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Asymmetric neutrino emission due to neutrino-nucleon scatterings in supernova magnetic fields
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Department of Physics, School of Science, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan

~Received 15 March 2003; published 9 September 2003!

We derive the cross section of neutrino-nucleon scatterings in supernova magnetic fields, including weak-
magnetism and recoil corrections. Since the weak interaction violates parity, the scattering cross section
depends asymmetrically on the directions of the neutrino momenta with respect to the magnetic field; the origin
of pulsar kicks may be explained by the mechanism. An asymmetric neutrino emission~a drift flux! due to
neutrino-nucleon scattering is absent at the leading level ofO(mBB/T), wheremB is the nucleon magneton,B
is the magnetic field strength, andT is the matter temperature at a neutrino sphere. This is because at this level
the drift flux of the neutrinos is exactly canceled by that of the antineutrinos. Hence, the relevant asymmetry
in the neutrino emission is suppressed by a much smaller coefficient ofO(mBB/m), wherem is the nucleon
mass; a detailed form of the relevant drift flux is also derived from the scattering cross section, using a simple
diffusion approximation. It appears that the asymmetric neutrino emission is too small to induce the observed
pulsar kicks. However, we note the fact that the drift flux is proportional to the deviation of the neutrino
distribution function from the value of thermal equilibrium at the neutrino sphere. Since the deviation can be
large for nonelectron neutrinos, it is expected that there occurs a cancellation between the deviation and the
small suppression factor ofO(mBB/m). Using a simple parametrization, we show that the drift flux due to
neutrino-nucleon scattering may be comparable to the leading term due to beta processes with nucleons, which
has been estimated to give a relevant kick velocity when the magnetic field is as strong as 1015–1016 G.
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I. INTRODUCTION

A core-collapse supernova explosion is one of the m
spectacular events in astrophysics; 99% of its gravitatio
binding energy is released as neutrinos, with only 1% as
kinetic energy of a shock wave. Therefore, neutrinos play
essential role in supernova explosions, and their detectio
ground-based large water Cˇ erenkov detectors, such as Sup
Kamiokande and the Sudbury Neutrino Observatory, wo
provide valuable information on the nature of neutrinos
well as supernova physics~see Ref. @1#, and references
therein!.

Because of their dominance in supernova energetics,
neutrinos may also give the solution to a long-standing
trophysical mystery, the ‘‘pulsar kicks.’’ Recent analyses
pulsar proper motion give a mean creation velocity
200–500 km s21 @2–6# with possibly a significant popula
tion having velocity*1000 km s21. These values are muc
greater than the velocities of their progenito
(;30 km s21). A natural explanation for such high veloc
ties is that supernova explosions are asymmetric and pro
kicks to nascent neutron stars. In this paper, we are c
cerned with models in which the pulsar kicks arise from
magnetic field induced asymmetryin neutrino emission from
protoneutron stars. We do not deal with another type
mechanism which relies on hydrodynamical instabilities
the collapsed stellar core@7–11#, leading to asymmetric mat
ter ejection and/or asymmetric neutrino emission. Conce
ing the latter mechanism, several numerical results g
rather negative results@9,12#.

There are many past studies that have noted that p

*Email address: ando@utap.phys.s.u-tokyo.ac.jp
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violation in the weak interaction can lead to asymmetric n
trino emission in the strongly magnetized neutron star ma
~see, e.g., Refs.@13–15#!. Arras and Lai@14# have shown
that an asymmetric neutrino emission~a drift flux! that may
give the pulsar kicks is mainly induced by charged-curr

interactions with nucleons,nen→e2p and n̄ep→e1n, in
magnetic fields. On the other hand, the asymmetric emis
due to neutral-current interactions,nN→nN, is found to be
irrelevant because its contributions cancel between neutr
and antineutrinos. Further, the finding of Ref.@14# is that the
drift flux exists only when the distribution deviates signi
cantly from the value of thermal equilibrium. This result h
invalidated the previous optimistic estimation that sufficie
asymmetry can be obtained by multiple scatterings of neu
nos by nucleons, slightly polarized by the magnetic field
moderate strength (;1012 G) @15#. Their naive estimation
has shown that the asymmetry parameter for thene ,n̄e flux
would be sufficient for the observed pulsar kick velocity,
the magnetic field is very strong,B;1015–1016 G.

