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Data combinations accounting for LISA spacecraft motion
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The laser interferometer space antenna is an array of three spacecraft in an approximately equilateral triangle
configuration which will be used as a low-frequency gravitational wave detector. We present here new gener-
alizations of the Michelson- and Sagnac-type time-delay interferometry data combinations. These combina-
tions cancel laser phase noise in the presence of different up and down propagation delays in each arm of the
array, and slowly varying systematic motion of the spacecraft. The gravitational wave sensitivities of these
generalized combinations are the same as previously computed for the stationary cases, although the combi-
nations are now more complicated. We introduce a diagrammatic representation to illustrate that these combi-
nations are actually synthesized equal-arm interferometers.
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The laser interferometer space anterfhi8A) [1] is a  smaller than the secondary LISA noise leyelsfe then ana-
space-borne gravitational waveéGW) detector mission lyze the generalized Sagnac combinations, showing that they
which will use coherent laser beams exchanged betweetno cancel laser phase noise adequately in a rotating and/or
three widely separated spacecraft to study low-frequencghearing LISA array. Finally, we emphasize that the gravita-
(104—1 Hz) GW. Modeling each spacecraft as carrying la-tional wave sensitivities of these generalized combinations
sers, beam splitters, photodetectors and drag-free proaire the same as those for the nonrotating case.
masses on each of the two optical benches, it has been shownThere are six beams exchanged between the LISA space-
[2—4] that the six measured time series of Doppler shifts ofcraft, together with the six phase measuremesis (i, |
the one-way laser beams between spacecraft pairs, and the 2 3) recorded when each transmitted beam is mixed with
six measured shifts between adjacent optical benches on eagfy |aser light of the receiving optical bench. The phase fluc-
spacecraft, can be combined, with suitable time delays, tq,ations from the six lasers, which need to be canceled, can
cancel theioltherW|se oyerwhelmmg Pzr;ase noise of the !asege represented by six random processgs wherep;; is the
(Av/v=10"") to a strain leveh=10"*, This technique is phase of the laser in spacecrpfin the optical bench facing

calle_d_ time-delay interferometf DI). . .. spacecraft. In what follows we assume the center frequen-
Initial analyses of TD[2-6] were for a nonrotating, rigid .
cies of the lasers are all the same.

LISA array. However, the actual LISA orbilS,8] produce Since the LISA triangular array has systematic motions,

annual rotation of the array. Recently, TDI applied to a ro-th ] liaht i bet f vai
tating LISA was consideref®]. It was shown that the Sag- € two one-way light Imes between any spacecratt pair are
not the samg9]. Delay times for travel between the space-

nac effect leads to non-negligible light-time differences for i
light traveling around the array in the clockwise and coun-Craft must now be accounted for depending on the sense of
terclockwise senses. New candidate implementations of TDj9ht propagation along each link when combining these
involving both one-way measurements and laser phaséiata. As befor.e, we label the arms with smgle.numbers. given
locking were presented which obviate the difficulties of aby the opposite spacecraft; e.g., arn{d 2') is opposite
rotating array. In parallel work, Summef$0] and Cornish ~ SPacecraft 2. We use primed delays to distinguish light times
and Hellings[11] pointed out that in addition to the rigid taken in the counterclockwise sense and unprimed delays for
body rotation, more general interspacecraft velocities can odhe clockwise light times(Note that we have changed the
cur (so called “flexing” of the LISA constellation It was data labeling conventions from that used in all previous pa-
shown that this flexing will introduce phase noise at an uners by the last three authors. The subscript labelirg; oh
acceptable level, given the present laser frequency nois&is paper is that of9].) Explicitly, s,z is the one-way phase
specification. shift measured at spacecraft 3, coming from spacecraft 2,
In this paper we first generalize the original Michelsonalong arm 1. The laser phase noise g is psy(t—L;)
TDI combinations to an array with systematic spacecraft ve-—P23(t), where we tak&=1, so that_, is the light time in
locities, showing that these generalizations effectively cancehe direction from spacecraft 2 to spacecraft 3. Similasy,
all laser phase noisgsesiduals second order ic, much is the phase shift measured on arrival at spacecraft 2 along
arm 1’ of a signal transmitted from spacecraft 3. The laser
phase noise irs3, is pys(t—L1) —pas(t), whereL; is the
*Electronic address: Daniel.A.Shaddock@jpl.nasa.gov light time in the sense from 3 to 2 along arm. Due to the
TAlso at Space Radiation Laboratory, California Institute of Tech-relative motion,L,#L; in general. For the further delays
nology, Pasadena, California 91125. Electronic addressused in the TDI combinations we use the same conventions,

