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Nonequilibrium Goldstone phenomenon in tachyonic preheating

Sz. Borsa´nyi,* A. Patkós,† and D. Sexty‡
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~Received 18 March 2003; revised manuscript received 20 June 2003; published 26 September 2003!

The dominance of the direct production of elementary Goldstone waves is demonstrated in tachyonic
preheating by numerically determining the evolution of the dispersion relation, the equation of state, and the
kinetic power spectra for the angular degree of freedom of the complex matter field. The importance of the
domain structure in the order parameter distribution for a quantitative understanding of the excitation mecha-
nism is emphasized. Evidence is presented for the very early decoupling of the low-momentum Goldstone
modes.
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I. INTRODUCTION

The aim of this investigation is to contribute to the sy
tematic exploration of the transition from the inflationa
evolution of the Universe to the standard cosmological
gime. The numerical analysis was performed in a sim
hybrid inflationary model, in which the inflaton is coupled
a complex scalar field@1,2#. The equations of the fields an
of the scale parameter of Friedmann-Robertson-Wa
~FRW! geometry were solved simultanously. The charac
istics of the transition were studied for a range of couplin
and initial conditions. All choices satisfy the cosmologic
constraints entailing a sufficient number of e-foldings dur
inflation and the generation of density perturbations comp
ible with the measured cosmic microwave background ra
tion ~CMBR! anisotropy.

The present investigation is focused on the excitation
Goldstone modes. In the literature the decay of global c
mic strings is advocated as the main source of these part
@3–6#. It will be demonstrated that in the period of tachyon
instability @7,8# a dominantdirect Goldstone generation take
place. The importance of Goldstone production was first e
phasized by Boyanovskyet al. @9,10# in a renormalized
large-N approach to the quantum dynamics of the symme
breaking in theO(N) model. They have extended their in
vestigation to the FRW geometry in the framework of t
new inflationary scenario@11#. The present investigation i
an extension of our study of the classicalO(N) system in
Minkowski metrics published in Ref.@12# to the case of
FRW geometry. In the present paper the period of instab
is also treated classically. Although the time interval of t
instability is rather short it is instructive to study the tran
tion of the scale parameter of the Universe from the in
tionary regime to a regime dominated by the mixture
weakly interacting species. We study the field dynamics
der continous variation of the power characterizing the ti
dependence of the cosmological scale factor.

In hybrid inflationary scenarios the rolling inflaton trig
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gers the condensation of a complex scalar field thought to
the matter field driving the grand unified theory~GUT! phase
transition. The transition is accompanied by spinodal~tachy-
onic! instabilities, which occur for the radial@in the present
case,O(2) invariant# modes. Rising radial~Higgs! modes
excite on their turn massless angular~Goldstone! modes. We
refer to this phenomenon as the nonequilibrium Goldsto
effect. It was tested by systematically varying the latti
spacing that the excitation process is rather insensitive to
details of the discretization.

After the tachyonic instability is stopped one observes
excess in the gradient energy density of the Goldstone de
of freedom relative to the corresponding kinetic energy d
sity which is argued in Ref.@5# to be the signature for the
occurrence of finite density of global strings. Evidence w
be presented for the importance of topological configurati
~domain walls and/or strings! in causing this difference
which is sustained over a considerable time interval. Also
clean radiative equation of state~EoS! is found for the Gold-
stone degree of freedom after the virial equilibrium
reached. After further evolution, however, a clear tw
component separation was observed in the Goldstone po
spectra. Low-~comoving!-k modes decouple from the equil
bration processes fairly early and expand further as a no
teracting massless radiation with a frozen momentum dis
bution. High-k modes interact with the massive~Higgs and
inflaton! modes. In this range we observe quantitative latt
spacing dependence, which does not challenge the qua
tive features of the emerging physical picture. The size of
decoupled comovingk interval of the Goldstone excitation
increases with time.

