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Nearly scale-invariant spectrum of adiabatic fluctuations may be from a very slowly
expanding phase of the Universe
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In this paper we construct an expanding phase with phantom matter, in which the scale factor expands very
slowly but the Hubble parameter increases gradually, and assume that this expanding phase could be matched
to our late observational cosmology by the proper mechanism. We obtain the nearly scale-invariant spectrum
of adiabatic fluctuations in this scenario; different from the simplest inflation and usual ekpyrotic or cyclic
scenario, the tilt of the nearly scale-invariant spectrum in this scenario is blue. Although there exists an
uncertainty surrounding the way in which the perturbations propagate through the transition in our scenario,
which is dependent on the details of possible “bounce” physics, compared with inflation and the ekpyrotic or
cyclic scenario, our work may provide another feasible cosmological scenario generating the nearly scale-
invariant perturbation spectrum.
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The inflation scenarifl] plays an important role in mod- nearly constant during the ekpyrosis or cyclic. In some sense,
ern cosmology, which solves many problems of standardoth scenarios can give some results satisfying the WMAP
cosmology. The physics of the usual inflation models is deobservation. The spectrum is nearly scale invariant and the
pendent on the inflaton potential; in general, such a potentiailt of the spectrum is red in its simplest realizatigt0]. In
that yields a large enougifolding number and the correct this paper, an early universe model with phantom mhtger
magnitude of density perturbation is fine-tuned. A lot of ob-proposed, in which the 4D scale factor expands very slowly
servations, specifically the recent Wilkinson Microwave An-and is nearly constant which correspondsté — 1. We find
isotropy Probe(WMAP) results[2] such as the flatness of that when this expanding phase is “linked” to another ex-
space, the near scale invariance, adiabaticity and Gaussianmdinding phase with the usual radiation and matter by the
the density perturbations imply that inflation is very consis-proper mechanism, a nearly scale-invariant spectrum may be
tent in the early cosmological scenario. But inflation may notgenerated and the tilt of spectrum is blue.
be a uniquely consistent scenario with the WMAP data. We start with such a 4D effective action of the phantom
There remain some alternatived. An example is the ekpy- field as follows:
rotic or cyclic scenarig4,5], which is motivated by the
string or M theory, in which the visible universe is a bound- 1
ary brane in a five-dimensional bulk space-time and thg co!— L:mat:_(&#@)z_v(@), (1)
lision between two boundary branes leads to a reheating in 2
the visible universe corresponding to the big bang of stan-

dard cosmology. The relevant dynamics can be described b\}éhere the metric signature{ + + +) is used. If taking

a 4D effective theory in which the separation of the branes i . . -
the extra dimensions is modeled as a scalar field. In thiré,he field ¢ spatially homogeneous but time dependent, the

scenario, the perturbation leaving the horizon during the conc €T density and pressure can be written as
tracting phase reenters the horizon after the bounce to an

expanding phase corresponding to our observational cosmol- ‘o 1.,

ogy. If the proper matching conditions during the bounce are p=—5¢"+V(e), p=—5¢"~V(e). 2
considered 5—7] (see alsd8,9]) the nearly scale-invariant

spectrum could be obtained.

Both the inflation and the ekpyrotlc o.r cyclic ch_iels rel.y The state equation of matter jis= wp. The matter with the state
On.the parameterb of state equatlon having a specific qua.l“' arametero<<—1, dubbed “phantom matter” in general, has re-
tative behavior throu_ghOL!t the period V\_/hen th(_a perturbatlongeived increased attention recertiyl, 12, especially applied to the
are generated. For inflation, the condition @nis @=—1 " |5t¢ yniverse as an explanation for dark energy, because it has some
and for the ekpyrotic or cyclic model, it i®>1. Corre-  gyrange properties. The phantom matter violates the dominant en-
spondingly, the Hubble parameter is nearly constant duringrgy condition, prohibiting time machines and wormholes, and its
inflation, and the 4D scale factor contracts very slowly and isenergy density increases with time, and may be up to infinite in a

finite time and lead to a “big rip.” But in our work, we focus on the
early universe, especially the generation of a nearly scale-invariant
*Electronic address: yspiao@itp.ac.cn adiabatic spectrum.
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From Egs.(2), for p>0 the state parametes=p/p<—1
can be seen. We minimally couple the actidn to the 4D
gravitational action

1
Lo 16nG ®

whereG is the Newton gravitational constant aRds the 4D

curvature scalar. The Friedmann universe, described by the

scale factora(t), satisfies the equations

he=2TC _Lay 4
and the dynamical equation of phantom field is
¢+3he—V'(¢)=0, (5)

whereh=a/a is the Hubble parameter. Combining E4)
and(5), the relation

h
(1+o)== ®)