Massimo.Tinto@jpl.nasa.gov being careful to distinguish light travel along arms with
*Electronic address: Frank.B.Estabrook@jpl.nasa.gov primes or not, depending on the sense of the measurement.
$Electronic address: John.W.Armstrong@jpl.nasa.gov For example, our notation for delaying the time sesgst)
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by the clockwise light time in arm 1 would b&, ; while
delaying by the counterclockwise light time in arm would

be s3, 1 . As before, we denote six further data streams,
(i,j=1,2,3), as the intraspacecraft metrology data used to
monitor the motion of the two optical benches and the rela-
tive phase fluctuations of the two lasers on each of the three
spacecraft.

Cornish and Helling$11] have formulated TDI when the
two delay times on each link, e.d-; andL; are not only
different (pure rotation but also themselves functions of
time. In the subscript notation for delays tbeder of the
subscripts now becomes important for laser phase terms. The
subscripts can no longer be permuted freely to show cancel-
lation of laser noises in the TDI combinations and we will
use a semicolon, instead of a comma, to emphasize(THis.
other, secondary, noises in LISA are so much smaller, and the

rotation and systematic velocities in LISA are so intrinsically s/C 1
small, that index permutation may still be done for them.
We will then go to first order expansions of the veloclty, FIG. 1. Schematic diagram foX, showing that it is a synthe-

sized zero-area Sagnac interferometer. The optical path begins at an

dropping quadratic terms in/c and acceleration terms. This .
“x” and the measurement is made at ao.™

iterated time delay method, to first order in the velocity, is
illustrated abstractly as follows. Given a function of time

W =W¥(t), time delay byL; is denoted with the standard ~ With the unequalarm lengths of space based interferom-
comma notation: eters, the time serieS no longer cancels the laser phase

fluctuations, leaving behind a remaining laser noise term that
¥ i=V(t—L;(1)). (1) is proportional to the difference in the arm lengths to first
order. In order to correct for this problem, it was shown in
We then impose a second time delay(t): [2] that the two-way measurements entering iBtmust be
differenced, with suitable delays, to again eliminate laser
W =w(t—L(t)—Lit—L;(1))) noise. This gives the TDI combinatiot [2],

~W(t—L(t)—L;(t)+L;(t)L;
( i(t) (t) (L) X=[(S3z1t+S132) T (S21+S123) 221

~ 4+ L. .
VWbt @ —[(sp1+S12,3) +(S31+S132) 337 ] (5
A third time delayL,(t) gives

together with the analogous time seri¥gandZ, centered on

W=V (= LD~ Lt L(1) spacecraft 2 and 3 obtained from E§) by permutation of

—Li(t—Ly(t)—Li(t—Ly(1)))) the indices. The response function Xfto a gravitational
_ . wave pulse has twice as many terms as desd results in
:\p’”kjuquijk[Li(Lj +Lp+ |'_J.|_k] (3)  an "8 pulse” GW response.

Equation(5) shows thakX is the difference of two sums of
and so on, recursively; each delay generates a correction prphase measurements, each corresponding to a specific light
portional to its rate of change times the sum of all delayspath (the continuous and dashed lines in Fig. The con-
coming after it in the subscripts. tinuous line, corresponding to the first square-bracket term in