In Sec. II the model is presented and the setting of
initial conditions is discussed. Their choice is crucial to e
sure the minimal sensitivity of the results to the spatial d
cretization. The most important features of the excitat
process of Goldstone modes, shortly outlined in the previ
paragraph, are discussed in Sec. III. A simple estimate
also be given there for the ratio of the direct Goldstone p
duction relative to the energy contained in extended obje
The features and the limitations of a semianalytical mo
for the excitation of the different modes is discussed in S
IV. Section V is devoted to the discussion of the late-tim
expansion. Conclusions are summarized in Sec. VI.
©2003 The American Physical Society12-1
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II. SELECTION OF COUPLINGS AND INITIAL
CONDITIONS

The system consists of the real~harmonic! inflaton field
s(x,t) and the complex matter fieldf(x,t), with negative
squared mass and a quartic stabilizingO(2)-invariant self-
interaction. Their evolution is treated self-consistently
suming a spatially flat FRW space-time characterized by
dynamically determined scale functiona(t). Metric fluctua-
tions are beyond the scope of the present study. The e
tions describing the field dynamics of the system are

05s̈~x,t !13Hṡ~x,t !2Ds~x,t !1ms
2s~x,t !

1g2uf~x,t !u2s~x,t !,

05f̈~x,t !13Hḟ~x,t !2Df~x,t !1m2f

1
l

6
uf~x,t !u2f~x,t !1g2s2~x,t !f~x,t !. ~1!

The FRW equation has the form

H22
8p

3mpl
2 @rHiggs~x,t !1rGoldstone~x,t !1r inflaton~x,t !#50.

~2!

In Eqs.~1! and ~2! the Hubble parameterH5ȧ(t)/a(t) was
introduced andmpl is the Planck mass. In the second term
the left hand side of Eq.~2! the expression in the squar
brackets represents the microscopical energy density of
physical decomposition of the fields, to be identified belo
The explicit expressions will appear in Eqs.~8!–~10!.

For the numerical simulation the field equations were
written in conformal time. For instance, in theO(2) sector
one has

c92Dc2
a9

a
c1m2a2c1

l

6
ucu2c1g2S2c50, ~3!

with c5a(t)f, S5a(t)s, and both time and space coord
nates are measured in proportion to the scale factor@dh
5dt/a(t),dx5dxphys/a(t)#. Finally, we scale all quantities
once more with an appropriate power of the dimensionl
combinationmdainit , wheremd is an arbitrary mass unit an
ainit equals to the scale factor at the beginning of the sim
lation @ainit5a(t init), see below#:

c lat9 2Dc lat2
a9

a
c lat1

m2a2

md
2ainit

2
c lat1

l

6
uc latu2c lat

1g2S lat
2 c lat50. ~4!

The physical quantities are expressed through those s
lated on the lattice as follows:

f5
c

a
5c latmd

ainit

a
, dxphys5dxa5

a

ainit

dxlat

md
,
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dt5adh5
a

ainit

dh lat

md
. ~5!

A convenient choice is to setmd5umu. In the following, we
always use the powers ofumu as units of measurement. A
one can check, also in the scaled FRW equation onlya/ainit
appears, plus the ratio of the Planck mass and theO(2) mass
parameter. Therefore one can study the evolution
a(t)/ainit , independently of the choice ofmd .

After this scaling, we discretized the equations of t
quantities labeled by ’’lat’’ in a comoving volume@L/a(t)#3,
with L5Ndxlat /umu3a(t)/ainit , N564,128,dxlat51. Here
t init is the time instant where we start the numerical solut
of Eqs.~1! and~2!, which has been conveniently choosen
slightly preceed the exit point from the inflation. In the plo
to be presented below the time is measured relative tot init .
The insensitivity of the results to the lattice spacing w
tested by also employingdxlat50.25, 0.5, 0.75. The confor
mal time stepdh was chosen in proportion to the spati
lattice spacingdx in the range 1/1621/64.

On the other hand, we find for the physical extent of o
systemNdxlat /md3a(t)/ainit!H21(t). Therefore we actu-
ally study only a small portion of the volume of the who
Universe. This is different than the choice of the lattice sp
ing in Ref. @13#, where the system is at least as large as o
Hubble volume. Therefore we do not expect the string par
the Goldstone dynamics to be described truly faithfully, b
the propagating quasiparticle excitations are well represe
in the simulations.

We will be able to argue convincingly that in the inves
gation of the early appearance of Goldstone modes, the e
of the spatial cutoff will not cause any finite lattice spaci
distortion. The choice of the lattice constant, however,
significant for the decay of the Higgs waves into Goldsto
excitations. This process is energetically allowed as long
its comoving massmHa(t)/ainit is smaller than twice the
maximal allowed comoving momentum for the Goldsto
waves on the latticekcutoff . With increasing redshift one ar
rives at an artificial stabilization of the Higgs waves. The
fore, at best, qualitative features of the late time evolution
the system are expected to be physical.

