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Simple model of two little Higgs bosons
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We construct a little Higgs boson model using a simple global symmetry groupSU(9) spontaneously broken
to SU(8). The electroweak interactions are extended toSU(3)3U(1) and embedded inSU(9). At the
electroweak scale, our model is a two-Higgs-boson doublet model. At the TeV scale, there are additional states,
which are responsible for the cancellation of one loop quadratic divergences. We compute the effects of heavy
states on the precision electroweak observables and find that the lower bounds on the masses of heavy gauge
bosons and fermions are between 1 and 2 TeV.
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I. INTRODUCTION

There is little doubt that the standard model of ele
troweak interactions is an effective theory valid below 1 Te
New interactions will come into play around a TeV and r
solve the hierarchy problem, which would be present in
low-energy theory if one tried to set the cutoff to a high
value. There are several scenarios for what the new phy
at the TeV scale might be: supersymmetry, extra dimensi
dynamical symmetry breaking. Typically, weakly interacti
theories at the TeV scale are in better agreement with
precision measurements of electroweak observables.

Little Higgs boson theories@1–7# provide another weakly
coupled alternative for how the standard model could be
bedded in a theory valid beyond 1 TeV. The little Hig
boson models employ an extended set of global and ga
symmetries in order to get rid of one-loop quadratic div
gences. Without the one-loop divergences a cutoff of ab
10 TeV or so is natural for a Higgs boson theory. While th
may not seem like a great achievement on the road t
fundamental theory, compared for example with supersy
metry, 10 TeV is a very special scale from a practical vie
point. The next generation of collider experiments will not
able to probe energies beyond a few TeV. It would certai
be fascinating to uncover a theory valid all the way to t
Planck scale, but we will only have experimental data up
a few TeV. The energy scales above 10 TeV may rema
subject of speculation for a very long time.

Fortunately, different classes of extensions of the stand
model make different predictions for the TeV spectrum. N
states must enter the theory no later than a TeV to av
fine-tuning. The cancellation of one-loop divergences in lit
Higgs boson theories requires new, heavy states for e
divergence that is numerically significant at one loop. Th
little Higgs boson theories predict a whole set of hea
states: vector bosons, fermions, and scalars to cancel the
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grams involving standard model gauge bosons, top qu
and the Higgs boson, respectively. Given a little Higgs bos
model, it is certainly possible to make specific predictio
since the theory is perturbative below the cutoff. Some m
detailed studies have been reported in Refs.@8–10#.

Little Higgs boson theories draw on the old idea that t
Higgs boson could be a pseudo Goldstone boson@11,12#.
The important recent development is the understanding
how to cleverly arrange the breaking of global symmetri
The breaking of symmetries that protect the Higgs bos
mass needs to be such that the Higgs boson quartic coup
is of order one, the Higgs boson couples to fermions a
gauge bosons, and at the same time one avoids quad
divergences@1#. Symmetry breaking by interactions with nu
merical coefficients of order one is arranged such that in
vidual symmetry-breaking terms do not introduce a Hig
boson mass. To get mass terms for the Higgs boson
needs more than one insertion of symmetry breaking in
actions, and such diagrams are not quadratically divergen
one loop.

In what follows we present a little Higgs boson theo
based on a simple global symmetry group,SU(9) which is
spontaneously broken toSU(8). Themodels in Refs.@3,5#
also have simple global symmetries, but the breaking p
terns are different. Our model also has a simple1 electroweak
gauge group—SU(3)3U(1), analogous to Ref.@6#. As in
the model with anSU(4)3U(1) gauge group@6# there is no
mixing between the light and heavy charged gauge bos
induced by the Higgs boson vacuum expectation value in
theory. OurSU(3)3U(1) model has only one additiona
U(1) compared to the standard model and thus only oneZ8
gauge boson. The tree-level exchanges of the singleZ8 result
in corrections that are one half the size of those in
SU(4)3U(1) model@6,13# and thus in comparison are rela
tively benign for constraining the model by current data.

