in the
vector confinement.

III. MATRIX ELEMENTS OF THE ELECTROWEAK
CURRENT FOR b\c,u TRANSITIONS

In order to calculate the exclusive semileptonic decay r
of theBc meson, it is necessary to determine the correspo
ing matrix element of the weak current between mes
states. In the quasipotential approach, the matrix elemen
the weak currentJm

W5q̄gm(12g5)b, associated withb→q
(q5c or u) transition, between aBc meson with massMBc

and momentumpBc
and a final mesonF (F5c,hc or D (* ))

with massMF and momentumpF takes the form@14#

^F~pF!uJm
WuBc~pBc

!&

5E d3p d3q

~2p!6
C̄F pF

~p!Gm~p,q!CBc pBc
~q!,

~11!

where Gm(p,q) is the two-particle vertex function an
CM pM

are the meson (M5Bc ,F) wave functions projected
onto the positive energy states of quarks and boosted to
moving reference frame with momentumpM .

The contributions toG come from Figs. 1 and 2. Th
contributionG (2) is the consequence of the projection on

FIG. 1. Lowest order vertex functionG (1) contributing to the
current matrix element~11!.

FIG. 2. Vertex functionG (2) taking the quark interaction into
account. Dashed lines correspond to the effective potentialV in Eq.
~5!. Bold lines denote the negative-energy part of the quark pro
gator.
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the positive-energy states. Note that the form of the rela
istic corrections resulting from the vertex functionG (2) is
explicitly dependent on the Lorentz structure of the qua
antiquark interaction. In the leading order of thev2/c2 ex-
pansion forBc and c and in the heavy quark limitmc→`
for D only G (1) contributes, whileG (2) contributes already a
the subleading order. The vertex functions look like

Gm
(1)~p,q!5ūq~pq!gm~12g5!ub~qb!~2p!3d~pc2qc!,

~12!

and

Gm
(2)~p,q!5ūq~pq!ūc~pc!H g1m~12g1

5!
Lb

(2)~k!

eb~k!1eb~pq!
g1

0

3V~pc2qc!1V~pc2qc!
Lq

(2)~k8!

eq~k8!1eq~qb!
g1

0g1m

3~12g1
5!J ub~qb!uc~qc!, ~13!

where the superscripts ‘‘~1!’’ and ‘‘ ~2!’’ correspond to Figs. 1
and 2,k5pq2D, k85qb1D, D5pF2pBc

,

L (2)~p!5
e~p!2@mg01g0~gp!#

2e~p!
.

Here @14#

pq,c5eq,c~p!
pF

MF
6(

i 51

3

n( i )~pF!pi ,

qb,c5eb,c~q!
pBc

MBc

6(
i 51

3

n( i )~pBc
!qi ,

andn( i ) are three four-vectors given by

n( i )m~p!5H pi

M
, d i j 1

pipj

M ~E1M !J , E5Ap21M2.

It is important to note that the wave functions entering t
weak current matrix element~11! are not in the rest frame in
general. For example, in theBc meson rest frame (pBc

50), the final meson is moving with the recoil momentu
D. The wave function of the moving mesonCF D is con-
nected with the wave function in the rest frameCF 0[CF by
the transformation@14#

CF D~p!5Dq
1/2~RLD

W !Dc
1/2~RLD

W !CF 0~p!, ~14!

where RW is the Wigner rotation,LD is the Lorentz boost
from the meson rest frame to a moving one, and the rota
matrix D1/2(R) in spinor representation is given by

S 1 0
0 1DDq,c

1/2~RLD

W !5S21~pq,c!S~D!S~p!, ~15!
a-
0-3
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where

S~p!5Ae~p!1m

2m S 11
ap

e~p!1mD
is the usual Lorentz transformation matrix of the four-spin

The general structure of the current matrix element~11! is
rather complicated, because it is necessary to integrate
with respect tod3p and d3q. The d function in expression
~12! for the vertex functionG (1) permits to perform one o
these integrations. As a result the contribution ofG (1) to the
current matrix element has the usual structure of an ove
integral of meson wave functions and can be calculated
actly ~without employing any expansion! in the whole kine-
matical range, if the wave functions of the initial and fin
meson are known. The situation with the contributionG (2) is
different. Here, instead of ad function, we have a compli-
cated structure, containing the potential of theqq̄ interaction
in meson. Thus in the general case we cannot get rid of
of the integrations in the contribution ofG (2) to the matrix
element~11!. Therefore, it is necessary to use some ad
tional considerations in order to simplify calculations. T
main idea is to expand the vertex functionG (2), given by Eq.
~13!, in such a way that it will be possible to use the qua
potential equation~1! in order to perform one of the integra
tions in the current matrix element~11!.