The matter field started in the symmetric phase, in
close vicinity of the pointf0(t init)[V21*d3xf(x,t init)50.
The initial Higgs velocity isḟ0(t init)50. For the homog-
enous inflaton mode the amplitude and velocity values in
momentt5t init were drawn from the solution of the equa
tions describing its roll down, started at the Planck sca
s0[V21*d3xs(x,t50)5mpl .

Two important cosmological constraints are to be sa
fied. The first requires at leastNtot;60 e-foldings of the
scale factor before the critical inflaton field value is reach
which terminates inflation. The other constraint stems fr
the relation of the quantum fluctuations of the inflationa
period to the density fluctuations measured by the CO
experiment@14#. The numerical method of selecting the co
plings without relying on the slow-roll approximation wa
described in some detail in Ref.@17#.

In the present investigation the GUT scale was chosen
2-2
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the scale of the end of inflation. Therefore for the quan
mH

2 [22m2, variation in the regionmH;10(14215) GeV was
allowed. The inflaton-Higgs coupling was varied in the int
val g50.0120.1. The value of the Higgs self-coupling wa
fixed with the relationl53g2, which is valid if the cou-
plings of the hybrid theory are derived from a superpoten
@15,16#. The detailed numerical analysis was performed w
g50.1,mH58.831014 GeV,ms54.231011 GeV,Ntot560,
and g50.01,mH55.531014 GeV,ms51.431012 GeV,Ntot
560.

The initial population of the inhomogenous modes im
tates the quantum vacuum. The variation of the lattice sp
ing changes the size of the Brillouin zone, therefore un
such variation one would simulate systems with differe
cosmological constants. Using for the Fourier mode fu
tions the complete orthonormal set 1/(Ndxlat)

3/2eik•x, one
finds nearly lattice spacing independent energy densitie
modes withuku<kmax are filled as follows:

sk~ te!5A 1

2vs
eiak, ṡk~ te!52 iAvs

2
eibk,

vs
25k21ms

2 ,

fk~ te!5A 1

2vf
eigk, ḟk~ te!52 iAvf

2
eidk,

vf
2 5k21m21g2s2~k50,te!. ~6!

The initial phasesak ,bk ,gk ,dk were chosen randomly. I
was tested that our conclusions are not sensitive to the ch
of the maximal filled momentum states, e.g.,kmax
P(2.0,3.0). In order to have very accurate equality of
initial energy densities in case of different lattice spacin
the inhomogenous modes were filled only up to a latt
spacing dependent maximal comoving wave num
kmax(dxlat). For instance, when choosingkmax52 for dxlat
50.5, N5128, accurate matching of the initial energy de
sities was achieved forkmax51.84 on the latticedxlat
51.0, N564. The difference inkmax comes from the distor-
tion of the energy-momentum relation on lattice.@Be con-
scious also of the other restriction that during inflation t
energy content of the inhomogeneous modes should be m
smaller than the potential energy of theO(2) field, e.g., false
vacuum domination.#

With this choice we have normalized the energy dens
to the same value for any lattice spacing, which leads
finite final average energy densities whendxlat is diminished
@18#. On the other hand, no further renormalization was n
essary to reach lattice spacing independent conclusions
cerning the excitation process.

III. DIRECT GOLDSTONE EXCITATION
VIA SPINODAL INSTABILITY

A. The independent degrees of freedom

The time evolution of the normalized cross-correlati
matrix introduced in Ref.@12# presents evidence that direct
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after the spinodal instability is over, one can choose for
three independent degrees of freedom the inflaton, the ra
O(2) invariant motion ofr (x,t)5uf(x,t)u and the angular
oscillationsw(x,t), (f5reiw). The time evolution of the
dispersion relation characterizing these degrees of free
was calculated from the definition

vk
25

uẊku2

uXku2
, Xk5sk ,r k ,~eiw!k , ~7!

and extrapolated tok50 for finding the corresponding
masses@12,17#. One obtains for the angular phase fact
shortly after the spinodal instability mass values which
compatible with zero within the error of the mass determin
tion. This observation justifies the term ‘‘Goldstone’’ for th
angular modes. In the following the radial degree of freed
will be simply referred to as Higgs, and the angular comp
nent as Goldstone.