In the next section we describe the model. The theory

1The definition of what constitutes a simple group is different
little Higgs boson theories than it is in group theory textbooks.
©2003 The American Physical Society01-1
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based on the interactions of the Goldstone bosons assoc
with SU(9)→SU(8) breaking. We show how to embe
SU(3)3U(1) in SU(9). Our embedding produces tw
weak scalar doublets and two complex singlets. The mo
has no weak triplets. We then show how to obtain an acc
able Higgs boson quartic coupling as well as Yukawa c
plings. Since the gauge symmetry isSU(3)3U(1) all left-
handed fields need to come in triplets. In Sec. III we follo
Refs.@13,14# and compute the tree-level effects of the hea
states on the precision electroweak data. The lower boun
the masses of the heavy states is around 2 TeV.
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II. THE MODEL

Our model is based on theSU(9)/SU(8) nonlinear sigma
model, in whichSU(3)3U(1) gauge interactions are em
bedded. WhenSU(9) global symmetry is broken to its
SU(8) subgroup, theSU(3)3U(1) group is broken to the
electroweakSU(2)W3U(1)Y group.

The SU(9)/SU(8) coset space is described by a fieldS,
which transforms linearlyS→LS underLPSU(9) transfor-
mations. S can be expressed2 in terms of pion fieldsS

5exp(ip̂/A2 f ) v̂, where
~1!
h

r-

um

d

e
he
In the equation above,si are electroweak singlet fields whil
hi are electroweak doublets. For brevity, odd numbered ro
and columns are two dimensional, while even numbe
ones are one dimensional. Moreover,f 25 f 1

21 f 2
2 ands2

R , s2
I

are the real and imaginary parts of singlets2, similarly h1

5h1
R1 ih1

I etc. The particular choice ofv̂ is meaningful be-
cause the globalSU(9) symmetry is explicitly broken by
gauge interactions, which are described below. Otherwise
could rotatev̂ to have a nonzero entry in only one of i
components.

The pion matrix, p̂, does not include all 17580263
fields parametrizing theSU(9)/SU(8) coset space. We
chose to work in the unitary gauge, in which 5 fields th
become the longitudinal components of the heavy ga
bosons are set to zero. TheSU(3)3U(1)X generators are
chosen to be

~2!
s
d

e

t
e

whereta are theSU(3) Gell-Mann matrices normalized suc
that tr(tatb)52dab. Each entry in Eq.~2! denotes a 3 by 3
block. Therefore, under theSU(3)3U(1)X the sigma field
decomposes asS→31/3131/3131/3. This embedding of
gauge symmetry is reminiscent of the model in Ref.@15#.
The generators unbroken byv̂ are Ti for i 51,2,3 andY
5(21/A3)T82X. Under the electroweak groupSU(2)W
3U(1)Y the pion fields transform linearly, such thathi trans-
form as 221/2 and si as 10. We use a nonstandard hype
charge assignment for the Higgs boson doubletshi , opposite
to the usual one. In our convention the doublets get vacu
expectation values~VEVs! in their upper components.

The transformation property ofS, S→LS, implies that
the covariant derivative ofS is

DmS5~]m1 igTaAm
a 1 ig1XXm!S. ~3!

In the equation above theSU(3) gauge coupling is denote

2The unusual normalization off is chosen to agree with that of th
SU(4) model in Refs.@6,13# so as to ease the comparison of t
two models.
1-2
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SIMPLE MODEL OF TWO LITTLE HIGGS BOSONS PHYSICAL REVIEW D68, 075001 ~2003!
as g and it is equal, at tree level, to theSU(2)W coupling.
The normalization of fields in Eq.~1! is such that the kinetic
energy term is

Lkin5~DmS!†DmS. ~4!

Gauge interactions induce quadratically and log-diverg
terms as can be deduced by computing the Colem
Weinberg potential. The quadratically divergent term

g2
L2

16p2
S†TaTaS ~5!

is independent of the pion fields sinceTaTa is proportional to
the identity. The same is also true for the quadratically div
gent contribution arising from theU(1)X interactions. The
log-divergent contribution

g4

16p2
logS L2

g2f 2D ~S†TaS!2 ~6!

is small and generates masses for the pion fields of o
(g2/4p) f , which is of the order of the electroweak sca
Since the gauge interactions do not generate any quad
cally divergent terms these interactions are not sufficient
providing the Higgs boson quartic potential.

