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Can we live on a D-brane? Effective theory on a self-gravitating D-brane
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We consider a D-brane coupled with gravity in type 1B supergravitySomnd derive the effective theory
on the D-brane in two different ways: that is, holographic and geometrical projection methods. We find that the
effective equations on the brane obtained by these methods coincide. The theory on the D-brane described by
the Born-Infeld action is not like Einstein-Maxwell theory in the lower order of the gradient expansion; i.e., the
Maxwell field does not appear in the theory. Thus a careful analysis and statement for cosmology on a
self-gravitating D-brane should be demanded in realistic models.
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[. INTRODUCTION conformal field theory(CFT) correspondence. From AdS/
CFT correspondence, one can derive the generating function
The discovery of the D-brane in string theory has alteredor boundary CFT by calculating the classical action in AdS
the notion of extra dimensions dramatically. The gauge fieldsupergravity. If one introduces a cutoff brane in the AdS
are confined on the brane and only gravity can propagate iapacetime, a coupling of gravity to CFT emerges as a conse-
the whole higher dimensional spacetime. Inspired by thigjuence of the breaking of conformal invariance by the cutoff
possibility, Randall and Sundrum constructed a model wher&rane. An interesting point is that this effective theory for
the size of the extra dimension can be infifitg. We need CFT coupled with gravity is nothing but the effective theory
no longer a compatification of the extra dimension. Sincefor a Randall-Sundrum braneworld, which is a gravitating
then, the concept of a braneworld has been explored interieutoff) brane in AdS spacetime. Thus one may expect that
sively in cosmology and gravit}2]. the introduction of a cutoff brane in calculations of classical
Although the braneworld is motivated by the D-brane, theon-shell actions in supergravity would provide us with an
connection between the D-brane and the braneworld in theffective theory for a dual quantum field theory with the
Randall-Sundrum model is quite uncertain. In the Randall-coupling of gravity and/or an effective theory for a self-
Sundrum model, gravitational interactions play an essentiajravitating braneworld. If we adopt this point of view in the
role. A self-gravity of the brane is essential to localize mass<alculation of on-shell actions in type |IB supergravity, we
less gravitons on the brane. As for the confinement of thenight be able to obtain an effective theory for the D-brane
standard model particle, their model completely relies on theoupled with gravity and/or a self-gravitating D-braneworld.
idea of the D-brane. However, the self-gravity of the D-brane We will derive an effective theory by two methods as in
is not clearly understood. Although aspects of the D-brane ithe case for a cutoff brane in AdS spacetime and compare
supergravity are known, they are derived only from dual pic-them to each other. In the first method we will use the holo-
tures of the probe D-brane. Related to this issue, th@raphic conjecture in the braneworl@—11 and solve the
D-braneworld has been discussed with possible assumptiottamilton-Jacobi equation, whose solution will play the role
[3]: the brane action is supposed to be of Born-Infeld typeof the counterterms. Then, adopting an AdS/CFT like corre-
[4] and the bulk field is only the cosmological constant.spondence, we can derive an effective theory for the D-brane
Adopting the Born-Infeld action as the braneworld action,with the coupling of the gravity. The second one is the geo-
the matter fields are automatically included, although wemetrical approach developed in Réfl2] (see also Refs.
have assumed so far that the brane action is the Nambu-Gofd3—-16); we can obtain the gravitational equation on the
plus four-dimensional matter action. This is an important ad-gravitating brane by projecting the five-dimensional vari-
vantage because the matter contribution to the braneworld &bles onto the brane, while it is not closed in four dimen-
uniquely determined. What we want to do in the currentsions. Indeed, the projected bulk Weyl tensor appears as a
paper is deriving an effective theory on the gravitatingsource term. In the vacuum bulk case the bulk Weyl tensor
D-brane in a more realistic superstring theory. will be negligible in the low energy limit while this will not
There are several ways to derive an effective theory on &e in the case when nontrivial bulk fields eXi8t16-1§. In
probe D-brane. Recently, Sato and Tsuchiya showed that tiee holographic point of view, only a part of the bulk Weyl
effective action for a probe D-brane can be derived by caliensor behaves like conformal field theory on the boundary
culating the classical on-shell action in type 1IB supergravity[9,16,17. To identify the CFT part of the bulk Weyl tensor,
[5]. They calculated classical on-shell actions by solving theve must solve the bulk matter and gravitational fields. After
Hamilton-Jacobi equation. Then the Born-Infeld action isthat we can derive an effective theory for a gravitating brane.
shown to be a solution. Their analysis opens up the neWVe expect that almost the same result will be obtained in the
possibility of deriving an effective theory for a gravitating holographic approach.
D-brane. A similar situation appears in the context of AdS We will work in type 1B supergravity orS> because the
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AdS/CFT correspondence was originally formulated betweer\. Type IIB supergravity on S® and Hamilton-Jacobi equation
super Yang-Mills theory and type 1IB supergravity aided by  \we begin with the action for type 1B supergravity &f:
D-braneq19]. For simplicity, however, we will turn off sev-

