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Can we live on a D-brane? Effective theory on a self-gravitating D-brane
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We consider a D-brane coupled with gravity in type IIB supergravity onS5 and derive the effective theory
on the D-brane in two different ways: that is, holographic and geometrical projection methods. We find that the
effective equations on the brane obtained by these methods coincide. The theory on the D-brane described by
the Born-Infeld action is not like Einstein-Maxwell theory in the lower order of the gradient expansion; i.e., the
Maxwell field does not appear in the theory. Thus a careful analysis and statement for cosmology on a
self-gravitating D-brane should be demanded in realistic models.
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I. INTRODUCTION

The discovery of the D-brane in string theory has alte
the notion of extra dimensions dramatically. The gauge fie
are confined on the brane and only gravity can propagat
the whole higher dimensional spacetime. Inspired by t
possibility, Randall and Sundrum constructed a model wh
the size of the extra dimension can be infinite@1#. We need
no longer a compatification of the extra dimension. Sin
then, the concept of a braneworld has been explored in
sively in cosmology and gravity@2#.

Although the braneworld is motivated by the D-brane, t
connection between the D-brane and the braneworld in
Randall-Sundrum model is quite uncertain. In the Rand
Sundrum model, gravitational interactions play an essen
role. A self-gravity of the brane is essential to localize ma
less gravitons on the brane. As for the confinement of
standard model particle, their model completely relies on
idea of the D-brane. However, the self-gravity of the D-bra
is not clearly understood. Although aspects of the D-bran
supergravity are known, they are derived only from dual p
tures of the probe D-brane. Related to this issue,
D-braneworld has been discussed with possible assump
@3#: the brane action is supposed to be of Born-Infeld ty
@4# and the bulk field is only the cosmological consta
Adopting the Born-Infeld action as the braneworld actio
the matter fields are automatically included, although
have assumed so far that the brane action is the Nambu-
plus four-dimensional matter action. This is an important
vantage because the matter contribution to the branewor
uniquely determined. What we want to do in the curre
paper is deriving an effective theory on the gravitati
D-brane in a more realistic superstring theory.

There are several ways to derive an effective theory o
probe D-brane. Recently, Sato and Tsuchiya showed tha
effective action for a probe D-brane can be derived by c
culating the classical on-shell action in type IIB supergrav
@5#. They calculated classical on-shell actions by solving
Hamilton-Jacobi equation. Then the Born-Infeld action
shown to be a solution. Their analysis opens up the n
possibility of deriving an effective theory for a gravitatin
D-brane. A similar situation appears in the context of A
0556-2821/2003/68~6!/063506~11!/$20.00 68 0635
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conformal field theory~CFT! correspondence. From AdS
CFT correspondence, one can derive the generating func
for boundary CFT by calculating the classical action in A
supergravity. If one introduces a cutoff brane in the A
spacetime, a coupling of gravity to CFT emerges as a con
quence of the breaking of conformal invariance by the cut
brane. An interesting point is that this effective theory f
CFT coupled with gravity is nothing but the effective theo
for a Randall-Sundrum braneworld, which is a gravitati
~cutoff! brane in AdS spacetime. Thus one may expect t
the introduction of a cutoff brane in calculations of classic
on-shell actions in supergravity would provide us with
effective theory for a dual quantum field theory with th
coupling of gravity and/or an effective theory for a se
gravitating braneworld. If we adopt this point of view in th
calculation of on-shell actions in type IIB supergravity, w
might be able to obtain an effective theory for the D-bra
coupled with gravity and/or a self-gravitating D-branewor

We will derive an effective theory by two methods as
the case for a cutoff brane in AdS spacetime and comp
them to each other. In the first method we will use the ho
graphic conjecture in the braneworld@6–11# and solve the
Hamilton-Jacobi equation, whose solution will play the ro
of the counterterms. Then, adopting an AdS/CFT like cor
spondence, we can derive an effective theory for the D-br
with the coupling of the gravity. The second one is the ge
metrical approach developed in Ref.@12# ~see also Refs.
@13–16#!; we can obtain the gravitational equation on t
gravitating brane by projecting the five-dimensional va
ables onto the brane, while it is not closed in four dime
sions. Indeed, the projected bulk Weyl tensor appears a
source term. In the vacuum bulk case the bulk Weyl ten
will be negligible in the low energy limit while this will not
be in the case when nontrivial bulk fields exist@9,16–18#. In
the holographic point of view, only a part of the bulk We
tensor behaves like conformal field theory on the bound
@9,16,17#. To identify the CFT part of the bulk Weyl tenso
we must solve the bulk matter and gravitational fields. Af
that we can derive an effective theory for a gravitating bra
We expect that almost the same result will be obtained in
holographic approach.