A. Quartic potential

The underlying technique of constructing little Higgs b
son theories is to arrange interactions such that each
vidual interaction with anO(1) coefficient maintains enoug
global symmetry to ensure that allSU(2) doublets are exac
Goldstone bosons. Only several interactions acting toge
break enough symmetry and turn Higgs boson doublets
pseudo Goldstone bosons. Interactions with small coe
cients are numerically unimportant and can have an arbit
pattern of symmetry breaking.

In order to generate a quartic potential for the two Hig
boson doubletshi we explicitly break theSU(9) global sym-
metry. We add two terms

Vq5k1~S†M1S!21k2~S†M2S!2, ~7!

where

~8!

Each term separately preserves a differentSU(3)3 subgroup
of globalSU(9). Neglecting gauge interactions, theSU(3)3

symmetry is exact. In both casesSU(3)3 is broken to
SU(2)3 by the VEVv̂. Such breaking generates three sets
exact Goldstone bosons, which transform as doublets u
SU(2)W . One linear combination of these three doublets
eaten when theSU(3) gauge group is broken toSU(2)W .
The remaining two linear combinations are two physi
Higgs boson doublets, which stay exactly massless when
of the k i ’s is set to zero.
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Note that this would not be the case for many oth
choices of symmetry breaking spurionsM. For example, spu-
rion

~9!

also breaksSU(9) to SU(3)3. However, this particular
SU(3)3 subgroup is broken byv̂ to SU(3)3SU(2)2 pro-
ducing two massless doublets instead of three.

The two terms in Eq.~7! acting together breakSU(9) to
a singleSU(3). This preservedSU(3) is the same as the
gaugedSU(3) whose generators are given in Eq.~2!. The
breaking ofSU(3) to SU(2) yields only one doublet, which
is eaten. Therefore, the uneaten Higgs boson doublets
come pseudo Goldstone bosons and can obtain non de
tive interactions.

ExpandingVq to quadratic order in the singlet fields an
to the quartic order in doublets we obtain

Vq52k1S f 1Im~s1!2
f 2

A2 f
Re~h2

†h1!D 2

12k2S f 2Im~s1!1
f 1

A2 f
Re~h2

†h1!D 2

1O~s3,h5!. ~10!

Integrating out Im(s1) gives the quartic interaction

Ve f f5
k1k2f 2

k1f 1
21k2f 2

2 @Re~h2
†h1!#2, ~11!

which indeed vanishes when eitherk1 or k2 is zero.
The model as it is defined up to now needs to

amended, otherwise there is a potential problem. The omi
O(s3) terms in Eq.~10! include the term

2A2~k22k1!
f 1f 2

f
Im~s1!2s2

I . ~12!

This term generates a quadratically divergent tadpole for
field s2

I , which means thats2
I gets a VEV. The VEV fors2

I

rotates between the nonzero components ofv̂ in Eq. ~1!. If
^s2

I & is O( f ) it will create a hierarchy betweenf 1 and f 2, that
is eitherf 1! f 2 or f 1@ f 2. We assumed so far in our analys
that f 1 and f 2 are of the same order of magnitude.

There are two simple ways of ensuring that^s2
I & is small

compared tof. First, we can impose a discrete symmetry th
interchanges the two terms in Eq.~7!. Thenk15k2 and the
tadpole-generating term is absent. Second, we can add a
tential which gives a mass tos2

I . A linear term will force a
1-3
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VEV for s2
I , but a large enough mass term will prevent th

VEV from being of orderf. A suitable potential is for ex-
ample

Vs5r1~S†N1S!21r2~S†N2S!2

52A2s2
I f 1f 2

f
~r2f 2

22r1f 1
2!1~s2

I !2

3S r1

3 f 1
2f 2

22 f 2
4

f 2
1r2

3 f 1
2f 2

22 f 1
4

f 2 D
2~r2f 2

22r1f 1
2!F f 2

2

f 2
h1

†h11
f 1

22 f 2
2

f 2
h2

†h2G1•••,

~13!

where

~14!

