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New “square root” model of lepton family cyclic symmetry
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Following the newly formulated notion of form invariance of the neutrino mass matrix, a complete model of
leptons is constructed. It is based on a specific unitaxy83matrix U in family space, such thdt? is the
simple discrete symmetry,— — ve, v, v,. ThusU also generates the cyclic grodp. The charged-lepton
mass matrix is nearly diagonal while the neutrino mass matrix is of a form suitable for explaining maximal
(large mixing in atmospheridsolap neutrino oscillations in the context of three nearly degenerate neutrino
masses. Observable lepton flavor violation is predicted. Quarks may be treated in the same way as charged

leptons.
DOI: 10.1103/PhysRevD.68.071302 PACS nuni®erl4.60.Pq, 11.30.Hv, 12.60.Fr, 13.35.
To understand the form of the neutrino mass matviy, The most general Majorana mass matfix, is of the

a new idea has recently been propo$gfl It is postulated form
that there is a specific 83 unitary matrixU with U"=1

such that A D E
. M,=D B F (5)
UM UT=M,, () E F C
and for someN<n, the matrixuM represents a well-defined Using Egs.(1) and(2), we find that it becomes
discrete symmetry in the, , , basis, for which the charged-
lepton mass matrixM, is diagonal. However, since each A 0 0
neutrino belongs to agU(2), X U(1)y doublet, the corre- M,=| O B A+B | . (6)

sponding left-handed charged leptons,y,7) must also
transform undeilJ. A complete theory must then reconcile

the apparent contradictory requirgment tlz_\at, satisfies Eq. _ This mass matrix has eigenvaluds—A, andA+ 2B, cor-
(1), but M, does not. The resolution of this conundrum is in responding to the eigenstateg, (v,— vT)/\/E, and (v,

the soft and spontaneous breaking of the symmetry sup; : : " S C
ported byU, as was done for example in tidg model[2—4] ;;I%i‘t/g' We see immediately that, —», mixing is maxi

of degenerate neutrino masses. In this paper we show how it

0 A+B B

may be achieved with the specific unitary matrix Am2,, = (A+2B)2—A2=4B(A+B), @
0 iIN2 —ily2 which is suitable for explaining atmospheric neutrino oscil-
U= i/\/f 1/2 12 |, @) Iation's [5]. If A<B, we have the hierarchical structure of
) neutrino masses arl= /A maztm/2:0.025 eV. On the other
_'/\/E 172 12 hand, if B<A, we have the more interesting scenario of
three nearly degenerate neutrino masses, with the prediction
where thatA is large enough to be measured by neutrinoless double
beta decay. As for solar neutrino oscillatiof@], we can
-1 00 obtain the large-mixing-angle solution by invoking flavor-
u2= 0 0 1], (3)  changing radiative correctior4,3,4. Details will be pre-

sented in a later paragraph.

o 1 The leptonic Yukawa couplings of our model are given by
i.e. the simple discrete symmetry EY:hij[fovi Vj_§+(Vi|j+|iVj)/\/§+ §++|i|j]
Ve— — Ve, Vv, (4) +1 (10— vigp) )Ig+H.C., (8)

The matrix U of Eq. (2) is thus a “square root” of this where we have adopted the convention that all fermion fields
discrete symmetry. We see immediately also thidt=1; are left handed, with their right-handed counterparts denoted
hence our model is a specific realization of the cyclic groupby the correspondingleft-handed charge-conjugate fields.

Z, as a family symmetry. We have also extended the Higgs sector of the standard
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model of particle interactions to include three doubletsresulting in

(qSJQ,qSJ-’) and one very heavy tripleg( *,£%,£0). The elec-

troweakSU(2), X U(1)y gauge symmetry will be spontane- a o0 0

ously broken mainly by the vacuum expectation value of one h=|10 b a+b

particular Higgs doublet. As a result, the vacuum expectation 0 atb b

values of the other two Higgs doublets can be naturally small

[7] and that of the triplet even smallfs]. a d _d
We now assume thafy is invariant under the transfor- K k k

mation fk=| —di b actby]. (12)

dk g+ bk bk

(V,l)i—>Uij(V,|)J‘, ﬁ_>|C, (9)
0 . 0 . h e .0 it et 0 Note thath has nod terms because it has to be symmetric.
(@%@ )i—=Vij(d7 ¢ )5, (677,67, —=(&77,67,80). The neutrino mass matri#1,, is then given by
10
(10 M, =2h{&%, (13
This means B
whereas the charged-lepton mass matvi linking |; to Iy
UThu=h, UTfku=fX (1) s
|
a;v;tdi(vo—vs) a1 +da(va—v3) azvyt+da(vy—vs)
_d1U1+ b]_(l)2+03)+all)3 _d2U1+ b2(l)2+U3)+a.2U3 _d3U1+ b3(Uz+U3)+a3U3 s (14)

