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Comparison of cosmological Boltzmann codes: Are we ready for high precision cosmology?
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We compare three independent, cosmological linear perturbation theory codes to assess the level of agree-
ment between them and to improve upon it by investigating the sources of discrepancy. By eliminating the
major sources of numerical instability the final level of agreement between the codes was improved by an order
of magnitude. The relative error is now below 1023 for the dark matter power spectrum. For the cosmic
microwave background anisotropies and using identical ionization histories the agreement is below the sam-
pling variance up tol 53000, with close to 1023 accuracy reached over most of this range of scales. The same
level of agreement is also achieved for the polarization spectrum and the temperature-polarization cross-
spectrum. Linear perturbation theory codes are thus well prepared for the present and upcoming high precision
cosmological observations. The remaining systematic errors are likely to be dominated by the uncertainties in
the recombination history.

DOI: 10.1103/PhysRevD.68.083507 PACS number~s!: 98.80.Es, 95.85.Bh, 98.35.Ce, 98.70.Vc
m

s
ti
th
es
un
h
uc
e
on

s,
n

m
T
M

uld
ll
si
e
tru
en
ie
ak
r

hed
ore
ove
ill

rse
ns.
hey
me
ary
the
al

tion
illa-
ions
re-

s-
he
ago
at
es

e of
its
suf-
s at
ion

nly
ts.
odel
I. INTRODUCTION

Since the first detection of anisotropies in the cosmic
crowave background~CMB! over a decade ago@1# progress
has been steady and rapid. These measurements are in a
ishing agreement with theoretical predictions of adiaba
cold dark matter models which have been refined over
last few years. The standard model emerging from th
measurements suggests that we live in a spatially flat
verse dominated by dark energy and dark matter, wit
small amount of baryons and a spectrum of primordial fl
tuations that is close to scale invariant. This picture has b
given its most dramatic confirmation by the recent Wilkins
Microwave Anisotropy Probe~WMAP! results@2,3#, which
have reached percent level accuracy on degree scale
combination with small-scale anisotropy measureme
@4,5#.

While the current observational situation is already i
pressive, future observations are even more promising.
Planck satellite and several ground based small scale C
experiments~APEX @56#, SPT @57#, ACT @58#! will reach
subpercent accuracy on scales above 108. A possible next
generation CMB satellite dedicated to polarization co
measure polarization to a comparable accuracy, as we
measure the projected dark matter potential using the len
effect on CMB. High precision cosmology will also b
achieved with other data sets, most notably large scale s
ture ~LSS! and supernovae, both of which can supplem
the information from the CMB to break the degenerac
@6–10#. Current constraints from galaxy clustering, we
lensing and the Ly-a forest are limited by either statistics o
0556-2821/2003/68~8!/083507~6!/$20.00 68 0835
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systematic effects in the analysis and have not yet reac
percent level precision. However, with better data and m
work on systematics both of these aspects should impr
dramatically. Comparison between the different probes w
also provide additional cross-checks on the systematics.

High precision cosmological observations are of cou
pointless if they are not matched by theoretical predictio
The CMB and, to a lesser extent, LSS are unique in that t
are sensitive to perturbations in linear regime. In this regi
the evolution equations can in principle be solved to arbitr
precision and are thus limited only by the accuracy of
linear approximation itself. In practice the computation
task is not quite so simple for various reasons: the evolu
equations are complicated, the solutions are highly osc
tory and thus susceptible to numerical errors, the equat
can be stiff and require different treatments in different
gimes etc.