E=

N w

can be obtained. Since(t)<—1, considering Eq(6), h

PHYSICAL REVIEW D68, 083515 (2003

n(3n+1) 167G
V(‘P):—SWG exp — m—

Instituting Egs.(10) and (11) into Eq. (2), we see that the
energy density of the phantom field,

. (12

3n2 1 3n? - 13
P=87G (—1)2 8nG2 (13

increases with expansion, while the energy density of usual
matter and radiation decreases, respectively, at

1 1

Pmatt a3’ Prad at

(14
Thus the evolving solution dominated by the phantom field
will be an attractor, which is generic and likes the case that
the phantom matter is regarded as dark energy.
Whent—O0_, the Hubble parametdr increases gradu-
ally, and a singularity will appear. For the transition to the
observational cosmology, we may expect that at some time
the phantom field could decay into the usual radiation by
some coupling or through the singular “big rip” by some
other mechanism from high-energy and -dimension theory,
which may be regarded as a “bounce” to an observational

>0 is required. Therefore, a reasonable selection for th&0Smology, like pre-big-ban§l3] (see[14] for recent re-

scale factora(t) is

a(t) (7)

(—pn0°

For t initially from —o to O_, it corresponds to an expand-

ing phase. We assume-{/n)dn/dt<1—i.e., the variable
rate ofn(t) is very small and near constant—and have

h~L h~—zn (8)
(-t (=)
and thus
1
= 9

views) and the ekpyrotic or cyclic scenario.

We discuss the metric perturbations of this scenario in the
following. In longitudinal gauge and in the absence of aniso-
tropic stresses, the scalar metric perturbation can be written
as

ds?=a?(n)[—(1+2®)d 5+ (1-2d) 5;dxdx],
(15)

where ® is the Bardeen potential angl is conformal time
dn=dt/a; thus,

n~— (-t (16)

a(y)~ (=) "I=(= ¥,
= a’ B 1

h= ¥— m (18)

Consequently, the background values of all relevant quanti-

ties can be determined. From E@4), (5), and(8),

Y n 1
¢ = 1aG (17 (19

can be given, and thus

n(3n+1) 1
87G (—t)*
We see that for arbitrary valug V(¢) is positive, which is
different from the usual scalar field, in whieh< 3, the po-
tential being negative. From Egdl0) and(11), we can also
check and obtain Ed9). Integrating Eq(10) and instituting
this result into Eq(11), we derive the effective potential

V(e)= (11)

In general the curvature perturbatigron a uniform comov-
ing hypersurface,

h .
{==(&+hd)+D, (19)

and the Bardeen potentidi change dramatically across the
bounce; thus, the usual matching conditions used in the in-
flation model may be not proper. More recently, as is pointed

°The phantom matter may be unstable and will decay into ordi-
nary particles and other phantom particles, whose lifetimes depends
on the cutoff scald12], which, in some sense, is similar to the
reheating mechanism after the usual inflation.

083515-2



NEARLY SCALE-INVARIANT SPECTRUM CF . .. PHYSICAL REVIEW D 68, 083515 (2003

to in Ref. [9], the resulting spectral index in the late creases gradually. In the regimi&#?>|g|, in which the
radiation-dominated universe depends on whicl{ aind ® modeu, is very deep in the horizon, the mode equatia)
passes regularly through the bounce, which is dependent aeduced to the equation for a simple harmonic oscillator and
detailed features of the scenarios at the “bounce.” At theu, is stable. In this limit, we may make the usual assumption
moment we can hardly describe the detail of “bounce” phys-that at — — the normalized initial conditions is

ics, and paying attention to the generation of the nearly

scale-invariant spectrum of adiabatic fluctuations, we assume e k(=)

that the Bardeen potentidi is regular through the “bounce” Ug~ W (24)
from the preexpanding phase with phantom field to the late

expanding phase with the usual radiation, and straightly foyhere 5, is an arbitrary conformal time having no influence

cus on the evolution (?f the Bardeen po@enﬁa?_ _on the subsequent evolution. In the regikfe?><|a|, in
We defineu=a®/¢’ and obtain the differential equation \hich the modeu, is far out the horizon, the mode is un-
that the Fourier mode of u obeys stable and grows. In the long-wave limib, can be given
and expanded to the leading termlof
u”+(k2— A =0 20
k 772 k , k3/2q)k~ k7v+l/2:kf,8‘ (25)
with Thus the corresponding spectrum index can be regarded as
2
(1-€*)(dInfe])  (1-€*)[dIn|e[|? 2 | (1—6)(dln|el)J
f— 2R242 _ n—l:—z ~— — €— s
,3(77)—77ha|f 2 \ dN + 4 \ dN s P (1_6)21 2 dN
(26)
_\2 2
_a €) (d |n|6|) , (21 Wwhere in the second equation, the higher-order terms
2 dN? (dIn|€/dN)? and d?In|€/dN? have been neglected. We see,