eral fields in the course of the calculation. The rest of this 1 B 5

paper is composed of two main parts. In Sec. II, we will S= 2_K2f d5XV_9[e 2¢+(5/4),,[ (5)R+4(V¢)2+Z(VP)2
adopt the holographic method. We first describe the strategy

and then obtain the solution to the Hamilton-Jacobi equation. 1.0 1 (5/4) B,
Finally we see the effective theory on the D-brane with the ~ —5V¢Vp— §|H| —5e7L(VY) +[F|*+[G|*]
coupling to gravity. In Sec. Ill, we will solve the bulk in the

long-wave approximation and try to get the effective equa- 20+ (3la)p
tion on the gravitating D-brane in the geometrical approach. te Rss) @)
To make this procedure work well, we will put a specific
ansatz on a zeroth order solution. That is, we need an andthere  Hyunk=(1/2)dmBnig,  Funk=(1/2)dmCnij ,
lytical background solution in order to solve the next orderGKlK2K3K4K5=(1/4!)a[KlDK2K3K4K5], F=F+xH, and G
equations. In Sec. IV, we will give a discussion. Therein we=G + C/\H. |Aq|2:(l/q!)AK1~-K AKzKg, M,N
W|II_C(_)mpare th_e results obtained in each method and present 0,1,2,3,4 and hereafter we sekzzbéll.. For example, see
their interpretation. Ref. [5] for the derivation.
Recently, Sato and Tsuchiya derived the Born-Infeld ac-
II. HOLOGRAPHIC APPROACH tion for a probe D-brane as a solution to the Hamilton-Jacobi

Wi il derive the effecti tion f itati equation[5]. Since the effective action is obtained via the
b e wil ern;]e ; /e ective ac |0nd or a gravitaling y ansition amplitude from the vacuum to the boundary state
D-brane using the AJS/CFT correspondence. See [R81.  ohresenting the probe D3-brane, it could be a classical coun-

for the study of holography oprobe D-branes. This section tgrierm. The solution to the Hamilton-Jacobi equation is con-

is organized as follows. We begin with the Hamilton-Jacobisjdered in the classical limit of the Wheeler—DeWitt equa-
equation in Sec. Il A and give its solution in Sec. Il B. Then tjgn.

we derive the effective theory on the D-brane following the |n this paper we will consider the self-gravitating D3-
braneworld AdS/CFT correspondence in Sec. Il C. We willprane, not the probe one. Our purpose is to get the action for
consider two cases where the D-brane is described by thge gravitating D-brane where we can discuss the cosmology
Born-Infeld action and supposed to be done by the Nambueorrectly. For this purpose we first write down the full ex-

Goto action. pression of the Hamilton-Jacobi equation:
J

29~ Mrl [ 55 2+1 5S 2+1 5S 5s+4 5S 2+ 5S 5s+ 5S 5S 6C 58S \?
(V=2 L\ 8a,.] 215 2% 5q,, 56 5\5p) T 6hap | 6B, X6C. O 6D ,up

—2¢+(5/4)p| (4) 2 S 2 2 15 2 1 wva —2¢+(3/4)p
—e R+4D2¢— D% —4(D¢)*~ 5 (Dp)*+5D ¢Dp— 15H .,.H " | —e R(ss)

(5/4)’]{ 1(D oo te g e—(5/4)p[1(5s>2+< 5S >2+12( 5S )2 . -
—€ 5 T 19 uva i ol o =Y,

20X T (V=2l2|ex 5C,, 8D 4y

whereq,, andD , are the induced metric on the D3-brane where a2=5R(55) and 8%= 2. In our paper, on the other

and its covariant derivativeu,»=0,1,2,3. hand, we will not assume that these fields are constant. To
In Ref. [5], all fields were supposed to be constant andsolve the Hamilton-Jacobi equation, we will employ the gra-

then it was shown that the Born-Infeld action with the Wess-dient expansion scheme in the next sections.

Zumino terms is a solution up to full orders af:

B. Solution to the Hamilton-Jacobi equation

SB,(°)=af d*x—qe 2¢*» Let us solve the Hamilton-Jacobi equation using the gra-
dient expansion scheme. The expansion parametee is
s =(¢?/L?, where¢ andL are the bulk curvature scale and the
+13J' d'xe” “\—delq,,+B,,) typical gradient scale on the brane, respectively. The solution
L is expanded as
+y jD+JCAB+2ijAB), 3 S=Sy+S,+S,+ - - -. (4)
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For exampleS; is expected to contain a linear combination

of R, B,,B*", (D¢)?, and so on. so=f d*x\—q

- _4, Y0
ape 2¢+p+ﬁoe ¢+ ﬁEMVQBDMVaﬁ .