Bc→c,hc transitions.The natural expansion paramete
for Bc decays to charmonium are the active heavyb and c
quark masses as well as the spectatorc quark mass. We carry
such an expansion up to the second order in the ratios o
relative quark momentump and binding energy to the heav
quark massesmb,c . It is important to take into account th
fact that in the case of weakBc decays caused byb→c,u
quark transition the kinematically allowed range is lar
@ uDmaxu5(MBc

2 2MF
2)/(2MBc

) ;2.4 GeV for decays to char

monium and ;2.8 GeV for decays toD mesons#. This
means that the recoil momentumD of a final meson is large
in comparison to the relative momentump of quarks inside a
meson (;0.5 GeV), being of the same order as the hea
quark mass almost in the whole kinematical range. Thus
do not use expansions in powers ofuDu/mb,c or uDu/MF , but
approximate in expression~13! for G (2) the heavy quark en
ergies eb,c(p1D)[Amb,c

2 1(p1D)2 by eb,c(D)
[Amb,c

2 1D2, which become independent of the quark re
tive momentump. Making these replacements and expa
sions we see that it is possible to integrate the current ma
element~11! either with respect tod3p or d3q using the
quasipotential equation~1!. Performing integrations and tak
ing the sum of the contributions ofG (1) andG (2) we get the
expression for the current matrix element, which conta
ordinary overlap integrals of meson wave functions and
valid in the whole kinematical range. Thus this matrix e
ment can be easily calculated using numerical wave fu
tions found in our meson mass spectrum analysis@4,9#. The
reduced radial wave functionsu(r )[rR(r ) of theBc meson
are shown in Fig. 3.

Bc→D (* ) transitions.In this case the heavyb quark un-
dergoes the weak transition to the lightu quark. The constitu-
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ent u quark mass is of the same order of magnitude as
relative momentum and binding energy, thus we cannot
ply the expansion in inverse powers of its mass. Nevert
less, taking into account the fact that the recoil momentum
the final meson in this decay is large almost in the wh
kinematical range~as it was discussed above!, we can ne-
glect the relative momentump of quarks inside a meson with
respect to the large recoil momentumD. Thus in the region
of large recoil (uDu@upu) we can use the same expressions
the G (2) contribution to the current matrix element both f
the Bc→D (* ) and Bc→c,hc transitions. Moreover, the
smallness of theG (2) contribution, which is proportional to
the small binding energy, and its weak dependence on
mentum transfer allows one to extrapolate these formula
the whole kinematical range. As numerical estimates sh
~see below!, such extrapolation introduces only small unce
tainties.

IV. Bc DECAY FORM FACTORS

The matrix elements of the weak currentJW for Bc decays
to pseudoscalar mesons (P5hc ,D) can be parametrized b
two invariant form factors,

^P~pF!uq̄gmbuBc~pBc
!&5 f 1~q2!F pBc

m 1pF
m2

MBc

2 2M P
2

q2
qmG

1 f 0~q2!
MBc

2 2M P
2

q2
qm, ~16!

whereq5pBc
2pF , MBc

is the Bc meson mass, andM P is
the pseudoscalar meson mass.

The corresponding matrix elements forBc decays to vec-
tor mesons (V5J/c,D* ) are parametrized by four form fac
tors

^V~pF!uq̄gmbuB~pBc
!&5

2iV~q2!

MBc
1MV

emnrsen* pBcrpFs ,

~17!

FIG. 3. The reduced radial wave functions for theSstates of the
Bc meson.
0-4
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TABLE I. Form factors of weakBc decays (b→c,u transitions!.

Transition f 1(q2) f 0(q2) V(q2) A1(q2) A2(q2) A0(q2)

Bc→hc ,J/c
q25qmax

2 1.07 0.92 1.34 0.88 1.33 1.06
q250 0.47 0.47 0.49 0.50 0.73 0.40
Bc→hc8 ,c8
q25qmax

2 0.08 0.05 20.16 0.03 0.10 0.08
q250 0.27 0.27 0.24 0.18 0.14 0.23
Bc→D,D*
q25qmax

2 1.20 0.64 2.60 0.62 1.78 0.97
q250 0.14 0.14 0.18 0.17 0.19 0.14
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^V~pF!uq̄gmg5buB~pBc
!&

52MVA0~q2!
e* •q

q2
qm

1~MBc
1MV!A1~q2!S e* m2

e* •q

q2
qmD

2A2~q2!
e* •q

MBc
1MV

F pBc

m 1pF
m2

MBc

2 2MV
2

q2
qmG , ~18!

whereMV andem are the mass and polarization vector of t
final vector meson. The following relations hold for the for
factors at the maximum recoil point of the final meson (q2

50)

f 1~0!5 f 0~0!,

A0~0!5
MBc

1MV

2MV
A1~0!2

MBc
2MV

2MV
A2~0!.