We will work in type IIB supergravity onS5 because the
©2003 The American Physical Society06-1
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AdS/CFT correspondence was originally formulated betw
super Yang-Mills theory and type IIB supergravity aided
D-branes@19#. For simplicity, however, we will turn off sev-
eral fields in the course of the calculation. The rest of t
paper is composed of two main parts. In Sec. II, we w
adopt the holographic method. We first describe the strat
and then obtain the solution to the Hamilton-Jacobi equat
Finally we see the effective theory on the D-brane with
coupling to gravity. In Sec. III, we will solve the bulk in th
long-wave approximation and try to get the effective eq
tion on the gravitating D-brane in the geometrical approa
To make this procedure work well, we will put a specifi
ansatz on a zeroth order solution. That is, we need an
lytical background solution in order to solve the next ord
equations. In Sec. IV, we will give a discussion. Therein
will compare the results obtained in each method and pre
their interpretation.

II. HOLOGRAPHIC APPROACH

We will derive the effective action for a gravitatin
D-brane using the AdS/CFT correspondence. See Ref.@10#
for the study of holography onprobeD-branes. This section
is organized as follows. We begin with the Hamilton-Jaco
equation in Sec. II A and give its solution in Sec. II B. The
we derive the effective theory on the D-brane following t
braneworld AdS/CFT correspondence in Sec. II C. We w
consider two cases where the D-brane is described by
Born-Infeld action and supposed to be done by the Nam
Goto action.
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A. Type IIB supergravity on S5 and Hamilton-Jacobi equation

We begin with the action for type IIB supergravity onS5:

S5
1

2k2E d5xA2gH e22f1(5/4)rF (5)R14~¹f!21
5

4
~¹r!2

25¹f¹r2
1

2
uHu2G2

1

2
e(5/4)r@~¹x!21uF̃u21uG̃u2#

1e22f1(3/4)rR(S5)J , ~1!

where HMNK5(1/2)] [ MBNK] , FMNK5(1/2)] [ MCNK] ,
GK1K2K3K4K5

5(1/4!)] [K1
DK2K3K4K5] , F̃5F1xH, and G̃

5G1C`H. uAqu25(1/q!)AK1•••Kq
AK1•••Kq. M ,N

50,1,2,3,4 and hereafter we set 2k251. For example, see
Ref. @5# for the derivation.

Recently, Sato and Tsuchiya derived the Born-Infeld
tion for a probe D-brane as a solution to the Hamilton-Jac
equation@5#. Since the effective action is obtained via th
transition amplitude from the vacuum to the boundary st
representing the probe D3-brane, it could be a classical co
terterm. The solution to the Hamilton-Jacobi equation is c
sidered in the classical limit of the Wheeler–DeWitt equ
tion.

In this paper we will consider the self-gravitating D3
brane, not the probe one. Our purpose is to get the action
the gravitating D-brane where we can discuss the cosmo
correctly. For this purpose we first write down the full e
pression of the Hamilton-Jacobi equation:
2
e2f2(5/4)r

~A2q!2 F S dS

dqmn
D 2

1
1

2 S dS

df D 2

1
1

2
qmn

dS

dqmn

dS

df
1

4

5 S dS

dr D 2

1
dS

df

dS

dr
1S dS

dBmn
2x

dS

dCmn
26Cab

dS

dDmnab
D 2G

2e22f1(5/4)rF (4)R14D2f2
5

2
D2r24~Df!22

15

8
~Dr!215DfDr2

1

12
HmnaHmnaG2e22f1(3/4)rR(S5)

2e(5/4)rF2
1

2
~Dx!22

1

12
F̃mnaF̃mnaG2

e2(5/4)r

~A2q!2 F1

2 S dS

dx D 2

1S dS

dCmn
D 2

112S dS

dDmnab
D 2G50, ~2!
r
. To
ra-

ra-
is
e

tion
whereqmn and Dm are the induced metric on the D3-bran
and its covariant derivative.m,n50,1,2,3.

In Ref. @5#, all fields were supposed to be constant a
then it was shown that the Born-Infeld action with the We
Zumino terms is a solution up to full orders ofa8:

SBI
(0)5aE d4xA2qe22f1r

1bE d4xe2fA2det~qmn1Bmn!

1gS E D1E C`B1
1

2E xB`BD , ~3!
d
-

where a255R(S5) and b25g2. In our paper, on the othe
hand, we will not assume that these fields are constant
solve the Hamilton-Jacobi equation, we will employ the g
dient expansion scheme in the next sections.

B. Solution to the Hamilton-Jacobi equation

Let us solve the Hamilton-Jacobi equation using the g
dient expansion scheme. The expansion parametere
5,2/L2, where, andL are the bulk curvature scale and th
typical gradient scale on the brane, respectively. The solu
is expanded as

S5S01S11S21•••. ~4!
6-2
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For example,S1 is expected to contain a linear combinatio
of (4)R, BmnBmn, (Df)2, and so on.