1. Zeroth order (6)

In the zeroth order the Hamilton-Jacobi equation becomesgubstituting the above into E¢5), we have an equation for

24| 53, 65, X 1(580)2 ag, Bo, andyy:
- q,u.aqvﬁ 5| s
(\/_q)2 5q,u,v 5qa,8 2 5¢ 1 _ 1 _
a0~ Rv|e 2¢+(3/4)”—§(ﬂ(2)—7(2))e =0, (7)
1 5 6% 4 (5so> +5so 550}
Q,w =7 o
2 » 8¢ 50| " 64 o from which we find
—(5/4)p 2
e 8S,y
—2¢+(3/4)p —12 = _ 2_.2
¢ R(SS) 14(\/__q)2<5D,uva,B) 0. aO_SR(SS) and Bo_yo' ®
(5 2. First order
It is easy to see that the solution can be written as In the first order the Hamilton-Jacobi equation becomes
|
e??~ e[ 55, 65, . 5so+1 5, 5, 5sl+1 5S, S, . 8 5so+ 5, 5sl+ 5S,
(V=2 | 760, 80,5 #3756 7 2 5q,, 56 2 8¢ oq,, wT\5 5 T 5 5B,
5S, 5 V], 5 1
_ &+ (5/4)p| (4) Y 2_ - . uve
Xac —6C,z 5DWB) R+4D%¢ 5D%p—4(D¢) (Dp) +5D¢Dp— T5H uvaH
1 65
(5/4)p| — 2 pnva| _ A—(5/4)p —
+e (DX) 1 M,,C,F e (\/—_qfsc;w 0. 9

For simplicity we seH ,,,=0 andl~:,wa= 0. ThusB,, andC,,, are closed, and then written as the vector potentials. We will
also setC,,=0 at the end of the calculations. Using the solutiorBgf Eqg. (9) becomes

2¢p—(5/4)p 2
s Boe™ lq 05 oS _Ea e—zwpﬁJr L[5S X Sy —6C %> —e 26+ (5M4)p| (DR
—q |° 259, ©O6p) 5°° sp  J=q!oB,, "“éC,, “P 8D yyap
2
5 15 1 1 5S;
Y 2_ =~ 2 (5/4)p 2_ A—(514)p _
+4D%¢ 5D?p—4(D¢)?~ 5(Dp)*+5D¢Dp | +5e¥P(Dy)* e T4 %, ) (10
Here, remember that the AAS/CFT correspondence will hold in the limit of
ap—0, (11

that is, the AdS an@&® curvature radii are much longer than the string length. In this limit we can see that the solut@n for
is given by

:ﬁif d4x\/__qe—3</>+(5/2)p
0

1 35 25 1
—(4) — — - 4y [—qge= ¢+ (52)p 2
5 R+4(D¢)“+ 16(Dp) 7 Dd)Dp} 4ﬁof d*x\—qge (Dyx)

+ %f d*x\—qe B, B+ ?J d*x+—qerrep

BuCupt 5 5 BMB } (12

Hereafter we will consider the limit ofto=0 andRgs5=0.

3. Second order

Next we consider the second order. The Hamilton-Jacobi equation is
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1 [1 5S, 5sz+ 58S, | e? 58S, 6S; +1(5sl)2+1 55, 5sl+4(5sl>2
J=ql2%5a,, " p oM BT Bo( =2l 0 80us N2\ 56 ) T2% 5, 56 " 5\ 5p
L9508 et 1 ss 2
6¢p op| 2Bo\—q X

@ 5¢+5r 1 1
= MR GRrY L Z(HR2| 3 =3¢+ (52)p (4)R#V(Bz)
4:38 v 2 0 nv

1
- Z<4>R Tr(Bz)}—

where @%),,,=B,“B,, and Tr@%=B,,B"~.
As we shall see soort)R,,=0(B?) and (¥R=0(B*)
will hold. Bearing this in mindS, can be evaluated as

3Be ¢

8 (13

[Tr(B“)—%[Tr(BZ)]Z +

- 1 1
SEHzﬁ—Of d“x\/—q(e3¢+<5’2>P[§(4)R+4(D¢)2

35

25 1
= 2_ =~ T A+ (52 2
+ 16(Dp) 7 D¢Dp} 2¢ (Dx) ]