In this era of high precision cosmology it is worth revi
iting the status of the theoretical calculations as well. T
last of such comparison was performed almost a decade
@11#. Informal comparisons between the different groups
the time led to a nominally stated accuracy of 1% for cod
such asCMBFAST @12#. At the time both the CMB and LSS
measurements were much less precise and in the cas
CMB limited to large scales, where sampling variance lim
the required accuracy. Thus 1% precision was more than
ficient for measurements then. Today, systematic error
1% level are already comparable to the statistical precis
of the current observations such as WMAP and will certai
not suffice for the next generation of CMB experimen
Moreover, a decade ago the standard cosmological m
©2003 The American Physical Society07-1
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was a flat cold dark matter~CDM! model with Vm51 and
there were only limited comparisons performed for the c
rently favored model with significant dark energ
cosmological constant or reionization optical depth. The g
of this paper is to revisit the accuracy of the current line
perturbation theory codes.

It is useful to provide here some history on the develo
ment of relativistic perturbation theory and Boltzma
codes. Initial work on perturbation theory, including the cla
sification of perturbations into scalar, vector and tensor, w
done by Lifshitz@13#. Later papers clarified the gauge issu
for scalar modes@14,15#. The main ingredients for comput
ing the CMB spectrum were put in place already by the ea
1970’s @16–21#, in those days still without cold dark matte
~CDM!. Work in the eighties introduced CDM and sever
computational advancements, such as the use of the m
pole moment hierarchy to solve the equations for pho
distribution function and the introduction of polarizatio
@22–25#. Code development became an active area of
search in the early nineties and there were several code
addition to the ones mentioned above developed around
time @26–28#. As new cosmological models or paramete
were introduced the corresponding CMB spectrum was
culated, such was the case for open models@29,30#, tensors
modes@31# and massive neutrinos@32,33#. A new method to
compute the anisotropies based on line of sight integra
was introduced in 1996@12#. The resulting public domain
code namedCMBFAST was roughly two orders of magnitud
faster than the traditional Boltzmann codes. The main sub
quent developments were the improved treatment of po
ization includingE andB modes@34–36#, inclusion of lens-
ing effect on the CMB@37–40#, spatially closed models
@41–43#, improvements in the recombination calculatio
@44,45# and introduction of additional cosmological param
eters, such as dark energy/quintessence@46,47#.

The principal guidelines in deciding which codes to i
clude in the current comparison were independence and
curacy. While there was a lot of code development activ
after COBE, most of the codes were not being updated a
CMBFAST was made public. Two exceptions to this are t
codes developed by Sugiyama@48,49#, hereafter NS, and
White @36,41,50#, hereafter MW, both of which are include
in the current comparison. These two codes are comple
independent ofCMBFAST and are traditional Boltzmann code
without the line of sight integration. NS code is based
gauge invariant formalism, while MW code andCMBFAST

use synchronous gauge formalism. Other, more recent co
such asCAMB @42# and CMBEASY @51#, originally started as
translations ofCMBFAST into f90 andC11, respectively, and
are thus not independent. There was a lot of subsequent w
put into these codes later, so the extent to which the poss
numerical errors inCMBFAST are also present in these cod
is unclear and we do not explore it in this paper. We also
not use theCOSMICS package@52# in this comparison.CMB-

FAST Boltzmann evolution equations originate fromCOSMICS

and are thus not independent. At the time ofCMBFAST devel-
opment the two codes were extensively compared, but m
of subsequent developments~polarization, non-flat geom
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etries, lensing, dark energy! were not included in theCOS-

MICS package.
The goal of this paper is to test the numerical accuracy

the linear perturbation theory codes, which are used ex
sively in the parameter determinations. When we started
project the initial agreement was no worse than 1–2 %, c
sistent with the stated accuracy. We will show below that
final agreement is much more impressive than that an
essentially sampling variance limited up to the highest m
tipole moment we used in comparison (l 53000). This is not
to say that the theoretical predictions are this accurate, s
the physics used in the codes is the same and there cou
additional effects not included in any of the current versio
However, the numerical approximations, which are pres
in all of the codes, appear to be under control and do not l
to systematic errors of significance for the current and n
generation of experiments. One of such effects emphas
in this paper is the physics of recombination, which sho
be revisited with an independent analysis to confirm the
curacy of the recombination code currently used@44#.