The phase transition triggered by the inflaton field can
clearly seen on the time evolution of the homogeneous m
r̄ V(t) of the Higgs field~the overline with index ‘‘V’’ means
spatial averaging!. The tachyonic instability leads to an a
most instantanous exponential switch into the symmetry b
ken regime as shown in Fig. 1. The Higgs field triggers
rise of the gradient energy of the Goldstone component w
a slight delay and the increase of the Goldstone kinetic
ergy starts with a further delay. The sharp increase in
radial component is terminated by an oscillatory perio
whose frequency is determined by the sum of the class
mass square around the minimumr 0 of the potential and the

space average of the Higgs fluctuations22m21lr 2̄
V
/2,

which is often referred to as the Hartree mass. It is clear fr
the figure that the oscillations in the Goldstone kinetic a
gradient energies forcefully follow the same frequency.

In Fig. 2 we analyze the time dependence of the aver
energy densities. The twin curves, which refer to solutions
the same physical volume, but with different lattice spacin
illustrate to what extent the dynamics of different degrees
freedom depends on the details of discretization during s

0

5

10

15

20

60 80 100
time

r(t,k=0)

ρgradient
Goldstone

ρkinetic
Goldstone

twist

100 200 300

FIG. 1. Virialization of the Goldstone oscillations and the ev
lution of the average of the integrated twist inw(x,t), calculated
along straight lattice lines parallel to one of the axes. The osc
tions of the radial fieldr (x,t)V drive the variation of the gradien
and kinetic energy densities of the Goldstone modes (g50.1, l
53g2, N564).
2-3
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BORSÁNYI, PATKÓS, AND SEXTY PHYSICAL REVIEW D68, 063512 ~2003!
odal instability. The Higgs component starts to vary fir
reflecting the instability. The inflaton and the Goldstone e
ergy densities follow it with approximately equal dela
Clearly, the excitation of these modes is driven by the te
poral variation of the Higgs fieldr (x,t) ~see Sec. IV!. Figure
2 also suggests that forg50.1 the three motions are appa
ently decoupled from each other after the out-of-equilibriu
oscillations are damped, each having its own nearly cons
density.

The Goldstone field reaches the highest energy den
;30umu4, which is slightly higher than the energy densi
corresponding to the one-loop estimate of the critical te
perature for an O(Ncomp52) model, that is
A72/(Ncomp12)lumu;25umu, with l50.03. The other two
degrees of freedom are much colder. Instant ‘‘freezing’’ ch
acterizes the behavior of the inflaton field. It obtains a rat
large squared mass, nearly equal to the Higgs mass, du
the supersymmetricl2g2 relation ~e.g., ms

226g2m2/l'
22m25mH

2 ). One calculates the potential energy of the
flaton with its ‘‘new’’ mass when checking the virial equilib
rium in this degree of freedom. The sudden increase of
full energy density can be semi-quantitatively understood
be the result of this mass change~see Sec. IV!.

On the right edge of Fig. 2 the effect of the late-tim
expansion appears: the energy density of the inflaton fiel
hardly varying which corresponds to its nonrelativistic n
ture. On the other hand, the energy density ratio of the Hi
and the Goldstone fields stays nearly constant fort<5000.
We shall return to the discussion of the apparently coup
cooling of the radial and of the angularO(2) components in
Sec. V.

B. The equations of state„EoS…

We observed that the system stays in a rather stable
deep in the broken symmetry phase, despite the fact tha
Goldstone ‘‘temperature’’ is high. One might attempt in su
circumstances to characterize each species as a noninte
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FIG. 2. Average comoving energy densitie
$@a2(t)/ainit

3 #r i(t), i 5G,H, inflaton% of the independent degrees o
freedom @g50.1,l53g2,N564(dxlat51),N5128,(dxlat50.5)#.
The figure represents the average of 8 runs forN564 and 4 forN
5128, each starting with random initial phases. The evolution
t.140 is plotted on a logarithmic time scale. The shorter cur
correspond to the solutions on finer spatial lattice.
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ing ~decoupled! gas, possessing its own equation of sta
The local energy densities and pressures have the follow
expressions:

rHiggs~x,t !5
1

2
ṙ ~x,t !21

1

2
@¹r ~x,t !#21

3

2

m4

l
1

1

2
m2r ~x,t !2

1
l

24
r ~x,t !4,

pHiggs~x,t !5
1

2
ṙ ~x,t !22

1

6
@¹r ~x,t !#22

3

2

m4

l
2

1

2
m2r ~x,t !2

2
l

24
r ~x,t !4,

rGoldstone~x,t !5
1

2
r ~x,t !2ẇ~x,t !21

1

2
@¹w~x,t !#2,

pGoldstone~x,t !5
1

2
r ~x,t !2ẇ~x,t !22

1

6
r ~x,t !2@¹w~x,t !#2,

~8!

r inflaton~x,t !5
1

2
ṡ~x,t !21

1

2
@¹s~x,t !#2

1
1

2
g2s~x.t !2r ~x,t !2, ~9!

pinflaton~x,t !5
1

2
ṡ~x,t !22

1

6
@¹s~x,t !#2

2
1

2
g2s~x,t !2r ~x,t !2. ~10!