= d4x\/__e—5¢+50(4)R V(4)R;w (18
%2 ZOBSJ q .
1
(1) < 4 va,
+% d4x\/__qe—3¢+(5/2)p(4)R,uVTMV Swz—ﬁof d*x\—qerP ﬂDwaﬁJrllBWC
+ B,,B, 1
f d*xy—qe ¢ Tr(B)— = [Tr(|32)]2 8 } 9
(14 and
where we sepBy= vy, SO that the Born-Infeld action is real- S,= ! d4x,/_qe—5¢+5p(4)RHV(4)Ruv
ized for the flat D-brane with the constant fidg, . We also 20ﬂ3
defined 1
Zﬁ d4X\/_e 3¢+(5/2)p(4)R,uVT A
(1) 5 1 5 20
T == (Bt 70, TH(B?). (15 20
Note that in the flat and constant field lin,=Sg, up to
4. Summary the current order. It is also noted that there is nontrivial
(1)
The total solution to the Hamilton-Jacobi equation is Sumtouplind“)RWTW, and so on.
marized by

C. Effective equation on the D-brane

Se=—(So+Si+ S+ -+ )= — (S +Sept+ Swz+Sy), 1. Strategy
(16 In the braneworld the AAS/CFT correspondence may be
formulated by the following partition functional argument
where [7]:
Z:f Dgeisbulk(g)+i(1/2)30-braneKQ)+iSGH(q)

~ 1 1
SB,=BOJ d*x\—qe % 1+ 7B8wB""— g[Tr(B“)

1 = j Dq e(i/Z)SD-brane+iSct<eifd4XunT#y>CFT’

_Z 272
zLT(B9] ] 17 o1
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whereS; represents the counterterms which make the action Ly _¢(1> @
finite and is given by the on-shell solution of the Hamilton- Teiw=8e %y, =B T 41+ Tai, (24)
Jacobi equationS= — (Sg+S;+S,+ - - ). The variational d
principle implies an
T @ —-¢ 1 2 2 1 2
1 5SD.brane+2 1 ( 0S¢t N o CFT) _0. (22 Tgi.=0¢€ :—ZTr(B )| (B) 10— quTr(B )
v—(Q 5q,u.l/ v—qQ 6q,u.1/ 5q,u.1/
1

To fix the first term we must specify the D-brafeutoff +(B*),,,— quTf(B“))- (25

brang action. In this paper we consider two types of branes.
Substituting Eq(23) into Eq.(22), we can obtain the effec-
tive gravitational equation on the brane. At that time we set

First let us examine the case where the brane action is the
Born-Infeld type: B=2po, (26)

2. Born-Infeld membrane

s so that the brane geometry could be four-dimensional
SD-brane=BJ d*xe”?y—defq,,+B,,). (23)  Minkowski spacetime.

In the first order the effective equation becomes just the

The energy-momentum tensor of this brane becomes vacuum one:
|
1 S,
G, = Boe> (5/2)9( - —Tamﬁ ZJ_ 50 qwqyﬁ> +T0T

5
= _3(D,u,DV_qMVD2)¢+E(DMDv_qMVDZ)p+[D;L¢DV¢_SqMV(D¢)2]

15
+_

1
—a2¢
8 t2e

13 ,
D,pD,p— ng(Dp)

1 2
D, xD,x— zqw(Dx)

5
—7(D,pD,¢+D,¢D p=70,,DpDp) + T T+ - . (27)

We may naively expect that Einstein-Maxwell theory governs the physics on the D-brane described by the Born-Infeld action.

However, the result is not the case. SiBggis the same aSg, up to the order ole“)W, the first order Einstein equation does
not have the source of the Maxwell field while the contribution from holographic CFT exists.
As a result, the gravitational equation up to the second order is given by

5 15
“G,,=T,,"~3(D,D,~q,,D?) ¢+ 5(D,D,~0,,D?)p+[D,¢D,¢=50,,Dd)*]+ 5

13 ,
DMpDVp_ Eg,u,v(Dp)

_|_£ 2¢

—2¢+(512)p| (4)pa (4)
4€ P( Re(R,,

1 5 1
DMXDVX_ Eq,uV(DX)Z}_ Z(DMPDV¢+DM¢DVP—7qMVD¢Dp)_ ;e
0

1 1
_ Zqﬂv(4)RaBRaB) _ e—2¢+(5/2)pD2 (4)Rp,v+ (4)R,ua( BZ)aV+ (4)Rva(82)ap,_ 2(4)RWTr( BZ)

1083

(1)

1 1
+ @R*PB, B, — Eqw(“)RaB(Bz)“'B—EDZTW. (28)

In the above we have dropped the second order terms which couple to the scalar fields to keep the form compact.