In the present study, we focus on the effect of wea
magnetism and recoil corrections on neutrino-nucleon s
tering ~particularly nm,t-N and n̄m,t-N) in supernova mag-
netic fields, which was not considered in previo
publications such as Ref.@14#. We expect that including
these two corrections will change the previous conclusio
which are listed above, as follows. The weak-magnetism c
rection reduces antineutrino-nucleon cross sections c
pared to those of neutrino-nucleon scattering@16#. For this
reason, the cancellation of asymmetry betweenn and n̄,
which was shown in Ref.@14#, does not occur at theO(k/m)
level, wherek is the neutrino energy andm is the nucleon
mass. Although the drift flux due ton-N scattering is sup-
pressed by a small factor ofO(k/m), this term may be as
©2003 The American Physical Society02-1
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large as the term due to charged-current interactions betw
electron ~anti!neutrinos and nucleons. This is because
drift flux is proportional to the deviations of distributio
functions from the value of thermal equilibrium at a neutri
sphere@14#.1 For m andt neutrinos, with which we are con
cerned in this study, the transport opacity primarily resu
from n-N scattering, whereas energy exchange is due to e
tic n-e2 scattering whose cross section is substantia
smaller. As a consequence, the decoupling layer is locate
a much deeper region than the neutrino sphere and t
should be a large optical depth for the asymmetric flux
develop. On the other hand, forne and n̄e , the difference
from equilibrium at the neutrino sphere is considered to
very small, owing to the dominantnen→e2p and n̄ep
→e1n reactions, which act as very efficient energ
exchanging and thermalizing reactions. Thus, although
drift flux due tonm,t and n̄m,t is suppressed by a small co
efficient ofO(k/m) compared with that due tone andn̄e , we
believe that the large deviations from equilibrium for no
electron neutrinos can counter the suppression factor.

Motivated by the above reasoning, we first derive t
cross section forn-N scattering in magnetic field by includ
ing the weak-magnetism and recoil corrections of scatte
nucleons. In general, it is quite difficult to evaluate. Ho
ever, in the limit that the nucleons are nondegenerate, we
present a simple form of the differential cross section, a
give a diffusion equation which enables us to discuss qu
tatively whether the effect we are tackling is important
not. We show, as a result of the diffusion equation an
simple parametrization, that the drift flux on which we co
centrate can contribute at a considerable level for reason
parameter choices.

Throughout this paper, we do not consider the effect
neutrino oscillation, although recent atmospheric@17#, solar
@18#, and reactor experiments@19# have shown that the neu
trinos have nonzero masses and mixings. This treatme
justified because the flavor mixing between electron and
other flavor neutrinos is strongly suppressed by the ma
effect. Roughly speaking, efficient flavor conversion tak
place at a so-called resonance region, where the cond
ne.Dm2/GFk is satisfied; however, at a much deeper reg
ne@Dm2/GFk matter induced neutrino oscillation is high
suppressed~see, e.g., Ref.@20#!. With the recently inferred
parametersDm2 from the oscillation experiments, the res
nance region is located at a rather outer envelope suc
O1C or He layers; in the region around the neutrino sph
on which we are focusing in this study, the matter poten
strongly prevents electron~anti!neutrinos from mixing with
the other flavor~anti!neutrinos. In other words, in suffi
ciently deep regions in stars, electron~anti!neutrinos propa-
gate as mass eigenstates. Form andt flavor ~anti!neutrinos,
they are found maximally mixing with each other; howev

1In this paper, we use the term ‘‘neutrino sphere’’ as that ab
which neutrinos freely stream out, while by terms such as ‘‘dec
pling surface’’ we intend the surface within which neutrinos a
kept in thermal equilibrium.
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it does not affect the supernova dynamics such as pu
kicks, because they cannot be distinguished in superno
Thus, there is no need to worry about the effects of neutr
oscillation on supernova dynamics. Several years a
Kusenko and Segre` @21# proposed a very interesting mech
nism that the pulsar kicks may be induced by neutrino os
lation. Unfortunately, as we have already noted above,
mechanism does not work unless we introduce very he
sterile neutrinos, because with the experimentally infer
parameters neutrino oscillation is strongly suppressed n
the neutrino sphere.

The remainder of this paper is organized as follows.
Sec. II, we derive a general formula for the matrix eleme
and the cross section of then-N scatterings by considering
the weak-magnetism and recoil corrections. A more conc
form of the cross section is derived in Sec. III, based on
reasonable assumption that the nucleons are highly no
generate. In Sec. IV, using a simple diffusion approximati
the drift flux due ton-N scatterings is given in a very simpl
form, and we discuss the implications of the diffusion equ
tion in Sec. V.

II. MATRIX ELEMENT AND DIFFERENTIAL CROSS
SECTION

We consider neutrino-nucleon scatterings via the neut
current interaction in magnetic fields. The usualV2A cur-
rent is modified when the weak-magnetism correction is
cluded as

cVgm1F2

ismnqn

2m
2cAgmg5, ~1!

where qm5km2(km)8 is the momentum transferred to th
nucleon. We label the neutrino momentum byk, and the
nucleon momentum byp; for the final state momenta,
prime is attached. We summarize the values of couplin
cV ,cA , andF2 in Table I.

Since the weak-magnetism correction is at thek/m level,
we must also include the nucleon recoil correction of t
same order. The initial and final states of the nucleon spi
can then be expressed by

e
-

TABLE I. Coupling constants. HeregA'1.26, sin2uW'0.23,
mp51.793, andmn521.913.