In the limit of vanishing lepton mass, the form factorsf 0 and
A0 do not contribute to the semileptonic decay rates. Ho
ever, they contribute to nonleptonic decay rates in the fac
ization approximation.

It is convenient to considerBc semileptonic and nonlep
tonic decays in theBc meson rest frame. Then it is importa
to take into account the boost of the final meson wave fu
tion from the rest reference frame to the moving one with
recoil momentumD, given by Eq.~14!. Now we can apply
the method for calculating decay matrix elements descri
in the previous section. As it is argued above, the lead
contributions arising from the vertex functionG (1) can be
exactly expressed through the overlap integrals of the me
wave functions in the whole kinematical range. For the s
leading contributionG (2), the expansion in powers of th
ratio of the relative quark momentump to heavy quark
massesmb,c should be performed taking into account that t
recoil momentum of the final mesonD can be large. Such
expansion is well justified forBc decays to charmonium in
the whole kinematical range. ForBc decays toD mesons,
where one of the final quarks is light, a similar expansion
well justified only in the kinematical region of large reco
09402
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momentum. However, the numerical smallness of this s
leading contribution due to its proportionality to the sm
meson binding energy permits its extrapolation to the wh
kinematical range. As a result, we get the following expr
sions for theBc decay form factors.

~a! Bc→P transitions (P5hc ,D),

f 1~q2!5 f 1
(1)~q2!1« f 1

S(2)~q2!1~12«! f 1
V(2)~q2!, ~19!

f 0~q2!5 f 0
(1)~q2!1« f 0

S(2)~q2!1~12«! f 0
V(2)~q2!,

~20!

~b! Bc→V transition (V5c,D* ),

V~q2!5V(1)~q2!1«VS(2)~q2!1~12«!VV(2)~q2!,
~21!

A1~q2!5A1
(1)~q2!1«A1

S(2)~q2!1~12«!A1
V(2)~q2!,

~22!

A2~q2!5A2
(1)~q2!1«A2

S(2)~q2!1~12«!A2
V(2)~q2!,

~23!

A0~q2!5A0
(1)~q2!1«A0

S(2)~q2!1~12«!A0
V(2)~q2!,

~24!

where f 1,0
(1) , f 1,0

S,V(2) , A0,1,2
(1) , A0,1,2

S,V(2) , V(1), and VS,V(2) are
given in the Appendix. The superscripts ‘‘~1!’’ and ‘‘ ~2!’’

FIG. 4. LeadingV(1) and subleadingVS(2), VV(2) contributions
to the form factorV for the Bc→D* transition.
0-5
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EBERT, FAUSTOV, AND GALKIN PHYSICAL REVIEW D68, 094020 ~2003!
correspond to Figs. 1 and 2,SandV to the scalar and vecto
potentials ofqq̄ interaction. The mixing parameter of scal
and vector confining potentials« is fixed to be21 in our
model.

It is easy to check that in the heavy quark limit the dec
matrix elements~16!–~18! with form factors~19!–~24! sat-
isfy the heavy quark spin symmetry relations@15# obtained
near the zero recoil point (D→0).

For numerical calculations we use the quasipotential w
functions of theBc meson, charmonium, andD mesons ob-
tained in the mass spectra calculations@4,5#. Our model pre-
dicts the Bc meson massMBc

56.270 GeV @9#, while for

J/c, hc , c8, hc8 , D, andD* meson masses we use expe
mental data@16#. The calculated values of form factors
zero (q25qmax

2 ) and maximum (q250) recoil of the final
meson are listed in Table I. In Fig. 4 we plot leadingV(1) and
subleadingVS(2), VV(2) contributions to the form factorV for
Bc→D* transition, as an example. We see that the lead
contributionV(1) is dominant in the whole kinematical rang
as it was expected. The subleading contributionsVS(2), VV(2)

are small and depend weakly onq2. The behavior of corre-
sponding contributions to other form factors is similar. Th
supports our conjecture that the formulas~A1!–~A18! can be
applied for the calculation of the form factors ofBc→D (* )

transitions in the whole kinematical range.