Consider a constant-length equal-arm interferometer witfEg. (5), represents a light-beam transmitted from spacecraft 1
one-way readouts for relative phase not only at(tentra) and made to bounce once at spacecraft 3 and 2, respectively.
spacecraft 1, but also at outlying spacecraft 2, and 3, witfpince the other beantdashed ling experiences the same
L,=L,=Ls=L,=L. The phase dats,,S,;,5:3,55; can be overall delay as the first beafalthough by bouncing off

combined to give the Michelson response spacecraft 2 first and then spacecrafaBen they are recom-
bined they will cancel the laser phase fluctuations exactly,
S(t) =[Sa1+S13. 1~ [Sa1+S121 1, (4)  having both experienced the same total delagsuming sta-

tionary spacecrajft For this reason the combinatiohcan be
where we have purposely grouped the terms in square brackegarded as a synthesizéda TDI) zero-area Sagnac inter-
ets to indicate that they provide the synthesized two-wayerometer, with each beam experiencing a delay equal to
phase data from each arm measured at the central spacecrédft +L;+L3s+L3). In reality there are only two beams in
[12]. With these conditions, the laser phase noise is elimieach arm(one in each direction and the lines in Fig. 1
nated inS. An impulsive GW(duration short compared with represent the paths of phase information rather than paths of
L) will appear four times in the laser-noise-free time sefles distinct light beams.
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cally, the other bearfdashed lingis first made to bounce off
spacecraft 2 once, then spacecraft 3 twice, and once again
off spacecraft 2 before the phase measurement is made. By
delaying the beams in this manner we are able to average out
the changes of the arm lengths taking place over a round-
trip—light time, making the two optical paths of the two
beams essentially equal.

The diagram shown in Fig. 2 can be converted into a
specific linear combination of the interspacecraft one-way
phase measurements;, and metrology measurements per-
formed onboard each spacecraft. This new TDI combi-
nation X, is very insensitive to “flexing,” and is given by

X1=[(S31FS13.2) +(S21FS12:3).22F (S21+ S12.3) 337272
+(S311S13:2):3333272] = [(S21 1 S12:37)

+(S31tS13.2):33 + (S311 S13;2) 27233 T (S22

FIG. 2. Schematic diagram for the new TDI combinatiofis
Snapshots of spacecraft are shown at four times. Note that by prop-
erly delaying the beams within the two arms it is possible to aver-

age the effects of constant relative velocities of the spacecraft and +S12:3) 20201233 ]+ E[( 721~ T31) — (721~ T31) ;33
equalize the optical paths of the two beafosntinuous and dashed
lines). = (721~ T31);210F (21~ T31) ;33337272

If LISA has pure rotation, so thaIZ,Lé, etc., are differ- + (721~ T31) 2227233 — (7217 T31) 212333327 2] (6)

ent but still timeindependentthe original TDI combinations i ) ) )
can be easily modified by being careful with the prime no(With X; andX; obtained by cyclic permutation of the space-
prime notation. This has been done in the above equatiorféaft indices. Substituting into Eq(6) the laser phase noise
for X. In this case these modified TDI combinations still t&rms entering the;; and r;;, and applying the expansion
cancel all laser noises exacfly]. rules of Egs(1)—(3), it can be shown that, to first order in

In the general case of time-dependent spacecraft separdle Systematic relative velocities of the spacecraft, laser
tions, in which systematic velocities enter as a perturbatiof?hase noise is once again eliminated. This degree of suppres-
on the static LISA unequal arm configuration, it has recentlySion puts the laser noises several orders of magnitude below
been pointed ouf10,1]] that, for the LISA laser stability the secondary noises, even for a rotating/shearing LISA ar-

specifications of=30 Hz/\Hz, the orbital variations.; and ray. Ultrastable oscillator noises, which enter in the_ phase
S . . measurements of;, can be calibrated and removed in the
L/ bring in laser phase noise in the combinatimt levels

. . . same manner as fof [5].
higher than the secondary noises in the lower part of the Ngte that if one were to implement the locking configu-

—3
LISA frequency band (10°<f<10"° Hz). The same effect yation described i13], in which one of the lasers in space-

also prevents perfect cancellation of the phase noise in theat 1 js the master and the remaining five are slaved to it
other stationary-spacecraft TDI combinations. Improving the(