II. COMPARISON OF RESULTS

In the current code comparison we limit ourselves to
simplest model with a cosmological constant. Even thou
the model was chosen prior to recent WMAP results it is
fact very close to their best fit model. Our standard mo
has VCDM50.3, Vb50.04, VL50.66 and H0
570 km s Mpc. We assume a scale invariantn51 primor-
dial power spectrum with and without reionization~since the
results are for the most part unchanged in the two cases
will only show those without reionization in the following!.
We do not include gravitational lensing effect in the curre
comparison, since it is not implemented in all of the cod
~efforts to verify the lensing code accuracy inCMBFAST are
currently underway!. For the same reason we also do n
include the tensors in our comparison. Accuracy of the ten
calculation is unlikely to be critical for the current or futur
generation of experiments, since tensors are already kn
to be subdominant and only contribute on large scales, wh
the sampling variance errors are large. Similar argume
also apply to the massive neutrinos or more general form
dark energy, which are thus not explored in more detail he
In all of the comparisons we used the same recombina
outputs. We have found some small differences between
different implementations ofRECFAST @44#, but these appea
not to be important at the current level of precision.

The required accuracy depends on the scale one is p
ing and the information one is extracting from the pow
spectra. For a givenCl there are 2l 11 independent multi-
pole moments in the sky and the relative error on it will
roughly given by 1/Al . However, the ultimate goal is not th
spectrumCl , but a small set of cosmological parameters,
one must combineCl ’s together. If the errors in the calcula
tion of Cl are correlated then one needs a more string
accuracy criterion. In the limit of only one parameter bei
determined from the data~for example, the overall amplitude
of the spectrum assuming its shape is known! the number of
modes up tol is l 2 and the required theoretical precision
7-2
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COMPARISON OF COSMOLOGICAL BOLTZMANN . . . PHYSICAL REVIEW D68, 083507 ~2003!
A2/l . This theoretical limit is not reached in practice, sin
there is always more than one parameter determined from
CMB data and since the sky coverage is always less t
unity ~due to the finite sky coverage or galactic contamin
tion!. To account for this we will roughly double this limit
so that we assume the required precision at a givenl is de-
termined by

dCl

Cl
5

3

l
. ~1!

This corresponds to 0.1% accuracy atl 53000, the maxi-
mum l used in comparison here. Note that forl ,30 the
required accuracy is only 10% and there is thus little poin
attempting to achieve very high accuracy on large scales

While for the CMB the sampling variance always limi
the required theoretical precision, this is less of an issue
the 3D matter power spectrum. Fortunately, the matter po
spectrum is also much easier to compute with high accur
Figure 1 shows the comparison between the matter po
spectra among the three codes. We have assumed the
initial conditions in all the codes, so the comparison of t
transfer functions at the end tests the accuracy of relating
primordial spectrum of fluctuations to the final matter pow
spectrum, both in normalization and shape. We see that
agreement is remarkable, at least at the level of 1023. This is
comparable or better than the accuracy in the CMB, so
matter power spectrum normalization from the CMB~such
ass8) is limited by the accuracy in the CMB spectra. Com
puting the dark matter~as well as baryon or massive ne
trino! power spectra is thus essentially exact for the curr
purposes. It is easy to understand why the dark matter tr
fer function can be computed so accurately. The evolut
equation for the dark matter is a simple second order dif
ential equation, its solutions are smooth and have a sim
power law~or logarithmic! growth both in radiation and mat

FIG. 1. Dark matter power spectrum for the 3 codes~top! and
ratios between them~bottom!. Also shown are 160.1% horizontal
lines. The relative errors are below 0.1%.
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ter domination epochs. Dark matter exhibits no oscillato
behavior and only couples to gravity. As a result its evoluti
can be computed numerically to an exquisite precision.

We turn next to the CMB comparison. In general, hi
accuracy of CMB anisotropies is much more difficult
achieve than that of the dark matter power spectrum. Th
are several reasons for this.

