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Tau radiative decays in the light front quark model
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We study the decays of — v P~ y(P=x",K7) in the light front quark model. We calculate the form
factors and use them to evaluate the decay widths. We find that, in the standard model, the decay
widths are 1.6X107%(3.86x10 °)I',-_, .- and 1.9 10 %(5.38<10 *)T',-_, «- with the cuts ofE,
=50(400) MeV and,=800(1200) MeV forr~ — v 7~ y and7~ — v K™ vy, respectively. We also show that,
with including the radiative decay widths, the experimental raterfor- v P~ can be explained.
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I. INTRODUCTION (D—=v (KNP (p)¥Qq), ()

Tau is the only charged lepton which decays into hadronswith P= or K can be writter{10,12,13 as
Theoretically, the hadronie decays can provide us with

valuable information on strong interactions. The simplest M=Mg+ Msp, @
rare radiativer decays arer” — v, P~ vy, with P being the _
pseudoscalar mesons af and K. The contributions to the M,g=Grcosb.efpm u(k)(1+ ys)

decays can be divided into “internal-bremsstrahlur(¢B)
and “structure-dependen{’SD) parts in terms of the photon
emission. For the IB contribution the photon emits from the
7 lepton as well as the external hadron, while the SD one
emits from intermediate states described by the vector and Ggcosé.e
axial-vector form factor§y . Our main task is to calculate MSD:T
these form factors which are functions ¢f= (p+q)2
whereq (p) is the four-momentum ofy(P) and M3< _ Fa
<m?. In general, the momentum dependencet pf; could HUK) 1+ ys)[(p-a)é—(e-p)d]o(l)
also help us to determine the bound state wave functions of P
mesons. (©)

In this paper, we will use the light front quark model _
(LFQM) to evaluate the matrix elementsin- v, Py decays. WhereL“=u(k) y*(1— ys)u(l) andF,y are the form fac-
The LFQM has been widely applied to study the form factorstors corresponding to the vector and axial-vector currents,
of weak decay$1—7]. It is the relativistic quark modgB] in  defined by
which a consistent and relativistic treatment of quark spins
and the center-of-mass motion can be carried out. Moreover,
the meson state of the definite spins could be relativistically
constructed by the Melosh transformatip®]. There are
many advantages to the LFQM. For example, the light front FV
wave function is manifestly Lorentz invariant as it is ex-  (¥(d), P(p)[ay,bl0)=i € uvap€” "qPP, (4)
pressed in terms of the momentum fraction varigbie’ +” Me
componeryt, in analogy with the parton distributions in the with €, being the photon polarization vector agdp) the
infinite momentum frame. The kinematic subgroup of tthour momentum of-y (P) respect|ve|y The form factors

light front formalism has the maximum number of g | inEq. (4) depend on?= (p+ q)? for which the allowed
interaction-free generators including the boost operatopange is M2 <t2<m2 in contrast to (s)zt2<M2 in Pt

which describes the center-of-mass motion of the bound
state[8].

The paper is organized as follows. In Sec. I, we present
the matrix elements and study the form factors in the
— v transitions within the framework of the LFQM. We cal-  To calculate of the hadronic matrix elements in E4),

Gt e |
oataa et

F
/.LVplTL € q p _P

— F
<y<q>,P(p)lqmsb|0>=eM—’;[<p-q)eﬁ—(e*.p>qﬂ],

A. Light front formalism

culate the decay widths of—»,Py in Sec. lll. We also  one usually lets* =0 to have a spacelike momentum trans-
compare our res_ults with those in literatlifed, 11]. We give  fer. However, since the momentum transfer should be always
our conclusions in Sec. V. timelike in a real decay process, in this work we use the

frame oft, =0 with the physically accessible kinematic re-
gion of 0<t?<t?2_,. Within the light front formalism, the
meson bound state, which consists of a quatkand an

Similar to the radiative meson decay, the decay amplitudantiquarkg, with the total momentunp and spinS, can be
for written as