Reaction cV cA F2

np→np 1
2 22 sin2uW

gA

2
1
2 (mp2mn)22mpsin2uW

nn→nn 2
1
2 2

gA

2
2

1
2 (mp2mn)22mnsin2uW

nen→e2p 1 gA mp2mn

n̄ep→e1n 1 gA mp2mn
2-2
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uN
s ~p!ūN

s ~p!5
1

2 F ~12sg5g3!S 11g01
pi

m
g i D

2s
p3

m
g5~11g0!G ,

uN
s8~p8!ūN

s8~p8!5
1

2 F ~12s8g5g3!S 11g01
pi8

m
g i D

2s8
p38

m
g5~11g0!G , ~2!

wheres,s8561 specify the initial and final nucleon spin
relative to the magnetic field axis~three-axis!.
s

c
n
l

06300
With these corrections, the matrix element forn-N scat-
tering is given, to the order ofk/m, by

uM ss8~V,V8,p,p8!u25uM ss8
(0)

~V,V8!u2

1duM ss8~V,V8,q!u2

1duM̃ss8~V,V8,P!u2, ~3!

whereV5k/k andV85k8/k8. uM ss8
(0)(V,V8)u2 is the lead-

ing term already given in Ref.@14# by
uM ss8
(0)

~V,V8!u25
GF

2

2
@cV

213cA
21~cV

22cA
2 !V•V812cA~cV1cA!~sV1s8V8!•B̂12cA~cV2cA!~sV81s8V!•B̂

1ss8$~cV
22cA

2 !~11V•V8!14cA
2V•B̂V8•B̂%#, ~4!

duM ss8(V,V8,q)u2 is the correction term atO(k/m), which depends onq (5p82p5k2k8) as well asV andV8:

duM ss8~V,V8,q!u25
GF

2

2m
@62cA~cV1F2!q•~V2V8!12cA~cV1F2!~s2s8!q•B̂62cA~cV1F2!ss8q•B̂~V82V!•B̂

1cA~cV1F2!~s82s!~q•VV8•B̂1q•V8V•B̂!7cV~cV1F2!~s1s8!$~V83V!3q%•B̂#, ~5!

andduM̃ss8(V,V8,P)u2 is also the correction term atO(k/m), which depends onP ([p1p8):

duM̃ss8~V,V8,P!u25
GF

2

2m
@2$cV

21cA
21~cV

22cA
2 !ss8%P•~V1V8!22cVcA~s1s8!P•B̂22cA

2ss8P•B̂~V1V8!•B̂2cVcA~s

1s8!~P•VV8•B̂1P•V8V•B̂!6cA~s82s!$~V83V!3P%•B̂#. ~6!
he
o-

se
a

ase
ing
-

Here, the upper and lower signs represent the expression
neutrinos and antineutrinos, respectively; this notation
kept throughout this paper. Note that we can explicitly che
the time-reversal symmetry for the matrix eleme
uM ss8(V,V8,p,p8)u2, by exchanging all the initial and fina
state quantities, i.e.,V↔V8, P→P, q→2q, ands↔s8.

The differential cross section~per unit volume! can be
obtained from the matrix element through the expression

dG

dk8dV8
5

k82

~2p!3 (
ss8

E d3p

~2p!3

d3p8

~2p!3
~2p!4d4~p1k2p8

2k8! f N~12 f N8 !uM ss8~V,V8,p,p8!u2, ~7!

where f N[ f N(E), f N8 [ f N(E8), f N(E) is the nucleon distri-
bution function with energyE given by

f N~E!5
1

exp@~E2mN!/T#11
, ~8!
for
is
k
t

andmN is the nucleon chemical potential~excluding the rest
mass!. In evaluating the momentum integral, we neglect t
Landau levels of nucleons, and therefore the nucleon m
mentum is a well-defined quantity. This is justified becau
many Landau levels are occupied for the conditions in
protoneutron star, and the change in the available ph
space due to the Landau levels is negligible. By substitut
Eqs.~4!–~6! into Eq. ~7!, the n-N cross section in the mag
netic fields can be calculated to the order ofk/m. Equation
~7! is written in more convenient form as

dG

dk8dV8
5A0~k,k8,m8!1dA6~k,k8,m8!V•B̂

1dA7~k,k8,m8!V8•B̂1A0
WM~k,k8,m8!

1dBWM~k,k8,m8!V•B̂1dCWM~k,k8,m8!V8•B̂,

~9!

wherem85V•V8. A0 and dA6 are the terms that include
the matrix elementuM ss8

(0)(V,V8)u2:
2-3
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A0~k,k8,m8!5
k82

~2p!3 (
s,s8

uM ss8
(0)

~V,V8!u2

3S0~q0 ,q!, ~10!

dA6V•B̂1dA7V8•B̂5
k82

~2p!3 (
s,s8

uM ss8
(0)

~V,V8!u2

3dSss8~q0 ,q!, ~11!

where S0(q0 ,q) and dSss8(q0 ,q) can be derived from the
‘‘nuclear response function’’ Sss8(q0 ,q)5S0(q0 ,q)
1dSss8(q0 ,q) defined by

Sss8~q0 ,q!5E d3p

~2p!3

d3p8

~2p!3
~2p!4d4~p1k2p8

2k8! f N~12 f N8 !. ~12!