~1! Before recombination, the evolution of baryons a
photons is tightly coupled due to the high probability of
photon scattering off an electron. This leads to a stiff syst
of differential equations and a special treatment must be u
before recombination, switching to the regular one at la
times when the mean free path to Thomson scattering
creases.

~2! As is well known, the CMB spectra have a lot o
structure with prominent acoustic peaks, unlike the dark m
ter where the spectrum is a slowly varying function of sca
The structure is even sharper for polarization spectrum
polarization-temperature cross-correlation~where the spec-
trum can be positive of negative!. The phases of the acoust
peaks depend sensitively on the numerical accuracy. T
also depend sensitively on the recombination history, wh
must be computed very accurately.

~3! The time dependence of the multipole moments
highly oscillatory and requires fine time sampling. To obta
a Cl at a given l one must integrate over all the Fourie
modesk. This k-mode dependence is also highly oscillato
and again requires fine sampling to achieve a sufficient
curacy. For traditional Boltzmann codes this can be com
tationally expensive, so approximations have been develo
to reduce the number of evaluations. This is in princip
avoided in the line-of-sight integration approach used
CMBFAST, which however, introduces its own approxim
tions. Among these are the time sampling of the sourc
treatment of reionization,l sampling, cutoff in the photon
and neutrino hierarchy etc. At the time of CMBFAST fir
release the main goal was to reduce the computational
while still maintaining 1% accuracy. The approximation c
teria were often chosen aggresively to reduce the run ti
We have found that many of these approximations can
significantly improved in accuracy if original criteria ar
made slightly more conservative, without a significant
crease in the run time. A few examples of these inCMBFAST

are an increase in the Fourier mode k sampling, increas
the time sampling, decreased tolerance parameter of the
ferential equation integrator for low k modes and higher m
tipole moment in the cutoff for the neutrino and photon h
erarchies. We also changed the time of switch from the ti
coupling approximation to the full integration, which is no
earlier than before~we refer the reader to the technical doc
mentation ofCMBFAST for more details!.

Figure 2 shows the ratios between the codes for the t
perature spectrumCl

TT . We also show the cosmic varianc
error @Eq. ~1!# and60.1% error lines. We see that the agre
ment is well within the cosmic variance limits and close
0.1% for almost alll. The only exception is aroundl;10,
where there is a somewhat larger error of up to 0.5%. Thi
caused by the line of sight integration method as imp
mented inCMBFAST, where one uses integration by parts
7-3
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SELJAK et al. PHYSICAL REVIEW D 68, 083507 ~2003!
rewrite the sources into a single term that multiplies
spherical Bessel functions. This form requires very prec
cancellations in the integrals over the visibility function o
large scales. The error is, however, harmless, since it is
orders of magnitude smaller than the sampling variance.
agreement between NS and MW is equally remarkable
even better thanMW/CMBFAST on large scales.

Figure 3 shows the same comparison forCl
EE , the E-type

polarization power spectrum. The agreement is roughly
the same level as forCl

TT , close to 0.1% across all th
scales. The exception again isCMBFAST at l ,20, where the
error can be up to 1%, caused by imperfect cancellation
the line of sight integration over the recombination epoch
z;1100. This discrepancy is not a real problem, since
comparisons here are for no reionization model and eve
small amount of reionization increases the polarizat

FIG. 2. Cl
TT for the 3 codes~top! and ratios between them~bot-

tom!. Also shown is the sampling variance limit 163/l and 1
60.1% horizontal lines.

FIG. 3. Same as Fig. 2 forCl
EE .
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power at lowl with a contribution fromz,zreion;10220.
Our reionization model comparisons show a better agr
ment. In any case, in this regime even a 1% error is a fa
of at least 10 lower than the sampling variance and t
irrelevant.