1. Zeroth order

In the zeroth order the Hamilton-Jacobi equation becom

2
e2f2(5/4)r

~A2q!2 F dS0

dqmn

dS0

dqab
qmaqnb1

1

2 S dS0

df D 2

1
1

2
qmn

dS0

dqmn

dS0

df
1

4

5 S dS0

dr D 2

1
dS0

df

dS0

dr G
2e22f1(3/4)rR(S5)212

e2(5/4)r

~A2q!2 S dS0

dDmnab
D 2

50.

~5!

It is easy to see that the solution can be written as
06350
s

S05E d4xA2qFa0e22f1r1b0e2f1
g0

24
emnabDmnabG .

~6!

Substituting the above into Eq.~5!, we have an equation fo
a0 , b0, andg0:

F1

5
a0

22R(S5)Ge22f1(3/4)r2
1

2
~b0

22g0
2!e2(5/4)r50, ~7!

from which we find

a0
255R(S5) and b0

25g0
2 . ~8!

2. First order

In the first order the Hamilton-Jacobi equation become
will

for
2
e2f2(5/4)r

~A2q!2 F2
dS0

dqmn

dS1

dqab
qmaqnb1S dS0

df
1

1

2

dS0

dqmn
qmn1

dS0

dr D dS1

df
1

1

2

dS0

df

dS1

dqmn
qmn1S 8

5

dS0

dr
1

dS0

df D dS1

dr
1S dS1

dBmn

2x
dS1

dCmn
26Cab

dS0

dDmnab
D 2G2e22f1(5/4)rF (4)R14D2f2

5

2
D2r24~Df!22

15

8
~Dr!215DfDr2

1

12
HmnaHmnaG

1e(5/4)rF1

2
~Dx!21

1

12
F̃mnaF̃mnaG2e2(5/4)rS 1

A2q

dS1

dCmn
D 2

50. ~9!

For simplicity we setHmna50 andF̃mna50. ThusBmn andCmn are closed, and then written as the vector potentials. We
also setCmn50 at the end of the calculations. Using the solution ofS0, Eq. ~9! becomes

2
e2f2(5/4)r

A2q
Fb0e2fS 1

2
qmn

dS1

dqmn
2

dS1

dr D2
2

5
a0e22f1r

dS1

dr
1

1

A2q
S dS1

dBmn
2x

dS1

dCmn
26Cab

dS0

dDmnab
D 2G2e22f1(5/4)rF (4)R

14D2f2
5

2
D2r24~Df!22

15

8
~Dr!215DfDrG1

1

2
e(5/4)r~Dx!22e2(5/4)rS 1

A2q

dS1

dCmn
D 2

50. ~10!

Here, remember that the AdS/CFT correspondence will hold in the limit of

a0→0, ~11!

that is, the AdS andS5 curvature radii are much longer than the string length. In this limit we can see that the solutionS1
is given by

S15
1

b0
E d4xA2qe23f1(5/2)rF1

2
(4)R14~Df!21

35

16
~Dr!22

25

4
DfDrG2

1

4b0
E d4xA2qe2f1(5/2)r~Dx!2

1
g0

4 E d4xA2qe2fBmnBmn1
g0

4 E d4xA2qemnabFBmnCab1
x

2
BmnBabG . ~12!

Hereafter we will consider the limit ofa050 andR(S5)50.

3. Second order

Next we consider the second order. The Hamilton-Jacobi equation is
6-3
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1

A2q
F1

2
qmn

dS2

dqmn
2

dS2

dr
1Bmn

dS2

dBmn
G52

ef

b0~A2q!2 F dS1

dqmn

dS1

dqab
qmaqnb1

1

2 S dS1

df D 2

1
1

2
qmn

dS1

dqmn

dS1

df
1

4

5 S dS1

dr D 2

1
dS1

df

dS1

dr G2
e2f

2b0
S 1

A2q

dS1

dx D 2

52
e25f15r

4b0
3 S (4)Rmn

(4)Rmn1
1

2
(4)R2D1

1

2b0
e23f1(5/2)rF (4)Rmn~B2!mn

2
1

4
(4)R Tr~B2!G2

3b0e2f

8 FTr~B4!2
1

4
@Tr~B2!#2G1•••, ~13!
l-

m

ial

be
nt
where (B2)mn5Bm
aBan and Tr(B2)5BmnBnm.

As we shall see soon,(4)Rmn5O(B2) and (4)R5O(B4)
will hold. Bearing this in mind,S2 can be evaluated as

S25
1

20b0
3E d4xA2qe25f15r (4)Rmn

(4)Rmn

1
1

2b0
E d4xA2qe23f1(5/2)r (4)Rmn T

~1!

mn

2
b0

8 E d4xA2qe2fFTr~B4!2
1

4
@Tr~B2!#2G ,

~14!

where we setb05g0 so that the Born-Infeld action is rea
ized for the flat D-brane with the constant fieldBmn . We also
defined

T
~1!

mn52~B2!mn1
1

4
qmnTr~B2!. ~15!