_ _ _ _ from Eq. (26), that sincee<0, the nearly scale-invariant
in which Egs.(7) and (16) are considered, and the prime spectrum requires<0,®> which corresponds ta<—1: i.e.,
denotes differentiation with respect to the conformal time

and the variableV, which measures the-folding number p+p — ¢?
which exits the horizon before the end of the preexpanding wt+l= P =1 <0. (27)
phase, - §¢2+V(<p)
NE“‘]( a{]e)' (22 Considering Eq(9), n~0 is required; i.e., the expansion of
ah the scale factor is very slow. Thus, froih2), we see that the

effective potential of the phantom field is very steep and the
where the subscript denotes the quantity evaluated at the phantom field rolls up quickly during a period of very slow
end of the expanding phase. Assuming tBas near constant expansion. In this case, we have
for all interesting modek, we can solve Eq20) analytically
and obtain 2 dinle

Ng—1=—— (28)
U=V —kp[C1(K)J,(—k7)+Ca(k)I_,(—kn)], (23)

le] dN T
Since a(#n) is near constant, the end of this very slowly
wherev=+/B+%,% and J, is the first kind of the Bessel e_xpz_ir_]ding phz_isg may occur whe_n(m) begins to change
function with orderv and the functionC;(k) can be deter- significantly. Similar to the analysis of R€fL0], from Egs.

mined by specifying the initial conditions. (17) and(18), we obtain
During the preexpanding, the Hubble parametein- (1)
creases gradually; thus, the initial perturbation in the horizon 1 ]
will exit the horizon and reenter the horizon after the a~( (1- e)aTﬂ) ' (29)
“bounce” to an expanding phase corresponding to our obser-
vational cosmology in which the Hubble parametede-  thys, fore=const, we have
a T U(e-1)
3In fact, due to the lack of “bounce” physics, th ist == ( —> =e Me, (30
, physics, there may exist an a =
uncertainty about the perturbation spectrum, which is from the pos- ache
sible effects of the “bounce” o and® propagating through the
transition. We will go back to this issue in the future.
“For a~(—7)9, q is constant,3=q(q+1); thus, ,8+%:(q SIn fact, whene=0, the nearly scale-invariant spectrum can be
+ %)2>0 is always satisfied, independent the valueqofin our also obtained, which correspondsdae=—1, and may be regarded
model,q=—1/(1—¢€). as the phantom inflation.
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Since in such a very slowly expanding phase the significantosmology, after the “bounce,” the nearly scale-invariant

changing ofa can be written as,/a=e, one obtains spectrum of adiabatic fluctuations may be obtain. Different
from the ekpyrotic and cyclic scenarios in which the bounce
e=—N. (8D  is from the contracting phase to the expanding phase, the
o “bouncing” in our scenario is from the expanding phase to
Thus combining Eqs(9) and(31), we have the expanding phase; however, instead of the red spectrum in
o 1 1 its simplest realization, the_spectrL_Jm is blue_ i_n our scenario.
el —— — =" . (32) We also gave a phantom field action describing such a very
S N N N slowly expanding phase. Since in our scenario the phantom

, , ) . field will roll up quickly along its steep effective potential,
Different from the usual ekpyrotic and cyclic models, since afier jt decays or passes through the singularity, it may be
is very small, a nearly scale-invariant blue spectrum is 0bpjaced again in the bottom of the effective potential and then
tain. . . rolled up again, which may lead to a variable “cyclic” sce-

In summary, we construct an expanding phase with phansarig. Compared with usual inflation and ekpyrotic or cyclic
tom matter, in which the scale factor expands very slowly.gcenario, our work may provide another feasible cosmologi-
We expect that at some time the phantom matter may decay,| scenario to generate the nearly scale-invariant perturba-

into the usual radiation by some coupling or through thegp, spectrum, which is worth studying further.
singular “big rip” into the radiation-dominated phase by

some other mechanism, which may be from string or M Y.S.P. would like to thank all his collaborators regarding
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