In the equations of state the space averages of the a
expressions appear. Note that the Higgs-inflaton interac
term is associated, with some arbitrariness, exclusively w
the inflaton. It is justified by the realisation of the virial eq
librium for this field.

In Fig. 3 the EoS of all three degrees of freedom a
shown. It is clear, that they possess an EoS from rather e
times, promptly after the large amplituder (t,x) oscillations
are damped. They are nearly linear, of the formp5wr. The
cooling pushes the system through the points of the EoS
the pace of the expansion, therefore the different points
be labeled by the instant when the system passes thro
them.

The inflaton and the Higgs field have nearly the sa
mass of the order of the GUT scale. Therefore we exp
them ~after the virial ‘‘equilibrium’’ is reached! to follow
nearly the samep-r smooth line, with the decrease of th
energy density due to the expansion. Since the inflaton
almost decoupled one expects for itw'0, and finds at early
times w;1/10. The Higgs field starts with a slightly large
slope. We note, that the linear regime is reached the slow
by the Higgs field, and also its trajectory in thep-r plane
displays noticeable quantitative lattice spacing dependen

The Goldstone oscillations obey after virialisation a p
fect radiative EoS (pG5wGrG ,wG'1/3). For larger energy
densities (rG>18223), that is for earlier times (85<t
<140), one observes a slight deviation from the slope 1

r
s

2-4
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FIG. 3. Equations of state~EoS! for the independent degrees of freedom (g50.1,l53g2). Left, thep(r) trajectories are shown for the
three independent degrees of freedom. The moments of time, where the linear regime, characterized by the constantw5p/r sets in are
indicated next to the curves. The twin curves display results obtained on lattices of equal physical size, but of different lattice sp@N
564,dxlat51 ~open square!, N5128,dxlat50.5 ~full square!#. The curves represent the average of 20 runs forN564 and 10 forN5128. In
the right figure the evolution of thewi5pi /r i ratio for the different physical degrees of freedom is shown (i 5G,H, inflaton).
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As one sees in the right hand plot of Fig. 3 the curve ofwG
determined with help of the space averages over the G
stone densities~8! approacheswrad51/3 rather smoothly.
Practically no dependence on the lattice spacing can be
served.

This smooth functional form allows a simple quantitati
estimate for the composition of the ‘‘Goldstone gas,’’ if on
assumes that it consists of a noninteracting mixture of
ementary gapless Goldstone waves and of nonrelativ
heavy objects composed of coherent configurations of
angular degree of freedom of theO(2) field. The measured
ratio r/p is given then by 3(11y), y5rheavy/relementary.
This ratio smoothly approaches zero aroundtumu;140, until
when the decay of the heavy extended objects will be co
plete on both theN564 and theN5128 lattices. The time
dependence of the ratiorheavy/r full Goldstone is compatible
with an exponential decay with a lattice spacing independ
rate: 22(4)umu21. This fit was restricted to the range 10
,tumu,200, where the EoS is already well defined and
energy density of the heavy objects is above the noise le
We expect that these topological objects were created du
the tachyonic instability, hence at the time the EoS is sta
lized some of them might have decayed already. As an e
mate for the initial energy density confined to topologic
objects we extrapolated the exponential time depende
back to the moment of the instability (t'70) and found that
~for both lattice spacings realizing the lattice sizeNdxlat
564) slightly more than one third of the energy density
the angular motion was concentrated in heavy objects
two thirds were carried by massless quasiparticles. A po
nomial fit to wG(t) would give an even lower estimate fo
y(t570). This analysis substantiates our claim that dir
Goldstone production dominates in the tachyonic preheat

One finds complementary information on the Goldsto
evolution from Fig. 1. The gradient energy density gro
higher than the kinetic energy as the Goldstone field g
excited. This excess reflects the formation of topologica
characterizable extended objects. In Fig. 1 we also sho
the average of the integral ofdw(x), which is the variation
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of the angular orientation of the complex field from one s
to the next one along straight lines parallel to the three ax
This integral is very large before the instability. After a su
den drop suffered at the moment of the tachyonic instabil
it continues to decay gradually. This evolution goes para
with the disappearance of the gradient energy excess.