S0(q0 ,q) is the leading term whenB50, anddSss8(q0 ,q) is
the correction arising from nonzeroB, which can be simpli-
fied, for smallB compared to temperature (mBB/T!1), to
be

S0~q0 ,q!5
m2T

2pq

1

12e2z
lnS 11e2x0

11e2x02zD , ~13!

dSss852
m2T

2pq

dx

~ex011!~11e2x02z!
, ~14!

with the parameters given by

z5
q0

T
, x05

~q02q2/2m!2

4T~q2/2m!
2

mN

T
,

dx52
mBB

2T F S 11
2mq0

q2 D s1S 12
2mq0

q2
s8D G .

~15!

The detailed derivations of these relations have already b
discussed in Ref.@14#, and we refer the reader to the liter
ture. The terms includingA0

WM , dBWM, anddCWM, which
are smaller thanA0 and dA6 by the factork/m, are calcu-
lated by

A0
WM1dBWMV•B̂1dCWMV8•B̂

5
k82

~2p!3 (
s,s8

FduM ss8~V,V8,q!u2$S0~q0 ,q!

1dSss8~q0 ,q!%1E d3p

~2p!3

d3p8

~2p!3
~2p!4d4

3~p1k2p82k8! f N~12 f N8 !duM̃ss8~V,V8,P!u2G ,

~16!
06300
en

where in the second term we cannot take the matrix elem
out of the integral because it depends onp andp8, unlike that
in the first term, which depends onq5k2k8.

Equations~10!, ~11!, and~16! are quite difficult to evalu-
ate at this stage. However, we can calculate them by ass
ing that the nucleons are nondegenerate, as we show in
next section. In fact, this assumption appears to be appro
ate, because the asymmetric drift flux can develop only w
the neutrino distribution deviates from thermal equilibrium
this occurs in the regime where nucleons are nondegene

III. NONDEGENERATE NUCLEON LIMIT

For nondegenerate nucleons, the characteristic neut
energy transfer in each scattering is of orderq0;k(T/m)1/2

!k. The cross section peaks sharply aroundk85k, and we
can evaluateA0 ,dA6 , A0

WM , dBWM, anddCWM, in a series
of the small parameter (T/m)1/2. We define the dimension
less quantities

e5F4~12m8!T

m G1/2

, u5
k82k

ek
, ~17!

where the range ofu is from 21/e to `. Using the expan-
sions of the momentum integrals given in the Appendix,
obtain the following expressions:

S0~q0 ,q!5
m2T

2pq
nS 2p3

m3T3D 1/2

expF2
~q02q2/2m!2

4Tq2/~2m!
G

.
p1/2n

ek
e2u2F12

1

2 S 11
k

TD eu1eu31O~e2!G ,
~18!

A05
k82

~2p!3
2GF

2@cV
213cA

21~cV
22cA

2 !m8#

3S0~q0 ,q!, ~19!

dA65
k82

~2p!3
4GF

2cA

mBB

T S cV62cA

mq0

q2 D
3S0~q0 ,q!, ~20!

A0
WM52

k82

~2p!3

4GF
2

m F ~cV
21cA

2 !
mq0

q2
q•~V1V8!

6cA~cV1F2!q•~V82V!GS0~q0 ,q!, ~21!

dBWM5
k82

~2p!3

2GF
2

m

mBB

T F4cAF2

mq0

q2
k22cA~2cV

1F2!
mq0

q2
q•V86H 4cA

2 mT

q2 S 12
mq0

2

Tq2 D
2cV~cV1F2!J q•V8GS0~q0 ,q!, ~22!
2-4
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dCWM5
k82

~2p!3

2GF
2

m

mBB

T F24cAF2

mq0

q2
k8

22cA~2cV1F2!
mq0

q2
q•V

7H 4cA
2 mT

q2 S 12
mq0

2

Tq2 D
2cV~cV1F2!J q•VGS0~q0 ,q!, ~23!

where all of them are expressed byu ande instead ofq0 and
q, through relations such asq05k2k852euk and q5k
2k85kV2k(11eu)V8. In deriving the expressions abov
we have used the equationemN /T5n(2p3/m3T3)1/2 which is
valid when B50, to relate the nucleon chemical potent
mN to its number densityn ~the corrections due to finiteB are
of order B2). These expressions are valid under the con
tions T!m, k!(mT)1/2, mBB!T, and k*kmin
5mBB(m/T)1/2.1022uguB14T

21/2 MeV. All these condi-
tions are satisfied for the case of interest in our study. Un
the previous publication@14#, we must keep in the bracket
of S0 the O(e4) terms although we did not explicitly show
them in Eq.~18!. This is because they are necessary for
evaluation of the drift flux, which is suppressed at t
O(k/m) level compared with the leading term.