4. Summary

The total solution to the Hamilton-Jacobi equation is su
marized by

Sct52~S01S11S21••• !52~S̃BI1S̃EH1S̃WZ1S̃2!,
~16!

where

S̃BI5b0E d4xA2qe2fH 11
1

4
BmnBmn2

1

8 FTr~B4!

2
1

4
@Tr~B2!#2G J , ~17!
06350
-

S̃EH5
1

b0
E d4xA2qH e23f1(5/2)rF1

2
(4)R14~Df!2

1
35

16
~Dr!22

25

4
DfDrG2

1

4
e2f1(5/2)r~Dx!2J ,

~18!

S̃WZ5b0E d4xA2qemnabF 1

24
Dmnab1

1

4
BmnCab

1
x

8
BmnBabG , ~19!

and

S̃25
1

20b0
3E d4xA2qe25f15r (4)Rmn

(4)Rmn

1
1

2b0
E d4xA2qe23f1(5/2)r (4)Rmn T

~1!

mn1•••.

~20!

Note that in the flat and constant field limitS̃BI5SBI up to
the current order. It is also noted that there is nontriv

coupling(4)Rmn T
(1)

mn , and so on.

C. Effective equation on the D-brane

1. Strategy

In the braneworld the AdS/CFT correspondence may
formulated by the following partition functional argume
@7#:

Z5E DgeiSbulk(g)1 i (1/2)SD-brane(q)1 iSGH(q)

5E Dqe( i /2)SD-brane1 iSct̂ ei *d4xqmnTmn
&CFT,

~21!
6-4
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whereSct represents the counterterms which make the ac
finite and is given by the on-shell solution of the Hamilto
Jacobi equation,Sct52(S01S11S21•••). The variational
principle implies

1

A2q

dSD-brane

dqmn
12

1

A2q
S dSct

dqmn
1

dGCFT

dqmn
D50. ~22!

To fix the first term we must specify the D-brane~cutoff
brane! action. In this paper we consider two types of bran

2. Born-Infeld membrane

First let us examine the case where the brane action is
Born-Infeld type:

SD-brane5bE d4xe2fA2det~qmn1Bmn!. ~23!

The energy-momentum tensor of this brane becomes
06350
n

.

he

TBImn5be2fqmn2be2f T
~1!

mn1 T
~2!

BImn ~24!

and

T
~2!

BImn5be2fH 2
1

4
Tr~B2!F ~B2!mn2

1

8
qmnTr~B2!G

1~B4!mn2
1

8
qmnTr~B4!J . ~25!

Substituting Eq.~23! into Eq. ~22!, we can obtain the effec
tive gravitational equation on the brane. At that time we

b52b0 , ~26!

so that the brane geometry could be four-dimensio
Minkowski spacetime.

In the first order the effective equation becomes just
vacuum one:
action.
s

(4)Gmn5b0e3f2(5/2)rS 2
1

2
T
~2!

BImn12
1

A2q

dS2

dqab
qmaqnbD 1Tmn

CFT

523~DmDn2qmnD2!f1
5

2
~DmDn2qmnD2!r1@DmfDnf25qmn~Df!2#

1
15

8 FDmrDnr2
13

6
qmn~Dr!2G1

1

2
e2fFDmxDnx2

1

2
qmn~Dx!2G

2
5

4
~DmrDnf1DmfDnr27qmnDfDr!1Tmn

CFT1•••. ~27!

We may naively expect that Einstein-Maxwell theory governs the physics on the D-brane described by the Born-Infeld
However, the result is not the case. SinceS̃BI is the same asSBI up to the order of (B4)mn , the first order Einstein equation doe
not have the source of the Maxwell field while the contribution from holographic CFT exists.

As a result, the gravitational equation up to the second order is given by

(4)Gmn5Tmn
CFT23~DmDn2qmnD2!f1

5

2
~DmDn2qmnD2!r1@DmfDnf25qmn~Df!2#1

15

8 FDmrDnr2
13

6
gmn~Dr!2G

1
1

4
e2fFDmxDnx2

1

2
qmn~Dx!2G2

5

4
~DmrDnf1DmfDnr27qmnDfDr!2

1

5b0
2

e22f1(5/2)rS (4)Rm
a (4)Ran

2
1

4
qmn

(4)RabRabD2
1

10b0
2

e22f1(5/2)rD2 (4)Rmn1 (4)Rma~B2! n
a 1 (4)Rna~B2! m

a 2
1

4
(4)RmnTr~B2!

1 (4)RabBmaBbn2
1

2
qmn

(4)Rab~B2!ab2
1

2
D2 T

~1!

mn . ~28!

In the above we have dropped the second order terms which couple to the scalar fields to keep the form compact.

3. Nambu-Goto membrane

For the comparison, it might be worth considering the brane described by the Nambu-Goto action

SNG52b0E d4xA2qe2f. ~29!
6-5
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At the first order, the effective equation becomes

(4)Gmn5b0
2e2f2(5/2)r T

~1!

mn23~DmDn2qmnD2!f1
5

2
~DmDn2qmnD2!r1@DmfDnf25qmn~Df!2#1

15

8 FDmrDnr

2
13

6
qmn~Dr!2G1

1

4
e2fFDmxDnx2

1

2
gmn~Dx!2G2

5

4
~DmrDnf1DmfDnr27qmnDafDar!1Tmn

CFT1•••.