3. Nambu-Goto membrane

For the comparison, it might be worth considering the brane described by the Nambu-Goto action
SNG=2,BOJ d*x\—qe ?. (29)
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At the first order, the effective equation becomes
(4) 2 2(15*(5/2)[)(1) 2 5 2 27, 19
G,u.V:BOe T/LV—S(D/_LDV_q/.LVD )¢+§(D/.LDV_q,LLVD )p+[D,u¢DV¢_5q;.w(D¢) ]+§ D,LLPDVp

13

1 5
2 2 a CFT
5 4,.(Dp) D,uXDvX_Eg,w(DX) —Z(DMpDqu-i— D,#D,p—7q,,D,¢D p)+TW +o

(30

1
+—e?¢
728

Cancellation does not occur and Einstein-Maxwell-scalaiFinally, we derive the gravitational equation on the D-branes
theory is realized on the brane. This is also an unexpectedescribed by the Born-Infeld action in Sec. Il B.
result.

A. Formulation

I1l. GEOMETRICAL APPROACH . .
GEO c OAC The full metric is written as

In the previous section, we saw unexpected results for the
effective theory on the brane. It seems that they originate
from the fact that the Born-Infeld action is a solution to the ) )
Hamilton-Jacobi equation. In order to understand why welhe induced metric on the brane I, ,(x)=q,.(Yo.X),
obtain such consequences, we will rederive the gravitationaVhere we suppose that the brane is locateg=ay. _
equation on the D-brane using the geometrical method N the g(_aometrlcal approach, the gravitational equation on
[12,15 in this section. To do so we will solve the bulk space- the brane is given by
time in the long wave approximation and then obtain the
effective theory in the low energy limit. We will use slightly @G (h)= z
different notation from the previous sections. wy 3

The rest of this section is organized as follows. In Sec.

[l A, we give a formulation of the geometrical approach and _ E(Kz_ K, K%*)h, —E (32)
. . apf nv nv

stress that we must solve the bulk fields and gravity some-

how. Then we solve them in the long wave approximation up

to leading order for the gravitational theory on the branewhere

ds?=e?*Mdy?+q,,,(y,X)dx*dx". (32)

1
Ty~ 3T

T,th,, + KK~ K 2K g

2 S 2 1., 1 A 2
Tun=—2(VWuW—=gunV9) o + Z(VMVN_QMNV )p+ 5€ VmxW _EgMN(VX) +E[VMPVNP_39MN(VP) ]

1

5 1 - - -
—2gun(V )+ EgMNVK¢VKP+Z(HMKLHN KE—gunlHID) + Zez¢(FMKLFN “E—gunlFI?)

= = K1KyK3K
+9—6€2¢GMK1K2K3KAGN 112838 (33

and thus

5 5
T,.,th,, D XD X~ gh,u(DX)?|+ 74| DupD.p

1 2 > 2 1 24
Tyy— ZT =-2(b,D,¢—h,,D ¢)+Z(DMD,,p—hM,,D p)+§e

5 ] 3 , 15 ) 5
_Eh/l,l/(Dp) _Eh,uv(DqS) +=h D,#D p_z(K/Lu_h/u/K)ayd)—’_ Z(K,U,V_h/LI/K)ayp

8

3 20 ) 15 ) 3 ) 15 1 N
+ 1_6e h;w(&yX) - 3_2hp.v((9yp) - Ehuv(ay¢) + ?h/.w(?yd)ﬁyp—’_ 2 Hy,u.aHyv

1 1 ~ o~ 1 - o~ 1 ~ ~

a 2 a @ 2 aapa

~TgMuHyast” P +5e ¢( FyuaFy, = 7gMusFyasF” B +52€ ¢(Gﬂyala2asevy 1293

1 ~ ~Yajaraza,
- 1_6h,u,VGya1a2a3a4G 1725854 ), (34)
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E,.. is the projected five-dimensional Weyl tensor defined by [—Ke?—=dyp+2dy¢](Yo,X)=0, (38
EW (5)C#MVNn nN. It is obvious that the above equation

is not closed in four dimensions. Moreover, when bulk fields

exist,E ,, is not negligible in the low energy lim[9,16,17. B

Since tyﬁe Born-Infeld action appears as a solution to the ayX(YO'X):_gﬁe(P wm)pfwdﬁBuvBaﬁ’ (39
Hamilton-Jacobi equation, we guess tEat, contains a part

of the Born-Infeld energy-momentum tensor.