laser noise performance by about one order of magnitude al
reducing the LISA arm lengths were suggested as possible
solutions to recover the required LISA sensitivity. Technical
challenges may make further frequency stabilization down to
this level unfeasible. In the following we show that there is —[S21FS31:33 +S31:27233 T Sp1:2722233 ], (7)
another solution that requires no modification of the LISA
hardware: it is possible to generalize TDI combinationswhere the two datasets;,S,; should now be regarded as
(X,Y,Z) to remove the velocity dependence of the lasertwo-way measurements.
noise term remaining in th& combination. This is accom- As with X, the solution to flexing for the Sagnac combi-
plished by further differencing the synthesized two-waynationa can be obtained by analyzing the diagram shown in
measurements from each arm according to the diagrarRig. 3. Consider the sequence of one-way measurements
shown in Fig. 2. starting from spacecraft 1, and let us propagate counter-
As an example, let us assume that the velocity of spaceclockwise and clockwise thésynthesizefl beams, repre-
craft 3 relative to spacecraft 1 and 2 is as shown in Fig. 2. Irsented by the continuous and dashed lines in Fig. 3.
this configuration the effective optical paths of the two syn- Once again, for this demonstration we have assumed
thesized beamsgcontinuous and dashed linesan be de- spacecraft 3 to have a nonzero velocity relative to the other
scribed as follows. One of the bearfontinuous line, for  two (stationary spacecraft. The continuous and dashed lines
instance is first made to bounce off spacecraft 3 once, thercorrespond to the synthesized optical paths of the light trans-
spacecraft 2 twice, and finally one more bounce off spacemitted by spacecraft 1. As Fig. 3 suggests, this way of com-
craft 3 before the phase measurement is made. Symmetidining the one-way measurements compensates for the arm

(0] Slzz 513= To1— T31= T332 T12= T13~ T23™— O), the eXpl’es-
on above forX; would reduce to

Xijocked™ [ Sa11 S21:212 1 S21:33 272+ S31:33 33727 2]
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one-way measurements is import@as shown by the pres-
ence of a semicolon in Eq8)]. Expanding this expression
using the results of Eq$1)—(3) we find that, unlikeX,, the
residual phase noise of the la@mat spacecraft 1 remains to
first order in the systematic velocities. The residual phase
noise ina; is

Porazsrzra[(Li+ L+ L) (Li+Lo+Ly)

—(Ly+ Ly La)(Li+L+LY)]. (9)

Fortunately, although first order in the relative velocities,
the residual is small, as it involves the difference of the
FIG. 3. Schematic diagram for the generalized TDI combinationclockwise and counterclockwise rates of change of the
ay. By making each of the two beams circulate clockwise andpropagation delays on theamecircuit. For LISA, the re-
counterclockwise once, it is possible to make their optical path%aining laser phase noises i, i=1,2,3, are several or-
(continuous and dashed linesssentially equalSee text. ders of magnitude below the secondary noises. LISAs GW
. _ sensitivity in a4 is essentially the same as fat
length imbalance generated by the motion of spacecraft 3 gjyce these generalized Michelson- and Sagnac-type TDI
during the round-trip time, making the delays experienced by.ompinations involve twice as many terms as those entering
the two synthesized beams essentially equal. By reference gy, the original(stationary arrayand modified(rotating ar-
Fig. 3, the expression for the generalized Sagnac observablg,) 1p| ghservables, the requirements in accuracies and

@y 1S precisions in physical quantities needed to synthesize the
TDI combinations(such as arm length knowledge, synchro-
1=[8a1% S252F S12:12 S21:312F Saz.3vs12t S151737302) nization of the onboard clocks, etchange. Our preliminary
—[S21+S32:3 +S13:1/3' T S31:2/1737 + S23:221737 analysis indicates that the arm length and onboard clock syn-

chronization accuracieteeded to suppress laser noise to
below secondary noise sources in these new TDI combina-
tions) will be more stringent than those previously estimated
for the original TDI combinations by a factor of about 2.
Further analysis is needed on these requirements and on
— 119100179+ (T13— T29): 2+ (T13— T29): 1131 — (713 Elrg;tical issues concerning the implementation of TDI for

+S12.122173 1+ E[(TZI_ 731) = (721~ T31).2/1/3/312

(732~ T12) .30 T (T30~ T12) .10~ (T30~ T12) 37310~ (732

- T ) 111 r_(T — T ) Y 2—| (8) . i
2ehizzs 2 Thes This research was performed at the Jet Propulsion Labo-
This expression coincides with that first derived®except  ratory, California Institute of Technology, under contract

that now the order in which the delays are applied to thewith the National Aeronautics and Space Administration.
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