Il. FORM FACTORS IN THE LIGHT
FRONT QUARK MODEL
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IM(p.S.S,))= f [dk,][dk;]2(27)*5%(p—ky— ko)

X > (Dssz(klyk2:)\11)\2)barl(k1a)\1)

SLY)

xdqiszz,)\z)|0>, (5
where
dk*dk,
k= ————
Lak] 2(2m)%k*
{by/(k"), b (K)}={dy.(k"),dl (k)}
=2(2m)° &K' —k) 8, ()

andk; ,) is the on-mass shell light front momentum of the

internal quarkql(az). The light front relative momentum
variables k,k,) are defined by

kI:X1p+, k;:X2p+, X1+X2:1,

Ky =X1p; +K;, (7)

ko, =xop, — K, .
In the momentum space, the wave functibi® is given by

O3%ky ko My N2 =RUT (K (xK),  (8)

where ¢(x,k,) describes the momentum distribution ampli-
tude of the constituents in the bound state &tfc%z con-

structs a spin stateS(S,) out of light front helicity eigen-
states {1\,), expressed by

RYS (k)= 3 (MR {(1-xk, my)ls;)

Sl ,52

1 1
X (N R (%, —k, ,m2)|32><531532|552>-
9

In Eq. (9), |s;) are the Pauli spinors ari@y, is the Melosh
transformation operator, given by

m+x;Mg+io-K, xn

Ru(x,k, ,m)= , 10
mOkmy) V(mi+xMg)2+ k2 (o
with
2,12 2,12
m7;+k m5+k
Mgz 1 L+ 2 L’
X1 X2
n=(0, 0, 1. (11
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k+ +

1Ky
—Uu(ky, A Tv(ka N ),

V2,

RYZ (k)= (12)

where

MOE \/Mg—(ml—mz)z,

> u(k,Mu(k,\)= m+k
A

k*

> o(k,Nv(kN)=—

N

(13

kt
I'=+vs (pseudoscalag=0),

& (ky—kz)

Mo+m;+m, (14

[=—-4(S)+ (vectorS=1),

with

2. I
p_+8L(i1)' vaoisL(il):|v

1p+1pL)'

The normalization condition of the meson state is given by

(M(p",S',S))IM(p,S,S,))

eh(+1)=

e, (=1)=7F(1,%0)/2,
~MG+p?

' (15

- 1
8"<°>:M—o(

=2(2m)%p" (0 ~P)dssdsys, (1)
which leads to
dxd?k, ,
J mﬁ’(xykﬂl =1. (17)

In principle, the momentum distribution amplitude
¢(x,k,) can be obtained by solving the light front QCD
bound state equatiofl4,15. However, before such first-
principle solutions are available, we would have to be con-
tented with phenomenological amplitudes. One example that
has been often used in the literature is the Gaussian-type
wave function

[dk,
d(x,k )=N aex

3
WhereN=4(7r/wﬁ,|)71, k=(k, ,k,), anddk,/dx=e;e,/x(1
—X)My, with k, being defined through

e=\Vm?+k?, (19

RZ

T 5 2
ZQ)M

(18

e1_kz
Cete,’

e,+k,
X= ,
e +e,

We note that Eq(9) can, in fact, be expressed as a covariant

form [1],

by
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~(g) where
kl k‘2 klz 3,7 dkfdkll
’ [d°ki]= +p ]
2(27)3k; Tk, Ky
AVAVAVAV,
t ky (p) 14 =Tr{y, (1= ys)(Kj+mg)
(a) X y5(—Ks+my)ieqé(ky +my)},
v(9)
_ mi2+ kiZJ_ L _ ,
k ko k. ion™ k—+ 1(2)~ pon_kz(l)on!
1 2y M I
W g kI:k20n+q;on! (23)
¢ ks m(p)
(b) with {on} representing the on-shell particles. By considering

the “good” componenty= +, the meson wave function in
Eq. (8) and Melosh transformation in E¢L2) are related to
the bound state vertex functiokp, given[1,17] by

A T

- —— ¢
k2__ké(;n \/E My

FIG. 1. Loop diagrams that contribute— v _my.