Thus, we have derived a useful form of the different
cross section of neutrino-nucleon scattering, which ena
us to discuss the parity violating effect of the neutral-curr
weak interaction related to pulsar kicks. At first sight, ho
ever, these equations are still too complicated to obtain
intuitive implication for the asymmetric neutrino emission
the supernova magnetic field. Therefore, in the remainde
this paper, we derive a simple diffusion equation with whi
we can see how large drift flux is obtained. More delica
treatment using numerical simulations is beyond the scop
this study; it is slated for future work.

IV. DIFFUSION EQUATION FOR A DRIFT FLUX

The Boltzmann equation for neutrino transport is writt
in the form

] f n~k!

]t
1V•“ f n~k!5F] f n~k!

]t G
sc

, ~24!

where we include the collision term due to scattering alo
effects of absorption are not considered in this section.
collision term in Eq.~24! can be written by the following
integral @14#:

F] f n~k!

]t G
sc

5E
0

`

dk8E dV8
dG

dk8dV8
@C~k,k8!d f n8

1D~k,k8!d f n#, ~25!
06300
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whered f n andd f n8 denote the deviation of the neutrino di
tribution function from the value of thermal equilibrium, i.e
d f n5 f n2 f n

(0) . The coefficients ofd f n andd f n8 are

C~k,k8!5e2q0 /T~12 f n
(0)!1 f n

(0) , ~26!

D~k,k8!52@e2q0 /Tf n
(0)8112 f n

(0)8#. ~27!

The nonlinear terms which are proportional tod f nd f n8 were
dropped since we consider the regime where the devia
from thermal equilibriumd f n is relatively small~the regime
where the diffusion approximation is valid!.

For the purpose of examining the macroscopic con
quence of the asymmetric cross section, we expand the
trino distribution function in spherical harmonics up to d
pole order as

d f n~k!5g~k!13V•h~k!, ~28!

whereg(k) is the spherically symmetric deviation from th
equilibrium, andh(k) represents the dipole deviation th
leads to the flux. These quantitiesg(k) andh(k) are related
to the energy density and the flux through the relations

Un~k!5E k2dV

~2p!3
k fn5

k3

2p2
@ f n

(0)~k!1g~k!#

5Un
FD~k!1

k3

2p2
g~k!, ~29!

Fn~k!5E k2dV

~2p!3
kVf n5

k3

2p2
h~k!, ~30!

where the quantity with superscript FD~Fermi-Dirac! repre-
sents the value in the case of thermal equilibrium.

The first moment of Eq.~25! yields

E dV

4p
VF] f n~k!

]t G
sc

5V06dV6
B 1dV0

WM6dV6
WM1dV0

B,WM

6dV6
B,WM , ~31!

where the subscript ‘‘0’’ ofV and dV represents that the
terms are the same for neutrinos and antineutrinos, w
‘‘ 6 ’’ indicates that the sign of each term is different fo
neutrinos and antineutrinos. The termV0 contributes at the
leading level, whereas the quantities with superscript ‘‘B, ’’
‘‘ WM, ’’ and ‘‘ B,WM’’ are suppressed by factors o
O(mBB/T), O(T/m), and O(mBB/m), respectively. As a
result of lengthy calculations~details are given in Ref.@14#!,
each term is written as
2-5
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V052
2GF

2k2

3p
n~cV

215cA
2 !h, ~32!

dV6
B 52

4GF
2k2

3p
n

mBB

T
cA

2F ~122 f n
(0)!g1T

]g

]kG B̂, ~33!

dV0
WM52

2GF
2k2

3p
n

k

mF H 23~cV
213cA

2 !~122 f n
(0)!

15~cV
219cA

2 !
T

k
12~cV

215cA
2 !k

] f n
(0)

]k J h

12cA
2 S 122 f n

(0)1
6T

k D k
]h

]k
12cA

2kT
]2h

]k2G ,

~34!

dV6
WM52

16GF
2k2

3p
n

k

m
cA~cV1F2!h, ~35!

dV0
B,WM52

4GF
2k2

9p
n

mBB

T

k

m
cAF H ~22cV15F2!~122 f n

(0)!

12cVk
] f n

(0)

]k J g2H cV~122 f n
(0)!1~2cV25F2!

T

kJ
3k

]g

]k
2cVkT

]2g

]k2G B̂, ~36!
06300
dV6
B,WM52

4GF
2k2

9p
n

mBB

m
cA

2F H 69~122 f n
(0)!268k

] f n
(0)

]k

212k2
]2f n

(0)

]k2 J g1H 34~122 f n
(0)!1

2k

T

1
69T

k J k
]g

]k
12H 3~122 f n

(0)!1
17T

k J k2
]2g

]k2

14k2T
]3g

]k3G B̂. ~37!

Since the sign of theO(mBB/T) term is opposite for neutri-
nos and antineutrinos, there occurs cancellation of the d
flux at this level. Hence, the leading drift flux due ton-N
scattering is suppressed by a very small coefficient
O(mBB/m).