~30!
la
ct

th
a
he
w
n

ho
e
th
y

ec
nd
m
u

ne

es

on
Cancellation does not occur and Einstein-Maxwell-sca
theory is realized on the brane. This is also an unexpe
result.

III. GEOMETRICAL APPROACH

In the previous section, we saw unexpected results for
effective theory on the brane. It seems that they origin
from the fact that the Born-Infeld action is a solution to t
Hamilton-Jacobi equation. In order to understand why
obtain such consequences, we will rederive the gravitatio
equation on the D-brane using the geometrical met
@12,15# in this section. To do so we will solve the bulk spac
time in the long wave approximation and then obtain
effective theory in the low energy limit. We will use slightl
different notation from the previous sections.

The rest of this section is organized as follows. In S
III A, we give a formulation of the geometrical approach a
stress that we must solve the bulk fields and gravity so
how. Then we solve them in the long wave approximation
to leading order for the gravitational theory on the bra
06350
r
ed

e
te

e
al
d

-
e
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e-
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Finally, we derive the gravitational equation on the D-bran
described by the Born-Infeld action in Sec. III B.

A. Formulation

The full metric is written as

ds25e2w(x)dy21qmn~y,x!dxmdxn. ~31!

The induced metric on the brane ishmn(x)5qmn(y0 ,x),
where we suppose that the brane is located aty5y0.

In the geometrical approach, the gravitational equation
the brane is given by

(4)Gmn~h!5
2

3 FTmn1hmnS Tyy2
1

4
TD G1KKmn2Km

aKna

2
1

2
~K22KabKab!hmn2Emn , ~32!

where
TMN522~¹M¹N2gMN¹2!f1
5

4
~¹M¹N2gMN¹2!r1

1

2
e2fF¹Mx¹Nx2

1

2
gMN~¹x!2G1

5

16
@¹Mr¹Nr23gMN~¹r!2#

22gMN~¹f!21
5

2
gMN¹Kf¹Kr1

1

4
~HMKLHN

KL2gMNuHu2!1
1

4
e2f~ F̃MKLF̃N

KL2gMNuF̃u2!

1
1

96
e2fG̃MK1K2K3K4

G̃N
K1K2K3K4 , ~33!

and thus

Tmn1hmnS Tyy2
1

4
TD522~DmDnf2hmnD2f!1

5

4
~DmDnr2hmnD2r!1

1

2
e2fFDmxDnx2

5

8
hmn~Dx!2G1

5

16FDmrDnr

2
5

2
hmn~Dr!2G2

3

2
hmn~Df!21

15

8
hmnDafDar22~Kmn2hmnK !]yf1

5

4
~Kmn2hmnK !]yr

1
3

16
e2fhmn~]yx!22

15

32
hmn~]yr!22

3

2
hmn~]yf!21

15

8
hmn]yf]yr1

1

2 S HymaHyn
a

2
1

16
hmnHyabHyabD1

1

2
e2fS F̃ymaF̃yn

a2
1

16
hmnF̃yabF̃yabD1

1

24
e2fS G̃mya1a2a3

G̃ny
a1a2a3

2
1

16
hmnG̃ya1a2a3a4

G̃ya1a2a3a4D . ~34!
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Emn is the projected five-dimensional Weyl tensor defined
Emn5 (5)CmMnNnMnN. It is obvious that the above equatio
is not closed in four dimensions. Moreover, when bulk fie
exist,Emn is not negligible in the low energy limit@9,16,17#.
Since the Born-Infeld action appears as a solution to
Hamilton-Jacobi equation, we guess thatEmn contains a part
of the Born-Infeld energy-momentum tensor.

As in the previous section, for simplicity, we turn o
almost fields except the scalar fieldsBmn andG̃ym1m2m3m4

.
To obtain a background solution that is consistent with

junction condition, we assume that the action for the bran
given by

Sbrane52bE d4xe2fA2det~h1B!

12bE d4xA2hemnabF1

4
BmnCab1

x

8
BmnBab

1
1

24
DmnabG . ~35!

The boundary conditions on the brane are brought ab
by the junction conditions:

F ~Kmn2hmnK !ew1S 2]yf2
5

4
]yr DhmnG~y0 ,x!

52
1

4
ew12f2(5/4)rTmn

BI , ~36!

@4Kew28]yf15]yr#~y0 ,x!

5bew1f2(5/4)rF12
1

4
Tr~B2!1

1

32
@Tr~B2!#2

2
1

8
Tr~B4!1O~B6!G , ~37!
06350
y

s

e

e
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ut

@2Kew2]yr12]yf#~y0 ,x!50, ~38!

]yx~y0 ,x!52
1

8
bew2(5/4)remnabBmnBab , ~39!