In order to deepen the understanding of the role played
these topological objects we disentangle their contribution
the energy density and the energy fraction carried by
‘‘elementary’’ Goldstone quasiparticles. The topological o
jects contribute only in the lowk region of the Fourier space
In order to realize this idea, thek space of the Goldstone
degrees of freedom was splitted into three characteristic
gions:k2/umu25@(0,0.25), (0.25,1.0),(1.0,kcutoff

2 )#. Separate
EoS were fitted in the three regions. In Fig. 4 one sees
the deviation from the radiative EoS is localized to the lo
est k region. ~The curve is rather insensitive to the exa
choice of the values of the separating wave numbers.! From
a linear fit towG, low k(t) on the interval 80<umut<120, one
extrapolates for t570rheavy(k

2<0.25umu2)/rG(k2

<0.25umu2)'0.5.

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

 0.5

 0.55

 80  100  120  140  160  180

w
=

p/
ρ

time

k2<0.25
0.25<k2<1

1<k2

radiative EOS

FIG. 4. The evolution of the EoS of the Goldstone oscillators
three different Fourier regions. The curves show the average
eight runs forN564, the calculated error of the average is signal
by the error bars.
2-5



m
a

-
th

is
rg
ic
is

g

e-
ou
d
iv

ic

in

ca
fi

ig

ed
d

pe

ld-

nt
n
rs

n
he
e
of
of
n.
the

ki-
the

f-
a

e-

of

hat

ale
-

e

ken
for
fs.

of
ure

al
q.

uld
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IV. ON THE MECHANISM OF TACHYONIC MODE
EXCITATION

In hybrid inflationary scenarios the possible mechanis
for the Higgs field excitation were already discussed
length in the literature@15,16,19#. In this paper we concen
trate on the angular component of the matter field and on
inflaton.

The excitation of the Goldstone and the inflaton field
driven by the Higgs field. It turns out that the gradient ene
density ofr (x,t) is about five times smaller than its kinet
energy density during the instability interval, therefore it
reasonable to replacer 2(x,t) in the field equations of the
Goldstone and of the inflaton fields by its spatial avera

r 2̄
V
.
The analysis is particularly simple for the inflaton, b

cause in this approximation the equations of its spatial F
rier components are linear. According to the proposed mo
the symmetry breaking simply increases the effect
squared masses of these uncoupled oscillators

s̈k1vk
2~ t !sk50, vk

2~ t !5k21ms
21g2r 2̄

V
~ t !. ~11!

Since we are interested in the excitation mechanism, wh
is rather unaffected by the overall expansion (H21

@Dt reheating) we dropped the derivatives of the scale factor
these equations.

One can construct the energy balance of each mode
integrating the equation

dEk

dt
5

1

2

dvk
2

dt
sk

2 , ~12!

which yields

Ek~ t !2Ek~0!5
g2

2 E
0

t

dt8
dr 2̄

V
~ t8!

dt8
sk

2~ t8!. ~13!

If one sums up the equations for allk, one finds

Einflaton~ t !2Einflaton~0!5
g2

2 E
0

t

dt8
dr 2̄

V
~ t8!

dt8
s 2̄

V
~ t8!.

~14!

This result may be easily compared to the full numeri
solution. The agreement is quite spectacular when one
the Brillouin-zone completely, and deteriorates whenkmax is
decreased. The approximation based on homogenous H
fluctuations is less appropriate for the lower-k inflaton
modes.

A similar approximate construction might be attempt
for the Fourier transform of the angular variable, which lea
to the equation

ẅk~ t !12
d

dt
ln r ~x,t !Vẇk1k2wk50. ~15!

This is a set of equations for independent oscillators dam
by a common friction. An equation such as Eq.~15! could in
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s
t

e

y

e

-
el
e

h

by

l
lls

gs

s

d

principle account for the delay in the excitation of the Go
stone kinetic energy~see Fig. 1! since the short but strong
common friction effect nearly stops the initially independe
angular oscillation modes (ẇk'0) in the same instant. Whe
ln rV is stabilized, the friction disappears and all oscillato
start to move with equal phase angle.