Each term preserves anSU(6)3SU(3) subgroup ofSU(9),
which is spontaneously broken toSU(5)3SU(2). There-
fore, adding these two stabilizing terms does not introduc
large Higgs boson mass. It is clear by examining Eq.~13!
that the mass terms for the Higgs boson fields vanish w
the tadpole term fors2

I vanishes. At the minimum of the
potential there is no tadpole and a Higgs boson mass is
generated by the stabilizing potential.

B. Yukawa couplings

Incorporating Yukawa couplings is straightforward, a
can be done in a manner outlined in Ref.@6#. Here we will
show how to include the Yukawa couplings for the thi
family, other families of quarks and leptons can be includ
in the same way. Since the electroweak gauge interact
are enlarged toSU(3)3U(1) all families of quarks and lep
tons need to be extended to form representations of the la
electroweak group. This is not necessary in most little Hig
boson models, in which the enlarged electroweak group c
tains anSU(2)3U(1) subgroup. In such cases, the lig
families can be coupled directly to the Higgs boson doub
without regard to one-loop quadratic divergence, as this
vergence is numerically unimportant for the light fermion

We add a pair of vectorlike fermionsxL andx̂R such that
QL5(tL ,bL ,x̂L)T transforms as anSU(3) triplet. The
U(1)X charges ofQL , x̂R , t̂ R , and bR are 2 1

3 , 2 2
3 , 2 2

3 ,
and 1

3 , respectively. It is useful to introduce projection o
erators intoSU(3) subspaces ofS,

S i5PiS, ~15!

whereP15(1u0u0), P25(0u1u0), andP35(u0u0u1). Each
entry in the projection operators represents a three by t
matrix. In terms of the three-vectorsS i , the Yukawa cou-
plings are generated by
07500
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Lyuk5l1Q̄LS2x̂R1l2Q̄LS3 t̂ R

1lbQ̄LŜ23bR1H.c., ~16!

whereŜ23
i 5e i jk(S2* ) j (S3* )k and i , j ,k51,2,3.

Expanding Eq.~16! in component fields we identify the
light and the heavy right-handed mass eigenstates,

tR5
1

Al1
2f 1

21l2
2f 2

2
~l1f 1 t̂ R2l2f 2x̂R!,

xR5
1

Al1
2f 1

21l2
2f 2

2
~l2f 2 t̂ R1l1f 1x̂R!. ~17!

In terms of these mass eigenstates, the Yukawa interact
are

Lyuk5Al1
2f 1

21l2
2f 2

2x̄LxR2 i
l t

A2
~ t̄ L ,b̄L!h2tR

2 i
lb

A2
~ t̄ L ,b̄L!ĥ2bR1•••1H.c., ~18!

whereĥ25 is2h2* and

l t5
l1l2f

Al1
2f 1

21l2
2f 2

2
. ~19!

Note that the Yukawa coupling of theb quark could have
involved ĥ1 instead ofĥ2. This can be accomplished by re

placingŜ23 by Ŝ12 in the last term in Eq.~16!. Therefore, the
model can be either the type 1 or type 2 two-Higgs bos
doublet model@16#.

Cancellation of the quadratic divergences introduced
the top quark against the divergences introduced by
heavy fermionx can be verified explicitly. However, the
global symmetries of the Yukawa couplings make the
sence of quadratic divergences apparent. The terms pro
tional to l1 andl2 in Eq. ~16! separately preserve differen
SU(6)3SU(3) subgroups of the globalSU(9) symmetry.
The SU(6)3SU(3) subgroups are identical to those su
groups preserved by the two terms in Eq.~13!, and are bro-
ken toSU(5)3SU(2) by v̂.