Hymn~y0 ,x!52bew1f2(5/4)rFBmn2
1

4
Tr~B2!Bmn1~B3!mn

1O~B5!G , ~40!

F̃ymn~y0 ,x!52
b

2
ew2(5/4)remnabBab, ~41!

and

G̃ym1m2m3m4
~y0 ,x!52bew2(5/4)rem1m2m3m4

, ~42!

where

Tmn
BI 52be2fH hmn2 T

~1!

mn2
1

4
Tr~B2!F ~B2!mn

2
1

8
hmnTr~B2!G1~B4!mn2

1

8
hmnTr~B4!1O~B6!J .

~43!

Using these junction conditions, Eq.~32! becomes
(4)Gmn~h!5
5

6
b2e2f2(5/2)r T

~1!

mn2
4

3
~DmDn2hmnD2!f1

5

6
~DmDn2hmnD2!r1

1

3
e2fFDmxDnx2

5

8
hmn~Dx!2G

1
5

24FDmrDnr2
5

2
hmn~Dr!2G2hmn~Df!21

5

4
hmnDafDar2Emn1O~B4!. ~44!

The bulk ‘‘evolutional’’ equations are

£nK5 (4)R2S T m
m 2

4

3
TD2K22D2w2~Dw!2, ~45!

£nK̃ n
m 5 (4)R̃ n

m 2~DmDnw1DmwDnw! traceless2S T n
m 2

1

4
d n

m T a
a D2KK̃ n

m , ~46!

4]y
2f2

5

2
]y

2r28~]yf!22
25

8
~]yr!2110]yf]yr2

3

2
e2f~]yx!21ewKS 4]yf2

5

2
]yr D1F5

2
e2fuG̃u22DmwDmS 4f2

5

3
r D

14D2f2
5

2
D2r28~Df!22

25

8
~Dr!2110DafDar2

3

2
e2f~Dx!212uHu21

1

2
e2fuF̃u2Ge2w50, ~47!
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2]y
2f1]y

2r12~]yf!21
5

4
~]yr!22

13

4
]yf]yr2ewK~]yf2]yr!1F2e2fuG̃u21DmwDm~f2r!2D2f1D2r12~Df!2

1
5

4
~Dr!22

13

4
DafDar2

1

2
uHu22

1

2
e2fuF̃u2Ge2w50, ~48!

]y~e(5/4)r]yx!1Da~e(5/4)rDax!1e(5/4)rewK]yx2e2w1(5/4)rDmxDmw50, ~49!

]y~e22f1(5/4)rHymn1e(5/4)rxF̃ymn!1ewK~e22f1(5/4)rHymn1e(5/4)rF̃ymn!1
1

2
e(5/4)rFyabG̃mnyab50, ~50!

]y~e(5/4)rF̃ymn!1ew1(5/4)rKF̃ymn2
1

2
e(5/4)rHyabG̃mnyab50, ~51!
.

and

]y~e(5/4)rG̃ym1m2m3m4
!5Ke(5/4)rG̃ym1m2m3m4

. ~52!

The Hamiltonian and momentum constraints are

2
1

2 F (4)R2
3

4
K21K̃ b

a K̃ a
b G5Tyye

22w, ~53!

and

DnK m
n 2DmK5Tmye

2w, ~54!

respectively. The constraints forHymn , F̃ymn , and
G̃ym1m2m3m4

are

Da~e2w22f1(5/4)rHyam1e2w1(5/4)rxF̃yam!50, ~55!

Da~ew1(5/4)rF̃yam!50, ~56!

and

Da~e2w1(5/4)rG̃yam1m2m3
!50. ~57!

B. Solving of the bulk and effective theory

Let us solve the bulk equations~45!–~52! with the junc-
tion conditions~36!–~42! in the long wave approximation
The infinitesimal parameter of the expansion ise5(,/L)2,
where, is the bulk curvature scale andL is the typical scale
on the brane.

1. Zeroth order

In the zeroth order the evolutional equations are

e2w]yK̃ n
m

~0!

52 K
~0!

K̃ n
m

~0!

, ~58!

e2w]y K
~0!

52S T m
m 2

4

3
TD (0)

2K2
~0!

, ~59!
06350
4]y
2f02

5

2
]y

2r01ew K
~0!S 4]yf02

5

2
]yr0D28~]yf0!2

2
25

8
~]yr0!2110]yf0]yr01

5

2
e2w12f0uG̃u250,

~60!

2]y
2f01]y

2r01ew K
~0!

~2]yf01]yr0!12~]yf0!2

1
5

4
~]yr0!22

13

4
]yf0]yr02e2w12f0uG̃u250,

~61!

and

]y~e(5/4)r0G̃ym1m2m3m4
!5 K

~0!

e(5/4)r0G̃ym1m2m3m4
. ~62!

The constraint equations are

Dm1~e2w1(5/4)r0G̃ym1m2m3m4
!50. ~63!

The junction conditions are

K̃ n
m

~0!