Both the friction coefficient (d/dt)ln r(x,t)V and the ini-
tial conditions forwk were taken from the numerical solutio
of the full dynamics. The energy density resulting from t
solution of Eq.~15! produced much less excitation in th
Goldstone modes than one observes in the full solution
Eq. ~1!. This forces us to conclude that the inhomogeneity
r (x,t) plays important role also in the Goldstone excitatio
This conclusion seems to depend rather sensitively on
value of the couplingsl,g2. The smaller isl the more im-
portant is the inhomogenous contribution to the Higgs
netic spectra already in the first oscillation period after
spinodal instability.

V. EXPANSION AND LATE-TIME COOLING

The variation of the cosmological scale factor directly a
ter the instability reflects radiation domination. We find by
high quality power law fit to its numerical evolution the b
havior

a~ t !;~ t2const!g, g50.54~2!, ~16!

where the error is estimated from the standard deviation
the fittedg values when the time intervaltumu510021000
is splitted into several shorter intervals. One may note t
the value ofg in the time interval~100–2000! is reasonably
independent of the lattice constant. The variation of the sc
factor is a(umut52000)/ainit'2.5. The lattice artifacts ap
pear forumut.2000. This exponent, however, shows a tim
dependence on longer time scales as it approachesgmatter
52/3. This experience shows that special care must be ta
if one wishes to enforce a simple power law behavior
a(t) over an extended time interval as it was done in Re
@5,6,19#.

If the equations of state are linear, then the actual rate
expansion conforms to the equation of state of the mixt
system

pfull~ t !5wfull~ t !r full~ t !, g~ t !5
2

3@11wfull~ t !#
,

pfull5pGoldstone1pHiggs1pinflaton,

r full5rGoldstone1rHiggs1r inflaton. ~17!

This wfull coefficient is a subject of continuous shift from
wfull'0.23(1) towards zero, which would mean the ide
matter dominated EoS. For the time interval of the fit E
~16! the time-averaged valuewf ull50.22(2) agrees well
with the fittedg exponent.

For completely decoupled field components one wo
expect
2-6
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3@11wi~ t !#52
d ln r i~ t !

d ln a~ t !
, i 5Goldstone, Higgs, inflaton

~18!

with an ~almost! time independentwi value. They should
agree with the corresponding coefficients of the differ
EoS, if the temporal evolution consists simply of the expa
sion of the noninteracting gas components. Indeed, this is
case of the inflaton, but theO(2) sector shows rather larg
deviations. From Eq.~18! one finds that the Goldstone en
ergy density on the average decreases more slowly witha(t)
than expected for a massless radiation. A similar compar
reveals that the rate of cooling of the Higgs mode is fas
than for a nonrelativistic gas. The powersg i(t) vary with
time quite strongly. These tendencies indicate an ene
transfer to the angular motion in theO(2) configurational
space from the radial one. The situation is puzzling, since
average energy density of the Goldstone modes is hig
than that of the radial oscillations.

The investigation of the kinetic power spectra provid
much more detailed information. One finds that the Hig
and inflaton degrees of freedom quickly approach class
equipartition as suggested by their EoS. The power spect
the Goldstone degree of freedom reveal interesting regu
ties. Figure 5 shows the Goldstone energy spectra multip
by a4(t) at late times~well within the regime of virial equi-
librium!. The shape near the origin is very similar to wh
was found in Minkowski metric@12#. The durable deviation
from equipartition appears as a result of anomalously s
relaxation in the lowest comovingk region, frozen in an
almost instant decoupling after the tachyonic instability. T
is demonstrated by the fact that this part of the spectra sh
perfecta24(t) scaling. The height and the width of this d
coupled out-of-equilibrium spectra in the low-k region is in-
variant under a factor-of-2 change of the lattice spaci
therefore the early decoupling is certainly a physical effe

The Goldstone energy density in the high-k region is
much lower but it gradually increases and approaches s

 10
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G
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to
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t= 500
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t=2800
t=5700

FIG. 5. Time evolution of the kinetic energy spectra of t
Goldstone excitations displayed as a function of the comoving w
number. Average over eight runs with typical standard deviation
error bars for one of the spectra are shown. The rescaled late
spectra agree within the standard deviation in an interval (0,klim)
which increases with time (g50.1,N564).
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sort of equipartition. This rise is apparently fed by the u
form decrease of the power of the radial~Higgs! motion. The
klim value separating the region where the spectral powe
the Goldstone is already stationary from the part which
still increasing is shifted gradually towards the cutoff. T
final uniform level of excitation in the high-k region is lower
for finer lattices of the same physical size. This is easy
interpret by noticing that the same initial energy density
now ditributed when equipartition is approached among d
ferent numbers of degrees of freedom.