FIG. 5. Form factors ofBc→hcen decay.

FIG. 6. Form factors ofBc→J/cen decay.
09402
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In Figs. 5–10 we plot the calculatedq2 dependence of the
weak form factors of Cabibbo-Kobayashi-Maskawa~CKM!
favored Bc→hc , Bc→J/c, Bc→hc8 , Bc→c8, as well as
CKM suppressedBc→D, Bc→D* transitions in the whole
kinematical range. The different behavior~growing or falling
with q2) of the form factors displayed in Figs. 5–8 is evoke
by the properties of the final meson wave functions, since
2S wave function of the radially excitedh8, c8 mesons has
a zero.

In the following sections we use the obtained form facto
for the calculation of theBc semileptonic and nonleptoni
decay rates.

V. SEMILEPTONIC DECAYS

The differential semileptonic decay rates can be expres
in terms of the form factors as follows.

~a! Bc→Pen decays (P5hc ,D),

dG

dq2
~Bc→Pen!5

GF
2D3uVqbu2

24p3
u f 1~q2!u2. ~25!

~b! Bc→Ven decays (V5c,D* ),

dG

dq2
~Bc→Ven!5

GF
2DuVqbu2

96p3

q2

MBc

2 @ uH1~q2!u2

1uH2~q2!u21uH0~q2!u2#, ~26!

where GF is the Fermi constant,Vqb is the CKM matrix
element (q5c,u),

D[uDu5A~MBc

2 1M P,V
2 2q2!2

4MBc

2
2M P,V

2 .

The helicity amplitudes are given by

H6~q2!5
2MBc

D

MBc
1MV

FV~q2!7
~MBc

1MV!2

2MBc
D

A1~q2!G ,

~27!

FIG. 7. Form factors ofBc→hc8en decay.
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H0~q2!5
1

2MVAq2 F ~MBc
1MV!~MBc

2 2MV
22q2!A1~q2!

2
4MBc

2 D2

MBc
1MV

A2~q2!G . ~28!

The decay rates to the longitudinally and transversely po
ized vector mesons are defined by

dGL

dq2
5

GF
2DuVqbu2

96p3

q2

MBc

2
uH0~q2!u2, ~29!

dGT

dq2
5

dG1

dq2
1

dG2

dq2

5
GF

2DuVqbu2

96p3

q2

MBc

2 @ uH1~q2!u21uH2~q2!u2#. ~30!

In Figs. 11–16 we plot the differential semileptonic dec
ratesdG/dq2 for semileptonic decaysBc→hc(J/c)en, Bc

→hc8(c8)en, and Bc→D(D* )en calculated in our mode
using Eqs.~25! and ~26! both with and without account o
1/mb,c corrections to the decay form factors~A1!–~A18!.1

From these plots we see that relativistic effects related
heavy quarks increase semileptonicBc decay rates to the
pseudoscalarhc , hc8 andD mesons, while semileptonic de
cay rates to vectorJ/c, c8 andD* mesons are decreased b
them. The decay rates forBc→hc8en andBc→Den receive
the largest 1/mb,c corrections. This is not surprising since
the former decay the radially excitedhc8 wave function has a
zero, which considerably decreases the nonrelativistic co
bution and thus increases the relative size of relativistic
fects. In the latter decay, the role of relativistic effects
enhanced due to the relativistic light quark in theD meson.

We calculate the total rates of the semileptonicBc decays
to the ground and radially excited states of charmonium

1Relativistic wave functions were used for both calculations.

FIG. 8. Form factors ofBc→c8en decay.
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D mesons integrating the corresponding differential de
rates overq2. For calculations we use the following value
of the CKM matrix elements:uVcbu50.041, uVubu50.0036.
The results are given in Table II in comparison with pred
tions of other approaches based on quark mod
@17,19,20,22,23,25#, QCD sum rules@18#, and on the appli-
cation of heavy quark symmetry relations@21,24# to the
quark model. Our predictions for the CKM favored semile
tonic Bc decays to charmonium ground states are almost
times smaller than those of QCD sum rules@18# and quark
models@17,19,20#, but agree with quark model results@22–
25#. Note that the ratios of theBc→J/cen to Bc→hcen
decay rates have close values in all approaches except@21#.
In the case of semileptonic decays to radially excited ch
monium states our prediction for the decay to the pseu
scalarhc8 state is consistent with others, while the one for t
decay toc8 is considerably smaller~with the exception of
Ref. @25#!. For the CKM suppressed semileptonic decays
Bc to D mesons our results are in agreement with those
Ref. @21#.