When we discuss the terms that depend on quantities s
as]h/]k,]2h/]k2, we use the lowest order expression forh,
i.e.,

h~k!.2
1

3k0
“@ f n

(0)~k!1g~k!#, ~38!

k05
2GF

2k2

3p
n~cV

215cA
2 !. ~39!

In this and the following expressions for the diffusion equ
tions, we drop the time derivative term; it corresponds to
rapid redistribution of matter temperature, whose time sc
is of the order of the mean free path divided by the speed
light c, much smaller than the neutrino diffusion time of th
star. In addition, we assume that all the quantities except
h, such asg, f n

(0) , are the same for neutrinos and antineut
nos. All these assumptions are considered to be quite ap
cable, because the discrepancy caused by them is fu
suppressed to the extent in which we are not interested. W
the above assumptions, we take the first moment of the B
zmann equation~24!, and obtain the explicit expression fo
the neutrino plus antineutrino fluxFn1F n̄ :
Fn~k!1F n̄~k!52
2

3k0
~12d (1)!“Un~k!1d (2)F S 122 f n

(0)1
6T

k D k
]

]k S“Un~k!

k0
D1kT

]2

]k2 S“Un~k!

k0
D G

1F e (1)dUn~k!1e (2)k
]

]k
dUn~k!1e (3)k2

]2

]k2
dUn~k!G B̂, ~40!

whered (1) andd (2) are small numbers ofO(k/m), ande (1), e (2), ande (3) are those ofO(mBB/m); they are given in concrete
form by
2-6
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d (1)5
k

m

1

cV
215cA

2 F23~cV
213cA

2 !~122 f n
(0)!
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219cA

2 !
T

k
12~cV

215cA
2 !k

] f n
(0)

]k G , ~41!

d (2)5
4k

3m
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2
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215cA

2
, ~42!

e (1)5
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T
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215cA

2 !2 F $2cV~cV
2117cA

2 !

2F2~5cV
21cA

2 !%~122 f n
(0)!22cV~cV

215cA
2 !

3k
] f n

(0)

]k G , ~43!
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e (2)5
4k

3m

mBB

T

cA

~cV
215cA

2 !2 FcV
3 S 11

2T

k D
1cVcA

2 S 51
34T

k D22cV~cV
215cA

2 ! f n
(0)

2F2~5cV
21cA

2 !
T

kG , ~44!

e (3)5
4mBB

3m

cVcA

cV
215cA

2
. ~45!

As expected and already pointed out by Arras and Lai@14#,
the drift flux, which is along the direction of the magnet
field B, is absent at orderO(mBB/T); the leading term of the
relevant drift flux is atO(mBB/m) as shown in Eq.~40!.

V. DISCUSSION AND CONCLUSION

Neutrinos carry away almost all the energy released
gravitational collapse of a supernova core,'331053 erg,
which is;100 times the momentum associated with the s
tial motion of pulsars. Therefore, 1% anisotropy in the m
mentum distribution of the outgoing neutrinos would suffi
to account for the observed kick velocities. From Eq.~40!,
the kick due ton-N scatterings is characterized by the fra
tional momentum asymmetry factor
asc5

E
0

`

dkE Rn
2~k!dV@Fn~k!1F n̄~k!#•B̂

E
0

`

dkE Rn
2~k!dV@Fn~k!1F n̄~k!#• r̂

.
E

0

`

dkRn
2~k!@e (1)dUn~k!1e (2)k~]/]k!dUn~k!1e (3)k2~]2/]k2!dUn~k!#

E
0

`

dkRn
2~k!~2/3k0!udUn~k!/drun sph

, ~46!
de-
al
ses

lead

ot
rift

o

whereRn(k) represents the radius of the neutrino sphere
energyk. To evaluate the value ofasc we must be careful,
because the numerator of Eq.~46! containsdUn which is
difficult to estimate without numerical simulations. Howev
we believe, for nonelectron neutrinos and antineutrinos
this deviationdUn can be large, which may cancel the sm
factorse ( i ). This is because of the following fact. The ele
tron neutrinos and antineutrinos are kept in thermal equi
rium slightly within the neutrino sphere by beta process

nen↔e2p and n̄ep↔e1n; leading to very little difference
from thermal equilibriumdUne ,n̄e

at the neutrino sphere. In

contrast, fornm,t and n̄m,t the main source for the opacity i
nN↔nN reactions. However, since the nucleon mass
much larger than the relevant temperatures, energy exch
f

,
at
l

-
s,

s
ge

between neutrinos and nucleons is inefficient. Thus, the
coupling surface, within which neutrinos are kept in therm
equilibrium by the subdominant energy exchange proces
such asNN↔NNnn̄, e1e2↔nn̄, andne↔ne, is located at
a much deeper region than the neutrino sphere; it should
to a rather large deviationdUn(k).