Note that the mass of the heavy partner of the top qua
Al1

2f 1
21l2

2f 2
2, is not uniquely determined in terms ofl t and

f. Depending on the values off 1 / f 2 andl1 /l2 one can alter
the ratio of thex mass to the top mass. This will be impo
tant in the next section, where we obtain a lower bound of.
Even with f bounded,x can be light enough to promptly
cancel quadratic divergences induced by the top quark.
1-4
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SIMPLE MODEL OF TWO LITTLE HIGGS BOSONS PHYSICAL REVIEW D68, 075001 ~2003!
quite generic that models with several parameters will h
the freedom of varyingmx /mtop and this feature is also
present in the model of Ref.@6#.

It is easy to also incorporate lepton Yukawa couplings.
add a vector-like pair of heavy leptons in order to get a trip
of left-handed fieldsLL5(nL ,tL ,cL)T with X charge 1/3.
The right-handed fieldstR and cR carry charges 1 and 0
respectively. The Yukawa couplings

Lyuk5l2L̄LS2cR1ltL̄LŜ23tR1H.c. ~20!

give mass of orderf to the heavy lepton and a standa
Yukawa coupling for thet.

C. Electroweak symmetry breaking

The quartic potential displayed in Eq.~11! does not stabi-
lize arbitrary Higgs boson VEVs. It leaves a flat directio
along which^h1& ^h2&50. This feature is identical to the
Higgs boson potential discussed in Ref.@5#. These flat direc-
tions are not problematic if the Higgs boson potential,
addition to the quartic term, includes positive Higgs bos
masses and a negative B-term

Vbrk5m1
2h1

†h11m2
2h2

†h21B~h1
†h21h2

†h1!, ~21!

where m1
2 ,m2

2.0, B,0. Electroweak symmetry breakin
requiresB2.m1

2m2
2.

The quartic term leaves additional flat directions whe
Re(h1)50 and Im(h2)50, and an analogous flat directio
with h1 andh2 interchanged, because the quartic term v
ishes for Im(h1

†h2)50. These additional flat directions ar
not dangerous if all coefficients of the Higgs boson poten
are real. This can be accomplished by imposingCP conser-
vation in the Higgs boson sector. If imposingCP symmetry
is for some reason undesirable it is easy to modify the te
in Eq. ~7! to yield Ve f f}uh2

†h1u2. One possibility is to modify
the matricesM1,2 defined in Eq.~8! by erasing one of the
nonzero entries in each matrix. For simplicity, we will a
sume that all coefficients in the Higgs boson potential
real.

So far, all the interactions we have introduced prese
enough global symmetries to give two massless Higgs bo
doublets. The exact symmetries are either anSU(3)3 broken
to SU(2)3 or an SU(6)3SU(3) broken to SU(5)
3SU(2). Thesame set of symmetries is enjoyed by ope
tors that are induced from the tree-level Lagrangian by o
loop quadratically divergent diagrams. Therefore, none
these terms can generate a Higgs boson mass terms.
often not apparent that the doublet mass terms are not
erated by the ‘‘Higgs-friendly’’ operators. When expandin
such operators in terms of component fields, there e
terms quadratic in Higgs boson fields accompanied by te
linear in theSU(2) singlet fields. As we discussed at the e
of Sec. II A, one needs to identify the proper vacuum,
which the tadpoles vanish and the Higgs boson mass te
are exactly zero.

It is therefore necessary to generate operators with
symmetry. Such operators can be included in the tree-le
07500
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Lagrangian with small coefficients. Introducing new tre
level operators may not be necessary because the logarit
cally divergent one-loop diagrams, as well as two-loop q
dratically divergent diagrams, produce operators with l
global symmetry. This is because such diagrams involve
sertions of several operators each with a different symm
structure. The diagrams involving several operators gen
cally yield operators that preserve only a common subgr
of symmetries of all operators involved. The Higgs bos
masses generated by the log-divergent diagrams and the
loop quadratically divergent diagrams are of orderf /4p,
which is the desired order of magnitude.

For example, the log-divergent contribution coming fro
gauge interactions, Eq.~6!, gives identical mass terms forh1
andh2. Similarly, there is a log-divergent contribution from
the top quark and its heavy partnerx, which is proportional
to uS3

†S2u2. This operator also generates Higgs bos
masses.