In Table III we present for completeness our predictio
for the rates of the semileptonicBc decays to vector (c and
D* ) mesons with longitudinal~L! or transverse~T! polariza-
tion and to the states with helicitiesl561, as well as their
ratios.

FIG. 9. Form factors ofBc→Den decay.

FIG. 10. Form factors ofBc→D* en decay.
0-7
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FIG. 11. Differential decay rates (1/uVcbu2)dG/dq2 of Bc

→hcen decay ~in 10212 GeV21). The lower curve is calculated
without account of 1/mb,c corrections.

FIG. 12. Differential decay rates (1/uVcbu2)dG/dq2 of Bc

→J/cen decay~in 10212 GeV21). The upper curve is calculate
without account of 1/mb,c corrections.

FIG. 13. Differential decay rates (1/uVcbu2)dG/dq2 of Bc

→hc8en decay ~in 10212 GeV21). The lower curve is calculated
without account of 1/mb,c corrections.
09402
FIG. 14. Differential decay rates (1/uVcbu2)dG/dq2 of Bc

→c8en decay ~in 10212 GeV21). The upper curve is calculate
without account of 1/mb,c corrections.

FIG. 15. Differential decay rate (1/uVubu2)dG/dq2 of Bc

→Den decay ~in 10212 GeV21). The lower curve is calculated
without account of 1/mb,c corrections.

FIG. 16. Differential decay rates (1/uVubu2)dG/dq2 of Bc

→D* en decay~in 10212 GeV21). The upper curve is calculate
without account of 1/mb,c corrections.
0-8
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TABLE II. Semileptonic decay ratesG ~in 10215 GeV) of Bc decays to charmonium andD mesons.

Decay Our @17# @18# @19# @20# @21# @22# @23# @24# @25#

Bc→hcen 5.9 14 11 11.1 14.2 2.1~6.9! 8.6 6.8 4.3 8.31
Bc→hc8en 0.46 0.60 0.73 0.3 0.605
Bc→J/cen 17.7 33 28 30.2 34.4 21.6~48.3! 17.5 19.4 16.8 20.3
Bc→c8en 0.44 1.94 1.45 1.7 0.186
Bc→Den 0.019 0.26 0.059 0.049 0.094 0.005~0.03! 0.001 0.0853
Bc→D* en 0.11 0.49 0.27 0.192 0.269 0.12~0.5! 0.06 0.204
-
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VI. NONLEPTONIC DECAYS

In the standard model nonleptonicBc decays are de
scribed by the effective Hamiltonian, obtained by integrat
out the heavyW boson and top quark. For the case ofb
→c,u transitions, one gets

Heff5
GF

A2
Vcb@c1~m!O1

cb1c2~m!O2
cb#

1
GF

A2
Vub@c1~m!O1

ub1c2~m!O2
ub#1•••. ~31!

The Wilson coefficientsc1,2(m) are evaluated perturbativel
at theW scale and then are evolved down to the renorm
ization scalem'mb by the renormalization-group equation
The ellipsis denotes the penguin operators, the Wilson c
ficients of which are numerically much smaller thanc1,2.
The local four-quark operatorsO1 andO2 are given by

O1
qb5@~ d̃u!V2A1~ s̃c!V2A#~ q̄b!V2A ,

O2
qb5~ q̄u!V2A~ d̃b!V2A1~ q̄c!V2A~ s̃b!V2A ,

q5~u,c!, ~32!

where the rotated antiquark fields are

d̃5Vudd̄1Vuss̄, s̃5Vcdd̄1Vcss̄, ~33!

and for the hadronic current the following notation is use

~ q̄q8!V2A5q̄gm~12g5!q8[Jm
W .

TABLE III. Semileptonic decay ratesGL,T,1,2 ~in 10215 GeV)
and their ratios forBc decays to vectorc andD* mesons.

Decay GL GT GL /GT G1 G2 G1 /G2

Bc→J/cen 7.8 9.9 0.78 2.9 7.0 0.40
Bc→c8en 0.29 0.15 1.85 0.05 0.10 0.47
Bc→D* en 0.04 0.07 0.53 0.015 0.055 0.24
09402
g
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f-

The factorization approach, which is extensively used
the calculation of two-body nonleptonic decays, such asBc
→FM , assumes that the nonleptonic decay amplitude
duces to the product of a form factor and a decay cons
@26#. This assumption in general cannot be exact. Howeve
is expected that factorization can hold for the energetic
cays, where the finalF meson is heavy and theM meson is
light @27#. A justification of this assumption is usually base
on the issue of color transparency@28#. In these decays the
final hadrons are produced in the form of pointlike colo
singlet objects with a large relative momentum. And thus
hadronization of the decay products occurs after they are
far away for strongly interacting with each other. That pr
vides the possibility to avoid the final state interaction.
more general treatment of factorization is given in Re
@29,30#.