1 m2—m3
k= x5 Mo+ = (20)
0

(X.kp). (24)

In particular, with appropriate parameters, the wave function
in Eq. (18) describes satisfactorily the pion elastic form fac-
tor up tot?~10 Ge\? [16]. Moreover, the matrix elements in E@l) become

B. The form factors of F, and F — Fa
| N | (1) P(P)qy" ¥sQl0)=e5 (et -ay),
The one-loop diagrams that contribute kg 5 are illus- P

trated in Fig. 1. From the figures, the hadronic matrix ele-
ments in Eq(4) are found to be

(¥(@),P(p)[a7y,(1— v5)Q|0)

d*k} i (K} +mg)
=] —A 1— ye)——r
J (2m)* P[ 7l 75)k12—mé+ie

— Fv .
(7(@).P(p)[ay*Qlo)=—iesy-elefa. (29

Here we have used the LF momentum variabbesk () and
worked in the frame that the transverse momentum is purely
longitudinal, i.e.,t, =0. We note that?=t*t~ =0 covers

; , . the entire range of momentum transfers. Thus, the relevant
i(—ky+m + . . '

(Kt mg). | (Ky+mg) quark variables for Fig. 1 are

ky?—mi+ie | Ki-mi+ie

X ys

k]J.r=(1+X)q+v k;=Xq+! le=(1+X)qL_kL1
—(QHQ,kiﬂké)], (21

ko, =xq, —k, ki " =(1-x")p*, k;"=x'p*,
whereAp is a vertex function related t@abound state of
the mesorP, k,=p—kj andk,;=t—k;=k,+q. After inte-
grating over the LF momentui, in Eq. (21), we get

ki, =—(1=x")q,+kj, ky =—x"q,—k], (26)

wherex’ (x) is the momentum fraction of the antiquark in

(7(a,),P(p)|dy,(1—v5)Q|0) the meson(photon state. At the quark loop, it requires that

p l AP ’+ + ’
= [d3ki]{ — (1" ) = 2y=Kz Koy =kar, @7
fo kl _klon ton k2 _k20n

for Figs. Xa and 1b). Therefore, the trace*” in Eq. (23
—(qHQ,kiaké)] , (22 can be easily carried out. The form factérg andF, in Eq.
(25) are then found to be
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£ dxdPk, [ 2(1+2x)(x+x") mg—x'(mg—mk?® d(x’,k?
FA<t2>=—4MPJ L{( JOHX') Mg=x' (Mg—mg) kO d(x' k})

0 2(2m)3¢ 3 m;+k? X' (1-x")
+(1+2x)(1—x”+x) Mg+ (1—X")(Mg—myk® d(x",k?) 28
3 ma+k2 X"(1-x"))"
¢ dxdPk, | 2(x+x') (1+2x)my—AK? @ ®(x',k?
Fv(tz):_ij A ) ( )2q2 1O P(x' k)
0 2(2m)3¢ 3 m;+k? X' (1—x")
(1—x"+X) (1+2x)mo—BK2O® ®(x",k?)
+ 3 2 . 2 - ” J;r ’ (29)
mg+k{ X"(1—=x")
[
respectively, where m?
p-g=— (xty-1-r),
+ M2
=2
qt =M ?=(s—k)?=(p+a)?=mix+y-1). (32

A=X"(mg—mg) —2xmy, The physical allowed regions forandy are given by

B=—(1—x")(mg—mgy) —2xm,

0sx<1l-r,
1/2
D (x,k2)=N X179 ) 1 T yet 33
2(M5~(mg—my)?) Xy 33
2
V dx wan m.\ 2
=|—"| ~6.21x10° 3 (34)
m, ' '

1 dd(x,k?)
CD(xk2)  dK2

1

where we have use.=1.777 GeV. We now calculate the
differential decay rate of " —v_7~ 7y, given by

tZ_MZ tZ_M2>
p p
X' =X X"=1-x 1
2 | 2 ) — =—5H®=g=p— 2
M2 M2 dr(r—v,my)= 5 8%(1=a-p=k) M|
k=(K, ,K,). (30) y dq dp dk
(2m)*2E, (2m)%2E,, (2m)°2E,
I1l. DECAY WIDTHS (35