III. PRECISION ELECTROWEAK MEASUREMENTS

As is well known @13,14,17,18# precision electroweak
measurements can place tight constraints on new theorie
electroweak symmetry breaking. The simplest method
calculating these constraints is to construct a series of ef
tive theories by sequentially integrating out the mass
modes. In the model considered here, theS VEV breaks
SU(3)3U(1) down toSU(2)L3U(1)Y and gives masse
of orderf to some of the gauge bosons. With no Higgs bos
VEVs the mass matrix is diagonalized in the basis,

Xm5
21

Ag21g1
2/3

S gBL
m1

g1

A3
BH

m D , ~22!

A8
m5

1

Ag21g1
2/3

S gBH
m2

g1

A3
BL

mD . ~23!

The gauge bosonsAi
m ~for i 54,5,6,7) andBH

m get masses

MA5
g f

A2
, ~24!

MBH
5

A2~3g21g1
2! f

3
. ~25!

The Higgs boson VEVs introduce the usual nonline
sigma model masses for the lightSU(2)L3U(1)Y gauge
bosons as well as~in the current model! mixing only be-
tweenBH

m and BL
m . Integrating out the heavy gauge boso

and plugging in the Higgs boson VEVs

^h1&5cosbS v

0D , ~26!

^h2&5sinbS v

0D ~27!
1-5
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we obtain theW andZ masses

MW
2 5

g2v2

4 S 12
v2

6 f 2D , ~28!

MZ
25

~g21g82!v2

4 S 12
~7g426g2g8213g84!v2

24f 2g4 D .

~29!

The low-energy neutral current Lagrangian is given by

Lnc5eAmJQ
m1

e

cWsW
ZmFJ3

mS 11
g82 ~g22g82 !v2

8g4f 2 D
1J8

m
A3~g822g2!v2

8g2f 2

2sW
2 JQ

mS 11
~g842g42g84 !v2

8g4f 2 D G
2

~3g822g2!2

2g4f 2
~J32JQ!22

g82~3g622g4g82 !v2

2A3g8f 2

3J8~J32JQ!2
9g426g2g82 12g84

12g4f 2
J8

2 . ~30!

Note that using the relationJ8
m52A3(JY

m1JX
m) this La-

grangian can be rewritten as

Lnc5eAmJQ
m1

e

cWsW
ZmF J3

mS 11
~4g2g8223g42g84 !v2

8g4f 2 D
1JX

m 3~g22g82 !v2

8g2f 2

2sW
2 JQ

mS 11
~4g2g8223g42g84 !v2

8g4f 2sW
2 D G

2
~3g822g2!2

4g4f 2
~J32JQ!22

9

4 f 2
JX

2 . ~31!

It is understood thatJX in the neutral current Lagrangia
is replaced in terms of the quark and lepton currents and d
not include the heavy fermion contributions. The low-ene
observables in neutral current scattering are then obtaine
integrating out theZ @13#. In addition, the heavy fermion
xL,R introduced in Sec. II B also affect the electroweak co
plings of up-type quarks and neutrinos. The mass mixing
the charge 2/3 quarks can be diagonalized by a bi-uni
transformation, and since this is a 232 matrix we can pa-
rametrize it by one mixing angle given by

umix5
v
f

h. ~32!
07500
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Using Eq.~16! in the massless quark limit (l1→0) the pa-
rameterh is given by

h5
sinb

A2

f 1

f 2
. ~33!

Similarly by takingl2→0 we would arrive at a result forh
with f 1 and f 2 interchanged. The result for the neutrinos
identical. Thus the coupling of the up-type quarks and n
trinos to W3 receives a correction factor 12(v2/ f 2)h2,
while the effective hypercharge of the up-type quarks
comes (1/6)1(v2/2f 2)h2 and the effective hypercharge o
the neutrinos becomes (21/2)1(v2/2f 2)h2. There are simi-
lar corrections to the couplings toW6. The JQ andJX cur-
rents receive no corrections since the mixing is between
fermions with identical charges under the correspond
gauge symmetries. The neutrino mixing affects the value
GF ~in addition to the correction to theW mass!,

GF5
1

A2v2 S 11
v2

6 f 2
2

2hv2

f 2 D . ~34!