In this paper we limit our analysis of theBc
1 nonleptonic

decays to the case when the final mesonF0 is charmonium2

and the lightM 1 meson isp1, r1, or K (* )1. The corre-
sponding diagram is shown in Fig. 17, whereq15d, s and
q25u. Then the decay amplitude can be approximated
the product of one-particle matrix elements

^F0M 1uHeffuBc
1&5

GF

A2
VcbVq1q2

a1^Fu~ b̄c!V2AuBc&

3^M u~ q̄1q2!V2Au0&, ~34!

where

a15c1~m!1
1

Nc
c2~m! ~35!

andNc is the number of colors.
The matrix element of the currentJm

W between vacuum
and final pseudoscalar~P! or vector ~V! meson is param-
etrized by the decay constantsf P,V ,

^Puq̄1gmg5q2u0&5 i f PpP
m , ^Vuq̄1gmq2u0&5emMVf V .

~36!

2We do not consider nonleptonicBc decays where the final meso
F is a D meson, since such decays are strongly CKM suppres
and thus receive important contributions from the weak annihilat
and penguins.
0-9
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We use the following values of the decay constants:f p

50.131 GeV, f r50.208 GeV, f K50.160 GeV, and f K*
50.214 GeV. The CKM matrix elements areuVudu50.975,
uVusu50.222.

The matrix elements of the weak current between theBc
meson and the final charmonium entering the factorized n
leptonic decay amplitude~34! are parametrized by the set o
decay form factors defined in Eqs.~16! and ~17!. Using the
form factor values calculated in Sec. IV, we get predictio
for the nonleptonicBc

1→F0M 1 decay rates and give them
in Table IV in comparison with other calculations@18–
22,25#. We see that for most decays our model predi
slightly lower decay rates than other approaches.

VII. CONCLUSIONS

In this paper we calculated weak semileptonic and n
leptonic Bc decays to the charmonium andD meson final
states. The corresponding decay form factors were calcul
in the framework of the relativistic quark model usingv/c
expansion for theBc meson and charmonium and hea
quark expansion forD mesons. These transitions proceed

FIG. 17. Quark diagram for the nonleptonicBc
1→F0M 1 decay.
09402
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a large kinematically allowed region. As a result, the rec
momentumD of the final meson in theBc rest frame is
mostly large compared to the binding energy and the rela
momentum of quarks forming a meson. Our approach p
mits to determine explicitly the dependence of form facto
of the CKM favoredBc transition to charmonium in the
whole kinematical region through the overlap integrals of

TABLE V. Branching fractions~in %! of exclusiveBc decays
calculated for the fixed values of theBc lifetime tBc

50.46 ps and
a151.14.

Decay Br

Bc→hcen 0.42
Bc→hc8en 0.032
Bc→J/cen 1.23
Bc→c8en 0.031
Bc→Den 0.013
Bc→D* en 0.037
Bc

1→hcp
1 0.085

Bc
1→hcr

1 0.21
Bc

1→J/cp1 0.061
Bc

1→J/cr1 0.16
Bc

1→hcK
1 0.007

Bc
1→hcK* 1 0.011

Bc
1→J/cK1 0.005

Bc
1→J/cK* 1 0.010

Bc
1→h8p1 0.017

Bc
1→hc8r

1 0.036
Bc

1→c8p1 0.011
Bc

1→c8r1 0.018
Bc

1→hc8K
1 0.001

Bc
1→hc8K* 1 0.002

Bc
1→c8K1 0.001

Bc
1→c8K* 1 0.001
TABLE IV. NonleptonicBc decay ratesG ~in 10215 GeV).