dlvl+a102+b1(vz+v3) d2U1+32U2+b2(02+U3) d3Ul+a3UQ+b3(Uz+U3)

wherev;=(¢?). Assumed,,b,<a, andv, z<v,, then all where u?, and u3; are the coefficients of thé]d, and
elements in the first, second, and third rows are of ordet}®, terms, respectively.

dv,+avq, bv,+avs, andav,, respectively. It is clear that Going back taM, of Eq. (6), we now consider how solar
they may be chosen to be of order,, m,, andm_, in  neutrino oscillations may arise in thex2 submatrix span-
which caseM, will become nearly diagonal by S|mply rede- ning v, and (O T)/ﬁ, ie.

fining thely baS|s The mixing matri¥/, in thel; basis(such

thatV MM, V|_ is diagonal will be very close to the iden-

tity matrix with off-diagonal terms of ordemg/m,, M
me/m_, and m,/m_. This construction then allows us to

considerM,, to be in the basisi#e,v,,v;) to a very good Consider the most general radiative corrections\o i.e.
approximation.

17

A 0
0 —-A)

We now understand why it is sensiljlE] to consider Eq. rig rao
(1) as a condition onM,,. The key lies in the fact that,, R= R (18
comes from neutrino couplings to a single figflwhich is 12t
invariant underU, whereasM,; comes from couplings to then M becomes
¢>2,2’3 which are not. Let the scalar trilinear coupling §to
O,d, be u, then[8] 1421 1
(1+R)M(L+RN=A| , . (19
— 2 rp—riz —1-2ry
0 HMU2
(§)=—F>", (19 - .
Mg In terms of the full radiative correction matri8,4]
— _1 —
which shows clearly that neutrino masses may be of order 1 M11=Feer 2273t T o) ~RET ), (20
eV or less If|\/|2/,u~1013 GeV. Slmllarly,013 can be small " . .
compared ta, if M3<0 but theMZ ; terms in the Higgs rlz—rlz——2llm(r12)——|\/E[Im(reﬂ)—lm(reT)].(Zl)

potential are large and positive, in which c4gé
Thus the radiatively corrected! has eigenvalues
_Mizvz _ _Mgsvz
M3

y  Ug= , (16) My 2= A{L+T1 13+ 1 07 (13— 120+ 4[Im(r 1) 1%}
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corresponding to the  eigenvectors v,cosf—i(v,  mMc/v,. We thus have a natural understanding of the small-

—v,)sindl\2 and vecose+i(vﬂ—v7)cosel\/§ , respectively, ness of flavor changing decays in the leptonic sector, even

where though they should be present and are potentially observable.

Using Eq.(27), we see that the decays —e e*e™ and

M= oot V(M=) ? +4[IM(r 1) ]? - 7~ —e e’ u” may proceed through} exchange with cou-
2[Im(r 1) . (29 pling strengths of ordem,m, /v3=(g%2)(m,m,/Mg),

whereas the decays —u utu” and7 —u ute” may
with r5,—r1,>0. Since tafg=0.46 is desirablg9] for un-  proceed througl®? exchange also with coupling strengths of

derstanding solar neutrino oscillatiop8], flavor changing  the same order. We estimate the order of magnitude of these
(r1,#0) and flavor nonuniversal (;#r,,) interactions are branching fractions to be

required. Specific examples have already been proposed
[1,3,4. As for AmZ,,, it is given here by (m

tang=

m? 100 GeV}*
B(r— urr)=6.1X10 1Y —————| |

2
13 M3

(24) (28)

2
w

AmZ,=m3—mZ=4A2\/(r ;1) 2+ 4[Im(r2) 2.

For|r|~10 3 which is a typical size for radiative corrections which is well below the present experimental upper bound of
and Am?,=6.9x10"° eV? [9], |A|~0.13 eV is then ob- the order of 10° for all such rare decaysi4].

tained. (The recent Wilkinson microwave anisotropy result The decayu —e e"e™ may also proceed through?
implies[10] an upper bound of 0.23 eV dA| from cosmo-  with a coupling strength of ordemilyg_ Thus

logical considerations.Given that|A| is also the effective

neutrino mass measured in neutrinoless double beta decay mi 100 GeV/ 4

with a present upper bound of about 0.4 eV, this is an en- B(u—ee9~—7=12x10"" ———| , (29
! Pt ; M7 M

couraging prediction for future experimenfdl]. If A

=0.13 eV, then using Eq.7), we find B=0.0048 eV and
B/A=0.037 which is of the same order ag,/m,=0.059,
as suggested by1, of Eq. (14).