~y0 ,x!50, K
~0!

~y0 ,x!52bef02(5/4)r0,

]yf0~y0 ,x!50, ]yr0~y0 ,x!5bew1f02(5/4)r0, ~64!

and

G̃ym1m2m3m4
~y0 ,x!52bew2(5/4)r0em1m2m3m4

. ~65!

The background solution is easily found as@21#

f05f0~x!, r05
4

5
log~y/y0!1s0~x!, x05x0~x!,

C
~0!

mn5 B
~0!

mn50,

and

G̃ym1m2m3m4
52bew2(5/4)r0em1m2m3m4

, ~66!
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where

w~x!52f0~x!1
5

4
s0~x!1 log~4/5y0b!. ~67!

The extrinsic curvature is given by

K n
m

~0!

52
1

5y
e2w(x)d n

m , ~68!

and then the metric becomes

g
~0!

mn5a2~y!hmn~x!, ~69!

where

a~y!5S y

y0
D 21/5

. ~70!

The behavior of the background metric brings us a seri
problem, that is, the four-dimensional gravity cannot be
covered on the brane. The minimum way to see this is
dimensional reduction from five to four dimensions:

E d5xA2g (5)R;E dya2~y!E d4xA2h (4)R~h!.

~71!

In the above*dya2(y)5` when we consider the infinite
extra dimensions, which implies that the four-dimensio
gravity cannot be recovered. This problem might be regar
as a sort of no-go theorem proposed by Maldacena@20#. The
simple resolution to this problem is compactification and
introduction of another brane. There may be another po
bility that the bulk or brane action is modified via som
quantum effects. We leave this issue for future study.

Note that adding a Wess-Zumino term*D in the brane
action is essential to obtain solutions. There is no solut
with a similar form when brane is supposed to be descri
only by the Nambu-Goto action. This fact is consistent w
the result that the Nambu-Goto action alone cannot sat
the Hamilton-Jacobi equation.

2. First order

Next we turn to the first order equations. The juncti
conditions become

K
~1!

~y0 ,x!52
1

4
bef02(5/4)r0Tr~B2!, ~72!

K̃ n
m

~1!

~y0 ,x!5
1

2
bef02(5/4)r0T n

m
~1!

, ~73!

]yf1~y0 ,x!52
1

4
bew1f02(5/4)r0Tr~B2!, ~74!

and
06350
s
-
e

l
d

r
i-

n
d

fy

]yr1~y0 ,x!52
1

4
bew1f02(5/4)r0Tr~B2!. ~75!

For the gravitational equation on the brane, the key eq
tions are the evolutional equation for the traceless part of
extrinsic curvature and the Hamiltonian constraint:

]yK̃ n
m

~1!

5 (4)R̃ n
m 2~DmDnw1DmwDnw! traceless

2S T n
m 2

1

4
d n

m T a
a D (1)

2 K
~0!

K̃ n
m

~1!

, ~76!

and

2
1

2
(4)R1

3

4
K
~0!

K
~1!

5 Tyy

~1!

e22w. ~77!

Since the right-hand side in Eq.~76! contains F̃ymn and
Hymn , we also need to solve their bulk equations

]yX
mn1ew K

~0!

Xmn1
1

2
e(5/4)r0FyabG̃yabmn50 ~78!

and

]y~e(5/4)r0F̃ymn!1ew1(5/4)r0 K
~0!

F̃ymn2
1

2
e(5/4)r0HyabG̃yabmn

50, ~79!

where Xmn5e22f01(5/4)r0Hymn1e(5/4)r0xF̃ymn and (Tn
m

2 1
4 dn

mTa
a)(1) is the first order part of (Tn

m2 1
4 dn

mTa
a). The

solutions are easily found:

Hymn~y,x!52a~y!9bew1f02(5/4)s0Bmn~x! ~80!

and

F̃ymn~y,x!52a~y!9
b

2
ew2(5/4)s0êmnrs~h!Babhrahsb.

~81!

Let us derive the gravitational equation on the bra
From the Hamiltonian constraint on the brane, we first obt

(4)R̂~h!522D̂2f01
6

5
~Df̂0!21

1

2
e2f0~Dx̂0!2, ~82!

whereD̂m is the covariant derivative with respect tohmn .
Substituting the above solutions into Eq.~76! and inte-

grating overy, we obtain
6-9
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1

y0
K̃ n

m
~1!