Decay Our @18# @19# @20# @22# @21# @25#

Bc
1→hcp

1 0.93a1
2 1.8a1

2 1.59a1
2 2.07a1

2 1.47a1
2 0.28a1

2 1.49a1
2

Bc
1→hcr

1 2.3a1
2 4.5a1

2 3.74a1
2 5.48a1

2 3.35a1
2 0.75a1

2 3.93a1
2

Bc
1→J/cp1 0.67a1

2 1.43a1
2 1.22a1

2 1.97a1
2 0.82a1

2 1.48a1
2 1.01a1

2

Bc
1→J/cr1 1.8a1

2 4.37a1
2 3.48a1

2 5.95a1
2 2.32a1

2 4.14a1
2 3.25a1

2

Bc
1→hcK

1 0.073a1
2 0.15a1

2 0.119a1
2 0.161a1

2 0.15a1
2 0.023a1

2 0.115a1
2

Bc
1→hcK* 1 0.12a1

2 0.22a1
2 0.200a1

2 0.286a1
2 0.24a1

2 0.041a1
2 0.198a1

2

Bc
1→J/cK1 0.052a1

2 0.12a1
2 0.090a1

2 0.152a1
2 0.079a1

2 0.076a1
2 0.0764a1

2

Bc
1→J/cK* 1 0.11a1

2 0.25a1
2 0.197a1

2 0.324a1
2 0.18a1

2 0.23a1
2 0.174a1

2

Bc
1→hc8p

1 0.19a1
2 0.268a1

2 0.074a1
2 0.248a1

2

Bc
1→hc8r

1 0.40a1
2 0.622a1

2 0.16a1
2 0.587a1

2

Bc
1→c8p1 0.12a1

2 0.252a1
2 0.22a1

2 0.0708a1
2

Bc
1→c8r1 0.20a1

2 0.710a1
2 0.54a1

2 0.183a1
2

Bc
1→hc8K

1 0.014a1
2 0.020a1

2 0.0055a1
2 0.0184a1

2

Bc
1→hc8K* 1 0.021a1

2 0.031a1
2 0.008a1

2 0.0283a1
2

Bc
1→c8K1 0.009a1

2 0.018a1
2 0.01a1

2 0.00499a1
2

Bc
1→c8K* 1 0.011a1

2 0.038a1
2 0.03a1

2 0.00909a1
2

0-10
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meson wave functions. This is a real achievement mak
our results more reliable, since most other approaches d
mine form factors only at the single point of zero (q2

5qmax
2 ) or maximum (q250) recoil of the final meson and

then the extrapolation is used. We calculated form factor
weakBc transitions to charmonium up to second order c
rections in the ratio of the relative quark momentum to
heavy (b and c) quark mass. In the case of the CKM su
pressedBc transitions toD mesons the situation is mor
complicated, since the active quark undergoes heavy-to-l
transition. The leading contribution as in the previous c
can be determined exactly, while the subleading contribut
which is suppressed by the small binding energy, can
determined reliably in most part of the kinematical ran
except a small region near the point of zero recoil (q2

5qmax
2 ) of the final D meson. As the numerical analys

shows, the extrapolation of form factors obtained in suc
way to the region of small recoil introduces only minor u
certainties.
09402
g
er-

of
-
e

ht
e
n,
e

a

We calculated semileptonic and nonleptonic~in factoriza-
tion approximation! Bc decay rates. Our predictions for th
branching fractions are summarized in Table V, where
use the central experimental value of theBc meson lifetime
@16#. From this table we see that the considered semilepto
decays to charmonium andD mesons give in total 1.72% o
the Bc decay rate, while the energetic nonleptonic deca
give additional 0.63%. It is expected that the dominant c
tribution to theBc total rate comes from the charmed qua
decays. These decays will be considered in a forthcom
publication.
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APPENDIX: FORM FACTORS OF WEAK Bc DECAYS

~a! Bc→P transition (P5hc ,D),

f 1
(1)~q2!5A EP

MBc

E d3p

~2p!3
C̄PS p1

2mc

EP1M P
DDAeq~p1D!1mq

2eq~p1D!
Aeb~p!1mb

2eb~p!

3H 11
MBc

2EP

eq~p1D!1mq
1

~pD!

D2 F D2

@eq~p1D!1mq#@eb~p!1mb#
1~MBc

2EP!S 1

eq~p1D!1mq
1

1

eb~p!1mb
D G

1
p2

@eq~p1D!1mq#@eb~p!1mb#
1

2

3
p2F EP2M P

@eq~p1D!1mq#@eb~p!1mb# S 1

eq~p1D!1mq
2

1

ec~p!1mc
D

1
MBc

2EP

EP1M P
S 1

eq~p1D!1mq
2

1

eb~p!1mb
D S 1

ec~p!1mc
2

1

eq~p1D!1mq
D G J CBc

~p!, ~A1!

f 1
S(2)~q2!5A EP

MBc

E d3p

~2p!3
C̄PS p1

2mc

EP1M P
DDAeq~D!1mq

2eq~D!