To compute numerical values of the form factors, we use
f,=0.925, mg=mg=m,=my=0.25, M ,=0.14, »,=0.3  In the r rest frame, one has
for the 7 meson, fx=0.113, mg=m;=0.4, my=m,
=0.25, M=0.495, w=0.37 for theK meson in GeV d2r m
[18,19, respectively. We start with the decay of v_mvy.
We definex= 2| - q/m? andy= 2| - p/m?. In the 7 rest frame,

T

dxdy 25673

| M2, (36)

x (y) corresponds to the photdpion) energy ofE ., ex-
pressed in units oM./2 as where
2E, 2E, |M|?=|M g|?+ [ M sp|*+2RE Mg MEp).  (37)
X= A . (31
m, m,
By writing the decay widtH" in terms of the three different
In terms ofx andy, one has the following kinematics: source as in Eq39), i.e.,
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T

dxdy 167 f2m

+2ReFF)pya(X,y)

Fiota=I'ig+ I'spt I'int (38) drsp o« m

> [IFv®pvv(X,Y)
and the nonradiative decay {— v, 7~ ) width g

GEIVud?60:t2 ’ Tovm

= P Ul T 3(1—r)2 +|F XY ]——

]‘—‘THVTW 8 T(l r) | A| pAA( y)](l—r)z
=2.44x10"1° Mev, (39 Py o« m

= [pinTv(X,Y)ReE(Fy)
dxdy f.m_
we obtain that 2\/577

@Tys a | +P|NTA(X,V)R9(FA)](1_rT)2, (40)
———=5—p(X,Y) ——,
dxdy 2 (1-1)? where
|
0y)= [r2(x+2)—2r(x+y)+(x+y—1)(x?—3x+2+xy)](r—y+1)
Pist%s (r—x—y+1)2x? '
pw(X,Y) == [r2(X+Y)+2r(1=y)(Xx+y) + (x+y—1)(x*+y*~x—y)],
paa(X,Y) = pyv(X,Y,r),
pva(%Y) =[r2(x+y) +(1=x=y)(y=x)](r?=x—y+1),
(r=x—=y+1)(r—y+1)
piNTAX,Y) = — X )
C[rP=2r(x+y) +(1-x+y)(x+y-1D](r—y+1) a1
pinTV(X,Y) = (r—x—y+1)x . (41
|
ggrzlrrnngg?/ our calculations, we now introduce as a new dFSD: o mi (A=1)2(A—1)3(1+2)\)
' , d\ 487 22 22
t m m
)\=F=x+y—1. (42) ro
’ X (|Fyl?+|Fal)—,
The kinematical boundaries farand\ are given by (1-r)
r dliyty @ mZ (A—r)?%(1—A+\In\)
)\—rsxsl—x, r<iasl. (43 ax _2\/§7Tf'rrmfrr X
By integrating the variable in the phase space, from Eq. | R
(41), we derive the expressions of differential decay widths X Re(Fy) 72,
for the invariant mass spectrum as (1-r)
dl'g  « 5 2 dlinga @ m:
2L 2ra—an+)?) ax _2J§wfwmw[(l_)\)(r_2)\_l)
+(r2A+2rx—2N—2N2+23%)In\ ] N
+(rA =27 —A2) I\ ]— Re(F g)——.
1T ( I\ }=5RelFa)
A2=r\ (1-1)% (44)
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FIG. 2. Differential decay width ol (r— v, my) in terms of FIG. 3. Same as Fig. 2 but with, =400 MeV.
FHVT,, as a function of)\:tzlmi with E,=50 MeV. The dot,
dash, dash-dot, and solid curves stand for the contributions of 1B,
SD, INT, and total parts, respectively. P;T K Br(r—wv,P)
R=—— — (45)
Br(r—evev,)