The synchronized variation in the Higgs and Goldsto
power spectra described above has a simple physical ex
nation. The massive Higgs waves can decay into energ
pairs of elementary Goldstone modes irreversibly, even
their temperature is lower. In the language of conforma
transformed variables the radial mass term scales witha(t).
We find klim(t)ainit /a(t) to be approximately constant, an
its value corresponds to the equality 2klim(t)ainit /a(t)
'mH . The main distinction between the two regions
Goldstone modes consists in the circumstance, that the
~comoving!-k modes do not receive energy input fro
Higgs-to-Goldstone pair creation. Asklim sweeps through the
Brillouin-zone completely decoupled Goldstone modes
left behind. The physics of the system becomes seriou
distorted at times whenmHa(t)/ainit approaches 2kcutoff , be-
yond which the Higgs waves will be artificially stabilized
This lattice spacing sensitivity is manifested in the level
excitation only foruku.1.

VI. CONCLUSIONS

In this study we focused on the very early stage of
field evolution following the tachyonic instability occuring i
simple realizations of the hybrid inflationary scenario. T
results were shown overwhelmingly insensitive to the cho
of the lattice spacing if the inhomogenous modes were fil
initially only up to a maximal wave number. Its value wa
chosen so that the energy density of the system was kep
same for different lattice spacings. Lattice spacing indep
dence of the main observables was achieved without imp
ing any further normalization condition.

We found that the direct production of Goldstone exci
tions is very efficient. By a thorough analysis of the lowk
part of the Goldstone spectra and its contribution to the eq
tion of state one can separate the elementary waves from
extended objects~strings! formed from coherent Goldston
configurations. The decay of the strings can be follow
through the temporal variation of the correspondingwG
5pG /rG ratio. The smaller is the selfcouplingl the longer
the string-network lives.

The simple-minded model of the motion of Goldstone a
inflaton modes, consisting of independent oscillators mov
in the background of homogenous time-dependent Hi
fluctuations provides a semiquantitative interpretation of
excitation of these degrees of freeedom. Curiously, we a
found an interesting mechanism for energetic reheating
our investigation which still avoids the restoration of th
symmetry. It might happen that some kind of strongly o
of-equilibrium dynamics~in our case the tachyonic instabi

e
s
e
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ity! excites a certain degree of freedom much more e
ciently ~in our case the Goldstone’s! than the order
parameter. If their interaction is weak relative to the Hub
expansion rate, decoupling occurs very early and the ma
field cannot climb out from the symmetry breaking min
mum. The Fourier power spectra of the Goldstone mod
frozen in a strongly out-of-equilibrium shape, displaying t
enhancement of low-k modes. One has to question if th
decoupling is sensitive to the choice of the lattice spaci
We have checked that the efficient Goldstone excitation
followed by quick decoupling preserving the same shape
the power spectra in theuku,1 region for dxlat
50.25,0.5,0.75,1.0.

During the later transition period from radiation towar
matter domination the decay of the Higgs waves into Go
stone modes can be observed. The spectra did show evid
for a lattice spacing dependence in theuku.1 region.

The features of the late time dynamics in theO(2) sector
analyzed above can be summarized in a spectral varian
the system of coupled equations, which describes the va
tion of the energy densities contained in~radiationlike! light
modes coupled to a heavy degree of freedom@14#. The varia-
tion in conformal time of the comoving Goldstone mo
energies is affected by the decay of the Higgs waves
Goldstone particles. By the assumption that the momen
distribution of the Higgs degree of freedom obeys at e
ys

. D

D.

A

v.

a
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instant the equipartition rule, one conjectures the followi
kinetic equations:

d

dh
@rG~k!a4~ t !#5QS uku2

1

2
mHa~ t ! D

3t21
3

4p

1

kcutoff
3

rHa4~ t !,

d

dh
@rHa3~ t !#52S 12

1

8

~mHa~ t !!3

kcutoff
3 D t21rHa4~ t !

~19!

(t21 is the decay rate of the Higgs waves!.
The next stage of our project is to extend the investigat

to the case of gauged models of hybrid inflation@19–21#,
which differs in very important aspects from the mode
where Goldstone modes appear.
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