To compare with experiment we usea(Mz), GF , andMZ as
input parameters, and the standard definition of the w
mixing angle sinu0 from theZ pole @18#

sin2u0cos2u05
pa~MZ

2!

A2GFMZ
2

, ~35!

sin2u050.2310560.00008. ~36!

Expressing the precision electroweak observables in term
these input parameters and the corrections to gauge
plings @19# implied by Eq.~31! allows us to express all the
deviations of the observables from standard model pre
tions @20# in terms of our model parameters. As can be se
above, the dependence on tanb drops out of all observables
except for an implicit dependence throughh. Performing a
two parameter fit, we find that the weakest bound onf occurs
for h;0, and is given byf >3.3 TeV at the 95% confidenc
level as shown in Fig. 1. It is clear that the fit to data pref
the region of small mixing. Forh50.1 the bound grows to
f >3.4 TeV. It is interesting to note that the bound onf arises

FIG. 1. 95% confidence level bound onf as a function of the
mixing parameterh.
1-6
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SIMPLE MODEL OF TWO LITTLE HIGGS BOSONS PHYSICAL REVIEW D68, 075001 ~2003!
mainly from the weak charge of cesium. If this measurem
is dropped from the fit the bound goes down tof
>2.5 TeV.

The boundf >3.3 TeV corresponds to

MA>1.5 TeV, ~37!

MBH
>1.8 TeV. ~38!

There is no bound on the mass of the heavy fermionx, since
it varies from 0 tò over the parameter space. The region
parameter space wherex is light is shown in Fig. 2 where we
have used the constraintl t51 to eliminatel2. Plotting the
contours in this manner emphasizes largef 2 / f 1 and largel1,
plotting f 1 / f 2 versusl2 would emphasize the opposite r
gime.

Since the corrections to the precision electroweak m
surements were a factor of two smaller than those in Ref.@6#
one might have expected that the bound onf would be a
factor ofA2 weaker, which, given that the bound@13# in that
case was 4.2 TeV, would yield a bound of 3 TeV. The d
crepancy arises from the fact that the fit for the model of R
@6# used four parameters, while in this case we have fit w
two parameters anddx2 grows with the number of fit param
eters.

There may also be interesting loop corrections from
Higgs boson and heavy fermion sectors, which were rece
calculated in@21# for the model of Ref.@5#.

FIG. 2. Mass of the heavy fermionx in the parameter spac
f 2 / f 1 versusl1, for large tanb on the left and tanb51 on the
right.
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IV. CONCLUSIONS

We presented a little Higgs boson model based on
simple pattern of global symmetry breaking and at the sa
time avoided replicated gauge groups. In many aspects
model has similar features to the model of Ref.@6#, in which
the electroweak group is extended toSU(4)3U(1). The
global symmetry group in our model is simple, which mig
yield more elegant UV completions.

A natural question concerns the possibility of the dynam
cal origin for theSU(9)→SU(8) breaking pattern. While
the breaking pattern clearly is not a result of QCD-like d
namics, one can easily conceive of supersymmetric
amples. For instance, 9 chiral superfields transforming in
vector representation of anSO(N) gauge group will have an
SU(9) global symmetry.

We investigated how the heavy particles affect the st
dard model observables at the electroweak scale. At 9
confidence level, the lower bound on the pion decay cons
f is 3.3 TeV. This corresponds to heavy gauge boson ma
of 1.5 and 1.8 TeV, which does not require fine-tuning. T
most significant fine-tuning of the Higgs boson mass res
from fermion loops, and in little Higgs boson models th
contribution to the Higgs boson mass from fermion loo
grows with the mass of the heavy partner of the top qua
As we stressed in Sec. II B, the mass of the heavy ferm
can be treated as a free parameter since it depends on
ratiosl1 /l2 and f 1 / f 2. The ratiof 1 / f 2 is constrained by the
precision electroweak measurements because it contrib
to the quark and neutrino mixings withSU(2) singlet states.
In Sec. III, we presented the bounds on the heavy ferm
mass resulting from a constraint onf. The heavy fermion can
be lighter than 2 TeV in a significant region of the parame
space and even as light as 1 TeV in small corners of par
eter space.