While a detailed study using numerical calculations is n
given in the present paper, we simply compare our new d
term in Eq.~40! with the previously derived drift term due t
absorption@14#. According to Arras and Lai@14#, the drift
flux due to the absorptionnen→e2p is described by

Fne

drift52
k0*

(abs)

3k0
(tot)

eabsdUne
~k!B̂, ~47!
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wherek0
(tot)5k0*

(abs)1k0 , k0*
(abs)5k0

(abs)@11e(mn2k)/T#, with

k0
(abs)5

GF
2

p
~k1mn2mp!2nn~cV

213cA
2 !@12 f e~k1mn2mp!#, ~48!

eabs5
1

2

eB

~k1mn2mp!2

cV
22cA

2

cV
213cA

2
12

cA~cA1cV!

cV
213cA

2

mBnB

T
2

T

k1mn2mp

3F11
k1mn2mp

T
f e~k1mn2mp!GF2

cA~cA1cV!

cV
213cA

2

mBnB

T
12

cA~cA2cV!

cV
213cA

2

mBpB

T G . ~49!

In order to compare the difference between the drift flux due ton-N scattering and that due to absorption, we define
quantityRsc/absby

Rsc/abs5U2E
0

`

dk@e (1)dUnm
~k!1e (2)k~]/]k!dUnm

~k!1e (3)k2~]2/]k2!dUnm
~k!#

E
0

`

dk~k0*
(abs)/3k0

(tot)!eabsdUne
~k!

U , ~50!
in
th
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re

In
n-

e
no

,
-

y
a
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he
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ne-
g

s; it
eu-
c-

lsar
dy,

ur
till
which is the ratio of the asymmetric fluxes due to scatter
and absorption. The factor 2 in the numerator represents
the drift flux due to scattering mainly comes from two-flav
(m and t) neutrinos, whereas that due to absorption is
lated only to electron neutrinos. More precisely,Rn

2(k) must
be included in the integral, but for simplicity we neglect it.
order to evaluateRsc/abs, we need a further assumption co
cerning the energy densitiesUne

and Unm
. Here we param-

etrize them using the ‘‘effective temperature’’Te
eff andTm

eff as
follows:

Une
~k!5

k3

2p2

1

ek/Te
eff

11
, ~51!

Unm
~k!5

k3

2p2

1

ek/Tm
eff

11
, ~52!

where for further simplicityTe
eff and Tm

eff are assumed to b
independent ofk. As the other parameters at the neutri
sphere, we takeT53 MeV, r51012 g cm23, andYe50.3,
and the reactions~scattering and absorption! with neutrons
alone are considered.

Figure 1 shows a contour map for the value ofRsc/abs,
which is projected againstTe

eff andTm
eff . As discussed above

we believe that the value ofTe
eff is very close to the tempera

ture at the neutrino sphere~3 MeV!; on the other hand, we
takeTm

eff to the extremely high value 8 MeV, though it ma
be unlikely to be realized.2 This figure clearly shows that
significant part of the drift flux can be attributed tonm,t-N

2Of course, taking too high a value for the effective temperat
violates the diffusion approximation, but we believe that it s
gives some useful implications.
06300
g
at

-

scattering, for a considerable area in parameter spac
(Te

eff ,Tm
eff). In particular, the results are comparable to t

effect of the charged-current interactions, whenTe
eff is ex-

tremely close to the temperature at the neutrino sphere,
this situation may actually be realized. Thus, we cannot
glect the effect ofn-N scattering even though at the leadin
order it is canceled between neutrinos and antineutrino
may give considerable contribution to the asymmetric n
trino emission, in addition to the charged-current intera
tions. Whether we can actually obtain the observed pu
kicks from this mechanism is beyond the scope of this stu

e
FIG. 1. Contour map for the value ofRsc/absprojected against

Te
eff andTm

eff .
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and it is a subject for a future numerical study.
In this paper, we have derived the cross sections ofn-N

scattering in strong magnetic fields, including wea
magnetism and recoil corrections. Since neutrino interacti
are described by the theory of weak interactions which v
late parity, an asymmetric neutrino emission~drift flux! is
induced, and it may give the origin of pulsar kicks. The dr
flux due ton-N scattering is suppressed at theO(mBB/m)
level, because the leading contribution is canceled betw
neutrinos and antineutrinos. However, since the drift flux
proportional to the deviation of the neutrino energy dens
from the value of thermal equilibriumdUn and it can be
large for nonelectron neutrinos, it can cancel the small s
pression factor ofO(mBB/m). We have shown that the drif
flux due ton-N scattering may be comparable to the lead
term due to beta processes with nucleons. It is expecte
give a non-negligible effect for inducing relevant puls
kicks.
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APPENDIX: DERIVATION OF DIFFERENTIAL CROSS
SECTION

In this section, we derive the differential cross secti
Eqs. ~18!–~23! from the more general form Eqs.~10!, ~11!,
and ~16!, in the case of nondegenerate nucleons.