With flavor changing radiative corrections, thes; entry
of the neutrino mixing matrix becomes nonzero. It is given
here by

which is at the level of the present experimental upper bound
of 1.0x10 2 The decayu— ey may also proceed through
¢3 exchange(provided that Re3 and Imgp3 have different
massep with a coupling of ordermﬂmT/vﬁ. Its branching
fraction is given by[2]

[Re(re,) +Rere,) JA B(u  3a m?
! 2B , (25 (n—ey)

87 Mgff’
which may be as large as the experimental upper boLuBd  where
of 0.16 in magnitude. It is also purely imaginary so t@&

) e3= (30)

violation is maximal[13] in this model. 1 1 M2, 3 1 M2 3
. . 3R 3l
Going back to the Yukawa couplings of the leptons to the = — | In—— Flves In—-— Ak (32
3 Higgs doublets given by E412) and assuming the hierar- Merr M3zgl m7 M3z | m7
chy d,<b,<a, and taking the limit that only, is nonzero, ) ) T
we haveM, of Eq. (14) simply given by Using the experimental upper bouftb] of 1.2X10™**, we
find Mgs>164 GeV.
d; d, dj The new physics which generates the flavor-changing ra-
_ b. b, b diative corrections discussed earlier also results in flavor-
Mi=v,| b1 Dy D3|, (26) .
changing decays such as—ey and r— uy. These have
a; a; as been discussed previous§,3,4]. Although the soft super-
c ) symmetry breaking sector may provide such flavor-changing
whereasb; and®; couple tollj according to corrections[3], it is much simpler to use the nonsupersym-

metric mechanisn¥] which employs charged scalar singlets

a & A —dp —d; —ds xi with couplings of the forf (vil;—I;v;) x . As shown
—d; —dy —dsf, a a as |, previously[1,4], for x, masses of order 1 TeV, all flavor-
d, d, ds b, b, bs changing leptonic decays due to their exchange are sup-

(27 pressed below present experimental bounds.

In the quark sector, if we use the same 3 Higgs doublets
respectively. After rotating\1, of Eq. (26) in thel basisto  for the corresponding Yukawa couplings, the resulting
define the state correspondingitowe see immediately from and down mass matrices will be of the same form as Eq.
Eqg. (27) that the dominant coupling ob; is (m,/v,)er® (14). Because the quark masses are hierarchical in each sec-
and that of®5 is (m,/v,) u7°. Other couplings are at most tor, we will also have nearly diagonal mixing matrices as in
of orderm, /v, in this model, and some are only of order the case of the charged leptons. This provides a qualitative
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understanding in our model of why the charged-current mixthree nearly degenerate neutrino masses with maximal mix-
ing matrix linking up quarks todown quarks has small off- ing for atmospheric neutrino oscillations. Solar neutrino os-
diagonal entries. cillations are induced by flavor-changing radiative correc-
Onced)l or 4)3 is produced, its dominant decay will be to tions. As a result, neutrinoless double beta decay is predicted
r~e” or 7~ u~ if each couples only to leptons. If they also to occur at the 0.1 eV range. There are also three Higgs
couple to quarkgand are suff|c|em|y heayythen the domi- doublgts in th|s.m0del two pf which have dominant fla_vor—
nant decay products will bl or tc together with their con-  €hanging couplings proportional tm. and may be easily

jugates. As forg9, it will behave very much as the single observed at future colliders.
Higgs doublet of the standard model, with mostly diagonal This work was supported in part by the U.S. Department
couplings to fermions. of Energy under Grant No. DE-FG03-94ER40837. G.R. also
In conclusion we have constructed a complete theory ofhanks the UCR Physics Department for hospitality and ac-
leptons where the neutrino mass mattx, may be derived knowledges DAE-BRNSIndia) for support. We also thank
from the requirement that M ,UT= M, whereU is a spe- the Kavli Institute for Theoretical Physics, U. C. Santa Bar-
cific 3x 3 unitary matrix in family space such thaf is the  bara, for hospitality during its Neutrino Workshop where this
simple discrete symmetry.— —ve, v,<v,. We obtain  work was initiated.
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