Finally, Fig. 4 shows the temperature-polarization cro
correlation Cl

TE . The relative error is ill-defined at zer
crossings ofCl

TE . For this reason we compare to a smooth
version ofCl

TE , smoothing overD l 550. The agreement is
again very good, no worse than forCl

TT or Cl
EE . Note that

the sampling variance forCl
TE at a fixed l is given by

dCl
TE/Cl

TE;A2/@ l (11Cl
TTCl

EE/(Cl
TE)2)# @53#, which is al-

ways larger than the corresponding limits forCl
TT andCl

EE ,
so our plotted sampling variance limit is a conservat
lower limit. We find a similar level of agreement when com
paring the absolute errors without smoothing, which are a
at the level of 0.1%.

III. CONCLUSIONS

We have performed a comparison of 3 current high ac
racy linear perturbation theory codes. The initial agreem
was at 1% level, while the final one was at 0.1% level,
order of magnitude improvement. The same 0.1% accur
is also found for polarization and its cross-correlation w
temperature. For the dark matter power spectrum the ag
ment is also at 0.1% level or even better. It seems unlik
that we will ever need better accuracy than this both for
CMB and for the matter power spectrum. The theoreti
predictions of the CMB and matter power spectra are t

-200

-100

0

100

200

10 100 1000

-0.01

0

0.01  CMBFAST-MW

 NS-MW

FIG. 4. Same as Fig. 2 forCl
TE . At zero crossings ofCl

TE the
relative error is ill-defined, so we compare to a smoothed vers
where the smoothing isD l 550. The plotted sampling varianc
limit 1 63/l is a lower limit to the actual sampling variance, a
discussed in the text.
7-4
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well under control, at least for the codes and models use
the current comparison. We note that the modificatio
needed to upgrade theCMBFAST code to 0.1% accuracy hav
been implemented in version 4.3, which is available fro
www.cmbfast.org. As a caveat we note that the open/clo
model implementation remains at 1% level and that the
curacies of lensing, massive neutrinos and dark energy
main to be explicitly verified. Some of these comparisons
currently in progress.

The main remaining concern are the physical assumpt
that enter into the calculations. These have been scrutin
by many workers over the past decade~see, e.g., Ref.@11#!,
which gives us some confidence that there cannot be
many physical processes that have been overlooked by
The principal concern at the moment is the accuracy of
recombination calculation. The original treatment@54,55# has
been revisited in Ref.@44#. It was found that the origina
work by Peebles was remarkably accurate, but there w
some improvements at the level of a few percent. For
ample, it was shown that HeI recombination cannot be w
described by the Saha equation approximation and that
Boltzmann equilibrium assumption for the higher levels
hydrogen was not sufficiently accurate. The latter can
approximated by a fudge factor added to the previous tr
ment. These changes lead to a few percent differences in
CMB spectrum and were implemented into theRECFASTrou-
tine @44#. While we have no reason to suspect the accurac
these calculations it is also not obvious that it is at the 0.
which will be needed for the next generation of CMB expe
ments. Thus the accuracy of the CMB spectrum calculati
may well be limited by the treatment of the recombinati
and it would thus be useful to revisit this issue to asses
level of remaining uncertainty. If this proves to be larger th
n
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the upcoming experimental sensitivity then a possible
proach would be to parametrize the uncertainty in the reco
bination physics and to reduce the uncertainty directly fr
the observations. As a simple example, if hydrogen reco
bination rate is uncertain then one could treat the fudge
tor mentioned above as a free parameter that one could
termine directly from CMB observations. It is an ope
question at present how uncertainty in the physics govern
recombination feeds into measurements or reconstruct
which rely on the CMB damping tail.

The new generation of the CMB experiments under c
struction or planning will achieve a subpercent accuracy
several cosmological parameters. Of special importance
the parameters related to the shape of the primordial po
spectrum, which should be determined with exquisite pre
sion. Such measurements will allow high precision tests
early universe models such as various models of inflati
This can, however, only be achieved if theoretical pred
tions match the observations in accuracy. It is comforting
know that the numerical precision of linear calculations
not among the worries for the future of high precision co
mology.
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