We do not give the discussion for deriving the detail
form for the nucleon response functionSss8 , because it has
already been discussed in Ref.@14#, and we basically follow
that method in deriving the remaining part. Our interest h
is concerned with the momentum integral which includesP,
i.e.,

E d3p

~2p!3

d3p8

~2p!3
~2p!4d4~p1k2p82k8! f N~12 f N8 !P,

~A1!

which appears in the second term in the right hand side
Eq. ~16!. For the term includingp, we first used3p8 to
integrate overd3(p1q2p8) and then integrate over the az
muthal angle forp, resulting in

q

2pqE0

`

dpp3E
21

1

dmmd~q01E2E8! f N~E!@12 f N~E8!#,

~A2!

with m5p•q/pq and E852mBBs81(p1q)2/2m5
2mBBs81(p21q212pqm)/2m. Care must be taken to co
rectly integrate over the energy-conservation delta func
with coordinatem; the integral is nonzero only if the argu
ment of the delta function is zero formP(21,1). This con-
dition m2<1 is rewritten in the following expression for mo
mentump:

p2>pmin
2 5Fq02q2/2m2mBB~s2s8!

q/m G2

. ~A3!
06300
-
s
-

en
s
y

p-

to

.

e

of

n

Here we change variables fromp to E52smBB1p2/2m in
the remaining integral; this gives

m3q

2pq3EEmin

`

dEFq02
q2

2m
2mBB~s2s8!G

3 f N~E!@12 f N~E1q0!#

5
mq

q2 Fq02
q2

2m
2mBB~s2s8!GSss8~q0 ,q!,

~A4!

Emin52mBBs1
@q01q2/2m2mBB~s2s8!#2

4~q2/2m!
.

~A5!

Note that the last form of Eq.~A4! contains the integral tha
is also obtained from the integration of the nucleon respo
function Sss8(q0 ,q). In a similar manner, the term of Eq
~A1! which includesp8 is derived in the following form:

m3q

2pq3EEmin8

`

dE8Fq01
q2

2m
2mBB~s2s8!G

3 f N~E82q0!@12 f N~E8!#

5
mq

q2 Fq01
q2

2m
2mBB~s2s8!G S̃ss8~q0 ,q!,

~A6!

where

S̃ss8~q0 ,q!5
m2

2pqEEmin8

`

dE8 f N~E82q0!@12 f N~E8!#,

~A7!

Emin8 52mBBs81
@q01q2/2m2mBB~s2s8!#2

4q2/2m
.

~A8!

From this point on, we showS̃ss85Sss8 for nondegenerate
nucleons. We first define the dimensionless variablesx8
5(E82mN)/T andz5q0 /T; the integral yields

S̃ss8~q0 ,q!5
m2T

2pqExmin8

`

dx8S 1

ex82z11
D S 1

11e2x8D
5

m2T

2pq

1

12e2z
lnS 11e2xmin8 1z

11e2xmin8 D .

~A9!

Expandingxmin8 to linear order inB we find
2-9
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xmin8 .x081dx8,

x085
~q01q2/2m!2

4T~q2/2m!
2

mN

T
,

dx85
2mBB

2T F S 11
2mq0

q2 D s1S 12
2mq0

q2
s8D G .

~A10!

Note thatdx8 is identical todx @Eq. ~15!#, which already
appeared in deriving the nucleon response function. Fordx

!1, S̃ss8 can be written as a sum ofS̃0, the zero field value,
anddS̃ss8 , the correction due to the magnetic field, i.e.,

S̃ss8~q0 ,q!5S̃0~q0 ,q!1dS̃ss8~q0 ,q!,

S̃0~q0 ,q!5
m2T

2pq

1

12e2z
lnS 11e2x081z

11e2x08
D ,

dS̃ss8~q0 ,q!52
m2T

2pq

dx

~11ex082z!~11e2x08!
.

~A11!

In the limit of nondegenerate nucleons withmN /T!21 and
exp(mN /T)5(2p3/m3T3)1/2n, we find
s-

oc

. J

e,

06300
1

12e2z
lnS 11e2x081z

11e2x08
D .

1

~11ex082z!~11e2x08!

.e2x081z5expFmN

T

2
~q02q2/2m!2

4T~q2/2m!
G . ~A12!

This last form is the same as that of Eq.~B9! in Ref. @14#,
which is theSss8 limit for nondegenerate nucleons, guara
teeing the relationS̃ss85Sss8 in the nondegenerate nucleo
limit.

Hence, we obtain the expression for the momentum in
gral which includesP as follows:

E d3p

~2p!3

d3p8

~2p!3
~2p!4d4~p1k2p82k8! f N~12 f N8 !P

5
2mq

q2
@q02mBB~s2s8!#Sss8~q0 ,q!. ~A13!

The nuclear response functionSss8(q0 ,q) can be easily ex-
panded bye using the same method given in Ref.@14#, lead-
ing to Eq. ~18!. Thus, all the expressions of Eqs.~19!–~23!
are also obtained.
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