As in the previous section, for simplicity, we turn off
almost fields except the scalar fielBg, and éwlﬂzusw
To obtain a background solution that is consistent with the

1 2 3
By~ 5 TH(B?)B,,+(BY),,,

Hy,uv(yO -X) = Be¢+¢_(5/4)p

jgnction condition, we assume that the action for the brane is +O(BS)}, (40)
given by
Shrane= Zﬁf d*xe”¢\—de(h+B) 8
ﬁYMV(yOlX): - §e¢7(5/4)peﬂvaﬁ8aﬁ' (41)
+2,8J d*x\—herrep 4BWC 3 BMB
1 and
+ ﬁDMmﬁ . (35
~ — 5/4
The boundary conditions on the brane are brought about Gypuyppguy Yo X) = =B e, iy (42)
by the junction conditions:
5 where
(K;Lv_hﬂVK)e(P+ Zayd)_zﬁyp h/.w (YO,X)
_ Ee(p+2(f>—(5/4)pTB| (36) Bl ¢ (D) 1 ) X
4 wv) T.,=2pe h,,— TW—ZTr(B )| (B?) 1w
[4Ke?—8dyd+5dyp](Yo,X)
L ShMTr( 2)|+(BY) ,,— 5 WTr(B4)+0(BG)
=pe?t o (5’4)"[ il B2 +35lTr B?)
=B (B9) [ (B*)]? 3

1
_ = 4 6
8Tr(B )+O(B )}’ (87 Using these junction conditions, E(2) becomes

5 D 4 5 1 5
(4)G,uv(h): 6182624)7(5/2)’)1—,“/_ §(D,LLDV_ huvD2)¢+ E(D/LDV_ h,usz)p—’_ §e2¢ D,U.XDVX_ gh/“/(DX)z

5

Y

5 5
D,upDVp_ Eh,U,V(Dp)z —hMV(D¢)2+ Zh,uVDad)Dap_ E,LLV+O(B4)- (44)

The bulk “evolutional” equations are

4
£nK= (“’R—(T"u— gT) ~K?-D2—(Dg)?, (45

~ ~ 1 ~
£nK'uV: (4)Rluv_ (DD, +D"¢9D ,¢)yaceless ( TMV_ 4 5MVTaa) - KK#V ) (46)

2 > 2 25 2 3 2¢ 2 > 5 26|12 °
402 5 32p—B(oy$)?~ G- (9yp) 2+ 103, ddyp— 5 €240y x) >+ €°K| 4y 5 dyp | +| 5€*IBI?~D ,eD| 46— =p

5 25 3 1,
+4D%¢— Esz—S(Dq’))Z— §(Dp)2+ 10D ,¢D“p— §e2¢(DX)2+ 2|H|?+ Eez‘f’|F|2 e?¢=0, (47)
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2 2 2 5 2 13 2¢|~2 2 2 2
—dyp+dyp+2(dye) +Z(07yp) —Zay¢0yp—e¢K(ay¢>—ayp)+ —e*?|G|*+D,eD*(¢p—p)—D?*¢p+D*p+2(D¢)

5 13 1 1 ~
+Z(Dp)2—ZDaq§Dap—§|H|2— §e2¢|F|2 e?¢=0, (48)
ay(eCP x)+D ,(eCPDy) +el5Pe?K gy — ¢ GPD yDHp=0, (49
ay(e—2¢+(5/4)pH yuv 4 e(5/4)pX"|ftu) + esz(e—2¢+(5/4)pHyMV+ e(5/4)PEyMV) +%e(5/4)PFyaBéﬂVy“5: 0, (50
(5I4)pEyuv + (5 ) EYrY 1 (5/4) —~uvyaB
ay(ePPEYRY) 4 ¥ PKFYH —Ee PHy o sGHY =0, (51
|
and 5 5, (0 5 5
49 o~ E%Po*’ e?K | 4dypo— Eﬂypo —8(dydo)
14)p 2 _ 14)p 2
53’(8(5 4)pGYM1ﬂ2ﬂ3M4) =Kel® 4)pGY#1M2M3“4' (52) 25 5
— 2 Z p20t2dg| 312 —
The Hamiltonian and momentum constraints are 8 (dypo) +l()'9y¢°(?3”o°+2€ "GI*=0,
1 4 3 2 . wa wB 2 (60)
-5 ( )R—ZK +KOKE, | =Ty e™%%, (53) i i ©
_ay¢0+&yp0+e‘pK(_ay¢0+dyp0)+2(&y¢0)2
and
5 13 -
Y _ + _(aypo)z_ —f?yd’o(?ypo_ ez¢+2¢0|G|2:01
DK% —D,K=Ty,e* (54) 4 4
_ . - (61)
Lespectlvely. The constraints foH,,,, Fy,,, and and
VMo 3 ey are )
5/4)po > _ 5/4)po 7
Da(e—¢—2¢+(5/4)pHyaM+e—¢+(5/4)pX|~:yaM):0, (55) ﬂy(e( )pOGyulﬂzﬂaM)_ K el )pOGy#1M2#3#4' (62)
_ The constraint equations are
D*(e?*tB"PF,, )=0, (56) .
D*1(e~ ¢t (540G )=0. (63)