The Higgs boson sector of our model is similar to those
Refs. @5,6#. The quartic term in the Higgs boson potenti
contains only one term, and thus it is far from being the m
general two-Higgs boson doublet potential. This implies s
eral interesting relations among the parameters of the H
boson sector@5#. As in all little Higgs boson models, there i
a rich spectrum of TeV mass particles: gauge bosons
acquire masses from the breaking ofSU(3) toSU(2), heavy
leptons and quarks, and two complex singlet scalars
would be exciting to see experimental confirmation of su
particles, but should this happen, it will be challenging
verify that a set of heavy states comes from a little Hig
boson theory@10#.
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APPENDIX A: QUADRATIC DIVERGENCES

In this appendix we would like to outline how to explic
itly check that quadratic divergences do not generate Hi
boson mass terms. So far, we used symmetry arguments
will be reassuring to see an explicit calculation. We fi
present a Feynman diagram computation and then comm
on the Coleman-Weinberg@22# effective potential.

The cancellations of quadratic divergences induced by
loops of fermions and gauge bosons are straightforw
More interesting is the cancellation of divergences int
duced by the scalar self-interactions. In the case of sc
self-interactions there is a subtlety we would like to expla
here. Some of this is certainly known to people working
this topic, but not written in the literature in any detail.

Let us concentrate on the interactions induced by the
tential in Eq.~7! and for simplicity setk15k25k/4 so that
Vq5k/4@(S†M1S)21(S†M2S)2#. It is most transparent to
focus on one component of the Higgs boson fields, for
ample Re(h1

d). The superscript refers to the lower comp
nent of the Higgs boson doublet. We expandVq in compo-
nents and only display these terms that could contribute
the Re(h1

d) mass term

Vq5
k f 2

2
~s1

I !21
k

12
@Re~h1

d!#2

3$3@Re~h2
d!#224~s1

I !2%1•••. ~A1!

The diagrams with Re(h2
d) ands1

I running in the loops do no
cancel against one another and if this was the whole s
e,

gh

J

. D

.
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they would generate a quadratically divergent mass te
The culprit is the nonlinear kinetic energy term, Eq.~4!,
which contains higher order terms in addition to the ordina
kinetic terms,

Lkin5
1

2
~]mp i !

22
1

12f 2
~]ms1

I !2@Re~h1
d!#21•••. ~A2!

The diagram withs1
I running in the loop with a mass inse

tion for this field is also quadratically divergent. It turns o
that this diagram cancels the other two quadratically div
gent diagrams. It might, at first, seem like a coincidence t
a diagram with derivative interactions cancels potential te
interactions. However, all three diagrams are proportiona
the same symmetry-breaking parameterk. Moreover, the
normalization of the derivative interaction is uniquely dete
mined by requiring that all fields have canonical kinetic e
ergy terms.

Similarly, the higher order terms in the kinetic energ
Lagrangian prevent an ingenious approach to computing
Coleman-Weinberg potential. One might be tempted to
pand theS field around the background fields such thatS

5exp@i(^p̂&1p̂)/f#v̂. The background fieldŝp̂& inserted into
the higher order terms in the kinetic energy spoil canoni
normalization. A convenient way around this is to para
etrize the nonlinear field as

S5exp@ i ^p̂&/ f #exp@ i p̂/ f #v̂ ~A3!

so the background fields drop out of the kinetic energy te
Using the form~A3! we calculate trM 2(^p̂&) keeping

^p̂& to all orders. We get trM 2}k@sin„^Re(h1
d)&…2

1cos„^Re(h1
d)&…2#, which is independent of Re(h1

d). This
would not be the case if we used a parametrization in wh
the kinetic energy depends on the background fields.
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