~y,x!5
5

8
a27ewF (4)R̂n

m~h!12D̂mD̂nf02
5

4
D̂mD̂nr02

5

16
D̂mr0D̂nr02

5

4
D̂mr0D̂nf02

5

4
D̂mf0D̂nr0

2
1

2
e2f0D̂mx0D̂nx02D̂mD̂nw2D̂mwD̂nw2a14b2ew12f02(5/2)s0B̂m

aB̂naG
traceless

1axn
m~x!, ~83!

wherexmn(x) is the constant of integration. Together with the junction condition forK n
m and the Hamiltonian constraint, w

finally obtain the effective equation on the brane:

(4)Gmn~h!52S D̂mD̂n1
3

4
hmnD̂2D S 2f02

5

4
r0D1

16

5 S D̂mr0D̂nr02
7

4
hmn~D̂r0!2D1

1

2
e2f0F D̂mx0D̂nx02

1

2
hmn~D̂x0!2G

2~D̂f0!2hmn1
5

4
D̂af0D̂ar0hmn1D̂mD̂nw2

1

4
hmn~D̂w!21D̂mwD̂nw2

1

4
hmn~D̂w!21x̃mn~x!. ~84!

This is the main result in this section. Although we can writew in terms off0 andr0, we leave it from a pedagogical poin
of view. As in the previous section, it turns out again that the gravitational equation on the brane isnot like Einstein-Maxwell

theory. T
(1)

mn is exactly canceled out.
Comparing Eq.~84! with Eq. ~44!, we find that the relation betweenEmn and x̃mn is

2Emn5x̃mn2
5

6
b2e2f02(5/2)r0 T

~1!

mn2
5

3 F D̂mD̂nf02
1

4
hmn~Df̂0!2G1

5

3 F D̂mD̂nr02
1

4
hmn~D̂r0!2G1

1

6
e2fF D̂mx0D̂nx0

2
1

4
hmn~D̂x0!2G1

5

3 F D̂mr0D̂nr02
1

4
hmn~D̂r0!2G1D̂mf0D̂nf02

1

4
hmn~D̂f0!22

5

4 F D̂mf0D̂nr01D̂mr0D̂nf0

2
1

2
hmnD̂mr0D̂mf0G . ~85!
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We should again notice that the form of the brane act
Eq. ~35! is essential to have consistent solutions. Solutio
for Hymn and F̃ymn in the bulk are automatically consiste
with the boundary conditions derived from Eq.~35!. We can-
not find a consistent solution except for a trivial soluti
Bmn50, if one chooses the brane action without a Bo
Infeld term.

IV. DISCUSSION

In this paper we derived the effective theory on t
D-brane described by the Born-Infeld action in type IIB s
pergravity. To bring out the essence we focused on grav
the U~1! gauge field, and the scalars. We considered
different derivations by holographic and geometrical a
proaches. In both, it turns out that the effective theory
four-dimensional Einstein1scalar1holographic CFT~or in-
tegration of a constant! and that the Maxwell fields do no
appear at the leading order. This is bad news for
D-braneworld scenario. Now we have a caution: careful c
sideration will be demanded in a realistic model.

Usually ‘‘the integration of constant’’x̃mn in Eq. ~84! is
expected to correspond to the holographic CFT ener
momentum tensor@15,16#. Comparing Eq.~27! with Eq.
~84!, we can easily confirm that this is the case, that is,x̃mn

is related toTmn
CFT at the leading order. More precisely,
06350
n
s

-

-
y,
o
-
s

e
-

y-

Tmn
CFT5x̃mn1

5

4
hmnF D̂2~2f01r0!13~D̂f0!2

2
11

2
D̂f0D r̂01

5

2
~D̂r0!2G

5x̃mn2
1

4
hmnJCFT

(r) , ~86!

where

JCFT
(r) 5

1

A2h

dGCFT

dr
. ~87!

In the above we have used the equations for the scalar fi
that can be obtained through the variational principle of
actionSD-brane1Sct1GCFT in the previous section:

D̂2~f02r0!23~D̂f0!22
5

2
~D̂r0!21

11

2
D̂mf0D̂mr0

52
1

5
JCFT

r . ~88!

Thus we can confirm the desirable result here.
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As stressed in Sec. III B 1, the current background so
tion is not like AdS spacetime and gravity cannot be confin
on the brane at low energy without compactification. If w
compactify the extra dimension, we must introduce anot
brane. In this case, the integration of the constantx̃mn is not
the holographic CFT energy-momentum tensor but just
energy-momentum tensor on the brane. If the brane is
vacuum, x̃mn50. Then the effective theory is not lik
Einstein-Maxwell theory. But, if the Maxwell field lives o
another brane, we can see that the field also appears o
D-brane.

In this paper we saw the drastic changes from the pr
D-brane case when we take into account the self-gravity
the brane. Compared to the probe brane, the new ingred
are the junction conditions. The consistent solutions are
tremely limited. In type IIB supergravity, indeed, we obtain
consistent bulk solution for the Born-Infeld action, but we
not for the Nambu-Goto one. This fact implies that o
should be careful in connecting an effective action deriv
from AdS/CFT like correspondence to an effective action
a self-gravitating brane.
B

ys

tu

s.
.

06350
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There are several remaining studies. The first is the hig
order corrections and their meaning. In the holographic
proach, we obtained the coupling between the curvature
the stress tensor of the gauge fields. A systematic ana
will be interesting. The second is about the localization
fermion fields on the D-brane. We hope that these issues
be addressed in the near future.
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