3H 1

eq~D!
S eq~D!2mq

eq~D!1mq
2

MBc
2EP

eq~D!1mq
D FM P2eqS p1

2mc

EP1M P
D D2ecS p1

2mc

EP1M P
D D G

1
~pD!

D2
XF 1

2eq~D!
S eq~D!2mq

eq~D!1mq
2

MBc
2EP

eq~D!1mq
D 2

1

2mb
S eq~D!2mq

eb~D!1mb
1

MBc
2EP

eb~D!1mb
D G

3FMBc
1M P2eb~p!2ec~p!2eqS p1

2mc

EP1M P
D D2ecS p1

2mc

EP1M P
D D G

2
eq~D!2mq

2mbeq~D!
S 12

MBc
2EP

eq~D!1mq
D FM P2eqS p1

2mc

EP1M P
D D2ecS p1

2mc

EP1M P
D D G CJ CBc

~p!, ~A2!
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f 1
V(2)~q2!5A EP

MBc

E d3p

~2p!3
C̄PS p1

2mc

EP1M P
DDAeq~D!1mq

2eq~D!

~pD!

D2

1

2mc
H F @eq~D!2mq#S 1

eb~D!1mb
2

1

eq~D!1mq
D

1~MBc
2EP!S 1

eb~D!1mb
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1
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D GFMBc
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2mc
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D D

2ecS p1
2mc

EP1M P
D D G12
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eq~D!
S eq~D!2mq

eq~D!1mq
2

MBc
2EP

eq~D!1mq
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2eb~p!2ec~p!#

2
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2mc

EP1M P
D D2ecS p1

2mc

EP1M P
D D G J CBc

~p!, ~A3!

f 0
(1)~q2!5

2AEPMBc

MBc

2 2M P
2 E d3p

~2p!3
C̄PS p1

2mc

EP1M P
DDAeq~p1D!1mq

2eq~p1D!
Aeb~p!1mb
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3S EP2M P
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MBc
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f 0
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2AEPMBc

MBc

2 2M P
2 E d3p

~2p!3
C̄PS p1

2mc

EP1M P
DDAeq~D!1mq

2eq~D!
@eq~D!2mq#H 1

eq~D!
S MBc

2EP

eq~D!1mq
21D

3FM P2eqS p1
2mc

EP1M P
D D2ecS p1

2mc

EP1M P
D D G2

~pD!

D2
XF eq~D!1mq

2mb@eb~D!1mb#
S 11

MBc
2EP

eq~D!1mq
D

2
1

2eq~D!
S MBc

2EP

eq~D!1mq
21D GFMBc

1M P2eb~p!2ec~p!2eqS p1
2mc

EP1M P
D D2ecS p1

2mc

EP1M P
D D G

1
eq~D!1mq

2mbeq~D!
S MBc

2EP

eq~D!1mq
2

eq~D!2mq

eq~D!1mq
D FM P2eqS p1

2mc

EP1M P
D D2ecS p1

2mc

EP1M P
D D G CJ CBc

~p!, ~A5!

f 0
V(2)~q2!5

2AEPMBc

MBc

2 2M P
2 E d3p

~2p!3
C̄PS p1

2mc

EP1M P
DDAeq~D!1mq

2eq~D!

~pD!

2mc
H F 1

eb~D!1mb
S 11

MBc
2EP

eq~D!1mq
D

2
mc

ec~D!@ec~D!1mc#
S MBc

2EP

eq~D!1mq
21D GFMBc

1M P2eb~p!2ec~p!2eqS p1
2mc

EP1M P
D D

2ecS p1
2mc

EP1M P
D D G1

eq~D!2mq

eq~D!@eq~D!1mq#
@MBc

2eb~p!2ec~p!#2
1

eq~D!
S MBc

2EP

eq~D!1mq
2

eq~D!2mq

eq~D!1mq
D

3FM P2eqS p1
2mc

EP1M P
D D2ecS p1

2mc

EP1M P
D D G J CBc

~p!, ~A6!

where
094020-12



WEAK DECAYS OF THEBc MESON TO CHARMONIUM . . . PHYSICAL REVIEW D68, 094020 ~2003!
uDu5A~MBc

2 1M P
2 2q2!2

4MBc

2
2M P

2 , EP5AM P
2 1D2, eQ~p1lD!5AmQ

2 1~p1lD!2 ~Q5b,c,u!,

and the subscriptq corresponds toc or u quark for the finalhc or D meson, respectively.
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