YHQHoH3Mg
and

The junction conditions are
Yapuypgug) = O- (57) () )
KMu(yoaX):O, K(yo,X):—Be‘bO*(Sm)l)o,

dybo(Yo.X)=0, dypo(Yo,X)=pest %o~ (Mo, (64)

D a( A (5/4)pé

B. Solving of the bulk and effective theory

Let us solve the bulk equatior{g5)—(52) with the junc-
tion conditions(36)—(42) in the long wave approximation. and
The infinitesimal parameter of the expansioneis (£/L)?2,

where¢ is the bulk curvature scale ardis the typical scale éyﬂwzﬂsw(yo'x) - _Beqai(sm)pofﬂlﬂzusw (65)
on the brane. The background solution is easily found [@4]
1. Zeroth order 4
In the zeroth order the evolutional equations are bo=bo(X),  po=5109(y/yo) +o0(X),  Xo=Xo(X),
© (0O © (0
e*‘P(?yR",F— KK~ (58) Cu=Bu=0,
(0) 4 \(©) (0 and
e “o,K=— ( ™ - §T> —K?, (59) Oy pippaug=— B0, (66)
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where 1 » )
dypa(yo,X)= = 7 pe? " Pom ClroTr(B2).  (75)

5
@(X)=— do(X) + ZO'O(X)+|09(4/5VO/3)- (67)
For the gravitational equation on the brane, the key equa-
The extrinsic curvature is given by tions are the evolutional equation for_the tracele_ss part of the
extrinsic curvature and the Hamiltonian constraint:
o L oo
m— T ame(X) gu

K%, 5ye o, (68 (1)

ayRMV: (4)§ﬂv_ (D*D,o+D"¢D @) yaceless

and then the metric becomes 1 @ (D
© - ( T — 7 St T, | — KK#, (76)
g v =2a%(Y)h,,, (%), (69)
where and
- 15 0@ (D)
y 1 3 -
a(y)=(%) : (70 —5 R+ ZKK =Ty e 2. (77

The behavior of the background metric brings us a seriougince
problem, that is, the four-dimensional gravity cannot be re-
covered on the brane. The minimum way to see this is the Y+’
dimensional reduction from five to four dimensions:

the right-hand side in Eq76) containsF,,, and

we also need to solve their bulk equations

(0) 1 ~
Iy XMV +ef K XM+ S el3eop,  [GY*Arr=0  (78)
f d5x\/—_g(5)R~j dyaz(y)f d*xy—h®R(h). 2
7D and

In the abovefdya?(y)=« when we consider the infinite
extra dimensions, which implies that the four-dimensional (5a)pgEyur o (5/4) <0>~y , 1 (5/4), X yapur
gravity cannot be recovered. This problem might be regarded’y(€" "°F'*") +e POK I = S eHP0H (g G4PK
as a sort of no-go theorem proposed by Maldad@@h The
simple resolution to this problem is compactification and/or =0, (79
introduction of another brane. There may be another possi-
bility that the bulk or brane action is modified via some where X“v=g~2¢0+ (51opyur | (50 EYer and  (TH
quantum effects. We leave this issue for future study. _Lerey@ s the fi d Fn_ 1 guTe hV

Note that adding a Wess-Zumino terfiD in the brane 4 _VTa) IS the first or er part of T, ~34,T,). The
action is essential to obtain solutions. There is no solutiorslUtions are easily found:
with a similar form when brane is supposed to be described
only by the Nambu-Goto action. This fact is consistent with Hy (Y, X)=—a(y)®pert -G (x)  (80)
the result that the Nambu-Goto action alone cannot satisfy

the Hamilton-Jacobi equation. and

2. First order

Next we turn to the first order equations. The junction Eyw(y,x)=—a(y)9ge“"“"‘)%%ww(h)Baﬁhpah“ﬁ.
conditions become

(82)
(1) 1
K(YO:X):_Zﬁed’of(sm)p“-”(Bz)v (72 Let us derive the gravitational equation on the brane.
From the Hamiltonian constraint on the brane, we first obtain
m 1 (1)
K¥,(yo,x) = 5 pefo- (G1roTr,, (73

WR(h)=—2D%¢o+ %D%)Z%ewom}(o)z, (82)

1
— — Z gaetdo—(5/4)pg 2 ~
Iyb1(Yo.X) =~z e Tr(B%, 74 whered . is the covariant derivative with respectiq, .