Note that for the IB part in Eqg40) and (44) the contribu-
tion is infrared divergent whenris close to O and, moreover
there is also an enhancement in the lilit-r. This means
that the IB term contains the logarithm divergent &s
—>m727. To obtain the decay width of— v 77y, a cut on the RSM=0.646, (46)
photon energy is needed. The differential decay width
dI',g/d\ as a function of)\ztzlmf in terms ofFT_WTW is  while the recent experimental averdde] is
shown in Figs. 2 and 3 with two different cuts&f =50 and
400 MeV, respectively. In Table I, we list the integrated de- R®*P=0.66100-0.007 25. (47)
cay width ratio ofR . =1",_, VTM/FH v for the two cuts. As
shown in Table I, our results for the decay width of Clearly, there is a discrepancy betweR" andR®*P. How-
—.vry are larger than those in Refd0] and[11], respec- ever, it is believed tha}t !t arises from the radllatlvg correc-
tively, due to our bigger SD contribution. From Table |, it is tions. AtO(«), the radiative corrected decay width is found
interesting to see thaf,; which depends on the photon © P€
energy cut can be as large Bgp. _ _ B _ B B

For the decay ofr—v.Ky, we usel, ., (=1.759 Il —vm (D=0 —vm )+ T(r —vmy)
X101 MeV. The differential decay width for\ =t%/m? ~2.48x10° 10 MeV, (48)
=0.2 GeV in terms OFHVTK is plotted in Fig. 4. From the
figure, we see that the SD contribution to the decay width isvith E,=50MeV. Similarly, for the mode witlK, one has
dominant for values of?. The reason is that the large kaon that
mass suppresses the IB contribution. In Table Il, we show the
decay width ratio oR«=T",_, «,/T,_., x with two differ- I[7 —v,K (y)]~1.61x10 1 MeV, (49
ent invariant mass cuts of 800 and 1200 MeV. From Table
Il, we find that the results in Ref11] are twice as large as With the same photon energy cut as the pion mode. In the

our predictions. standard model, the radiative corrected width ofevv
We now study the ratio [20] is given by

' and examine both theoretical and experimental values. In the
standard modelSM), the ratio is given by

TABLE I. Integrated decay width ratio for— v _my.

Integrated decay width ratio B SD INT Sum R¢10] Ref.[11]
10 °R, (E,=>50) MeV 13.1 1.48 1.61 16.2 14.8
10’3R7T (E,=400) MeV 1.48 1.48 0.90 3.86 1.16 2.76
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10.0
8.0
6.0
4.0

2.0

10°dr(t = vKy)/T(t - vK) dA

0.0

FIG. 4. Differential decay width of (7— v.Ky) as a function
of )\=t2/mf in terms ofFHVTK. Caption is the same as in Fig. 2.

I'[7—e ver,(y)]=(4.033-0.005 X101 MeV.
(50
From the Eqs(48)—(50), we obtain
RTheorO(«) 0,655, (51)

which agrees with experimental data in E47) within the
errors.

PHYSICAL REVIEW D 68, 093001 (2003

TABLE Il. Integrated decay width ratio for— v K.

Integrated decay width ratio 1B SD INT Sum R¢tl]

6.51 7.36 5.26 19.13
0.72 3.80 0.86 5.38

35.8
9.1

10 “Rg (=800 MeV)
107 “R¢ (t=1200 MeV)

IV. CONCLUSIONS

We have studied the decays of—v.m(K)y in the
light front quark model. We have calculated the form factors
and used them to evaluate the decay widths. We have
found that, in the standard model, the decay widths are
1.62<107%(3.86x10°9)r,_, , and 1.9%x10 %(5.38
X10")I,_, x with the cuts of E,=50(E,=400) MeV
and t,=800(1200) MeV forr— v, 7y and r—v Ky, re-
spectively. We have also shown that by including the radia-
tive decay widths, the experimental rate for v (7,K) can
be understood. In future, as thecharm factories will pro-
duce a large number of samplesofepton pairs, these rare
7 decays should be precisely measured and thus the
structure-dependent form factors can be well tested. In this
case, the decays can be used to probe new physics similar to
K3 [21] andK|,, decayq22].
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