Substituting the above solutions into EF.6) and inte-
and grating overy, we obtain
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1D

5 [, 5. 5. 5. 5.
y—KM (y, x)——a e¢| DRE(h)+2D#D ,¢po— D D,po— 16D poD,po— ZD poD,bo— —D $oD ,po
0

1 ~ A A A oa A
— 5D xD,xo~ DD, 0~ D ¢D g —allptes 2= 7B, | tayi(x), (89

traceless

wherey,,,(X) is the constant of integration. Together with the junction conditiorkirand the Hamiltonian constraint, we
finally obtain the effective equation on the brane:

“ , 5 ) 16/ . 7 V1. 1
Guu(h)=— D D +4h,wD 2¢o— 2Po "‘g D#PODuPo_ZhW(DPO) +§e 0 DMXODVXO_Eh,u.V(DXO)
- T A B S
_(D¢O) h +Z ¢OD poh,U.VJ’_D,LLDV(p_Zh;LV(D(P) +Dp,(pDv(P_th.V(D¢) +X,uv(x)' (84)

This is the main result in this section. Although we can wtén terms of¢y andp,, we leave it from a pedagogical point

of view. As in the previous section, it turns out again that the gravitational equation on the braréike Einstein-Maxwell
(1)
theory. T ,, is exactly canceled out.

Comparing Eq(84) with Eq. (44), we find that the relation betweds,, and}}w is

N C A1 PR | PP TP T TP PR
_E/LV:X,MV_ EIB e-vo pOT,uV_ § D;LDV¢O_ n MV(D¢O) D DVpO_ ZhMV(DpO) + ge D,LLXODVXO
1 ~ 5 5| . ~ 1 ~ ol | a ~ 1 ~ 5 ~ . ,\ ,\
_ZhMV(DXO) +§ D,upODVPO_Zh,u,V(DpO) +DM¢0DV¢O_ZhMV(D¢O) _Z DM¢ODVPO+DMPODV¢O
Zh,wD,LpoDwo} (85)

We should again notice that the form of the brane action -
Eq. (35 is essential to have consistent solutions. Solutions T. —X,w 2 .o

for Hy,, anleZW in the bulk are automatically consistent

with the boundary conditions derived from E85). We can- 11, N A,
not find a consistent solution except for a trivial solution - ?Dd’ODPOJFE(DPO)
B,,=0, if one chooses the brane action without a Born-

Infeld term.

D?(— ¢ho+ po) +3(D )2

:;,uu 4h;w‘JC|2T’ (86)

IV. DISCUSSION

In this paper we derived the effective theory on theWhere

D-brane described by the Born-Infeld action in type IIB su-

pergravity. To bring out the essence we focused on gravity, ) — 1 olcer (87)

the U1) gauge field, and the scalars. We considered two Jerr= J=h &

different derivations by holographic and geometrical ap-

proaches. In both, it turns out that the effective theory isin the above we have used the equations for the scalar fields
four-dimensional Einstetqscalar holographic CFT(or in-  that can be obtained through the variational principle of the
tegration of a constaptand that the Maxwell fields do not action Sy anet St I'cer in the previous section:

appear at the leading order. This is bad news for the

D-braneworld scenario. Now we have a caution: careful con- . 5 . 11. .

sideration will be demanded in a realistic model. D%(o—po) —3(Dpp)?— E(Dpo)2+ 7D#¢0D“Po

Usually “the integration of constant)(,w in Eqg. (84) is

expected to correspond to the holographic CFT energy- 1 p

momentum tensof15,16. Comparing Eq.(27) with Eq. =~ gJcer (88)
(84), we can easily confirm that this is the case, tha]sq@,,

is related t TCFT at the leading order. More precisely, Thus we can confirm the desirable result here.
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As stressed in Sec. Ill B 1, the current background solu- There are several remaining studies. The first is the higher
tion is not like AdS spacetime and gravity cannot be confinedrder corrections and their meaning. In the holographic ap-
on the brane at low energy without compactification. If weproach, we obtained the coupling between the curvature and
compactify the extra dimension, we must introduce anothethe stress tensor of the gauge fields. A systematic analysis
brane. In this case, the integration of the cons}}a}m isnot  will be interesting. The second is about the localization of
the holographic CFT energy-momentum tensor but just théermion fields on the D-brane. We hope that these issues will
energy-momentum tensor on the brane. If the brane is thbe addressed in the near future.
vacuum, }MFO. Then the effective theory is not like
Einstein-Maxwell theory. But, if the Maxwell field lives on
another brane, we can see that the field also appears on the ACKNOWLEDGMENTS
D-brane.
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